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Hletrnry of teai'Dlnu about popo!atktn by us lag eampllag 

methode coa!d be tnced oat evea co very ea.l1 stagos of Pl'lmltlve 
I 
111e of maaJdad, lt was mal'e Chan 250 yean ago t:hU BuDDu111 

develclpe4 the theowy oflc4epeadent wudom aamplln8 of elements 

t~mm a popalatloa wbeu the aalt of aampllDg and tho azllt of aa.alysla 

was the same (Rauen anA! H~. 190 ), A coutiU'y later. PolsaC)D 
' ' ladleuect the 1111e of stta&ltlcatlon Ill sampUog to ~t.\)oulbly mare 

I , 
precise estimate of the puametara. Later on ~ techalqaee auch 

I 
as eluate nmpllllg, sub• samplllll• dou.ble sampUns &ad succeselve 

avallable resoorcte. 

Rea .. I'Ch lD the theol'y of sampUaa •tor DUJ'V8fl bas beea 

malnly concerned wlth the developmeDl of mare efnclent sampllog 

.-vateJU, the sptemlacludlDg both, the sampllng deslga IUid the method 

ot sampllllg. One saxnpllog system le eald to be mon effleleu& than 

the other, If the 'ftrluce or the mean equan eftOJ' of the eatlmate 

wltb the fol'mew system l8 toea thaD that of the latel', pi'Ovldec! the 

cost of obtaining the .data la the same. The devolopmeat of sb'atltted, 

simple nadom eampllD:J, have all resulted Ill hu:nased efflc:lency lD 

opec:lfic cli'Cumetaacea. 

Wlth an ldea to build ap mon precl.ae eotlmatol's of the 
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popubltloo panmete~a 1 the lllfonnatlon c:olleetod oo llwdlluy val'lateo 

&1'0 oaed. The aaxlllaJr11Dfon~~&tlonla obtained lo ac!dltlon to the 

c:ba&>aetel' Ullde~ •tudy an&! some estn lafol'matlon can 'be dulvod bom 

1 tt. The use of &axlllary I.Dfol'm&tlon cao be mado 110 two occ:aaloos 1 

one at: the Ume of dealiJillDB the suvey and the othel' at the tlme of 

estlmatblg the panmetrne. Somettmaa the aampUng Ulllta an selected 

wbh paoobablUty pnpoftloDal to some meaaaH of a~IISe, alme bolos the 
I 

value of awd.Uuy vulable. Thll eatlm&IDI'a wblc:h moe use of awdllal'y 
I 

I 

lnfoi'D!alloo lDdac!Je nt:lo and ~gHBalon method~ of estimation, whleh 

an by fu the moat: eomrnon, tboagb the eatlma\o" ue blued. 

111 s&!nl'le &GI"tey& lt: ba\1118DII sometlmca thai se-nl 
I 

aw&lllal'y variables ue ovallable whlch ue hlghly conelatod with tho 

vulable ande• study. a &a. thenfon, of ln&el'eat to loveatlgate the 

effect of aalog all o~ some of them ln ba114log up an estimate of the 

population mean Ol' total of the chanc:ter unde~r study, 

lngnm Olldo (1958) has dlacuaaec! the extenalon of ntlo 

method of eatlm&Uoe to thll case whe•e multl-auxllla- •al'lablea ate -, . I 

a.oed to lncnue pl'ec:18lono Hen lt la aaaumed that the populatloe 

meaoa cornapoadlog to the dtfferem awdllarv val'lables ate anllablo 

befon the sample la dnwn. In the UDlvulate cnse a simple RAdom 

-( XN • YN ) Ia obaewvcd. The mean X I.e lml»wn and Y la to be 

eotlmatet'l. The eattmatn~r 

- -Va = ( VIii ) x ~ w x 
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-ls caned the ntto estlmate of Y • lD seu•al Y'a l& blued ud fol' 

la~rge a, appioalmatl,ctD tor E ( fa ) and v ( V'a ) nre given by 

s • ll·~· 
X 
s,. 

c: .. -. 7' y 

c:oeftlc:lent of vulatlon of • ,j / 

' I 
' I 

et»e.fllclem of vulaetlon of it. and 
I 

I 
I 

p • ., ts the conela.tlon coe:Ulcleba 'betweea • ~ y ( C:ochnn, 19!53, 

pp. l15 • 16 ). ; 

-a la eully showa that Va la a pauelsttW esttmatol' c! Y 

lD the sense of C'ochna ( 195! • p.l3 )· l. e. Ya ~ Y u D ~ N 

QJ3.d also ln the a ease of Baoeeo, HIUI'\'Ua ud Mallow ( 1953, p.74 ) 1. e. 

pllm ;
8 

c; Y with the ~8t1'lctlou 
n~CD 

l ) u D lDc:nasea, N bunreuee wl&h n .:::4 N, 0 <: 9.:: l and 

ll ). i nmalas Q)J18tent u 'N lncnues 

The :ntto metbod cao be made uublaeed by chatlglo8 the 

eampllDg pi'Oce41D'e. M~aua~t pve thla method tmCIQ which n•lo 

estimate l8 unbiased. In tble method the alllt at the fbost dnw le 

selected wl&h uueqaal pi'ObabWty PI'OfiOI'tional to a and la the 

l'emalalug ~ n•l) aubseqaentdnwe thev an neleeted wtth equal 

I 



.... 
t 

pi'ObabWCy wllbollt nplaeemeat. The oth81' method l8 Lahll'l1a 

Mttthod.af nmpla aelectloD whlcll pi'O..t.du Ullblaaed n.tio eatlmate. 

n eoul.U lD ••l•ctlas a ~hP of nadom aum,..,.a say ( 1, I ) a8Ch 
I 

thaC 1 :;;; t ~ N aad 1 ~ J ; M , when M 1s the madmam el 

the llnl ol the N Wlll8 lD tbe populatloa. If J ~ ~ , the 1-eh UDlt 

La eelectecS; otbei'Wbe lt la "njected aad aaoUlu pal' ol Radom 

numbel'l la eho .. n. Feu aeleetlq a eample ol n I2J4lte wUh pnbablllty 
' 

I 
pJ'OPOI'ltoJtal to alae ua wlth l'ePlacamea&, the ~UI'e 1e to be 

I 

l'epeated Cl1l o Wilts lli'O select.d. 
I 

Rutley aad lloaa ( 1954 ) wue ftnt ~ bulk'! ap aa ablaaed 

I ' 
l'atlo tne utlmator ln aamPllDawlth equal op~blllty. ·IJlalm~tle 

nadom aampUJlg without nplac:emeat theY foam ao aoblaled .. tlmato~r 

vla. -· 'a -. .. ; ... a(N•l) c- _) ...... ~-.;.· y .. ,. • 
N(a•l) 

Bobecm ( 19!5 1 ) gave aD end fomt11la fol' lta vulaDc:e. Gaodmaa , 

IUid HU'tley ( 1958 ) atadled the llftClaloA ol blued aad anb'aaed ratl.O 

eatlmator &ad lt la ehnln that, wha the ratlG of y to • decreu .. 

&I a lDc:J'eaau, the onNaaed ratio eatlmalr:tl' 1G mon ~c:lae thaa 

--the ntlo eatlmatol' ( V .. " X ). b le at.eo ahown lhat aealectlq 

cenaln aeaUalbleterma, the Cl'lteri~au to wbetbel' V ( r; )<.V( ~) 
. I 

01' vlca wraa wtn depend upcm whethu o• Dot P <• 'ir , whll'e 

( - - 2 - .... E l'•a) (•·X) 
~ . 

Vu ('i • i) (i - x) 
• 
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• 
type unblaaed l'&tlo eatlmatol' for the uae ot multl-a wdlluy •ul.ables 

l.n almple n~m aampllq without l'epluemeat. 

OlkiD ( 19!59 ) oatended the ntlo method ot .atlmatlOD to 

the use of aevenl auxlllal'y val'lablea. ID the mnltlval'late utecslon 

we have the following model: 

Popolatlon: Y1 , ••• , YN , unkaown 

~1, ••• , Xm r/= 0 lrCOVQ', R1 • Yl i 1 , 

• • • • • • • . , . • • • • 
• • • • • • • ., . • • • • 
• • • • • • • • • • • • • 

x'Pl'. • • • xl'N r:/a G ·known, RP" i I i 9 

and tile ( p + 1) s ( p +l) covulance matl'lll Sls knowzl. The 

onbsc:rlpb 0, t, . ·• • , p, nfer to Y, :x1 • •• ·• 1 ~ l'eapaetlvely 

e,g. p
02 

lathe eonolntlon between Y and Xz• Higher momuh 

w\11 have •eapenalpta referring to .. the v&l'lables and auhaall)te to 

the pew•••. • . g. 

olJ 
",tu • ~ ( Yk • i )( xlk • i 1 ) ( xik .. x J >/ N • 

Flnally, slJ .. N I'!! I (N •1) deDDtes tho ccwamnce and 

c 1 "' s1 I i l , the coeUlt:lem ot vulattoa. The lateao developmeat 

wUl be conaldel'ably almpUilec! lf we have a notation fol' momenta 



A·•lmplo l'&ndom. sample ( "J • xlj • ••• • xpJ )(J .Ill •••• ,o), 

IJ:Om. the population la obse~ved. The pi'Opoaed ratio e•tlm.ate of 

-Yla 

whDre w a ( w1 , • • , •· w P ) , f w1 .. 1 le a. '¢'elgblng f~ IU2CI 

"1 c(y I ~~)· 

The Rutley .. Ro•e efllftll!ltiD~ caa l;le g~eran.ect. so t!)at 

p - -f Wl ~l X 1) 

Q 

la ao anblued e8tl~1' of i, where o i'1 ., ;;
1 

YJ I x1J • 

Coulete11.01 ln the m1dtl'va~\ate cue foUO<W f~rom the fact 

OUdn pve tho fo:mrota foso optlm.um. welgMe and fol' the 

vaJrlaoce of. multlva.ftato esllmato• y ~B. He Ills~ a bowed that lf. 

V ( f' I p ) and V ( VI p, q ) demte the vul.aoces of y balled on 

the auxlllal'y ft.l'lablea x1 , Xz , ••• , xp and "1 , x1 , ••• , xq 

( q :> p) 1'eapeetlvel11 wslag optimum welgbts V (VIP) wlll atwaye 

be gnateso thaD Ol' equal to V ( 1 I p, q ), 

The 'tlneu veg:reeelnn eetlmatiDI' ~I' of populatloD mean 

of 'I wbln y le of tho fo:rm '1 • e1 + P x + o ( whero • Is ao awdlla&-y 



• 1. 

vnrlable a= e ls 'the enor term c!m to raadom c:ausee ) -• 

' glvel'l bv 

' 't· .. v .. b ( i. i' ) 
whe~re b lathe eamt)le I'OfJI'eDsloD coefflelent I:( y• V )(at~ i' y::c (a• i')~ 
AJid Ia samples lD whlch tho •'• l'emalD flzod, the sampling val'laDCO 

o~ v11t 1s 

- ! z - l V(y )ocr (l•p)L-t 
lr Y 0 

' D beiDa tho sample alzo ODd p ls the conelatloD cooflldent bet\vo81l 

y Gild •· Tbe dlat~rlbmlon cf y tellda to ....n-mnUty as o lzu:~reaoeo. 
[1t . 

Aad If the conect fcmn ol tho ngi'Oaaloo ls a.ood, population es&lmatoo 
I 

c!orlvod fi'Om regHaalcm nmalD anblasec!. 

t!llfeftllt auztllary varlllbles ue avallable befo:ro the sample ls dl'a'Wll. 

In some sltaatlon $heao popalatlon valoos an DOt avnllable, lo whlch 

caso Maltlpbaae Sarnpllaa ls neowcad to. The teehnlque cODSlsts lc 

taklDIJ a lai'Sel' sample of olee a' to estimate the popalatlon mean 
! 

iN whlle a aub-aample of elze D Is dnwn from. a' to obsene tho 

cbaracterlatlc UDder atudy, Y. Seve~ral estimates of the popalatloc 

menD YN can be foftned, Tbe almplest ls thoa.oml blaaed ntlo 

eothmate· 'a . wlth X' N l'ep1aced br ltD catlmoto aD' based OD a 

sample of al11e o', glv8D bv 

-.,act a 
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- 11 .azz 11 z 
V ( y_ J a ( ---) ( .S~- t .D.:-_ S • !IL 8 ) t ( - - -) 8 "1«1 a a• -y -"If a ~"If p a• N y 

• 

f~ ben It followa that the •atlmate fact 1:lued on double aampilq 

la mon efflclent tb&a the eatlmate Y' a baaed GD almple l'aMom 

aampllaa wllea ao asllal'y .ulable ,. and, ll 

,, 

~ •!- ~ s,. 0 

l. •• u ,,. > ..!.. cc. • I I 
z y /1 

lometlmea lt may aot be wo.,lnrblle to eiJlleet lafoftndloa 
I , 

oa allaalllal'y ebanctan ll'fm1 the .ame luge., eample due co 

'~tQylq dep•• ol ••• oleaame~ the aut..,.ot cbaacten. Oa 
' ·' I 

eome ebanctua tbe c•t of u~ntloa le blgbel' tbaa oa a ,_ othol'. ,, 

SoIa tht. etudy, thla aap.ct a. takn lido coaalduatiOa lR dl'&wlOI a 

mvltlp~e aample. We take 1mallel' .. mple em the avallluy chuaetu 

lo-. which'\.. coat olall1DJ1enllu t. bleb wlllla the aampie alae will 

be taqe fol' low coat ef eaumen.tloa. 

I 



CHAPTER .. II 

COMPARISON OF ~JI'!RENT ESTIMATES USING 
¥uLTIPLE AUXIUARY CHARACTERS 

Z.l ln!I'Od actlon 

Ia .. mple nJ'Veya sometimes - baw mnltlple amr:llluy 

c:~aCCel'• hlahly conetated with file study 'lllriable Y. The coat ol 

enmnentlon of anlts foJt each auxlllai'Y cban.ctal' wtU be dlffel'ent 

fol' dlflennt cbanclal'a. In some caeee lt may be vei'Y blah and ln 
f I 

some caa .. lt may be v.:!l'1 to... So It la an)oss to collect lnlormatlon 

on aU auxlllary cbancten fen Gle same ·laloge sample becaaee of 

I 
vuylng degl'eea of coat of ernunedtlng the dWennl chuacten. So 

· hel'e In ou atudy we dnw the a ample In multlphBses l. •· we use 
I • 

multlpbale aampllag. We take the l'a~ell ample on &he chanctu 

for which the coat of enumemlon ll loweat, Then om of thla largel' 

sample we take a auh.aaml)le aDd ohlei'Ve anothel' c:hanctel' fol' which 

tho c:oet of enamentlon·ts llW.e blgher ~~ the p:evloua one and eo on. 

On the cbanclal'o fol' which the coli of enamen.tlon ltl maalmum we 

take the emalleat aamplo and out of whlch we take a Jmallel' sample 

aDd obeuve the atuc!y c:hanctu Y. 

Let then be N walb In &he ?OPalatlon Y 1 , • • • , Y N and 

X1 , ••• , :xp an the p amll&JY chan.cten hlghly COI'I'etated 

wlth the atudy variable Y • Let the coat of ename:ratlon fol' Xp la 

the mlnlmum, than that of :Xp•l , • • • aad the cost of enamentlon 

of x1 le the maalmum. Then accol'dlng to Oal' aampllilg acheme, 



' 
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we obleln'e the c:bancC.I' Xp oa the lupat numbe• af alb la 

the aampt., ., 1 ud Obaeln'e the dtuactel' Xp•l OD "p.t UDlte, 

• 1 ~ ud obi...,_ the dlanctel' X1 oa lit alllC. when ( 0 L .. C.. 

o1 ~. • (Dp•l L. "p L N ). "lbeae Jls , ••• 1 op UDlta ••• aach 

thU the Dp•l ualb .an oat of 11p alq 1 ...,...! anlta an oat af , 

~-l alta, ••.• 1 -. Ulllta an oa.t of •z ualta. F•am thaae ~ 

anl1a we ta~ D ·UDI.ta aDd ohaal'ft the.ebii'&Ctel' . V aMel' at.S1 

' 
ao that ( 0 .:::. a c. rs1 < • • • .:::: "p <:::: N ). / · 

a.z Ngtatt ... 

y : 

• 
• 
• 

AplaJU1 

N 

• • 

• • 

• • 

'/ 
I 

I 

aaxmuy c:han.ctd cOI'nlatad wltb V ha.tq 
' ' 

' 
aaxUtarv chan.cter c:unlatad wlth Y Ia~ 

totalnmn'bal' .af. antt,. lathe ptJPolaUaa 
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P•l 

• 
• 
• 
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nambo~r of sample 'walta out of np on '1:7blch 

x
9

•1 ls o~ened 

• • nambe• of sample UDlte out ol az. on which :x1 

Is obiJeS'ved 

D ' numbe., of aample ulbl/out of n1 on whlch Y le 

obaU'IfQd. 

Now 

-
• 
• 
• 

eample mean of Y 

l '\ 
- n s , 
~ 1 11 

eample moan ot lL} 

'­z. 3 M.umvulate .Rattg and .Ru~reaplog Eatl.mntos of Y 

Fl:rst Eatlmate ( v.a ) 
The l'&tlo eettmatee for ~ ' •••• xp 81'0 •• follows• 

- -- Va -
a:- X • 

i'PD P~ 
-- , Sin~ e • • • t 

•ta ' 

The combined ratlo eet\rne.te, Vwa of V le glwn by 

p 
1 .. %: 

wR hl 

where, 'II\ , w2 , ••• , wp an tba welghta. 

( 2.3.1) 



-v • .. , .. 
when "a • b

2 
, ••• • bp ue the •amttle ngftQloD coelflc~a.ta 

o1 'I oa. "1 • •a· • • • • • •p nepeal,.ely. 

Tbtd ''''•" ( ' I ) a I' /; 
I 

I 

'fhljt e.Umate l! al!o a ••"'''- qtlmate u follow•• 
I 

V I • 'i • t bl < i~. iiln ) 
U • D lal --, --,.f 

' 
<' z. 3.' ) 

Now ,.. •b&U flatl t1w blae a11d nl'laa.ce of these three ••ttma••. 

z. 4 Blu aad Vul&nces of tb! Eatlmatea 

;rl,!!t Eptlma!t ( 'i..a) 

The com'blaed nato eatlmate la 

I - - -&I E ( y
9

B) .J. Y t 10 y
9

B l! a blued eltlftllltle of Y, 

The f:lla• ll at<na br -mu ta ( 1-.a ) • :&: ( 1-.a ) • Y 

p 

J: ( Y,a ) ,. l~l 9 l E ( YB*t) ( &.4.1) 



·lll -

SG flnhre wlU floc! E ( Vaa ) • l a 1,2, ., • • p 
l . 

Now 

S~lln~rly, 

a CO'/ ( V Q t D~) 

nogloc:tl.ag blgbolr 
pQ\VOI'O of (e tl Xl) 

a Cov/}(1,/n1), E ( i:t.rl'/ot)}t Ej!a'l(~ • "tn/"1) 1 
a Cov ( v. • a In ) 88 Cov ( v D • i' \n I Ill ) • 0 as D l to 

ot l l flsed. 

o( ..!..._..!...)s 
Dl N , .l 
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lienH 

E ( 1 ,.._ ) .. i [ t • ( .!.. - .L) c c2 
- p c

1 
c. ) J 

a.l D Dt •t 1S,. l 
••• ( z. 4. 2 ) 

where c • 
s., 

coeUlclent of V$11&tlon of V - • ' -y I 

~ 
I 

I I c • c aeBlclent of variatlon of x
1 . , i • 

l I 

IUU! p la the conelatloo coetflc:lent between v azu! ~ • -,.l 
Now eubetltatlllg the vatao of E ~ y ) lD (: 2. 4.1 ), we get ax, 

- p -- 1 1 2 -
E ( 1 ·"' ) • :!l .. , v L 1 .. ( - - -) ( c. - p c., c.. ) J 

W.n 1•1 D Dt l 1'1 • 1 

Hence 

••• (2.4.3) 

I 
( 

- rP - - P 1 1 z 
aV'- :z::w1-tJ•Y:Z::w1(T-ft:)(C8 •P c,.c ) 

l l -, t1Xl' 8 l 
• • • ( 2. 4. 4 ) 

So the bias wlU vanlab lf Ule followlng coodWoD.!I uo satlalled 
p 

( 1) ~ w1 c 1 l.e. sum of welgbte sllDald be equal CD 1. 

l, L.e. Cbo ~repesslon llne of 
1 0A Zl ( l a 1, o oo ,p )shOuld 
pass tbi'Ough the origtn. 



To fllld the YU'Iant» of Ywa, fll'a& Of all'W wiD flac! 

v ( vax,) ud Cov ( v~ . YaxJ ) • 

Now 

. 
,. Yt(.!,_ • .!.)ell t( .!...l..)(c! • Zp C C 1)] 

DNY DD& l pr1 Y•. 
... ( 2.4.5) 

fo. l •1 ••••• p 

_a- 1 1 2 1 1 1 l 
.. ,. L (D ·v> c, ·<a ·ifh.,./, c·t ('ij· v>P,.j c., c-.; 

l l l 1 ·<• -v> ,.,Kt c1 c~ + ( ..--;p '~rt •J c., c., 
1 1 1 l .. <-.;. 1f) '•, ~ c .. , C., • ( il ~ ii) ~»,.., c 'I c•t 

·(l-.i.-)p c c +(.!..- 1 ,, c c ] 
Dl ,.,. &lXJ •t XJ Dj 'if' JClltJ "'t XJ 
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Usl.nc Olkl.nla method, multlva.tate nUo Q8tlmati:IJ?, Y'..,a (M. V.) 

ol popolatlOA meu could l;le slva u below 

••• (2.4.7) 

wboH w1•a ( t • 1, a, ••• , p ) an so crbtalaed !lB to mtnlmlse 
p 

the vulance of maltlvawtate eatlrn&tolr' aDd E w1 " 1 • 
. l•l 

,.. 
1 I Vu vu ••• vtp 

I I I 

I vat VZ2 vz.p t 

I ••• I A '" I • 
• • • • • • I 

I I 
• • ••• • t 

I t I • • • • • • I 

I I 
t 

I 

VPl VP2 v J ' ••• I pp 
.!,.. 

whol'e Vu la glveD br ( z. •.s ) am v1J b'f ( a.<l.l> ). 

As ahowll by' Ollttn, tbe 'fttgha wl , wblch wUl mlolml•e 

- -the v L Y'..,a ( M. v.) ..1 would be T1 IT whcJ:e Tt ts the total 

of the elementa In the 1-th l'OW of the bwene mntri.x (A "1 ) and 

T lethe total of all the etementa lll A·l z:natlob. Tbe v&l'lanee 

of Y".,a (M. v.) 1a gt11eo by 1/T. 
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A Putlcutu Caae ( wbon p • Z ) 

the matrix A wUl be of the fo1'm 

·1 
A 

where 

The lDftrae of U1e matvls A la glven by 
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The welghh w1 and wz asoe slven by 

< vu - vtz) / /At 

(Vzz • zvtz•Vu>/l:A/ 

-
a 

The vnlance of the estimate 7: la glvcn by 
-~.(M.V.) 

)AI 

Now 



Hence 

Now 

1 1 t 1 a 
- ( - - - )( p c ... c. • P c.,ca.)tCii-- xc. -P c.,cu 

• a l .u~a • 2 VZt 1 nz 2 JXa z 

cz c2 } ., •z 
Applying the coadltlon of unbla1edneae, C .. p C , we get 

2 l Y' 2 l v 



• &O. 

Hence 

- -, L v,.B (M. v.) .I a -. •• • ( 2. 4. 8 ) 
D:r. 

I 

J 2[f.1 1 . t 1 2 J andDI'.•YC,. (a·a)P (P-.·Zp Px,.._)+( 0 •o\p..,. 
' t 13t ·-~ J3a G , z ·-a 

Secom E•tlmate ( 1 f ) 
w &' 

Tbe m\lltlvulate rogreeelon estimate l• glven 'by 

p 
Y aY, + ~ ~ (i'lrt_ .. ;;,_) wfr: 11 lal -, ,... 

whue ~ • 

-abl .. xl + el • 

·~ • it +Et • 



Tho a 

s + kl 
·P Y•t 

- I ., .. v + E c ----- ) ( E'l • e. ) 
wf~ D lol Sz tk~ • 

; 

Now 



-~~ .. 

u Cov(•Vl\ • i"~) ~ Q-c Cov(•;~ i"lllt) 

becauae llt ll fb:ed here. 

Ual~a th8 mo&hod of aymmetric fW1Ctio.ns Ol' polykayo 

1 
and ueglectlag tel'ma of Ol'del' - , a 7 1 , lt. can be ahown 

rt• 

that 

and 

Hence 

N•n 
'Nn ~Ill 

whel'e 11!1 p EiJsr.• aN)~ v•Y)J 

N•n 

Nn 11so . 
.s 

whe1'el' aE(a-i'N)' 
30 

- 9 1 1 r 
E ( y J ) • y • !' ~ L ( - - - )£. w I' l•l D N 

So 

- -Blu· ln ( fwf• ) • E ( Ywfw) -Y 

•t 
flso 
sz :; 
xt 

••• ( 2.4.9) 



- zs. 

Tbe blae lD ( 1 I ) wlll be aegllglble lt the eamp1e w It ' 

elae. a I.e eafflciaotlylal'ge and it wlD vaoleh 11 

•a "' ~'at Jlzo 
• a,.., sz 

~ 

.,.. t •1. a ••••• P 

Olr 

S1Xt 
s, 

~, . ~'zt 
• sz ., ., ~so 

... l •1, z ••••• J) 

Wbea the eampte elee le aufllc:\eatly lartJe• the mulll­

V&IIiato ~teg~te~elon eetlmnto 1 I behave. Uko the eetlmatol' 
w I' 

glven by 

-whlcb le aa UDblaaed est;lm.ate af Y • 

Now the vuiaoc:e ol 1w I• • whaa lt .. tllllea the condition ol aobl-.:1 
- • - 2 ....... 

glve.o by V ( y I ) c E ( 1 I • Y ) 
'WI' .... 

-- - p - Jz •E1 ( Y. • Y)+ E 151( ;r. -n,_) 
'1- a· l..t ~, .... 

- ...... p ' _2 
•EL ( Yn. v )\~ ~~ ( E'l. €1 ) J 

--2Pz, zP __ 
•E(y

0
-Y) t1~1 ~S1 E(E'1 ·E' 1)+Z1~1)I!l(y8•Y)• 

' p p ' ' 
(E'l•E't)t2l~ l~t~liSJE(€1-El)(E'J ·E'J) 

(lL: J) 



- Z _ 1 l a 
Now E ( y

0 
• Y ) o V ( y A) • (a - if') s1 

112 l 1 a llz 
.. ( -·':':") s + (--- -:-.- )s ·2(-.- )s Jltft Zl D t'f Ill DlNXl 

- 1 l 1 1 -.. L (- - -} • (- - "'!!:") ./B Dt N D l'f yzl 

1 l 
•-(---)S 

8 llt yzl 

-1 1 1 I t l 1 1 •L<-· ->-'.:.·-)·(---)+(- --fls 
DJ N 'Dl N Aj N c N "~J 

( l <" J) 

( l<:j ) 



-SabatltnUog theH nluea l.n Ule vuluc:e expMaalon of y I •. 
w .. 

1.> p 
1 1 

.. Z E E ~\ ~J <a- iii")s•t=J ( l <( j) 
lorl J•l 

I 

Now 

p • s., !1. 
0 

,,.., s,. 
t sa s. 

~ l 

• 

! 8 
P a., • 
yxl 

2[C l 1 p 1 l :a 
V ( y f ) • S (· --- )- E (-- -) p 

w " ., D N l•l D Dl v ., 

p p 1 1 
.. 2E E (---)p 

ld J•l 0 11.1 •t •j 

(-l<::J) 
•• . ( z. 4.10 ) 
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A Pafilculn Case ( whon p o 2 ) 

case tbe vulanter Of 'i l ta glven by w &' 

_ z[ci 1 1 1 z. 1 1 z. 
V(Y. f )aS (---)-(--·-)p -(-·-h 

w I' 1 D N D D( yxl D llz. ysz 

1 1 +2(- .. -)p 
Q Ill y~ 

Tbtrd Eatlmate ( y I ) u I! 

U la also a multlva•late ••greaaloD eathnate glvea by 

p - ) - a v + r ~ ( s - i 'I 
U/1' ll h 1 l., lDl•l 

Let 

- -a • Xl+ €L i II a B + k 
lol-l y~ Y' •t l 

- - e' • a 2 • 
·~ • xl • .. s + kl l .l ~ 

-., 
u !• 



Now 

-
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CO'f' ( a a. , x 1,._ ) - Cov ( a., , x 1.._ ) 
1 l ~ ,al ~~ 

CO'I ( s2 , :iim ) • Cov { _.! • i',_ ) 

------~~--~-· ~~-----·-'----~~~---~-] sz 
"t 

- z -aeCov(e_ ,xl )•Oacov(ex ••tn) 
,-l 0 l l l 

becauae DJ. la fixed hel'e. 

UalDg the aamo method ol eymmetric functiane Ol' 

1 
polyknys and oeglectl.ng Cel'ms of osod&l' - ( a ? 1 ), lC caa 

a• 

Cov ( B'n • •,a ) E 
N•D - 2 -
N 

0 
P.21 whell'e ~~o21 • E ( x -aN ) ( y • y) 

N•a 3 
No )lo SO whue ~~o30 • E ( a - i'N ) 
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So 

Blaaln('TI ) • E( y l )- Y 
0 I' u I' 

p 1 1 -
•- :c ll, C - - - ) L 

lal -;.1 N 

"'! 
P.so 

- sz ] 
.a:l 

••• ( 2.4.12) 

The blaa lD ( y l ) will 'lle,'oegllglble lf the aample 
u I' 

alzo n1•1 la nftlcle.Uyluge aDd It wlU valllab lf 

.. l •1 •. 2, •••• p 

• ..,.. l al0 20 • • • 0 p 

When the aample else la eulfldently large, the maltl· 

vazolate ••s• .. alon ea&lmate fa I r hehaYea llko tbs .. t~tol' 

glven by 

p - -
• Yll+ :c l)l (xl!l.. •tn ) 

l=l ~~ 14 

-whlch La l!ll UDbl&aed .. tlmate of Y • 

Now the vulance of y l , wbao lt aatlafiea tho cODdltlon of 
11 fl 

Ullblaaecbseu, la glvell by 
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- t - 2 
V ( Y u {r) 11 Jil ( Pu {r: • y ) 

p ~ 

" E £( V • i) + Z: ~l (ala.. x ta_ ) J 
l'l lal -, -""l•l 

Now 

- a c- <" r z E(y•Y) aVy)•---)8 
D D l'l NY 

1 tz 1 1 a 11 z 
a (-D

1 
• n)Sil+ (- • -n)Sx -a (-- -)S 

l~ Dl•1 ~ l 111 N 3 1 

1 1 a •(--->s. 
Zlt-1 °1 l 

mfi
11 
-i>< €~ .. € 1) .. m L€~ < v.,-i) ]-E[€1 ( V0 

-ill 
l 1 1 1 

.. ( bl - 'if') s, .. ,- ( Dl•l N) 8VXt 

1 1 
·-(---)8 

'\.t D 1 flit 



.. so. 

0 0· 

Subltltut!Dg thete vataea lo. the vuluce ell'l)na,a'ton of V u 1, • 

we set 

Now 

~l a a 

z 2 z 
6
a 

ao ~, s,.l • 'V.Kt , • ud 

z 
8
a 

lit s • p • 
Pt 1Xl 'I 

HeDCe 
_ 112P 1 l az'Pl lz2 

v ( Y"' fr·) '" ( ii' • N )S1 +,:, ( i\.i - "ii) Pyxl 8'1 • 2L~ (12l ·l -Dt)p.,..~, 

2{<1 1 P 
1 

1 a } cS (-•n-}•Z:(---)p 
1 a ~'II l-t 'i.t 8 l Pl 

••• ( 2.4.13) 
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A Pardcutar Cue ( wbon p • 2 ) 

WheD then al'e only~ auxUlaey chalL'!lcton, lD that 

caso the vulance o! V I le glwD by 
v. &' 

J 
••• ( z. 4.14 ) 

2. 5 Cornll&:rlaoa between Flnt, Secood aDd Tbbd Eat\mate 

Sec:om Eatlmate ( yw lr ) aad Thll'd li:atlmata ( y
11 
lr ) . 

From ( 2. 4.10 ) and ( a. 4.13 ) lt lrt elsa.- that 

_ _ aP P t 1 

V ( 'lw fJt )•V( '~ulw) a a 8Y l~tli.t ( ii'-iii)pal.x {Pl Pyxj 

(l(j) 

••• ( a. 5.1 ) 

2 1 1 
On tho a.a.s. s1 ( ii" - iii" ) la posltlve always ( ao D ~ n1 ) 

eo v ('y I,) w1n be GI'EiateJt than v ( Y' I ) u P. x , p w ll It .. ,) vz, 
aDd p an posltlve. 

PJ 
Hence y l le mole efflclem thU V l ll u ., w I' 

p • p and p are an poaltlve. 
IClll!j fXt fXJ 

Flrs! Eftimate ( y wR(M. v.)) aDd Secoad Estlmato ( YwJI') • 

As lt la ver9' di.Ulcan to calcalate the w:rlance of 

( Ywa(M. v.)) loft p auEulary c:huactel's, sa belt& wo wlll 



I 

- sz .. II 
' li 

CODB!da the putlc:ulu c::lGe wheD p a Z • 

The eatlDU~~o ( Yw I•) te more efflclont tban (vw3l(M.V.~ 

-... - -
v L Y'wa(w.v.) J ..... v ( "'•!.•) :>o 

n 

So vw I II' will be zncnoe offtclent than vwB(M. v.) tf 
I 
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henco tho multlvarlate ~neolon ootlmate V. l lo moi'O - w ~ 

omciect than the multlva.lato ntlo oatlmato Yw.a(M. v.) lf 

( 1 ) tho c:ouolatlOD c:oofflclone pYl) ls poattlvo, 

( ll) tm c:onelatlon coolnc:lont p8z~ ls lese tb:ln bntf ar tho 

J"Ulo of eoetnclont of wl'latlon of x1 (Cxt ) nnd •a ( Cxz ), 

So \.Q gonenl 

V(yf) <(V(y/ )<:::.V(yR)lf 
Ill' WI' W 

( l ) the C:OI'I'EilatlOD coefftc:lonts p VSt ( l a I, ••• , p ) llH pooltlve, 

(U) the c:ouolatloa c:oelflc:loats p ( l .fo J ) aro posltlvo 
.l'.J 

(Ui) the c:onelatlon c:oefflelow p a ls leoo than bn1f of the 
. ., j 

ntlo of c oeftlclonto of vulatlcm of a;. ( Cz,.; ) nnd x;( c., ), 



CliAPTER • W 

S,l .lmp~ed ·EstlmcteO of tho Moaa of Auzllla!p' Chnnden 

Now VR:t wlU flal'l the opllmum valuoa ot anmple oleos, 

o, llJ. ( 1 = 1, • • • , p ) loll' whlch the vuluce la minimum. Fcnr 

caleo.Wh:~g theoo valUGo, \'::l'e flnt of all flnd tho lmpl'OVod estlmuto 

ot :X 1 dopoadlna upol:l x ~ , • • • , Xp ; Improved 'estlmatG of Xz 

depenc1lng upoo x3 , ••• , Xp; ••• : lmpliPOV~ eottmat& of ip•l 

depend leg Ol:l ~. \\'b can only find tho lmpliPOvcd eottm atos of i 1 

clependlrlg on xl+l ••••• xp: bu.& not on x, ........ xl 40 

theoe chanctel's an being oboerved on the loooor number of acmplo 

-ootlmnt& of X p • 

- - - -The lmpliPOwd eeetmcteo of X 1 • X a, X s , ••. , Xp·l 

n~ro glvon as foUowot 

• 

\ 

•at.,r; 8z+~zs(i' sn;•sn} +-1!'124( 84D4 "' 34n
3
>•· •· +~zp( i'P~ -~p-t) 

li'sl~" .. i's+ilM(i'4 ·ii4n )+~ss<i'sDs • 8s ) • • •• •13sp(i"P\> • i'pn ) 0 4 8 D4 p•l 

• 0 • • • • • • 
• 0 • • 0 ... • • 0 

• • • • • • 0 • 

- - jlp p-1 ( - - ) 
•p-1 l• .. "'p-1 + • • X 

PDp pDp.) 
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-So lD gonuat tho lmpl'Ond eailmate of X l Clo~ndlng 

upon xl+l ••••• xp I& glven by 

p-l 

"•t• ":' '\t+k (altk llttk-•l+k ~hk-t> ••• (s.t.t) 

u E ( a.1 ) P it and the es:peetailon of the 
othel'tenn Ia 0. 

-So i' l l• Ia aa b:api'Oved anbtt.aecl eatln\ate of X 1 • 

whel'e 



- S6 .. 

p-l p-1 • • 
•Z E pll+kf\ll+lll:(€httE'hk)(Sbf .. 6 ttu) ••• (s.z.t) 
katfal J " 

1 

(tl~l) 

- z 1 l 2 
E(iil. ,..x 1 ) •V(al.) o(---)8 

Dl N ~ 



.. S7 .. 

l 1 1 l 1 l 1 y 
-- _, .. < -v>·<-- -h< - \ 
»t+f N a,.•f•l "t/ N ~•/•1 Ul\t~ 

(kt../) 

• 0 

Subs\ltutlag the .. Y&laea ln ( 3. a. 1 ), --pt 

~l,l+k. 

Subetltutlq the above valaee lsa Cbe .ulance hpZ'easloD, - got 

_ 1 1 a P•1 1 1 a a 
V( 8 lf&') •( ;;-·-N) 8•t"' .. ~(-D----) p S 

., . .. .... ltk ·1 iat+k 8 l 'i+k .l 
••• ( 3. a. a) 
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-Suppose lf VoiQ want to estlmltO, X l with \ pu cent 

11illl• 
~clGton then ~ • i 

1
- • Now dlvldlzlg both tho sldes of 

-2 ( a. 2. a ) by x, • we goa 

c •• 
l 

l 1 p .. , 1 J 
.. (---)·E( - )Pz ••• (3.3.1) 

0 1 N 1c =\ D l+k •1 ~ t k JCt. "t•k 

l a 10 ! 0 •• o • P• 

1.4 To llDd the valo.e of optlmom s!mple alaes (OI' dllfonct chanc:toll 

BypattlDglal,a, ••• ,p lD (3.S.l)VJOwlUset 

p eq~ contaln\ag ~ , n2 , • • • • ~ • Tho vqf.ance eap~alon 

of tba eatlmate of Y wUl contal.o n, a, • •.. • "' • . So lD all 

w wlU get ( p • 1 ) eqnatlot~~ lc tel'~ of n, l1t • • • • , 11p • 

SOlvlng these ( p • 1 ) eqantlona, we caD get tho V!llues of the 

optimum 8&ftlllle alsea lD Cel'mG of Cy o Cs& ( l a 1. • • • o p) and 

~ \t ( 1 a 1, •••• p ) and conetatlon cooUlclent"botl:re011 y and "l 

l.c,. p ( l •1, ... ,p) and tbe CGI'nl&tlon caeBI.clent betweoA •t vs, 



B. 5 Pa!!lc!!Iy C'ue (. when p aB ) 

When then ue oaly thne awdilai'J' choln.c:toi'S x1 • 

Xz. and .x3, to ·ltzad \be w.luil!lil of n, a1 , 11z -&ad a, • 'QI8 proc:eed 

as .follows. 

i'I!Om ( 3. S.l J we·txave 
I 

~ z 1 l 1 l z / 1 1 1 l 
(-) •(-- -)-(-- -)P. -·-- -h c, al N nl Dz 11 n~ ns u 

••• (J. 5.1) 

laz l 1 t 1 z. 
(-) c(...:...·-~)-(---)p c2 n2 ~ 112 ~ 13 

. 
l 1 . ( ---) 
DJ N 

••• (3.5.2) 

••• (3. 5. 5) 

l 
Soppoae N \8 ta._,. eo um - can neglect '"if • 

hom equation ( 3. 5. S ), ~ set 

1 
D ,., ---

3 ( ).,/ca)z 

hom equatf.Oil ( J. S. 21 ), WO Bel 

' ' 

••• (J. B. f) 
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• •• (S.IJ. 5) 

21 ala a tz 
( '-/Cz). o - ( l • p ) t -(P. • p ) •- p 

, ~ 12 °a l! 13 °3 13 

So 

-oxp~ecBlon of tbe estlmnts of popGltltl.oo mean Y • 

Lea ua eonaldov Che tbll'l! cstlmato, y l , wblch la 
Q • 

tho moot efllcl.om out of tho thi08 o.otlmatcw. 

Now from eqaatloo ( 8. 4.1S ), wo havo 

- 1 l ! p 
v ( Y u (w ) .. ( 'A - N') 8r • l~ ( 

ao 

V ( Yo b) I D fi 1 1 P 1 1 a } 2 
v1 ~~ '1 L ("A- v>·lft(iil:i- ol > PP, c, 

"'f. 
wholi'O J.., .. ~ (J: • percontaso of pl'eclDloo foJ: ooclmatlng V, 

tmd c1 a ~, :,oUlc\OJlt of vulatloo of y. 
y 



Fl'om tho above equation, we set ( fo1' p a S ) 

~ Z 1 1 
1
..h.l l _! l l 2 I l 2 

( c.,) D ( D- v>L' D -o.>"'t + (iii- oz)Poa +(iii- n;>Pos 

'lllbQe pOl • p 'f lrt 
1 

Neglec:tiDg 'N·' eqaatlorl ( 3 • .5. '1) pvea 

••• (S.B. T) 

' 

~ z 1 . a t a z t a 1z. I a 
( c., ) • D' (1 • 'ot) • ili' 'oa· 'oa>• iii' 'ql'hs>•o;· "o, 

••• ( S. B.$) 

Sobstltutl"8 t!lo nlueJI at lit. o1 aod a3 ~J'Om oqualoml (3.!1.6), 
I 

( s. s. !I ) and ( 1. 5.4 ) 1D ( s. s.s ), ._ seJ 

So o ·Is glve bv 
a 

( 1- Pol) 
a• ~ ••• (J.I. 9) 



'-s a a - ( c; ) 'h, 
So bom eqmtlono ( 3. B. 9 ), ( 3. 5.6}, ( 3. s. 5 ) and 

( 3. 5. 4 ), we can ftud tho values of optlmum iaample obea 

I. 6 AZIOthel" Putlcula\' Case ( when p a 2 ) 

Wbea the" a~:e oDly two auaUI.al'y c:hall'llc:tGJrS x 1 and 

X .a • ln that cue we can vc~ caslly ah9w that 

l 

( l.z/C a>a 

(l·~~) 
"! .. ---.=.;;o.----( ycl·· p~ ( '-lc1f' 
n ,. 

a 
C 1. Pot)· 

A a 

••• (3. 6.1) 

••• (S.6.,e) 

••• (3. 6. 3) 
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s. 1 (iC!JeptlB&Uon 

lD tbla c:ue Dt 

( l -J\~ltl) 
Dt 

./( At+a L _c..,.z 

• • 
• • 
• • 

ls glveo by 

' ... l Ill l, •••. , " ,. •. ( S. T.l ) 

I 

z 2 ' 
('l.lu•Pa,L+J) 

( l• pl!Z,lU) 

• • • • 
• • • 
• • • 



lll1d D ls glWD by 

a 
( 1 • Pot) 

D a 
-'p 

• • • ( !1. 7. z ) 

• • • • • • • 
• • • • • ,• • 
• • • • • • • 

- C ~P )a P~ 
I 

p p 

2 2 
( Po,k • .PO,k+l) 

(I •P:,k+l} 

So the equa&loDS ( ll. ?. 2) and ( J. 7. t) glveo Ule vala~~s 

of D 0 ~ ( l o 1, • • • 1 p ), &'<IIJl)ectlve optl.mam Sample Sizes 

' loJ' 'I• a1 ( l o 1, ••• 1 p ) when then uo p nuslllaJ"' chancteJ'e. 
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