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, INTRODUCTION

Fora dynu;:\lc population a single survey on a particular
occasion provides informatien about pbpulation characteristics for
that occasion only and does not give any information about the changes
which occur in the population. But often, the experimenter apart
from estimating the valus of the popuhi;ion character for the most
recent occasion is interessed in estimating the change in the value
of population character under study from one oacaaicn to the other.
He may also be interested in estimating the average ;v’iue of the
population character on all occasions over a given pérlod of time.
Under these circumstances it s essential to zepeat the survey on,
several occazions. Once the dacision to study the population on
successive ccasions is made, several alternatives in designing the
sampling plan would arise, vis., (1) choosing a new sample on each
occasion ; (i) retaining the same sample on all occasions 3 and

(i11) replacing a past of the sample on each occasion.

The relative advantages of the vari ous types of selsction
procedurea would depend on the extent of variability ameng the units /
and the variability of changes in theae units as well as on the relative
importance of information on the population means and the changes
in these meany. In a two stage design the various alternatives

which arise ave as {ollows:
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{a) Retaining all the primary stage sampling units (psu's)
fxom occasion to occasion but selecting each time &
freah sample of second-atage-units (ssu's) frem the
selected pau's.

(b) Retaining & fraction 'p' of the psu's along with the
ssu's in those psu's from occasion to occasion and
aelacting a fraction 'q* of pau's afresh wuch that
ptq =1,

(c) Retaining all the psu's from the preceding occasion
but keeping only a fraction 'p' of the ssu's and salecting
afresh a fraction 'q' of ssu’s {n each pauy
(8) Retaining & fraction ‘p’ of psu's and frpnp each such
pau retaining only 8 fraction 'r! of the Aeu's and
selecting afresh a fraction 's’ of the 4su's such that
reg =],
The cheice of adopting one of the pbove procedures
would depend on the requirements and the avallability );i respurces.
/ \
Suppose one i free to alter or retain the composition of the sample
and the total sample size is to be same on all occasions. According
to Cochran (1963) if one intends to maximize the precision, the
staternants to be made about the replacement policy are!

(1) For estimating the average over all occasions it is bost
to draw & nsw sample on each occasion;

(i1) For estimating change, it is best to retain the same
sample throughout all occasions, and !

(ist) For current estimates equal precision is otained by
keeping the same sample or by changing it on every
occasion. Replacement of 2 part of the sample on
each occasion may be better than thidtemttvn.
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According to Yates (1960) theve are two further points
which must ba borns in mind in conrection with sampling en succeasive
occasions. Firstly repcated survey of the same m!g. may be in-
axpedient since resistance to the provisidn of the necessary information
may be engendered and ucm;dly repeatad survey may result in
modificaticns ef these units relative to the rest of the population.

Various research workers, ﬁavn wer,f ( on the above
linea snd gbtained results condidering lpocltic/é/orrmuoa models
in their study. In the present {nvestigation u]x" Ittto:npl his been
made to work out the expressions for the estimates for a twe stage
design under a ganarsl correlation model. This is ccnsidersd to be
of p:nctlca} value-15 the workexs engaged in sample gurveys in the
field of agriculturs and animal hushtandry sciences.



2. REVIEW OF LITERATURE

Jesacn (1942) was the first to study the theory of
sampling on succesaive occasions with partial replacemant of units
on each occasion. His study was confined to only two occasions.

He obtained two independent estimates of the mean on the secend

, occasion, one being the sample mean based oa new units ealy and
the cther & regresaion estimate based on the units common to both
occasions. Thesve tworestimates were weighted with inverse of their
variarces to get an estinwite of the mean on the uc,o?d occanion with
micimum variance. in addition an ove‘rall sample fp{maa was also
obtained on the first occasion. !

Yates (19'49) gave a simplified method for estimating
the values of the mean on 8uccessive occasions by trea:l‘ng each
occasidn separately. He considered two cases, (1) when the aample
on the second occasion was & sub-sample of the original nan[xple
and (ii) when the sub-sample retained was supplemented with a fresh
sample on the second occasion. Yaotes extended Jesson's results
for the study of one character on two occasioas to h occu@
under the restrictive conditions of a constant sample gise and a 7
fixed replacement fraction at each occasion. He assumed tl;o vari-
ability on different occasions and the corrslation 'p! betwesn
consecutive occasions as constant. Assuming further, the correlation

between the { th and § th occasion to be P‘l'”, he obtained the

relation,
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where Y, : precisa estimate obtained for h th occasion,

h utilising all the information upto and including the
h th occasion

Y. % similay estimate for the previous i.e. (h-1}th
h-l occasion.

- I
Yt': . mean of units common to b th apd, (h-1) th occasions

Yh a° . mean of units common to(h-lYth and its previous
occasion

Yﬁ + mean of units taken afresh }n h th occasion
4

\

/
¢h depends on correlation (p). the fraction replaced 'q' on each
occasion and the number of occasions 'h'. As h increases ¢h
rapidly tends to a limiting value which depends on ‘p! and 'q°'.

He also established the recurrence relationship between

¢y, 208 @) 85

@ q
h -] -—-(l'pz)*’z(gb’l) *es0e e (8.3)
l-ﬂh ) )

where p¥q 1

Patterson's (1950) approach to the problem of sampling
waas different. He obtained the estimate as a linear function of a set
of variates and developed a set of conditions for his estimate to be

the most efficient. Using these conditions he obtained an efficlent
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sstimats of the population mean on the h th oceasion which is the
same as (2.1) worked out by Yates. The recurreace relationship

betwaen (3, 2ad @, as obtained by him was
h-l

-9, = ——B- _
1 "(q-p}Pz ‘Wx{ 1- ¢h-‘ )

Patteraon furthdz put the recurrence relationshiy in snother form
/

as /

which way the same as that established by Yates y«t 2.3).

/

(19,0 (149, ) e +8 K1-0,) +ap =0,

/ {

where @ azd P are the rocts ef the quadratic equation oitained
1-g, tends numerically to the smallest root of the quadratic

=@, He proved that with increasing h,

pP2p2 + o 1:92) - q{1-p2) = O and thus obtained the
Yimiting valus of ¢ as

/ - -
L 1-p2) + / (1-6%) [ 1-63(1-4pq) /
Pa

Eppz

where piq =1
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Pattersan Also gave an efficient estimate of the difference between
the mn} on the h th occad on and that oa (h-1th occasion. The
case whore the sample sise varies from occasion to occasion was

also considered by him.

Tikkiwal (1953) studied the prédlam following & more
general approach. He considered the cerrelations between units
drawn on successive eccasions to vary usm¢7 tjh:it corralations

follow a product model. According to him ?d .t ; Pe,e41

/ ]
1444 §j¢ b, where p‘j is the corrohtllna batween the same

/

units on i th and j th occasion.

When correlations betwean consecnﬂvl; occasions were assumed
to be egual on all cccasions, he proved that with limiting ¢,
the replacement fraction to be effected on different occasions

tends to halffrom above.

Eckler (1955) developsd a method of rotation sampling
to obtain a minimum variance estimate of the population value
( mean and total) by suitably constructing & linear functian of

sampling values at different times.

Singh ( 1968) observed that for estimating the mean
on the third occasion it would be preferable to repeat the same
sample fraction from ons occasion to the next, whils for estimating

the mean overall the occasions the sample-fraction repeated cn the



sscond occasion should not be repeated on the third oceasion
but {n itz place a sudb<sample of the sample selected sfresh on

the second opcasion should be retained.

Singh and Kathuria (1969) atudied the problem of
succesaive sampling with paytial replacement of units in a
multi-stage design, Thay obtained estimates of the population
mean (1) cn the gecond ogcasionand (i) onthe h t.h occasion
under the following two systems of rcphcum;i[}:/
(=) partially replac ing pou's and féuping uu's' fixed,
(b) keeping psu‘s fixed and part&:ny replacing ssu's.
In gomeralising the results for h occasious, the patt\qm of vari-
ability Wau pau's and ssu's was asdumed to be canstant oa
all occasions.
In the present investigation an attempt has been made
to obtain the minimum variance linear unbiased sstimates of
(1) the population mean on the most recent occasion ; (i) the
change in the population mean from one occasicn to ancther ; and ,
(1i1) an overall estimate of the populstion mean over all cccasions
for & two stage design. The study {5 coafined to two cases viz.,
‘ (s) partially replacing psu's and kdeping ssu's fixsd, and
(b) kesping psu's fixed and partially replacing asu's
for a fixed sample size 'n' and under the retention
pattern in which 'np' units are retained over all

occhsione and 'nqg’' units selscted afresh at each
occaaion ( piq) =1,
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The eatire investigasion haa been made under a genaral
correlation pattern. The results obtained by Yates (1949),
Pattorson (1950) under unistage and by Singh (1968), Sisgh and
Kathuria (1909) under two stage design fellow as particular

cases under the abave retention pattern.



3. SAMPLING ON h OCCABIONS IN A TWC STAGE DESIGN
RETAINING A CONSTANT FRACTION ‘p' OF THE PRIMARY
STAGE UNITS (PSU'S ) AND KEEPING THE SECOND STAGE
UNITS{55U!S) FIXED.

%.1. Estimate of mean at the h th occasion

Consider & population consisting of ‘N’ psa's sach
confaining ‘M' ssu's. On the first occasion take a simple randam
sampls (s.7.8) of 'n’ psu’s and selecta 9.7.8. of 'm' #su's
from each of the s9lscted psu's , selection being without replace-

ment af each stage. On the second occagian, retain from the
first occasion a aub sampls of sise 'np' of psu's nonﬁ/vth asu's
and select afresh 'ng' psu's from the mits aot ulefctod an the
first cccasion, ( ptq =1). In each of the 'ng’ psu's select 'm!’
ssu's following the selsction proceduse 8s in \;.h' flrsy oce\‘uten.
Ths psu's retained during the second occasion will rumin fixed
for the subacquant ¢ccasicns also but the vemaining 'ng’ pau's
will be selected afresh in esch occasion. The sample size is
kept constant on each occasion. This is ¢considered keaping in
view the operational convenience when actually adopted under
field conditions. |

Let the chaﬁetn undey study be 'X'. Under the
pattarn of sampling of psu's as indicated below, one caa buildi |
up an ynbiaged linear estimate for the population meanp ( ih )
on the h th occasion and work ous its variance.
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X . populatien mean at the t th occasicn

';‘ * sample mean at the § th occasion.

x + mein per ssu on the ¢ th cccasion for the amp
uaits which are common to all ths occasiens.

=" mean per ssu pa the tth occasion fer the nmg
' _ units which are selected afresh in the & th
occasion.

An estimate of the population mean for the b th occasien utilising
all the information collected from fivat to h th occasion including

that on thé h th occasion can be written as,
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lz‘ o o 2 :i"l‘l\ef\c Showegast ﬂﬁ'
(3 Lo -
- ‘f'Oi 6‘,-/:('/‘ loo”

o \

Xl *~
N\‘: . '\Q_Oﬂ-" t(.‘ L -u-

l\

% na{"' +bﬁ“'+ nz?z'ﬂaaia' ‘l'.....'l'lh-

:l;+bhx'h
h L)
= Z(ax'+d x,")
gq $1 171
Since E(® ) =E(%,") =X,
- -— h —
o E(x )=2E(a, +bd )X
*h A i B

In order that ;h may be an unblased estimate of ih the condition
i

should be Y

at"bl '.50 for‘ﬂl.zu-... hl"l

/
and a, +b, =1 /
Hance
h - X
-m® =
G‘i at ( E’! “ ) + xh’ \ LI W ] (3. 1'1)

Considering the population to be sufficiently large the terms of
order -l and 1

L

can be ignored and the variance of the
estimate &, is given by

h st swe  Bb2 Sw-
VR =2 el — ¢ —¢—2 4 LT
g 1 ap amp nqQ amgq
h k [ )
— Plyr Sby 8b'ye P W SE ~
+ 22 ap"L — ——
124 np

nmp

2 2
+(1-2ay ) ( EEE + _s:h ) eees (3.2.2)
nq amq
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2 N

i'l -_ --
wheare S'b‘ ] ﬁlil( X“ xt)a

= Maan sgquare betwsen psu means ir the population
on the t th occcasion (¢t =1, 2, ..... h)

Sy = R gggq T

= Mean square betwsen Asu's within pau's {a the
population on the t th occasion (t =1.2,...h ).

p'yys Sby BBy, i’i‘l*i" 1::1(xn.xt)(x SRy )
) /

7
f

s Trye covariance between psu mean: values on
the t th and t' th occanion (¢,¢' =1,2,....h)
’ ‘t itl

N M -
3 - X -X
Par e T RO D 5 (3 - Xy ) (myy0 - X400 )

a True covariance between ssu values within psu's
an ths ¢ th and ¢%h eccasion (3,4' =1,2,....,}h)

t ¢t
g © t‘l‘u observation as the § th occasion ea j th asu
ths i th psu, !
s " W faa i
éwz
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and

\ p A t,“’(?". )/m

Py 5P

The v(i‘b) given ia (3.1.2) takes the form

h h :
‘/nqu(%) 12 tiacii'ql} as ﬂu,'rpnh(l-hh)

i,ﬁ'
h h / i
s ZDaa. vy, +tpe, (1 Y / seer (3.1.3)
et 1t T P 28,7
/f
where v, ﬂqpu' tox 1 ¢ 1* /’
'nl for 1 =it/ \

1
/

Optimum values of ai'n(i al,z.,.’....h)whlch\wiuminhnin
the varisnce V Gh ) roay be determined by sciving the equations
-‘-’_\r('ax) =0, (t=L2,.....h) vis.

yuali'ynazi-vuas-t...'t Yl!‘l*"" ‘vlh‘h e O

Ysr“ P Vafa ¥ Vggdg et YVystoe.. b, e = 0

e e e .s . = O

Y . e ‘e e = ©

in l* 118.2*' *13‘3 -o+ Yj‘ *..ou ""\[Jhah -4 1,0
s :,“ o]

V.hf* wzi- ‘h3‘3+"+ Yutli'.... * Yoy, = Py o]

P =
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Thase i eqﬁaﬁmmvolvin; h uaknowns can be put ia the
matriz notation

PA = B

\ *n Yl‘z Ylsuoo.- moooto Y,J
Yn Yzz 'aslclcc ?aicccoo Yn

/
YS‘ 'sa vssoc--- ?31.0-17 YSh

mr‘ ‘e .e . s I/ ¢
s .o e e //,r X [
p = ?u wjg szil [N "j‘/.".t_o » th

.e (]
i

.o .o oé
"hl vhl \iﬂ...../,yhi..... ?hh

L- ' -
is 3 h x h matrix of coofficienta

/

A = L-.l .y %..ai..nhjlla
vector of h aaknowns and

O
o

. is a vector of h elements.
©

(o)
I Pis a non-singular matrix, then,

-‘
A =2 PB
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RN N SRR B r" |
Vo L LU Y R

731 YBZ 33 34 \}h

Y oeee X eee
A s e e ol
F P2l ] o
B B3 ph p.hj‘
L ,/17/‘"‘
. /1
where y‘j » _'EJL_. /

Ay

/

A, 18 the determinant of the matyix P 1.e. |

o B Bygooee By
”u ‘a @zao...!l.. iﬁm

Ah s Py Pyg 8y ceeenes By

.o LY L) ..

qpm q'th quh........ .

and A.ﬂ is the cofacter of the elament in the j th rew and
tMlthcdumndAh.

ey

Hence

o =poy Y2 = pap (A /2y Jo(1sL2,....h)
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Substituting these values, the equation (3.1.1) weuld be

_ n Aw
;hn‘flpnh "[&';‘( PLENAEY e (314)

and ( 3.1. 3) would de

S

h. h AN' Yu|

opq V(& ) =Za, X e - 2p + pa
Rl W =, Spfn ¥ POy
s & f |
Nowniaknmth:tyf ywdm' ' =4h/or i = h

= g/ ' fori Fh

f

/

Therefare, ’

V(R ) =(/npq)( 'y 2po, e, 4}‘ w, )

(Leay). vee (3.1.)

- ) .‘/... (3.1.6)
h (%%

p" one: can see that
7
]/ “‘ ‘,’

h *
A = { e
h <1=1* h

Defining Su a

where
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1 qgn qgu ...... qgm
qgu l qgasoooo-o quh
qgu qua ) qgah

Ay U, IS gy reee q@
| 1
Hence, the estimate of the mean and its variance given in

(3.1.4) and (3,1.6) respectively would @)'e

_ h h A hi e “ N
/- !{
Sy (1 A.hh) ‘ 1;
K = ity [N ) 3
and V(:h) - ~— P A"ﬂ"h

where A‘;i is the cofactor of the aler.ent in the j th row
A®
h

and i th column of
1f 511 a c§— for all { and § then the equation (3.1.8)

would be

v(E,) = b Liep 1t{h-2ks 7

nq L1bq5 f(15)

.+{3.1.9)
Yo o qg® - %- g -X—W-l-w&- 4‘{]
i— f{—tpg) (I—QS) |

= ol {Hﬁ‘iﬁ" - WS‘J
(+ & 4800 98)




Particular Cases

(1) Two occaglons: (h =2)

Putting h = 2 in (3.1.4) the estimate of the population mean

at the second occasion becomes,

- ¢ A -
z B (R emm)eRe

g - ( = rﬂ')
2 1
00,48y,
a \/
» 1% (X! -F" ) #x" ..{3.1.10)
12 12
Putting h = 2 in the equation (3.1.6) ono gots
a o :
\/V(i-z) = 'L. (l - wl z — ) s e (3-1:11)

2
% 6193-q%p),

This result {a essentizlly the same as obtained by D.Singh
and Kathuria (1969).

{(i1) Three occasions: (h =3)

xs“l’“gL A31 (xi_xnl)‘_ Zz(nlz-le)
3 3
¢ =38 (T gm \FrE" oo (3.102)
CoaA 3773 3

3



where
o P P,
A; ® qplz ) qﬁz,:g.
By B3 9y |
S
. a0, Po82 +a b a B ye2q’s, p B
M2 2" 12"13>23
Aax = “2912"23"‘@13“3 v
2 /
Agg ° q ﬁxszsz‘ Py
2
Agg * ulaz-qpm v
2. 2
o - pelea,-qPB, ) _
vig) -« 2 L. DR 7o
2 .2
_%s [ Pa( 0P, 40,8, 4-298 P Ppq ) -
3 e -
* “1“2“3“13(“1”23*“2512*‘3’133’*2‘1313pu,pzs
..... (3.1.13)
When ct =a .and ﬂw = f for allft
(3.1.13) can be written as -
2 .
2
V(zg)= = (1 - i A ) vees (3.1.14)
alropq.2e%8%

This result is the same as obtained by D.Singh (1968).



«21~

3.2, Estimato of mean at the { th occasion whan data on h
‘occasions is avallable ( h > § }

Sometimas it is required to raevise the estimate at the
7 § th occasion when information upto b occasions is avallable
(h > §). An unbiased estimate of the population mean at the
j th ccenajon s,

: h' nl('ﬁ' -R" )*‘z('i «x" )+... J((E"r--'i')‘l'ﬁ""

y
/
- / Y
"”n / '] o bhap
¥ tesvencee +ah(8'h ‘h) ) (381’
Now, it can easily be seen that
h h
apg V ( x)nz a2a +q% aa,p +pa (1-2a )
By g VL R TURAS j
k bk /
=% X aas_ Y +pa (l-za) senee { 3.2.2)

19 g 1 W

whare yu. is a9 defined in sectian 3.1.
The optimum values of al'ﬂ which will minimise the variange
v( t;':'tj ) may be obtalned by golving tho equations

d

I-V( ¥ ) =0, (.1=%,2,.....h) ees {3.2.3)

On solving these equations the optimum value of 8 would be

-
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a = p.’ _j.ﬂ.._ whers Aji as defined earlier
h

is the cofacter of the ch:nc‘nt common to the §j th rew and the
i th column in Ah « Putting the valuss e!ailn(s.z.l)md
(3.2.2) the estimate of the main a$ the j th occasioa and its
variance would be

h
X =T pa, ~db(F -EY) +m veo (3.2.4)
hj is) A i j !
"/
= 5 p/ -l -—J—(E;-'i"" Yywe ... (3.2.8)
t’l “l Ah / j :
/
and 4 \
V{(pE ) = 2 (1 - v, /A ) ... (3.2.8)
nq Ay \
*
[ 1 yay >
= -1; (1 -p :’ ) cee. (3.2.0)
Ay

3.3. A recurreace relationsip betwesna, and m, ,

In section 3.1, the sample mean has bson obtained in tht’ form
as given in (3.1.1) which contains the cosfficients "‘i" Elr{lor
research workers have astablished seme nlatiomliip between
the coefficlems assigned to the estimates ox the two consecutive
occasions . Similar relationship has also been obtained in the

presast investigation.
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u g’-h * 5‘. h-l Sh'l.h (t 'llzl‘--) h-?.)
v
thea - 2 e , -
Gy = L1008y SAy 0P8 A

cer (3.3.1)

Now, 4 2 %
s, eps, PR ZhR L, RL s
Ay 4y h

>

and ‘h- N the corresponding cosfficient wh” there are h-l

occasions is

(h-1) (h+) .

A 4 A
. h-Lh-l _ “haiha Y, S ne2
fna Py _Z—'E p g PE
h-l 7 A na h-l

eer (3.3.3)
whors Z“ ap defined earlier in saction 3.1 is the cofactor of
the elezent in the J th row and i th calamn of 4, . Ths
superseript (h-l) denotes that the dncrmimnt pertains to h-l

occasions.  From (3.1.1), (3.1.2) and (3.1.3), it follows that

?

8 T T
s . - 3 Ry S0 Oq-P
L1rp9)dy S -p6 h-1,h ®p1
therafore
) ’ l-ah \/

= _S,_ (‘ - ézh-:l'h) + ézh-‘,h(1..h:l)
ah P

coas (3.3.4)
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when 4%'“1 o) for {21%,2,...., k-1

this resylt is same as obtained by D, Singh and Kathuria {(1969).
It can furtber be seen that a limiting valus of qhwhu a4
(say) can be given by

/T e -
01 /(1 -84 S0-40) 7

2p 52
/
X1

an
D e
7

8 =]

3.4. A recurrence relatioaship Wen’ih

/

/
The anhiased Hnéar estimate of the pepulation mesn at the

b th eccasion in a two stage design as given in (3.1.7) can be

put a3
- A e fay bR -
*h " P "r"—f-*h* rap (= -x")/
A h A bh =1 Q‘ !
*
P4
t (1. 2 ) 7
D h
h
voos . (3.4.3)
Py
whezre & h?bAhi are as defined in saction 3.1.
Similarly (h-1)
- h-l Fa) Bt -
- -,g = _ah + 2N
a " P/%y LE —3° (5, -3 %) [+ 5],
/Gl ah,‘ ...e(S-“.B)



A

P

wlfe ’
Suhtncun;"i‘h.l on hoth sides from (3.4 2), ‘vae gets

e

P o) P Thas (zag
/e g 34 /a;
P Ah(:-‘h):! 1 5 %
+( : e )(x'h_l- TR
/%1 2 ba /8y

Now i§ can easily be seen that if g uéf & . e
) th [ f,hsl  helh (1,2,,:h.2)

/
thsn

. (nyl) \
A bt a p Sh-!.h ﬂsil { for i ‘Higzsaaiaghbz
s
L1 ¢ L
A b;h-; gh-hh (p 4 hi2 -4 b-} )

Therefors, from (3.4.1)

. L (bh-1)*
- Ayp — /8y, he2 " 4,
=p e S £ h-l,d g g
" A‘hz' b Ix-l..h[iﬁ1 P [o; (%' =%
wa, -5"_ ) o Y _
+ ‘*h,a L (!{,.pxh.l)]_?i-(l-p A:'l ) x,
/ %p.y h
]
PA / -
= A,’,‘h f'f‘h* . - 51:-1.1:(%:.1 "h.;)-/'
h /oy
A e
+{(1ep ——%:L ) x® .

JANPN h



iy - o
= ‘hl- = /.._.; 1gh R ’:"'h_l’ SHiea ) =

e (3.4.9)

This is the same expression as & obtolned by Tikkiwal{l951)
and Patteraon (1950) under more restrictive correlation mosels.
It may be remarked that the correlation model considered in
the preasent investigation reduces to the product model as

considerdd by Tilkkiwal if one is interested in/ajl the occaslens.

o/
3.8._8ingle stage design /

/
If the dasign is unistage, then Sw which does not appear

in the axpressioh for variance and may be assumed to be sero.

The primazry stage units in that case \;ecome the ultimate sampling

2

anits and as such a. ( vide section 3.1) reduces to Sba =8,

t
(say Jand B gt yeducen to p. " Stst' where

2 1 N = 2
N S - X
8 ° W1 M‘( i? e )

and Peys is the cormolation
betweon the sams qunits (psu'a) at the t th and t* th oceasions.
The estimate of the mean at the h th oceasion and its varianco

are given by

!; A
= b 5 e -x"
% %4 P ™ (= -%" )+ = .o (3.8.)
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and 2 A
vix,) = éh(x-psah bh .o (3.5.2)
ng Ag
]
5 A qpuslsz qpnﬁlsa covens meslsh
2
qpuS‘SZ Sz quaszﬂ 3°cecer W Zhszsh
Where 2
h * L 4 LN " e -
2
q’lhslsh quhsanSh .o vreesee 8 h
h 2 o
V(x )= (lg 8 ) Ay whurf
. |
qp QP g vvtr QP
12 13 th
P42 1 Wp3 ++= Wy
l[pn qua 1 sene ‘psh
-
S S I
qp QP QPoy sees |
Ih ¢h 3h

Substituting these values in (3. 8.1) and (3.5.2) one gots
%

h Sh
=Zp Wogoasm ) o3 vere (3.5.3)
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and . a *
%~ = ceer (3.5.4)
VR )= -2 [1.p B2 _/
N\ b ny A
E a
A_l:i_tiom section (3. 3) it follows direcﬂythnu
and thus
_ 8
V(ﬁl) = ';;&""(1" ﬂh) bame (305-5)
where
__s_._. - 2 .
TR (1-0 / b )+ 0 )
‘h /
and /
/
. L""..i' .i.. [ (‘i » = ")_/'."1 -3 )X“
' sh"l hel,h / he} h-l'

(3.5.6)

’ e mr 0¥

which is thé ¢ame a8 obtailned by Tikkiwal (1951) and
Patterson (1950), It is remarkable that the variance depends,
apart from replacement fraction and only upon the variance

at the last occasion. f’; .
/

4+
i

3.6. Estimate of change in the means between any two oceasions

It may be of interest to estimate the change between any two
occasiona, not necessarlly the conseeutive ones and to work out
the variance of these estimates. Suppose the data is availadle

for h oocasions and it is desired to find the change between the
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/

j th and §' th occaslone where h >§'>§ .

An unbizssed estimate of the change between j th and
j! th occagion utilising the entire informatitn of h occasions is
given by

h

c; a I s (i" - %" )+(x, -%" ) e (3.6.1)
jj i} i

and variance of this estimate {s given by

!

/

. h h
f = 3
apg 'V (cjj' ) ‘2 8y ui + ql?;‘vi' pw aj'ej,—ajn,)
/
+ 1-;(0j &nj, ) \
b h T
:;f 121 alal' 0 -2p(: a j' - ajnj) +( uj 'Hl.j, ) ... (3.6.23)

where Yo is aame as defined in equation (3.1.3)
Optlmum values of a ‘s (1=1,.....h) which will minimise

v(cC 5! )may be obtailned by aclving the equations

d = _ o tsFasay
" vc::ﬁ,) o, (Lead2. h)
al
or PA = B eer. (3.6.3)

where P'and A are same as defined in section 3.1 and



v

E = O is 8 column vector of
. h elements.

/
,/./
Agsuming A y, Which is same as in sectton 8.1 tc be non sero
/

and solving (3.6.3) for a,’s one gets,

1 i A
) (pog Ay -2 Ay)

'Ah

Patting these values of a_'s in (3.6.1) the estimate of the change

i
becomes

b 1 * -l
cjj! = lzq‘ Z‘;"_ ( pa ] Aj'i - Wj Ajl)(ii“x-’.l,ﬂ x.j - xj" )
vess (3.6.4)
and the expression for varlance given in(3.6.2) becomes

b h A )
aq V(Cp5} = T a Ty, R M L U e 1
14 ipa Ay

-Zp(aj.cj. - j“j) tp (“j ta,)



h
N b Ay ©® 8 for i =k
o i'=l Yil‘ ki h wherel k h
= O for L { X
s P — . 2 2 =
oaVlCy )= g L ey Aye -y dy ="y Sy S
+ 4 beee (3.6.8
(G, ﬂj,) ( )
. "
s B—/2/aa, 4 -ﬂ-/_l . ,,_/+(a+c
Dy 3 3% i % 3

weo. (3.6.6)
It a co for allt (3.6.4) becomas

h . _
e 13’53; By - A KRR ()

..... (3.6.7)
and (3.6.6) becomes
nqV (S, —;E- L zA ':/_fjm.]nc
. (3.6.8)

Suppose one is interested in finding ths variance of the etﬁmnto
of change between two consecutive occasions say h th and (h-1) th,
then from (3.6.6),
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sv(c )= P~ [ 2/a e Z‘h.h-l

h-L,h A h -

E . —
a - += 40
b1 A panag "% A -/

PN (3-6-9’
when cv.t za forallt
pa - % . ™ - -
aq V(C, )= — L2Apna=8, 01" Gl ¥

h
veee {3.6.10)

Particular case

Two occasions (h=2)

Putting h 2 2 in 3,6. 7 and 3,6.10 the estimate and the

variance become

o

q(1-3 ) -
C,, & B { x'_-K')+ { 'i"z -%" ) ..{3.6.10)
127 T e A —as 1
and 5
(1-5) ‘
= E—Eﬂ* —— [N ] -60
v(cm’ a le-q5 (3 12)

It can be seon that c:“,n h; . " h;} where h hT‘j lndhfj.

are sams as in section 3.2, Hence (3.6.5) can also be obtained

/

V(c”,)av(h‘i'j)nr(hxj.) -ECov(hﬁ'j,. hi'f) oo (3.6.13)
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/

3.7. An overall estimate of mean

An overall unblased linear estimate of the population
mean over h occasions for the sampling pattern under investi-
gation can bg put as

h il — -
Eh’:iwlL l‘(x'l-lt")'l' !"1_/ ees (3.7.1)

where o (1=1,2,....,h)are soms suiteble welghts depending
upon the relative {mportance of tho.oqi} ions. For sexample
in a milk yield survey for utimatlng{/th- total availability of
mlilk per day in an ar'ea' 14 ;t is thé average dally milk yield
per snimal in milk at tthct}:ecui}m then «i'l\i( {=1,2,...,h)
can be the proporticas of the ngimah in milk estimated at the
t th occasion such that !;‘.. w 2 1.
t=l

Naglecting finite population correction factors

when Nand Mare large and covariance terms which are

of order 1/N and 1}/M, the variance would de

h 2 2 h
apg V ( Eh) :21 B ooy + q!zrial, © 9, pu' _
h 2 h 2
-lpi;lml aii- vpﬁl 9" e
B h R ho e
iftl E‘;i a9 Yy, " 2'-1:'12“:ll N +pifi“‘ By e (3.7.2)

' &
where vyt =qﬁn, for i ¥ 1'and equala, fori =1'
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F)

Optimum values of ai'a (1=1,2,...,h) which will minimise
the variance V(Eb) are ohtained from the equations

d

T V(Eh) 2Q{(1=1,2,.000e0 »h ) which can be expressed as
i
. Po Ao S BO
{ [_‘Iiy‘l %le H’3‘3 E Y EEEE %Hh_‘
uﬂ'&l “ZYBB we YZ gt %Yﬁh /
when uiy'si maysz msyss go e e P '}’Sh ’
p [ ] * 9 LN ) '..‘.". [ )
e a - » " e - s " e " ae /
ﬁ% Hayhz ‘ﬂsyhsoc-oooo %Yhhrj\
is a h x h matrin of coeffiglentd.
/ wan —
Ay = Lat.az,as.. s+e®....8, _/ 132 row vector of unknowns and
. pmlan
P‘i‘a
pwaaa \/
sy
BO a . is a column vector of h elements
PR &
RiLE

Assumling the matrix P o to be non-singular

-1
Ag = Pg Bg
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It can be easily séan that the estimates of '1" are,

h / |
a5 —RB— I A U (i=212,...,h) i
l [

where A gy 18 the cofactor of the element in the § th row and
LthclumnofA,.. . =~ % :

Substituting the valuds of a 's in (3. V.1) and (3.7.2)

h h
E, =B ﬁ,l['(_.n.._ Z A, a N)(’i'l-'i':{’)*f"l]

b 1% TSI S S f,
| iy
soghs (3.7.8)
/
and
h
n V(E ) =2 = ~B— z ; ‘i
pq i va:[L T j?” vy “ 41 fﬂﬁli"’:!“i)'/“
- b R
9%, Vg0 J- ap:‘.‘;laimi ai-b p‘fl ALY
Aipe :
= E E = A wwc Y
AR 143 pd oM UCETT
. h h
2 a 4
- 2p :i a‘ w! ui+pl§ 0" 8y
b
& = §!
Since 1:‘; " A.l'l’ Ah i & =)

= 0 # if p

Therefore,




2 b b N h
My )® B E 2 A4 wsea 2prauie zza
(=, Ay 14 34 R I e i B
h
3 -p X% amln +p2«:"a
1q ¢! 12 4 1
‘V(E)’ _...l_L- ~——:1)+;‘0sz (3"/7‘)
= i L N ) L ] a
Ay i=] i
“heze
9 Wy Py By we,
qp‘z u’z @23‘"@811 uaql'
Wy Ppy % By oy,
T e e e -
Py, B Poxer % 9,
wlu.l tmzw'.v.3 usa.a... uhch 1

Particular cases

) Ty,
“~Sccasions (h =2 )

Aq overall unblased linsar estimage of the population

%M when there gro two occaslans la giyen by

g, Poa {9)09-qu,B, ), - "1")*1"‘1(“3“;-11@1&13)( ®"'y R))

?
%% - qua /
P ]

+ (!i-i'l + uz_'.'z so e (3. v. 5)
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h h = h h
n V(E)n-g-- E Z A a:mwn sz‘.n ci-pxzo.

h o2 - 24
2 epEawe tpXw
Pt Pa%
- A h 2 -
. 1 hw
IQVE L I —— -1)+ r w a _/ sse (3.7-4)
) = g Lr0 Z9 e
whevs
Gl qpm vls' ’e Qﬂm @1‘1 /
Py ¢ qp23""@31; %
P, Pyy 8y o By ”3‘3
»e ae ve tew Qe Y
Ahw = ™ ee P erw B «’n
Py By Baper & 99,
@lal wzsa usa.a... %“h 1

Particular cases

f1) Two occaslons (h =2 )

An overall unbiased linsar astimate of the population

mean and when there are two occasions is given by

g o2 R i A e Rt e B,

2 o, - qul:

+ ﬁﬁi'l + uz.i'z a0 (3. 70 5)
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and its variance /
\

- - -2
vy e L [ herds e ]

+ +w °8-/
Ay 478

.. (3.3.9)

Under the restrictions s, = cz =8 andf,, ap

E, .._.e__ Loy - quP)( &y - TP )+ (uuzvqhiﬂ)ﬁ'z %" )/

2.2
o’ R
//
& u\"gl}-b ua'lla [/.*.--. (3.7[") /
4 ' \
- e I ‘“ia“'a Ka® -98%) +amqe, A
E T e
V(ES) = =T gpry Teer (3.7.8)

These expressions are as obtained by D. Singh (1968).

(11) Three occasions ( h=3)

Putting h = 3 in (3. 7. 3) the overall estimate of mean
is of the form

E, =98, (11-2")1-@3 (%5 -:'é)‘l-tosus(i"s -!"3.J

* 94 o 5! 2t a;i'ls eer. (3.7.9)
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whare

alaw:iﬂz- { uluiﬁni-ﬂzwaﬁ +a 3%¥3 A )
3

a.z = ;;n;s (ﬂlﬁﬁld +Gz€da Azz +03tﬂa ASZ )

By ® w 4, o (o Ay +apay Ay +agu, Ayg)

3 240,94 - qa(aan«xzp +a ﬁa ) +2¢%8 12P1P2s
Ay sa8y -4 B3 b A 12 ® 4 ";3933 rae P

n .abg 2 ¢ ol @
Aga® 98y " Pp + A,y 08, 9P,

The variance of the estimate , putting h:3in (3.7.4) is

3 -
AS&D 1)+E Mz .+ J .-.(3.7-10:
V(Es)n;—-l, P( Aa i=} 1 i
where
C; qpl?. @13 “ial

®a o, Py wRy
o= | T3 P % O

“i“l wzcz mso.s 1
when 9y =0

foralltandt', (t¥ ¢')
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“[‘&M'@z 7z ot )
VEL) =0l anq 2072 g !

+ : L W%izﬂzjl_ Zuiu +?.uim +3Iz )_/

L] (3.7'“)
¢4 " nmz aws =3/3

— 2
V(E,) = 2 L1+ s J \/ veer (3.7.12)

e + 2qp

L/
These resulta are the sams as obtained byf?.SLngh (1968)

/
/

3.8. Optimum replacement fraction

f
Variance ef the esfimate of mean at the h th occasion

as given in (3.1.%) ecnmitcbeput-es &
P

— ....__....._'/' oo (3.8.1)
A b

—-

V(xh

Algo variance of the {mproved astimate of the mean at the j th
occasitn based on the information apto h occasions (§ 2 h )}
vide (3.3.7 ) 1s

-]
A -
V) = S L1-p -7 vere {3.8.2)
nq AN
uader the conditions
a. =0
Bﬂlgp
and 5&'“5 forallt.t* (¢t #t')
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/

L ‘ ‘
it can bo seen thag Ajj aAhh for all §.
The equation (3.8.2) reduces to
A
v(hi‘ g —de [ 1ep hh / «o. (3.8.3)
] ng A‘
h

Evidently, the optimum '. 'q', for which V/{( ;h } is minimum
also mintmises V( h -3 ] }. Therefore, the replacemant fraction
which is oltained by minimising the variancéfoi the mean at

the b th occaslon is not only optimum for }f}; h th occasion hut

18 also optimum for the improved entlma&é/z on all tha previous

occasions. \

The optimum raplaeemenf fraction is ‘given by the
qution Y "a'ad;"" v(-ih ) = O ss v (30 8. ‘)

This equation after simplification canbe expreased as

d/ S(nd) -(n-2) /qt-2q+1 =0 ...\.ﬁfs)

Solving (3.8.B) the optimum q, for h occasions, is given by

1 :/1 RYAP) (;;;Tﬂ(h-z) 7

S£EGy (b2 )y 7

0

o 1

e

1+ / 1-57 & @a)-(-2) 7
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1

= i

14/(1-8)%+ n5(1-5)

ver (8.8.6)

Since S is usually less than cnity, it is evident from (3.8.6)

that optimum g would be small, if the number of occasions

is larzge.
!

| If & is unity then, the gptimum replacement
_fraction iy also unity. When § = O, eptimum q is half,

\‘ Optimum values of q and the gainin preclalon of sui:/c.quiw
7
\nmpnng.ﬁith partial replacement over cormplete ropll/lccmant
Do /
E!’or different values of S, :nd h are given in Table 1. -f"}‘\:f""’ A

L]
{

L

! _ (Fr¥295)
[I It ¢an be seen frum the fable that as § increases

the replacement percentage and the gain in pre cision both

For dargon 3,
Increase. It means that a larger portien of the now units should

—— — p—

|be added to the sample on the secend and the subsequent occasions.
Ersr fixed & although the replacemant fraction decreases with
ithe increase af h but the precision increasas with the increase
.of b, ,
’ Particultr cases

(i) Two occaaions (h =2)

Putting h = 2 in equatien (3.8.6) ane pbtains
1 ceee. (3.8.7)
1+/1 -5*

29 *
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(ii) Three occasions (h=a3)

R |
3% veve (3.8.8)
1+/1+5‘-251

These values of optimum replacemant fraction are samse as
obtained by D.Singh (1968). In the case of unistage S's
reduce to corralation coefficients i.e. p's , and optimom g's

are given by

. 1 veee (3.8.9)
hio — —
1e/1-~p /L (B-Y)p-(b2)_/




}

/each containing M ssu's. A random sample of n psu's is

4. SAMPLING ON h OCCASIONS IN A TWO STAGE DESIGN |
RETAINING A FRACTION p OF THE SECONDARY STAGE
UNITS (SSU'S) FROM ALL THE PSU'S

4.1. Estimate of mean at h th occasion

Let N be the number of psu's in the population,

drawn apd from each selected paua sample of 'm' asu's ia
selected. At both the stages selectian is done without replace-
ment. All the psu's selected are retained on all occasions.
On the second and thd subsequent occasions a ﬂxed/ﬁ-actlon p!

of the ssu's g retained and the sample 15 supplexféiantad by fresh

fraction 'q' of ssu's drawn by simple random‘sampling

\

/ !

(» p+tq =1 )

/

An unblaged linear estimate of the population mean
on the h th occaslon for the sampling pattern given in (3.1)
utilising all the information collected upto apd including the
h th occasisn can be wreriten os

h
% = z b (E'-%%) +@ cesee (4:120) /

and ita varlance

' h 2 - hy-
v, ) aifl b, [V("i"-x'l‘)_{ +V(E )+ bb,, CmrL(x =)

(=Y -x",)_ﬁz:zb Cov/ =" W (B! =) 7



e

h h Sbi
=1/ B = bbi,yu 2pab pu.__/+—;- ..{4.1.3)

npq i=l i'=l h b
S_; Sw
* * " wi =71 '
where Yy = = ° qp e~ fori fi
ur = Pur $,if m
2
Swi
= aq = for { =i
i m
2 2
8b sw,
v (i"l) 8 e ¢ '
n hmp
Sb sw "//
i i g
V() = ' — /
n nmgq
2
Sy \
=t = —_
Cov (x 5 ) = - )
sb, Sbi."/
Cov ('ii r"'ill ) = Cov (iui.'il " ?CGV(TI" . %M ) - P’
i it i i C if* n
and -
=t = ' sbi Sbi’ +p!! S,‘Y,i Sw“
Cov (Xl ®',) = p " - 140 o

p! is the coxrelation between psu’s and p' is between asu's
within psu's .
Optimum values of bi'a (1=12,.....,h) which will minimise

the variance may, obtalned by solving the equations

4 v(%) =0, (i=L,2,....,h) .... (41.4)

dps
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These equations are of the same form as equation given In
( I) vide section 3.1. Solving thess equgtions for h unknowns,

bl( §=21,2,...,h) is obtained as

* D
hi

b =p &) "
h

Substituting the value of bl equation (4.1.1) takes the form

h D

T 2 poay —E (@ m)emey ... (4.15)
b4 D /
and equaticn (4.1.3) becomes ' /; ,
s _ - by
VIR )= ‘hLl-pﬂ; 2“" Jr =
nq Ao
°h_ [1en T b / (4.1.6)
- Q. . L - h'/ + eres ede

ng n
Dhl belng the cogfactor of the elemant commeon to the h th row
and i th column in Dy where

* ] T

Gl qﬁlz qpls 'FREENN qplh

] » ®
qﬂu na q%s ees $us s qbzh
* & »
@], qﬁ.za @ eeeen @By

LN 48 L ] s b a9

L [ 3 I X »

' .
\qﬁm qﬂZh qﬂSh veses Oy |




n S
= (n — )p*
Izl m h
/ 1 W', e "
m eas us q’ m
qp'’ 1 " "
w 23 W zZh
qe" qp" 1 cevae "
Where 13 23 ¥ on
D: ‘ .. e aw seas . //
QP“ ' " sane /]
n VP Vg ,1’/
2 /
h-l Sw, . ,
Similarly D L 0 — D
ist m kh \
/
- " ! 4
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H It {s interesting note that the variance depends
e’ M‘.'s upea the campenents of variation only at the last occasion.
fe o 8
- ver ) VJC‘ As such the assumptions of equality of ths cempenents for all
@‘"ﬂk;w "*"f%?j occasions is not needed. Alse it can be sean that variance is e
::V cot ! independent of p'.
w) -'

FPasticular case

Two occagions (h=2 )

- B, Xy <% ) +’p(‘i"',,-"i"z) o
2 2 _u2 1 iRl *2
Swy(1-9%p" ) (l-ﬂ}‘pu )
/
/' vees (4.1.9)
. ,

V(K= 2 [ B T4 e (41.20)
nmg - 2 n
(1-q%r )

These results have also been obtained by D.Singh and

"'Kathurla (1969) under the restrictions

&’Nﬂ S =8wza=8w3 and -
“v/ﬁ ot .ot em? y

% 1 2

4.2. Estimate 6f the mean at the } th occasion when data en h
occasions is available (h > § )

An unbiaged linear estimate of the population mean
at the § th occasion utilising the informatien collected upto and
including the h th occasion ia given by
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h

h';j = f=1 bl(z-:'l -E" ) +'§--j e (4.2.)

and its variance,

- by -2k)
V(. % l. /"2 £ bvby+pa ey 7
s
+ "—L ses s (4.3.3)
n

& a
where vy, . a, aod Sb," areas defined In section 4.1.

l .

7

The optimum values of b 's which will r/:":li’nim.lae

i
the variance V{ A ;j ) may be obtained by solv!.nglthe
/

d x -] -
equation " V(hxj) O  (t=L2i....)h) ...(4.2.3)

/
v

i

Fram this the optimum value of b‘ 13 obtained as
Dji \/
b = p. ws— where 88 defined earlior in
1 73 by
section 4.1 Dji 1s the cofactor of the element commaon to the
J th zow and the | th ctlumn in Dh - Substituting these values
of b 's in (4.2.1) and (4.2.2) and defining D:; as in section 4.1
the estimate of mean and its variaace is obtained as

h D
h;, ﬂlfl p QJ‘ —31-— (‘i.l ‘.E'.i ) +‘i."j [N (‘030 "
D
h

and
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A

¥

c..Jz,‘“

2
ot Sb,

L] sz

o D
i Ll P J+--—- .or (8.2.8)
amg h

4.3. A rocurrence relationship betwu:;__ph and bh 1

To estabiish a recurrence relatidnship between
the coefficients in h th occasion (b, ) and that m,{'z-l) th
occasion ('hh { )}, the procedure adopted is the // as in

Section 3.3. From section 4.1 /

D
s Dh 1’. SR e S Dy.a
]

b b1 !
o (4.3.1)

where D‘.ﬂ- is the cofactor of the element in the j th row
and i th column of D; . The superacript (h-l) denctes

that the determinant pertains to (h-1) occasions

n p" = P. l.h-‘ ph-l h ( l Bl. z.. L] .h-Z)

then following the msthod adopted in gection 3.3 it is scen that



b = P vee(4.8.2)
h
1+ " 7 - pph b
L1+=9)e™, PP’ in Pha

Therefore § . b

% a4 (e )ep? o )
b P h-1,h h4,h b-l

h
b g ey (4-3.3)
when p'' w=p' fori =}, 2,...,hel , this resultis
lli'*'l ’I /

the same as cobtained by D.Singh and Ka.thnrif.é/(l%ﬂ.
The lmiting value of by when sampling 1a arried over &
sufficient number of occasions is obtained by writing

bh abh . ab in (€. 3. 2) and then solving for b which is

given by
(1-pred /(-p )/ 1- p"z (1-4pq)J
" be ] - .___.-_.13.1'12.__._ h-l,h h-l,h
2p pr*t eer (4.9.4)
h-},h

4.4. A racurrence relationship betwesn the estimates of the
of the means in two consecutive occaslons

Under the agsumptions given in section 4.3 and

following the procedure adopted in section 3.4, the estimate

given in (4.1, 5) can be put in the form



*
D Sw,
X 8P a—mw— [/ X ¢+ p*- (X -% -)/
h . h ~ "hel,h  he hel
Dh Svarh_.1 h-l
P
+ (l-p -—-.-— ) '-i"h avwe (‘c‘nl,
Dy,

I sw, = Swh 1 the expression (4.4.1 ) reduces to

=

D
- BT " . -1 7
=, P - L=yt (Fna "Fyy) S
h /
‘/
. Dh.(
+(1-p o) ="

o - T3 - =y Tl ) =
bh L ®) e h-l.h(xh-! xh-—l, J+1-by) % h

oo (4.4.2)

4.8. Estimate of the change in the means between any two
occasions

/
One may be {uterasted to find the estimate of the

clnngebetwcmtheeaumnsgsonhepopﬂenmmaﬁontha
J th ang J' th occasions and the variance of this change
when data i3 available for h cccasions where h > §'> § .

The best linear undiased estimate of the change
between § th and j' th occasions (j*> j ) is given by
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h _ .
c*,, =32 b (“i' - =" )+ (=Y, -x“ } e (4.5.))

i ~ » . *
where b1 = "l‘)“h' Lp “jc qu p"j DjiJ

and the variance ef this change

. _h &k
a -3 T Zbbd - 2p(b o ot

+P(9 )]"' ""'[.Sb +8b Zp' j jtz

. Sw, 54,
whaers Yy °® qp“u' ey for { ¥ 1§t
8w 2 /
I forl ai?
m
( the netation being defined in sectien 4.1)
e 2a, e‘n Y,
‘ -lﬂ
vt V(c)af— g et |y 411'?/
e ! Dy,

2
L glafeahre L /Eies, 7
+ nq t ( ﬂj + Gji ’ + -v; L Sbj + S 1. zp"jgs‘bijjl -/

.»(4.5.2)
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W —pt 8

*» 8 %
2y a;, o, D -cD -
Co o s Py ety o ""_/+ L (et e s
nq *
D
h
l - z z - a 7 "o 4. .3
I TREL TR R TR
with the agaumptions
Sl:uj nSbj, = Sb for all J and j*
Swt =Swt' s Sw for alYtand t'®
and o .
6 = a forall ¢

with the equatioms(4.5.1) and (4.5.3) reduce to

h
]
g =1 | B W e | Sy |
Cm iRlb(miu)x’ xj
%
with b = B Bj'i -Dy ) ve (4.5.4)
Dy
and 2 - . ‘D* ) .
V() = p —— AT T 7, 2
mnq Dh amq
2
s 22 (1-p ) verr {4.5.8)

N 3
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Particular Cases

(i) Two occasions (h =2)

Patting §* = 2 and § = 1 in the equations (4.5.4) and

(4.8.5) the estimate of the change and its variance would be

as follows:
- q(1-p'%,)
Cz; a P '(x"-'if)ir . 12 (=" ..-,;_nl)
l-‘lP"lz ) qp:{z 2
/!',/ Lk I (4.5-6)
and 2 / 2
o, P ) -
v(cy, ) =2/ - J—v2(1-0',) &
1 "QPlz mn ‘
‘, L N ] (‘.5.7)

(i1) Three occasions ( h =3 )

The estimate of the change betwesn the third and
the first occasion is given by

L * — » * -
a1 * L (Dg - Dy ) (F -2+ Dy, - D )E,E, )

+( Ds; -D,3) (%), -70 ) J 4, - ..(4.5.8)

where

] 2 2 2 2 3
= } L . L RPN { + " " (3]
Dg ~q (pm Pls 933) 2q PP " 1sP" as
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L ]
D =D . ™ q’zp " p" - qp"

13 8 12° 53 13
* » 2
p* <D Ty
I T A PR A
* * T 2.5 gt
P2 “Dzs AP TRA NA T T
L . { L al. 2 "Z
L 2 .2
D 1. T
38 VP
and -
L2 (1-pp) ol o'yt )"-aqtp"‘ywp"‘)uq IRt ot
12°13°2
v(c* )= —
call ot 4+poB4gnt Y4 gad ot on gt
1-4q (Pu-Puﬂu) fq P 2P s P23
. /
Sw? 82 X /
T * a(l'p.n) "—L “ 'EE R (*05-9)
ma n /

4.6, An overall estimate of mean - Lo bmmr I ) vevarll Tt s )

An overall unblaged linear estimate of the population
mean gver h gccasions for the sampling pattern under Investigation

can be put following the ndtaticns explained in section 4.1as

h - 7
Eh "fl -] [bi(" "'1 ) +E"i -/ -l-r (‘06-!)
where h

x s ]

tal %
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and
h h h
- *

Vg, )= Lo EZ b b,ww V. -2pXrbwis®
" npq L vl V1 P tit
’pzﬂz‘l“{‘.ﬁétzlm sbl]

i=1
h VA
O '
+ " lﬁ'wwppi"' Sbi&i. _/ Tes s (‘0602)
he * ¢ " Swbw, ./ for i £ 1
whOTe Yo T Wy MW, BV i.f//m s
2 ,
se® i6w /m v foriaj !
1 A /

Optimum values ofbl's(i =1, & ..., h) which will minimise

V(Eh ) may be gltained by solving the aquations,

d

Ut
ot

These h equations can}aelved following the same procedure as

(1 =1,2,....,h) ver (4.6.3)

adapted in sedtion 3. 7. The solution ¢btained is

P h ¢
2 D a -] » iﬂl.z.-.-..h
g '

would bs
h . h o - h
"t P_ ¥ = T =
By, =24l D a1 Dy oy & 1=y =% S Y E

foo (4:6.4)



«57-

and
h
1 ~ Dhe 2 & -
Y B - p >
®) = —q L v - l“m"’l“x 7
h
1 _h Z. 2 h —
——— ?
- La:lui 4 2?1?1“1' P'y3sSbySbyy
(R N R ] (4.6-5)
where
. L * . *
ul @n qpls ooo-utn@‘h / ﬂul
L & . .
Py 9, B3 - qg;h L
L J * » i ® E
D qpls Qﬂm 63 '--oo-qush w363
-
hw L ] LN L ) ."l‘.jl L ) \.'
) ] L] / . ]
@lh quh qas' ":i-ooah %uh
- )

uicl uaca “3“3‘ tssanes %“h. 1

.
“ - « N =
3
and Swd o
Par = P — = Pyt @
Thoen h m’ h ‘ _ h .
s D — D £ _"= + 3z
Eh ‘gl(Dl: 5=l b3 “3)(81 .il)-iulmi:i
ver(4.6.6)
and sw” S Dy, b,
v(Ee,)s — =3 | ¢+ B w
(By) a P > ) Z 4 A
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s h h ‘/
B

. z -
+ p +Z ' coee (4.6.
. tq } t;ﬁ*uﬁ' Py 6.9
whare
" " L B I ) '.
1 qe 12 L { 4 1 WP 1Y 'i
“ l .' [ NI N N ..
¥ * Y %
" " l cusess L1}
. Wy, B,
D . L I} [ N ] a8 [ N N N N L N ] [ N 2
h” LR ] LN | .0 [ N NN N L X LK
" '! v.' [ KN N l
Yo Yau 3h / b
[+ w W ......//w |
1 2 3 /&
/
Particular case !
A
Two occasions (h =2) / '

Putting h =2 in ( 4.6.6 ) and ( 4.6. 7) the fellowing
results are obtained
, * ’ ( ﬁ-q,"u.’zl (E'l '—‘"1 ) & s .i-i"‘

E =, 2
l,ql'nu

\ 3 { 'h - q"'u“l)(?z:"ug) + “ﬂ.‘;"g_

- e s (‘0:6' 8)

1-q* n"nz
2 _ (qfeadi- w{f ) 4 2qepptt
V(Ez) = 8";3*;-— L ' 2 J

1 - g7 2 V4

+ sz/R L-"la + uzz + 3“[”3 pu. _7 eor (4.6.9)
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It qi cmz - &-
Then 14t s
2 12 ~ b
_81__ J L S~ (1+p' ) 00(‘06.10)

4.7. Optimum replacement fraction

Sometimas , ene may he confronted with -l:tu;tionl

where the correlation { p*' ) betwesn secoud -stage units en any

u‘l
be taken tO b constant for all t and t°, Undn’j the assumptions

two occaeions dees not differ much. In such cl;p/l. p" npay

P"tt' a constant foralltandt' (¢t # ¢t' ) it can be scen , 88 in
section 3.8 , thay optlmum ¢ ebmnedbymmmmg VIR, )
[ vide (6.1.8) 7 slso minimises V(hn ) / vide (4.2.8)7
for all j. Thus q obtained in the manner axplained sbove (s not
only optimum for the mean on h th gccasion but also optimum
for 11 the improved estinmmtes an all pravicus occasions.
Optimum q {n this case is given by

= “—l - hat erae (4.7-1} v

1+/(1-pm ) enp(1 . pm)

h‘l (o)
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8. COMPARISON OF ESTIMATES

-+ It would be of interast to know the efficiency of the
estimate of the mean X, discussed in section 3 over the estimate
discuased in section 4. Moreover the study of the comparison of
the estimates discussed in sections 3 and 4 with the estimates ob-

+  tained in simple random sampling will be useful.
The efficiencies which have been considered in this

section are a3 follows:

(1) Efficiency of the estimate X given in section 3.1 over
complete replacement.
(it) Efficlency of the estimate ¥_given jn section 4.1 over
¢tomplete replacement. /
: /
(i44) Efficiency of the estimate X, given in section 3.1 over
x, given in section 4.1,

Comparisons of the estimates for genou{ pattern of
correlations ware, however, notkqg pasaible. As such two co-
ryelations madels conveniently considered axe (1) Sil 23 and .
)3y sV goraniand . (149

5.1. Efficiency of the estimate of mean E‘ glvers in section 3.1
1

over complete replacement.
odsts ’l\“""‘:f;’/ Table 3% gives the percentage gain in bfficleficy (say) G
Sl
B w of the estimate of mean i"h given in saction 3.1 over complete replace-
Y - ﬂ\r’“"‘m
W- ment for different values of h,q,p', 2 p" and 7 /m uuder the
A~ 5
assumptions 3” sdforalliand j (4 #J). The conclusions drawn
from this tadble are as follows:
TR bebr T (1) The efficiency G increases monoctonically with h for all valuas
TP e NP L B P"md@\ Lo nk bare M
T w1 . e
'19\}“"" *)E\A:;\:f' (qu Ck Thro WO
e

4 \"_d—.h‘_m N oaz
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G |t o ‘1’“)
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PN (2) In most ¢of the casges G Ls maximum for ¢ = 0.5 approxi-
et X )
Y g e 4™ M mately . Even inthe case of fow exceptions ( when p' and p*' are
w. . ) 5 \
f:'w’*%if o A very large and h is small say 2 or 3 ) when the maximum efficlency
(V4]
) is attained for g = O, 78 approximately, the gain in efficlancy as

compared to the case when q = 0.5 18 not much.
(3) For givenhand q

4 ]

a0 3 ﬁ_:-ﬁ’ T 2
%?70 sz’dgfw’f ~$..,” | (a) G increases as $/m increases when p'{ p"!

J Ere (b) G remains constant a8 ?/m fncreases whep p' =p *
(c) ‘G decreases as ¢/m Incresses when p* A ,ﬁi'
It may be remarked that #/m {3 the tat}ic; of variation
e 2 between secondaries to the variation between prin;n/ riea. Thus an
increase in #/m indicates an increase inthe variation between
secondaries and correspondingly a decrease in ;ho between primary
variations. B is perhaps, dus to the reason that for an in¢reasing
betv;een secondary varistions , G increases only when correlations -
‘between secondaries 1a mozre than the correlations between primaries
on different occasions, Similar aygumerntshold for cases (b) and (c)

1y givea above.
P TS

':? yo “f_;: >c-t (4) Forfixed h, g, p' and #/m G ingreages as p' jncresses.

W& Ky 7 \ ;”7p(5) Forfixed h, q, p"and #/m , G increases as p' increases.

-\-—->C) — D =

~, (‘J{" I ‘}"/w‘

X

The rates of increase in G in cases (4) and (5) dbove are
affected by ¢/m inthe same way as in case (3)1.e. G increases
rapidly with increasing p'' for higher values of ¢/m and vice versa.

Also G increases slowly with increasing p' for higher values of #/m.
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Tho percentage of eificlency ofths X 8s worked out
under geometric model is given tn Talle 6. It can be seen from
tha table that the incace of gecmetric modal of correlation
( Su = §1Ygor alt tand §, (17 ), the trend of efficlency
remains same as in tha model discussod earlier but the numerical
values as expoected are less conmaistontly. Also for higher values of
h(>3), Ginthis model increascs very slowly. wlk « eual ?

8.2, Efficlency of the gsttmate of mean ¥ given in Section (# 4 1)
over complete raplacement

The variance of the estimate of man*‘xh/u; given in
( 4.1.8) is indepandent of p'. The Kpercentage galy in efficlency of
the estimate of mean over complete replacement for different values
of h,q,p'"'and % /mis given in Table 4. for the model p"u:p“
for all fand §, (1 #J)and in tadle 74ov tho model p''y; = puilt=ll
for all { and j. It can be sean from the table 4 that )
(1) G incyeases a8 h incyeasss for all values of q,p'' and #/m.
{11} G is mazimum , mostly for g =1/2 except for a few cases where
p'' fa very highand h is small (<3 ).
(i) For fized ?/mand q, G increases as p' increases.

The table overall, indicates that mostly the gain in
efficiency is not much for gmaller values of p''. |

Tahle 7 showa that inthe case of geometric model of
correlation the trend of efficiency remains lm;a as in the previous
model but the numerical valuas of evlficiency are less consistently.
As expected G practically remains constant as hincreasesa ( h > 3 )
for all sets of values of q,p''and #/m.



b3

5.3. Efficiency of the estimiate of mean x, given ia Sectica (3.1)
over X, given in section (4.1)

Table 5 gives the percentage efficlency of the estimato
~ of mean given in Section (3.1) over that given ia Section (4.1) for
the model p‘:J = p' and SU =5 foralliand j, for different
values of h,q,p', p**and ¥/m. The conclusions drawn from the

table are as follows:

(i) G increases as #/m docresses for all sets of valuas
ofh,q,p"’ and p''.
(i) G increases as p' increases for fixed h.q./ ‘?/m and p"'.
: /
(111) The behaviour of G with p'' for = fixed values of h,q and

¢/m is not 'm‘mtiﬁ. HMVQrQ fO{r p' =2 0, 9! G
incrsases as p'' increases.for allseterof H h, qand
¢/m, (b 4 bocosaa P toe e taz(h.fsj.ﬁ_q\f‘ - ,-ﬂ_g‘"{ﬁz
f = 7/ '/ \
(iv) Sampling pattern discussed in sectien 3 Is more
efficient than the one discussed In section 4, for
the estimate of mean for all values of h,q, ¢/m, p'
and p'' with a fow exceptions. For example when
q=0.7, p"=0.9, p! 20.50and &/m 0.5
forallh (h¢ 5) G is negative.

Percentage gain in efficiency of the estimate of mean
given {n sectlon 3.1 over that given in section 4.1 for the geometric
model SU a sl gy given in table 8. It can be seen that

SU o 15'31 holds if plu - p'i"j , puu z p" ll.j}and

P'yy Bb

" Sw

o .._P_.!L....l « Therefore the estimates given in
Bbj SWj

3.1a2d 4.17e cemparable under the model O = S\"‘”

o
-
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The broad conclusions are the same as found in the case of
previcus model hut the numerical value of efficiency is reduced
consistently . G is negative for a particular combination of p* = 0.5,

p' 20,9, ¢/m_> O.5forallhandgq eonsidorqd in the table.



6. AN ILLUSTRATION

A large-scalo sample survey was taksn up by the

ht  Institute of Agricultural Research Statistics in Krishna delts ares

of Andhra Pradesh during 1967-69 to estimate the availlabllity of
milk and its djsposal in different seascns in the area and the cost
of production of milk.

The sampling design was one of stratified multistage
random sampling with villages as primary stage units (psu's)and
households fn the village as second stage units (uu‘f ). The entire
area to bo surveyed was divided into efght uc:torif /én the basis of
a number of milch animals in the population. mf/uch sactor 13‘
villages ( 4 groups of three villages each) mn/ selectdd at random.
Out of these four groups of villages in oach sector, tw; groups nearcr
to each other were allotted for the cost of production inquiry and the
remaining two groups for studies on availability of milk. The
48 villages solactad for cost study remained fixed throughout the
period of enquiry ( two years), while the 48 villages selscted for
availability study which was coatinued for & period ¢of one ydar
were selectod afresh during each season. Thus th¥eo such sats of
villages were selected for aviilability study. Each season consisted
of three to four rounds , a round being appraximately of & month's
duration. During the first round in a village 8 producer households
wers selected at random fox recording the data. Out of these eight

households two commercial producer households were fixed for all
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the rounds in & scason hut the remaining 6 producer households
were selectad afresh in the second and the subsequent rounds with-
out replacement. The pattern of selection is the same as discuased
in section 4. The interval of recording the data by trained enumer-
; ators was one month.

The items of information collected wers particulars
regl.t.dlng individual animals in the selacted houssholds , production
and utilisation of milk , quantity and composition of feed consumed
by animals and procurement of cattle feeds etc. Tyadm«xmnk
yleld of lndividual animals and quantity of Zeeds add fodders actually
fed to them on the day of enumerators’ ! visit yu/ra coneeteti by actual
weighment and other information through diréct observation and
careful inguiry. )/

The villages selocted for cost study as meantioned earlier
were kept fixed throughout the pariod of inquiry. In each village
selected for cest study four commercisl producer households were
selacted and were visited continuously fox & period of two yeazs by
trained enumerators once in osch fortnight. Main ftems of data
callscted were the same as in the cise of availabllity study. Addi» -
tional information ¢ollected in this study pertained to quantum and
type of labour and wage rates.

Data collected during rainy season and pertaining to avail-
ability study has been considered here. In this exampls , sampling

design has been considered as two-gtage design spread over three
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2
b pecasions. Since fn an actual survey S’bt. Swt. p'wuﬂ

p'' . ave not known, they are estimated from the sample estimates.

Qt
Unbissed estimates of those ( assuming N and M to be large ) are

_'lvnnby B

2
Bst (Sb°) web - b
t t m

2
Eat (Sw, ) = -wta

e S 1
Est. { p'ﬁ, S‘bt Eby s ) = r‘“, .ht lbt, - ,‘tt' oy
E‘ta ( p;’ Swt swtt) 4 '"u' “t ‘E?_F’
a . _
b oo,/
whare 'ht = Py Eﬁl ‘?tk. il-- ) //

a  mp
1 -y -y

8 W4

btg tt

T — s ey,
sb, b, t 8

Considering round as an Gceasion, the currens estimate )
as well g8 the improved estimates of the averajge daily milk yield
(kg) per buffale in milk, (n ench round have been obtained !r.am (4.1.7)
slong with variancas wilising (4.1.8). Before oltsining these esti-
mates it wauld be dasivable to know the sstimates of the popuhtion
variances and cerrelation coefficlents.
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Estimates of trus variance ist round 2nd round 324 round
Between villages Est 5b> 0.6259  ©.7339 0.6550
Batwaen households 2

within villagaes Est.Sw 0.6978  ©.85861 0. 9236

Estimates of correlation coefficients between the three rounds

. Istand 2nd and 1st and thizd
2ad third zound
round round
Between villages p! 0.69 0.61 0.56
Betweea households p 0.58 0.55 0.87
within villages

;

;]Itcmbcuuthltthonlmol ?/m =(§£h.a)/(m5b: ) fox

the three occasions range from 0.10 to 0.18.

The estimates of average milk yleld u\,\numenad earlier
" are given in table 2. K is oburve:! from the table that the
percantage gain of successive sampling with partial replacement
over simple random sampling (i. ¢. cémplete réplacement) in this ?
case is not substantial because of poor cozrelations between ssu's
on successive occasions. These resulis re in agreement with the
results presented in table 4.

The optimum replacement fraction for estinmting the
population mean at the third occasion - has been obtal-ncd by mini-
mising the varissce given in (4.1.8) with yespectto q i.e¢. from the
equation .5.3_.. V(% )=0,. This cptimum Xyeplacemant fractioa

worked out to be 0.506 , i.e. slightly higher than half,



SUMMARY

It s well known that In sampls surveys auxilisey
{nformation ¢an bé used to improve upon the estimates. Inthe
case of successive sampling the same variate {8 kept under
* observation on different occaslons. The obscrvations tm the earlier
occasions aye used as ancillary lnformation to improve the estimate
of the population character undey study at the subsequent eccasions.
In this investigstion an attempt hias Been made to oltaia the minimuom
variance lincay onblased estimates of
:.mmmmmmmes

2. ths change in the population mean from das occasion
to ancthaer ; and

8, an gverall estimate of the population maun ovey all
cccasions, for & dynamic pgpulution using a two atage
dasign. ‘

\

The study is confined to two cases vis.,

(a) Partially yeplacing prirzapy stage units (pog's)
and keoping secand stage wunits (ssu'z ) fixed ; and

(b) Reeping peu's fixed and partially veplacing asu's,
for a fixed samplo size n' and undes thy retention
pattern in which 'np* units are retained over all
eccasions and 'ng' units ave gelected afresh st each
eccasion (p+q=l).

The entire investigation has been made under a genaral cerrelation
pattern. The results cbtalned by acme of the osther research workers
in the fisld . follow particular cases of this investigation. A cempari-
son of the éificiency of the twe sampling patterns has been discuased.
A suitable examplas is aleo given to illustiate the application of the

estimates cbhtained,
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