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CHATL -1

INTRODUCTION

History of learning about popualation by using sampling
methode could be traced out even to very eazly stagos of primitive
'{lfe of mankind. It was more than 250 years ago that Bornoulll
develaped the theory of Independont random sampling of elements
from a population when the ualt of sampling and tho unit of analysls
was the same ( Hansen and Hurvits, 1943 ). A contury later, Polsson
indicated the use of stratification In sampling to get fi;oulbly more
precise estimate of the payrameters. Latsr on thq/ éachniquu such
aa cluster sampling, sube. eampling, double uancfpung and successive
sampling were developed with an idea of making tho best use of the
avallable resources,

Research In the theory of sampling for surveys has been
mainly concerned with the development of moye cfficient sampling
gystems, the syStemlneluding both, the sampling deglign and the methad
of sampling. One sampling system ls sald to be moye efficlent than
tho other, if the varlance or the mean square error of the catimate
with the former systom 1o 168 than that of the later, provided the
cost of obtalning the Jats la the same. The development of stratified,
maultistage, multiphase, syotematic and other sampling designs over
stmple random sampling, have all resulted ln Increased efficiency In
spoecifie circumstances,

With an idea to bulld up more pracigo aatlmunn‘o! the
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population parametezs, the lnformation collectod on auxiliary varlates
aro used., The auxillayy information is obtained {n addltion to the
chagacter under #tudy and some extra information can be derived from
it. Tho use of auxiliapy information can be mado on two occasions,
one at the time of designing the survey and the other at the time of
astimating the paramoatnrs. Sometimes the sampling units are selected
with probability proportional to some measuro of ain’a. siae being the
value of auxlliary variable., The estimators which xf;aake ugse of auxillary
information include ratio and regression methody ;r estimation, which
oro by far the most common, though the astimators ere blased.

In sampla sarveys it happens sometimoes that several
saxiliary variables are avollable which are highly correlated with the
variable under study, It is, therefore, of tntorost to laovestigate the
offoet of using all oy some of them in bullding up an estimate of the
population mean or total of tha character under study,

l;xgnm Olkin (1958) has dlscussed the extenslon of ratio
method af estimation to the case where multl -auxiliary variables amX
uced to increase precision; Hero it 15 asaumed that the population
moans corresponding to the different auxlliary variables u'e. avalladlo
bofore tho aample ie drawn, In the univariate cage s simple sandom
sample ( x; , 7‘). & Vp ) from s finlts population ( X, . Y‘). o
(Ey» ¥y ) 18 obsegved. The mesn X {s known and ¥ 19 to be

ostimated. The estimator

Fpe(F/8)XarX



i3 called the ratio estlmate of Y. In genoral "ir"a is blased and for

targe n, approximation for E(?R)and V(?a)nmghrenhy

Nen ? 2
/
and
' - Nen ; 2 2
V(Ya)n"'ﬁ"“ ?(ClGCV-prCRCY)

where Cx B e g mu‘ew of variation of ﬁ'//

/
4

x
8,, ' e s

€ s —  cpofiicient of varlastienof iry and
¥ /

/

/
pSY ls the correlation coefficleis botween = and y ( Cochran, 1983,
\
pp; 115 - 16 )-I 7

- I is ewsily shown that FR is & congistont ectimator of ¥

Y,
R
and also in the sense of Hansen, Hurvits and Madow { 1953, p. 74 ) L. 0.

in the eenss of Cochran { 1958, p.13 )l.e. - ¥ 88 0 ~—> N

plim 7. s Y with tha sestrictions
p—m B

§) as n lncreases, N increases with n<@ N, 0<9<1 and
1) ¥ semains constant as ‘N increasss
The ratio method can be made unblazod by changlag the
sampling procodurs, Midzuno gave this method undey which ratlo
eatimate o mmed. In this method the unit at tho fizst draw L8
golected with mequal prabability proportional i = and In the

remalining { n-1 ) subsequent drews they are golected with agual
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'
probabllity withowt replacement. The other method is Lahirl's
Method .of sample selection which provides unblaged ratio estimate,
P consists in selecting a pair of random numbers say (1, § ) such
that 1<l < N and 1 < §J < M, where M 15 the maximom of
the sises of the N anlils in the popalation, I § < X . the { th mnit
s selected; otherwise it is rejected and ancther miy of random
numbers s chosen, For selecting & sample of n uxl;lu with probability
proportional to size and with replaceament, the Mm is to be
repested ti1! n units aro selected, , /
Hartley and Ross ( 1934 ) were first {0 bulld up an mnblased
ratlo type estimator i gampling with equal probahility, In simple
random sampling without veplacemeant they found ac unblased estimatoy
of the bias and hence an unblased estimator of the population paramaeter

vix.
Vg ° F X+N(‘-‘) (y-F¥¥x)

Robson ( 1957 ) gave an exact formula for Its variance. Goodman ,
and Hartley ( 1958 ) studied the precision of hiaged and unblased vatls
estimator and it is shown that, when the ratlo of ¢ to x decreases

as x {ncreases, the unblased ratio estimator 16 more precise than
the ratic estimator (¥ o ¥ §). It is also shown that neglecting
certain negligible terms, the cﬂurlula am to whather V {( '7—; Y< W ?a)
oz vice varsa will depend upon vhcihn ornot P < E!f + where

E(F-R)(%-%)

g =

Var (7 -R) (R ~%)



Ramachandran { 1969 ) extended the usual Haztley and Ross
type unblased ratlo estimator for the use of multl -auxiliazy variables
In simple random sampling without replacemont.

Olkin (1958 ) oxtended the ratio method of estimation to
the use of several auxlliary variables, In the multivariate extsnsion

wo have the following models

Population Yl' "o 'YN' mhknown
SIS L kmw.nln?lfl.

. LI . - . LI ) * » -

. P . . . L e . . »

L] * & @ L ] - * . 8 L] » L

Xp.. « sy xpnfio’knm. anY/ip

and the (p ¢+ 1) x( p +1 ) covariance matrix 8 o known. The
gubascripts O, 1, ..., p, referto Y, xl e tep Xpuapocﬂvoly
Qs P oz is the correlation between ¥ and 83. Higher moments
will have superscripts referring to the variables and subscripts to

the powers, e.g.

1 - - 2

b * B (X - EOU(E, X)) A S
ol’ i L .

By ® i(vk-?)(x& - xl)(xjk-xi)/u .

1
Finally, SU e N pli / (N 1) denotea tho covariance and
Cy= 8 / Et » the coefflclent of vavlatica, The lnter development

will be considerably asimplified if we have a niotation for moments
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divided by means, thus
4] § )= =P

A’lmpiﬂ ranflom psample ( y’ ® xu § o 9 s 3 xpj )u .al.o."n).

from the population is observed. The proposed ratio estimate of

Y is

where wo(w oo .0 v, ). ? w, =l 1s a welghlag function and
£, o V/ fl )-
The Hartley « Ross estimator can bo peneralised so that

o P - ... Q(N'l’
1 N(n-1)

P - o
(t?" 21':'%?‘ rlsl,

- n
is an undbiased estimator of ¥, where a¥, = ¥ y /x_ .,
t j=l | i}

Consistency in the rnultivariate case follows from the fact
that wo have = linear combination of consistant astimators.

Olkin gave the formula for optimum welzhte and for the
variance of multivarlato estimator ?ﬁn' He also chowed that L
V{F/p)and V(¥/ ps q)denocte the variances of ¥ based on
the auxiliary variables TygeEyeeonn Xy and BeBye e "‘q
(a >p ) respectively, uaing optimum welghts V ( 7/ p ) will always
be greater than or equalto V(y/p., q ).

The "linear regrecsion estimator ?& of population msean

of v when y isofthoform yra +Px+e{whero =iz an auxtlapy



variable and e o the Gryor torm dm to random causes ) was
given by )
‘¥, cTF +b(X-T)
[r 2
whoze b ls the sample rogression eoofficlient = y-?}(x-‘i')/z (x-¥).

And in samples in which the x's remaln flxad, tho sampling variance

o!?lrla o,
V(5 )e ot (1eph A 222
Vl' P L oy E(x-ﬁ:)z

n being tho samplo sleo and ¢ a2 the correlation coofficient betwoen
¢ and 2. The distribution of Fl tands to m;mnnty as n Incrondon,
And If the corvect form of the t:greaslan/ls used, population estimatas
dorlvod from regression ramain unblased.

In the Olkinte method the population meanp corresponding to
difforent suxiliary variables are avallable bafore the sample is drawn,
In gome situntion theasa population valuss are not available, In which
casa Multiphase Sampling ls resorztad to. The tachnique consists in
taking 8 lawger samplo of olee a' to estimate the population mean
X while a sub-samplo of slze n 1s drawn from n' to observe tho
characteristic undaz study, Y. Several estimates of the population
meon Yy can be formed, The cimplest is thousml biaged ratlo
egtimate: 7, , with Xy veplaced by ito estimate T o besedona

sample of slze n', glven by

- A
Y o —_— K,
R4 Xn o
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The variance of the adove estimate is given by

Vg (-Ly(sgemisl-amys ) (-8

fram hare it follows that the estimate ?R 4 based on double sampling
is more eificient than the estimate 7" based an simple zandom
sampling when no auxillary variable ia used, if

ok

] ]
‘u":'mmsw °

1 S /! / )
.o, U p”>-£- -E;-. ;//

/

Sometimaes {t may not be wr;hwhlle to collset information
on all auxiliary chinehﬂ fzom the u/mo larger sampls dus to
varylng degrees of cost of qaumafpjlag the du}!u'cnt characters. On
some charactays the coat of mﬁmaultlen s highey than on a fow othey,
50 la this study, this aspect i3 taken Into consideration In drawing a
mnltlyh(ﬁ;umph. We take smaller sample an the suxillary character
{foy which cost of snumaeration Is bigh whils the sample size will

be large for low cost of enumeration,



CHAPTER - 0

COMPARISON OF %!EERENT ESTIMATES USING
MULTIPLE AUXILIARY CHARACTERS

2,1 Introduction

In sample surveys gometimes we have maltiple auxlllary
characters highly correlated with the study varialle Y, The cost of
enumeration of units for each auxillary character will be different
for different charactera, In some cases it :?ny be very high and in
some cases it may be vary low. 5o ltls nﬁ};ss to collect Information
on 8l1 auxillary charactaps for the same hé’ga sample because of
varylng degrees of cost of enumeriting th/a differsnt characters, So

"here ln our study we draw the sample In multiphases |, e, we use
multiphase sampling. We take the I;rgut samplo on the character
for which the cost of enumeration is lowest, Thon o of this larger
sample we take a sub-sample and observe ansthor tharacter for which
tho cost of anumeration is Ilttle higher than the previocus one and so on.
On the character, for which tha cost of anumazation la maxtmom we
take the smallest samplo and out of which we take a gmaller sample
and observe the study character Y. f

Let thers be N uaits In the population Yy, ..., Yy and
Xieoeoo xp are the p auxiliary characters highly correlated
with the study variable Y. 1etthe cost of enumeration for X, lo
the minlmom, than that of xp.l s +++ and the cost of enumeration

of X, is the maximum,. Then according to our sampling schemae,
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we obsexve the character X, on the lazgest numbez of units in

P
the sample, a, , &ad observe the character X, ; on n, , unlts,
» » « 8nd observe the character X, on m; units where (O < C
LIRS <.p-l¢ qp< N ). These ByecrerBy units are such
that the 2, . units are out of a, units, N2 unite aye out of
“p-l units, . « . » & units are out of nzulu. From these N
units we take n anite and ohserve the character Y under study
< L . I' o
sothat (0 <m <9, < énpéﬂ) /

f

208 Eghtlm /

/
Let

\
' { : character under study
b auxiliary chazactew correlated with ¥ having
maximum cost ¢f enumeration.

3 auxiliary charactes correlated with Y having

xz
(1o ssey than !Il )le;ut of enumeration,
xp : suxillary character carrelated with Y hﬂ';g
minimum cost ef exuvmeration.
Agein Jet,
N :  total number.of cnlts in the population
B, numbeg of sample wnits on which Xp is observed

i
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np ) $ pumbcp of sample unita out of B, on which
Xp_l {5 observes

»

Y : number of sample units out of o, on which xt

15 obsoyved

n 3 sumbey of sample unlfs ‘ont of n; on which ¥ s

observed.

Now
o 1 8
v, * - ;:: v, ¢ sample moean of ¥
x " le of
.4 o — B o, aample moan
In, TR %
2 S lo of X
= ] —— B R sample meoean
P, n, 1 P’ P

2.3 Multlvariate Ratic and Regression Estimaten of v

Flest Estimate ( ¥ Wl )
The ratio estimates for 31 g o4+ ¢ X_ 8reas followss

P
Y. u --w--yn =, Y. a Ya x
Rzl sm a0 s ) VR‘ gpn p% »

The comblned ratio estimote, ¥_, of Y to glven by

P
wa B -1 ‘ %xi (303.1’

where, W s W3 .+ o 3 W, ave ths welghts,

P



Second- Estimate ( ?w fe )

This estimate I8 a pegression estimate, as follows:

P
v v b (x, -x 8,2
?' ‘r' Ya + lfl l( 3ul "m ) {2 )

whess b, . bz s 0 a e .bp are the sample regyacsion coefficlents

of v on L T .xp respectively,

Zhird Estimate (7 ) /5
/

This estimata {8 also u,ﬁgmsloa estimate as followss

/

- —— p -
Yafe®™ Yot 19y By =

g - ; ’ (' z- 3.3 ’
oyt
Now we shall fiad the blas and variance of thase thres estimates.

' 2,4 Blas and Variances of the Estimates

Elrst Egtimate (¥
Egtimate (y__ )
The combined ratie ostimate is

- P
Fer * (5 ™ Tax,
/

us E(y'R) sk Y , 80 Vor unbiuadu.tlmueo! Y.
The biss {s glven by

Blastn (T 5 ) = B(¥ 3) -7

p
where B( YoR ) @ IEI 'I.E('Rx‘) { 2.4.1)
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5o fiyot we will find E(?B.B )* 131.83 soe o P
‘ -

-

7&“ n__.:._nlnt Lot vnsYi-ao
i Zin - -
., ° xl.“’!
_‘nls xltq' ~
(Ytlo) -
H._,—-—--——.(xlﬁlt’
(Xl’el) ,‘/
¢ 4
- Go ‘l/, ‘ “
s ¥{2o==){1t=—}(1~ -»i--z) aeg!ectlnghlghor
Y ﬁ}, . X X{  powers of (s / Xy

YL N ‘oat ‘lel ’ ‘l J
s 1+ ® ———t ¢ e
Y % %, Yx, 7% % %

Now

B, )= B(T, -?)(Em‘-'i‘)
= CW(Fn (] ;;l.n"

- CW‘[E(?J“Q . E(Eui"l/“t,]* E[c'oﬂi.i'ml/“ﬂ]

2Cov (Y o+ Xy, )} 88 Cov(y, %, /B )aOaan to
B, in, n’ " lny i flxed.l
1 1

- - 1 1
E(“o G!)'-"CW(YQ ’ um, s ?_?’8y8t




o g -

- 1 2
E(lttl)aV(lm)u(——-—F)B"
- 1 1 2
E(‘l, tV(llm) B‘?--;’-)S’l
Hence
E(v,, ) =¥ L te{e -n-:)( %, Pya ¢, ¢ )../
...(2.4.3)
BY
whare C, = = coefflcient of variationof ¥
Y /
8 7
¢, ° -§-‘L s coefllclent of variation of X‘
i { /
and p ls the correlation coefficlent batween y and X .

v

3

Now substituting the valuo of E{y ) in {2.4.1), we get

- P
E(ven) 5 ™ Y[.H(-—--*-)( ,l

)/

Pyu, Sy =,
eoe (2.4.3)
Hence
Blas tn ( 7_p ) nE(?wa)-;

Y Ewm-1 /e Y w— e} (C - € C

ves (2.4.4)

8o the biss will vanish if the following conditions aro satisfled

P
(1) I=° 1 l,e. 5um of weights should bo equal to 1.

2
(2) € C_C_ = 03 |,lie. the regression line of
:l 7‘( vy OH o y on xl(lag:,a....p)lhﬁnld
or €, ‘c p”l v pass through the origin.
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To find the variance of F'R o first of all we will fiad

) and Cov(le. 'y'n: ).

Bxy |
Now
- - -2
Viyg )-E(VR,‘-- )
?z ‘g 'f t‘? PSR P ‘l"l
2 Y Ef e ¢ + -3 w—— 2 a2 o
oA A R A
=21 1.2 .1 1.2 1.2
Y g -G T WG W,
/
c/
-2 -5)p cyf':a(-;.- e Cyc.‘
1 1.2 -
3(';;;-',;')6'.‘.1

Syt ek (i-.};‘xcit- 2, 5 Ca) 7 (2.4.8)

for l.‘. ses 3 P

asd - - _Gi ‘0 ‘J °..’I .oﬂl “‘,' .“'j
Coly_ .V, )oYE e e R R el
BRxy R’] L? Yx’ Yx, T X xﬁ!j xlx,
' ' e
¢ “§ e e e
'l'.o__‘ - : -’- + i .j— _/ /
o XX xx

-2-1 1.2 ,1 1 1 1
=Y L (?"ﬂ')cf'(? ’-N—’Pylch C"l- (a;‘v)pyljc7csj

1 1 1 1

1 1 . 1 1!
'('g' g”?,‘n, Cgl‘-‘.,*(g‘-.ﬁ)ﬁvxicv Cgt

1 | 1 -
V) Psls’c:lc:; ( _5; ° ‘ﬁ-)‘pltllt‘cxl C:‘_j

-(%i
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¥ m- R (a--,)(o , €, Cxy” %y, S v o)

1 1

..(.-h---a-,-)p?n’ v xj_/-v—l(:fag) ees { 2.4.6)

Uslag Olkla's metbod, multivasiate ratlo estimator, j o\ o

of population mean could be given as below
- P

z I LR J z“.?
TeR(M.V.) © ta1 b "R x ( )

i

where wy's (121, 2, ..., D )are so obtalazd ns to minimlse

P

the variance of multivariate estimatoy and l'r?.! w el
=

Lot A be the pxp variance covariance mateiz

Vn Vm .. A

)

v va‘z . &

&
<

»
»
L] »
- »
L J L}
L ] -

L]
L J
»
L ]
L]
L J

<
<
<

r---ﬂ- o —— ““*“m~1
»
o
[ "2
3 -
3

'M"' o - -.‘--L-—ﬂ.J

Whﬂvo Vu 1' g‘ven by‘ ( 3;‘05 ).M vi, b? (31405 )o
As shown by Olkin, the welght W which will minlmise

the V/ ¥ )_7 would be Ty / T whoere Ty ls the total

wR ( M.V,
of the elements in the 1-th row of the {aversa matrix (A" ) and
T (8 the total of all the elements in A-l matkiz. The variance

of Tor (M.v,) 18 Elvenby YT.
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It. can Bs shown that with the increaso in number of
auxillary variables, the variance of multivariate estimator using

optimum weights decreasnes stoadlly,

A Particular Case (when p =2)
When there ara only two suxiliary characters, then

the matrix A will be of the form

£/ v
A a/ n 12 /
Va Va

whore
- | 2 1 2
TG RC  g) 6 m2e, € ) T

2
%2 "G R) G oy, Cn O

1 1 -

The lnverso of the matrix A is given by

A'! & -1-- rvza vla-}
A
Ve n.!
where

Al o (V) (Vy) = (Y, )



Tho welghts w, and w, are glven by

. Ty ‘Vaa" 13’/ W Va2 ® V2
-

1T ( 2* 2Vt Vyy ) w Vy, -2V ¢ ¥
u 1

T, -V )/ Vi - V2

2 7T .
(V3 = 2Vy, 4 Vy) / Y Vo ¢V

The varlance of the eatimate ;wn (M. %) s glven by

v 7. . |A|
VWR(M.V-) T 13 n )/A (V ZV +V1)

Now

V32V v[(-—---—-)(c o, 7 ) (---;;Np AN

..p C )/

vll Vlz YZ(----—)(gl yx Y xx l‘ llx)’(n n 9 ‘E/

-2 1 1 2

2
Al = ¥yt ¥y = (V)

~4 4 -1
=¥ &/ (3~ N)(;-gl) B 2 Prx,” PPue P ) |

t 1,,1 1, 2 ' |
iritie (-ﬁ";_,') pyu a nl"('ﬁ' ":‘:"2 \fx?ﬁb z""t“zg"z) |

11 2 ,1 _1.2 4
'(5"51) ”1{9“3”: pY"l) “{r ﬁ'z) Pyx, |



T

Hence

-(—:—.l )( ‘EF x‘ x 4 xcyc!l,'{n naxcl pyxc cﬂ
2

(55N 2e, .S Cx, ;.(;-...P;E)c,

2

2

1

1
l. llt)( "1 ‘?“1 CyC 5 9,1,, ,C,) ( ﬂz)pvxgcvcxz

Wz o9

1 . 1 1
(:“5'1)( czl'Zle,a C,I ,2) #(“E"-;-z) an

Now

A =V eV, =(Vy,)

a
¥/fk-foese (- vxlvr»’}['n SEX

"'!a' - .‘5-)( cia. pracvcx )j '[((E""ﬁ"cy

CxCx )t (T - W T 5 (Cx, Cx2, Cy ,IC,
2p C€C C;:‘ t2p o C,C,
yxp Y5 B Tyxpym, Y R oE,

112
4"-»m3 Pz, C,,C,l C,z) (---~)(pucgc.z

1 1,2 2 2 .2 |
- e R Y c c ’
( a Bz #YXz y "% ]

Applying the conditlon of unblagedness, C ap C , we get
= ye v
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-4c4/('1 1,11 |
A =Y Cflg-ala -5 7,1(9,,-39“29&3,,1)

1
+(;-%)(-;-~;-3)pyx ,,---)( ::;Z)p Pa (9 -

1,122 -
20, Pue) (B PP, e 3,1)-( )p ]

Hence

- Ne.
v M- o — ere (20408’
L Vppavy < ° oo

where

-4¢ /1 1 1 1 .
Ng, o ¥ C?/(.';'ﬁ’(a"si)ﬂv,llﬂm-ww P,Z,"
t .1

S T
t(g g5 ;;z) (,, “8 ;'nz)va V"atpY":-‘

L 2 rl Lo
a’wgp'a";) (3 n) srx 7"1 7‘2”‘3"2 " 'm_/

andDa'.nYC [n “l)p ‘pm P xax‘)’('—-“ 7333]

Second Estimate v
3econd Betimate (y ¢ !
The multivariate rogression estimate 1s glven by
ey ¢ B X, »x heve —h
Toge "0 5 P (X ) @ i Wl
b |
Lot

‘itﬂ 9§l b€l » 8 a 8 ¢k

- - ) z [}
= s X, ¢+€ [} ] + k
‘nl t L ' sl s:l {
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Thon
- E -
Yagr " Vo tay ( 8 ¢ t
, b |
[}
SRR By (”ms )(1-----.»5 }(ei-ex)
yEg &y
Sy
where Bi= ""'ZJ"
By
. ky &
“Vn l(!‘}r - —h-—--)(@t'ﬁt)
1 V“‘i sﬂt
g &y
aeglocting the fosm [ e * '“‘a‘)
8 8
R
New
" ]
. E(k € )-B(5 &) £(e])-u0 )
E‘ ’ﬁ Y ! 3 3 B -~
Yofe Py=y s::
Cov(s . , X )~ Cov( . X )
=Y+z: ﬁ! [ b Wl esmt in’
SY’:;

Cov (B:l R ;;in ) "c"“("’a

8 *lngi”)]
o2

bt |
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2

Cov g-. Cov l“

BT, )T - 2p [ oy ) P )
w” l.ull a 2
Y"l sai

5 Cov {8y,  Fyy ) =0 Cov(af,l., T
because n; s fixed here.

Using the mathod of symmetrie functions oz polykays

and neglecting terms of ocrder -!-: « & > 1, ltcondeshown

n
that
- N-n
Cov(®pe 9pp) =~y by 2
where p,, =B/ (z-%) (v-¥)./
and
- R N-n
Cov (¥,0 85 ) 2 =g Py . ;
where Bog © E{x= -‘:'EN') .
Honceo
xi gt
E‘%[r""}fg“i‘"ﬁ"“"ﬁ"[ 8 52 J
So
Bm“n(y'fl)aaty'")-? )
’ :t “’1
1 P .~ 2l 30
8-2'; ﬂ —— P —
i e WY Sy,  8g 7

oes { 2.4.9)
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\
The blasta (7 _ fe) w1 be negligible i the sample |
siee, n Is sufficlently large and it will vanish if

;‘1 ;‘1
""'"""-3_1'—3 tu—n?-oa- *lﬂl.a,.."p

8 = 53

Yy § =

ar
g 1
B,

ﬁg—-l!-xi—u al #‘lal,z.loﬁip

1 sz J!l

n
L P30

When the samplc size is sufficiently large, the multi-

variato vegression estimote Fw fr behaives liko the estimator

glven by

;

L) p - -
7. ¢ 2 B (x, -=x

which (0 an vnblased estimate of ; .

Now the variance of ;w fz* whaen it satlafies the coodition of unblesals
ness is

glven by V(F'h) s E(F;,,- )

~oe = P L 2
B/ (T I E B (R - i)

—— o P . -2
oLy THE B (€ - )]

- =2P 2 ' 2 P -
-E(yn-v) ’iﬁ 8 E{etoel)tz‘ﬁpl_n(ya-v)-

' p P ' '
(€ -q)nz EXCEICRN TR

(1<3)
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-— - 2 - 1 X BZ
Now E(yn—Y) ﬂV(yn)a(n N)Y

E(e; - el)a = E(e'f)m(ef) -2B(€;€,)

E(7,- N - € ) =5/ (7 -T) J-BL617,-¥) 7

1 -
1 1

E(einel)(e; -€) = € e; -€ €-€, € + €, €))

l
(1<3)

| 1
'(*ﬁ--';;')s,l,,, ( 1<))
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.

Substituting these values io the variance exprassionof ¥
w

fr
we get
- 1t 1.2 P 2 _° !
Vi =B AT P (e )8 2D P { o
SAREIE L YL S o T By
L T 1
t2 2 = B, P, (v = )8 i <
IR A C AL
Now
sv 'Y" sv
ﬁ ™ —-..-:L—-ﬂ -0—--}-—--—
t g2 )
x
= 1
2 2 2 2
8o B , S and
Bi 'i 2 pyx‘ V [ ]
2 2
5 = 8 .
Py Syx Py, 7
Hence
- 2 1 1 1 2
v s —— = S ] gy T
(wa,’a 14 (n N ;,l(n ni)val
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A Poxticulay Case (whon po2)

When there are only two auxilispy charactors; ln that

case the variance &f F‘; {r {s givea by

- 2 1
V(Yw!,)"sy['- - ")""("' ";"99“ (n ;;.-3)9:’2

1 1 :
$2(= - E'i'”ys, Py, Pxx, j
oo {2.6.11)

Third Estimate ( y wfe
It is als6 @ multlvariate regyession esiimate glven by

?u c‘;r“"El’l(""inl"'ln )

| & B {etl 11
Lot
2 s X ¢+ € 8 _ = + k
n, , A T vy Tyx 1
- = ' 2 2
xm‘ » Xt * Gl é 'xl = 8" ¥ kt
Thon
T, e Tt B (b ) (€] - §)
ufr tal g2 4 g
5ot .
-~ ¥ ! y '
sy 2 ﬁi(h»-—--)(]--—a-)(Gl-Gi)
8 8
731 Il

2
where B = 878{/8‘! )

_ p K, k
° ¥ ¥ 2 ﬂl(?»*""’"—'z')(el €)
v, 8
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Now
I - ¥ ¥ e
B(T, g d 20+ 2 BB s Tl (€, ~€, )
i "
P - Cov(s _ X% )-Cov(- .x
anEﬂZ y* * "oy l“i-
iad T p
&

Cev(a . ln‘) Cov{i Y

03 )
_ 9.1 j
SZ

*q
4 COV(D » x ’ CGV(H -
=Y -2 8 i Wi U “lag /
2 B L4 il sz
Y’l x,
o Cov (9

— 2 ——
Fl. Ilnl)vﬂ o Cov ‘3“3 x lni )
bacause n; ls fixed heve.

Using the samo mcthod of symmeteic functions or

1 .
polykays end neglecting tarms of cyder —_— {a > 1), ltcan

n
bho ahown that

Nen - 2 -
Cov(an.nyx)m =T "a where pmaE(x—:N)(y-Y)

2 - 3
Cov(F,.8,.) = W“BO where pmaE{z-xN)
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Blasm(vruh) . E{"y‘ul').—?

4 1 1 Fx! B -
- 21 30

eee (2.4.12)

The blas In ( Fu fr ) will be negligible Uf the sample

slzc n, , ls sufficlently large and I will vantsh if

= x
“Zl “30 tel, 2

*-8—;—- = -—8—2-—- A 2 o Gy see o P

% =
ar

8 i

ﬁi o 3 - 0 "l - lal. Z. cee 3 P
8ll Ben

When the sample sine is eufficlently large, the multl-
variate regression estimate "y"a {r behaves liko the estimator
glven by

) p -
“l' nt 21 Bl (:ml- :"‘m)
which s an unbizsed estimste of ¥ .
Now the variance of ;u [ » when it satiafiea the condition of

uablasedness, is glvea by
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{EAPREETE WIS 3)

- e - ? _ - 2
’EL(Ya.Y’*lﬁa‘(‘L‘l-‘lﬁq_) -7

- - p . -2
a EL (;n'Y)* fﬁp‘(el "3;)./

— - P 2 t 2 o - '
= EL(5,-¥)+ 2B (€ -EWIRAl, YN E€)

p P v P ] w—
+23Z ZP (6 -€KEE) L

(t<y)
Now
(7, -T ) = V(T ) (5 - )8,

[] 3 'z Z t
O ( ei -Gl ) "E(el )}E(Gi)-ZE(Glel)

1 1.2 1 .2 1 1 2
g e - - ’3 S e g
(ni E‘Bx‘* ‘ n‘.l'ﬂ')sxl (n! N )sxl

1 1 2
"l wm ) oy

BT -TN€-€) = ELe(F,-T) T-EL6(T,-¥)]

X 1 t 1
g = W0 G W) O,

1

el - )8

Ba B TR
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E (€ ~€)) (6; - €) =E (€ e,')-m (e €)-5( € e; HE (€,€))

1 I | 1
1 1
t{— ~—

Substituting these valuss in the varlance sxpressionof ¥ f

we get
2 P P
v —._ 8 u----m
(Vu() ( 18y vl )ﬁl '1 tnt("n “tw* ™
Now
s?"l 973137'
B ° z . " g
Blt "i
2 2 2 2
2
Hence
— t 1,2 P 1 2 2 1 1.,
— - - b TR - a— aro— o
””m{a’“‘n §8y 45, (8§ ,l)pms,‘, z;fl"‘n-x T
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A Particolay Case { whon p =2)
When there are only two auxiliapy charactors, In that

caso the varlancs of 'v'"u fr le given by

. QSZ/—“.?‘-)’ =) fys” ?a"’vx /

LX A ] (204.14)

2.5 Commarison between Yiret, Secopnil and Third Eatimate

Socond Estimate ( 7, ) and Thixd Estimato (7 )

From (2.4.10 Jand ( 2.4.13 ) 1t is cleap that

- _ P
Ve 1=V Vpe ) "‘sn sl o 1( "'ﬁi)%;x, ya, Fymg
(1<§)

LA N ] (215'!)

1 1
On tho R.H.8. S: (-;wa-;)lspoamvea!mw(aan én‘)

80 V(yw!')wmmamaterthm v(vulr) u p“lxj’ pyx‘

and p are positive.
7y .
Hence Yy [ lo moye efficlent than ler it

and aro all positive,
ps‘xj ’ by;i Py:j po

Figpt Estimate ( ;WR(M.V.)) end Second Estimata (-Y-w[l')

As it te vory difflcnlt to calculate the varlance of

(. VwR(h& 'V' ) ) for p auxillapy characters, o here wo will
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consider the particular ¢ase whoen p a2,

The estlmata ( }'w [ ) is more effictont than (;wR(M.V-;

¥
ve an(m.v.)‘/'"v( Tage) 7 °
Le.
n
- 1 . 1 .
¥ cf', [( -,1;- -5 Kg- %1- )Pvgl(ﬂv,l‘”w "xan!’ ’
EofNT- Pv;,a"('?i' 'lfi’('a'i'z)pyxtp::a(pvx; ap#saplf\l
1

-ﬁl - 1 *! a
- [ G nl) pyxl( Pyz f ynapaan}*(n nz, ’an} * y
‘E—- ll— - ‘u — l - 3- .L a !
f‘l’l N, (n nl)pysl“yn‘ apyxapxznl’ ‘ﬂ By va !

io greater than O,

or
-4 1 1 1 1 2
Y €C o ww - o -d Q
ylz s n,z) pvxl PV’a(pv"z Pra, pga,‘ ) > |
-4 4 2 1 H 1 1 .
Now ¥ C, pyxz(-a---&-i)(? —;—; is positlve (n <o <n,).
So thr will be more cfficlent than va(M.V.) i '

v,ﬂ!(

which > that p

P ~2P _ # )
v BN

V¥

-0

nhould be positive and p "
1 %!
2

oY p
®a2 %y Pyx,

L omme  cmm— O

2p _p 70
TGN

Cx

2
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hanco the multivarlate rogressolon ostimato Vw fz is more
cffitiens than the multlvariato patlo cotlmate ?WR(M- v.) it

(1} tho corzolation coofflelont p__ is poslitive,

™

(%) tho correlation coofficlont p_ x is lose than bolf of tho
2

ratlo of coefficlent of variation of x) (C;l )and =, ( ng )

So in gonoral
VA Tape) <VUT, 0, ) <VIT o0 Y

(¢ ) tho corgelation coefficlonts pvz‘(l ol, .ess P ) ave positive,

(il ) tho correlation coafficionts Py x (1 55} ) aro positive
173
(tii)] the correlation coefficlents Py x '8 leas than half of the
13
ratio of coofficlonts of vaslation of =, ( Cy ) ond x( Cx, )-
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OPTIMUM SAMPLE SIZES FOR DIFFERENT CHARACTERS

3.1 Improved Estimates of the Mean of Auxillary Characters

Now we will flnd the optimum values of sample siecs,
n, oy (t =1 ..., p)for which the vusiance i minimum. For
calcuoltting theno valuan, wo fivat of 2ll fipd tho improved estimato
of §ldapondlng opon Xop eee s Xp: improved estimate of §2
dopendtng upon Xs ¢ 2o p x‘, $ + + « » lmpgoved estimato of .ip-t
dopending on X,. W can only find tho tmproved eotlm atos of X,

dependiugon X gree .xp: but not on xl.l. ves o X} 80

e
thooo chagacters are bolag obgerved on the lessor numboer of samplo

it
uaitn on which xl is obaogvod, 8o we can not flnd an Improved
cotimate of §p .
The improvod ecatimnteo of §I . ':i('a ’ §3 T Ep-l

aro given ne follows:

El fr'n E.l ¥ Blz( Eznz"fznl)i' ﬁ13‘§'333. Esha,'}s ee ¥ B‘P( ;Pﬂp- gpnp.l)
E‘zlf BBy Sny §Snz’ B4l ¥, ng" ;4;13"‘ costBop ;pnp";pnwl)

Ty fr" %3*Paal oy Kan 1 Pasl Tony = Ty ) # 2o+ +Pap(Fpn - Fpp )
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So In general tho Improved estimate of ifl depending

* B L x i
wpon de. ' X, s given by

X, , oK 4B, , (X B, YeB (X -% )
Ufe” S0 ey " Fann) Pyt ¥y, n,, WE%,

*"'*stta ‘El )

L™ Pl
p-i

Now taking espoctation, we get

E(E’u ) s;f‘ ugtx‘)nxlmd:hoenpect:tlonn!tha
¥ other torm is O,

8o ;lll is un lmproved unblased estimate of §‘.

3,2 Variance of the Improved B atim&;{ ;l { r)
The varlancs of X {x is glven by

V(F g, ) = BF B
pot 2

LIRS C I B R TUTR
p-l

"W-("t'xx’ * 21 P CARCY WA

= EL(::‘-X‘ )i‘

end E(€, ,) =0
m: LIRS 1 Mr lek

-X, . and E(€

i+k LR el )=0.

Lok



2 -t ' pd
f:)"m”! xl’*” g,h& (€ m)*a =] 1 B xi)(e‘ wied

p4 p-d

¢ T E(€
kst f=l PLaPutel ® e

(x<f)

€uChyp €y oo (321)

Now
R - i
B, ~X,) sv{x) =(";;;'---)8

1 2 2

¢ . 2
m‘-euk) HE’.(GW{?) +B(E

B(€ Let)”

O [ e 2] b [ st e )S
( W) e T ("m;-l N5

E(g-B)(E, - €, ) s BL(F-R)e,, T (F-Fpe,, T

1 1 1
n( -~ ) -(ﬂqn—-m d—u)t
Biex N ry 14k Of e
s”l‘g,.k
1 1.

2 { c— )
Biak-1  Biek L len




«w37 -

] ¥ U
E (€1 €€y £~ €y, g)=B (€€ ok -€44E WA TN,

¢ elrk 61%{)

1 1 ! 1 1
1(':1;{ W) (°!+l 1 'ﬁ" ("n v (nu-lol —§3'1+[.l+k
(= 21)
s O

Subgtituting these valuss ln ( 2.2.1), we get

@y e e L3820 (o = p?
v: .\—-ol—- b }
tfe) s’t va ek Pree LI ¥y

p~i 1 1 '8
-2 B - 8
kﬂl"‘lf-t:-x By UE ® T

p: x 8“
whesa 8 - 33_‘_;4& a i lak 1
L, Lok g% 8
‘ %
ik ek
2 2
" Pitox %, . ° p? " s
N i“k xl ".’k
' 2
and 2

8 8
‘a‘,' Lok "%y ‘Hrk " pgt l“h ll
Substituting the above values in the variance expression, we gat

4
1 1 Z p 1 1 2 2

V(& o i 2L SRR -)p
e N S G T T ) P

*re. (3.203)
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3,3 Preclslon for estimating X,

Suappose I wo want t astimate, §l with l‘ per cent

. R
proclolon then N = —-§-‘-L! . Now dlvidlng both tho sldes of
i

-2
(2.2,3)by X;, wegot

¥ g ) 1 -l 1
v(¥, =’ _2_ -
2‘3 N O Y ﬁ) k-l Bkl °uk “l"lm]c‘

Loy

s S,
where €, = —-}— .eoeiﬂclentolvnm{onof % o

i X

The above equntlon can be written as followes

‘f 1 LR ! }

2
ﬂ(_——— OE ( - ’P Qoo(susl‘)
cg‘E o T T R R i T L T

Ls), 2, ves s s

3.4 Toflnd the value of aptimum sample siaes for diffovent charactor
Hv pﬁng I e 1'3.. ee gP in ( 3.3'1. ) WG Wln ﬁﬁt

P equations contalning oy s By s eev o By . Tho variance expresslon
of tho estimate of ¥ will contaln 0, By s ¢-. 4 B, ¢ 6o inall

wo will get (p+ 1) equations Interms of 1, By, .« ' By, .

Bolving these { p+ 1) equations, we can get tho values of the
optimum sample slzce interms of C, , 5 ({38 ¢ecpp)and

A N (1 =1, .... p)and corzelation coofficiont botvocn y and x
L.o. 97’; (1 e1,...,p) and the correlation coefficlont between x;
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and x’l.c. Py x (1 52 §). 80 knowing all these valass, we
{ {
mﬁnﬂthava!has of optpnum sample slzes a, o, (L 21,2,...,p).

8.5 Paxtlcular Ceso ( when p =3)
Whan there azo only three auxillary charactors X, ,

X, and X., to find the valuea of n, n; ., n,sad oy, W0 procoed
as follows.

FM(&’«!’W‘M F
/

M 2 1 1.2 /1 1, 2
{ e ) =l my ) (—--;—z)ﬂu "";; rol®
.. .(3.8.1)
M o2 11 1 1, 2
(&) °('t':';-'ﬁ',"('5:1"'§;,"23 ee:(3.5.2)
\ 2 :
(-c-.;-) = ,’-*ﬁ*) ees(3.5.3)

whoyo p!’ =P, and € =C

L% f
Suppose N 15 large so that we can negloct -%7.
From equation ( 3.5.3 ), we get ‘
J 1
(‘3/‘3’2
From eguatien ( 3.8.2 ), we get

e (8.5.4)

ng =

(M) = o= (=02 e (07650 62
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(1ep2 )
8, s 23 ...(3.5.8)

(1/ cz) * 923 ( chg)

oy

From equation ( 3.8.1 J;m0 got

1 2
$ep

(H/cﬂ""'(l'f’)*‘*(l) 13 e P13

| (‘iz"pzs’ z E a “3 e ]
i AL (= ]( et

2 Gee) 23"'

(l“’ﬁg —_— W; wee oo o {3.8.6)
(“18 (pgy =9 ( ’ta)as'a("n ksaa

Cl (1. Pzzs) -._) '(-E;) is

Now we havo (0 take info coasldaration o varvinnce
expseasion of the estimats of popalation mean ¥.

1ot us cdboelday the thind catimate, ?ﬂlf o waleh Lo
tho moot efficlant out of tho theee catimates.

Nowfrom equation ( 8.4.13), wo have
P 1

IR
Eil(nlol al)Pmsv

VAT, o) ol = )5 -

13-

V(v (
- /(3 R c = fo

[+
whore ‘7 o ——?;_‘lzr—. percantago of praciolon for cotimating ¥,

5 %
and Cp 5 —-, cocificiont of varlatlon ot y .
Y
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From the sbove equation, we gat ( forp 23 )

(‘"Z’ "("‘ - 'ﬁ"[" __3;”3 nz) o2 ﬂa ns’poi/

.(3.5.7)

whore pm- pvﬁ

mg!ﬂmg P}ﬁ.l quha‘ 3.8.7 )Blm '

A /.,
( c.7) (1 91)# tpm Poa’ n;"qa"poa) ,,3 %3

..(8.8.8)
Schotituting the values of o, . b, and a4 from oquations (3.8.6),
(2.5.5 )and ( 5.5,4 ) ln( 3.8.8 ), we got’

A, 2. ) A
(-;,-?—)n-:.-tw) °‘ °3/'\‘ )/ ep. ( ‘7.
2 ‘

(= "’ C
.["u"u/. ,3 a "o; "os .
{1-92) (1~ 9 )

_\533 523
[_" (& as]'(_c:";’ Fos

8 o le given by

2
- .(_..é?}_’_ _ ee(3.5.9)
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2 2
LS (Pm®Crn) ~ B A, 2 L
y 2 a "’ fo 13/ 22 2.3
Whﬁmﬁ -} -—vue | @ ——-—)- .-—)qp (..._
s ° (£5) ""“"L“.,a,[cx PREEy
12
2 2
- (_):3.)293_7. w (.:‘f'.);z.pa(:i)z
C3" "13 - C," "23'C4q
(1-p3,)
A
5 2 2
- ( Cg"’os

So from equatlons { 3.8.9 ), ( 3.5.6), ( 3.5,5 ) and
(3.8.4), we can find tho values of optimum sample slzea

Be By ¢ B, and By .

3.6 Ancther Particulay Cas‘g( when p =2)

When thers are only two auxiliazy characters X, and

xa + ln that case we can vory casily show that

1
n, ® ees{3.6.1)
2 (nfCq)
(1-45)
ﬂ! = zﬂaz a .-.(3.6./2)
Oyeig /e
(t- :
gnd - *or) vs:(3.6.3)
Ag
whoro A Y )2 (pgl'pg_é) M2 oz 27, M
© fatlEg)" (1 -03) £ SRR ot VA

2
)
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3.7 Geneyalizstion
B¢olng the penults of Section 8.8 asd 3.6, wo can
Me those recalto fap tho case when thege nre p auxlliazy
charactore.
In thls cass ny 1o given by

1 -gb
n‘ o ‘ :"“) 3 % 1a), ase 3 O 1.-.(307'1)
whozo ,/
- rA
D‘“(____) /-‘ Not z. 2 "ua “’i.m"ﬁm’

Ciel m.uz ‘ua (ep?
A RTE z

/

(b2 "ua K (L Mes 2 S ] “ﬁuz'l’ius”
Z c.“g iizgifs Cied (1~ )

Z.H!

ﬂ(i’a- PE t:l:&—)z-‘- pz (.-.-——-“"“l )Z
<y ko) Cien Lok, io%¢) Cronnl

2 2
(oL ™ R, iy !

(- )
H: fekel



and n 13 glven by

2
(1-pg,)
0 O e e, ses (3'1.2)

Ap

Ap'(i)/' lza lga j(ﬂm Pl) b;ap 1"0’

(! pu)
/ 2 2
fi)-/ik){(i Y 3] M) ()2  Yoi” oy
Ca Gy '3 (1-p2) €4 24/ (-
1. - L] ; Ld *
_By 2
"(Cp) Pop

A
a(—i—)-.—z Ck, /("kﬂ Neo2 sz z} .

Cy ‘ka Ckoz k2

2 : 2
(‘L kel km-z) \uz 2 Vo2 / “’o.k "o.nx)
2

- (e &,k -
(1 "un.mz) k"a ' (- W;

8o the aquations ( 3.7.2 ) and ( 3. 7.1 ) giveo the valwee
of n, °l“ a1, .s. o+ P )» rospective optimum gamplo slnes

for v, x (i =1,...,p) when thore are p ouxillowy charactass.
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