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Dllring tho l.~.st tbroo uecadon. tho etoUnt1onl theo,ey 

of doa1gzw cru1 analysis of oxpel'i.ments roe Cl.evolopcd u.itb 

rooarknblo .t'Opidlty~ lnluel.v dno to oloso ct>oporation botuocn 

thoorot1c1nnn on tho ono hnnd and tho oxpedncnters on tbe othor. 

fn recant yoors nu::1oronn impo&-tont an4 eooprcbon.oivo oorks on 

oericml.ttm:ll tma industrtnl exparlmonts hnvo appeared, oxpl.:.1nin8 

the banio prtneiplea of tbo theory .and discnssing tho ,OV:lilabla 

1:!to.t1£1t1co.l. tocbniquoo. 'fhe praotieal appl1cat10IW ~t tho tt.oo~ 

in ~nB Qnd othor physlonl. sc10l31:!0s haVo ~ beeotro 

1nore!ln1ngly popular. 

In st t1otiCL.l dasien of -ozperimantG, 1n tho .fiolds of 

ee;ricultnro end 1naust.cy. num.orr.ms p,mblems W:lVe tnvolvotl mrploxat1on 

of flmcticnn.l. relntionnhip. 1n last dooadet a rtlnt'lm::Iantnll,y nev1 

app.:oacb to t.bo pml)lC!:ls tor QPloration of :flmct1cnal rolation-

ship tma initiated by J3o:x (1951. 3.952. 1954, 1955. & 1957).. He 

ond b1s ccmor!tars ·stnMet'l tho rcl.nticnahip such as oxists \xltl;lcon 

a qnantitc.tivo rosponno onoh ns S'i-Old vf prodact, east or purity 

em one hand and scto or eontl:olltld vndnblas such as tco.paraturc, 

proasure, Ol!lOUtlt of rdtrogon. t:ta1tl1ty. ott'!. on tbo other., Snl)J:~SS 

uo Jlavo k qrumtitotiva i'nato.rn or variablos xl. •:&2 -u ltk. 

on ub1ch aopona s:u::tO rosponsc ~ 1n D.ec:ordnneo t-.liU. the nnkooan 

rolationshJ P• 

•••••• xk ) •••••••· UJ 



be porfotttod.. Tho uth of tbeso oxp .t"1l:lents consists 1n adJusting 

tho tp.ctor lavolo to o certain not o'£ predeterr:JJnod valnea 

.... , lrq Gnd of' obllcrviDZ the corrcspont11:og 
\. 

~~ Jh9 %be obsorved responso l'u• vnrtos aboUt a neon of' 

iz« • '14th !1 eot'lJOD vnrt~o ot" t? tor aU values ot u, tbe3e 

orJ.")r:a. ~inB UtlOQ.l'J.'OlntGa., ~ pmbleo ot expod.!.:l.cntal 4dign 

lii.scnssed ts tbnt ct clloos1na the a sots ot lovols nt ub1dl 

ohaon'otlons oro to bo na.ie. lt :ls often convGnient to view the 

p~ble!:l geoootrtca~ and to regard equntien (1) mr do£1nJng a 

S'Ori"atlO ~;rod to ns the a:nwponse eurtaea-., ~ n sts ~ tacto~ 

laVnls at. ooch or vldcb wsponse 1s observed Uil1 then ~PQl.ld 

to B points 1n tb& spneo ot vannblea onlla4 rucpe~t;a1 points. 

Ulan tho Ilnthei:U:l.ticnl. tom at 1 t:f:>. is llO-tl Imotl9. th!& 

.trurotion can bo appmDos.ted l)y a po~l ~ d~ d 1 w1tb1n 

tho ozpa:itlontal rog1on so that too tms ro~ nt thO uth po1nft 

!s 

••••• (2) 

'fha indopondcmt vnnnulca uhan d • 1 (1.o. f'irat order 

oodol) oro funoUonall,y :lndapilEl!lent. whilo tho indopondCDt vnrtables 

fDr d -3' 2., inclndo tomn l1ko xf. .XS. ~ • ate. uticb a.ro 

obv113USl.v nat tmlctionolJ~ 1ndopondant ot xl. •%a ..... , lrJt 

tnt they lll'O still rofo1"2."ed to as "indepoldent" vo.rinbles to 

contrrult them ultb tho aopendcnt var1ablo (~ ~ Ollr tem2nology 

tho •rcspoll!le• ) • 



J •• 
A -doslen ubiell u.c}»do.s k varlnblos ond allows all 

<!OtUltants LlvoJ.vod 1.n ... po~ of Ol'dar d t.:l bo dotem1ned 

t~ill. bo o:->..llod n k-dSDcms1~l. OJ!Per1aan:tnl donen or craer .a. 
In n- npprold:I;la~ po~tol of order 4 tharo oro ~~~ torr:w, 

ao thnt for o ~dir:onsianal dcs1t:n of Ol.'dcl' d, tha tnltlbo;' of 

~r1l::imltal points cn.st be t.tln!lnt c:-J .. 
2bQ f.netortal cxperl.oant:s o.ro extonst11al,y uncd ror 

o.grtc:ulturnl. oxportocntation. r.o.t-"...ro.lJ8. ono very nsoftll oothod 

o~ m;nlynin of' romtUs of t'actorte.l oxpartr-<mts, 'IJhen qucntitat1va 

tactors aro studied, is to explore the pa.ttq.tn ot f'l:mctianul. 

rolntionsb:Sp (l). iln nttenpt bas baon ~in tbio tbosts w, 

evolve sy~tlc· n:na st.1pl1flod tOOthoa fb.r oxplor!nz rosponse 

sn.rtnc.os uith tho bolp of tho datu collcotad tro: tho ununl. f 
I 

!'ron tho .I'O!ltllta of any ;l.'®torinl 03Wl'1t!.Ont uo eon obtaJn 

'"umtom.. t1cn° at c.ny ~int of tho fnotor o:.t.eo. tnfom::.t1on boltlg 

d.otlned llt1 reciproonl of tho VrJi'iru:lee ot the a:osl~Qntl-0 at that point 

estimate.'! .fi.'Ol!l tha X"C:Jponso rolD.tion. Box tlild am~~ (J957) 

tntrotluet:!4 a class oi' dosieOS cnllclt •rotatable" dosiens 1n vh!.cb 

such Wonw.Mcn eontottrs (1l'O ciroles.- spharos one bYPorsphol"Qs 

contrail at tho point -doflnell by tho mo:ms of thO different levols 

ot tllQ factorn intro&lr:od 1n tho design• A dosicn -ss satd to be 

a dth OX'dor rota.tn'ble doalgn tt tt pemits estirll4tion of' aJ.l. tho 

tams of <lqllation (2} aud p:ro111dcs s-pha:d.c~l tnfottntton contar~.n. 

this dissertntion c::oneoma w1tn tho follo\1111& l)l.'Oblemsa 

(l) to uso tho <ir:ta coll.Gct.oa fl'o::> d1trermt usual 

'Ji footorlal. oxpor:hrontn fOI" !1ttinZ tho 



aocond a.eerao (t..a.. qundmt1a) r:esponse aw:'fa.ee 

by ezp.rosoJng toms involved 111 lifSCQlld ClogZ'O$ 

s.nrrn.ce no flmctiona ct tha different rudn effects 

end tuo fllntor 1ntctnct1on COlilponcnts. 

(2) constmet1on ot a sc):ios of s.ccona ol'dor rotntetble 

doa1cnv i'ol." .tow.'~ tlve.. sis, seven md otbor evt:n 

lll'el~ of facto ... 'l'l. 

(3) coust.l'tl.ct1o•·l ot thUd ordor J»t£it:.t,•lo designs tor 

k = 2. 3, 4- ....... ~ 11 f'c.ctors. ~ak!nZ into ooccmn~ 
tho ~ants of llbJocltUlB~. 



EJteallent l1to.mtu:ro ts nv.ailal)la on n$ponso surra.ee 

teclm.to.uos. P~ba~ tlltJ ono nan mat S"'sponslbla f"or prot»ting 

tho ccnntmct1cn of de~ usof'Ul.hl Uttin& l'\lSponso sarfooes 

ls G.E..V. Elolr. ms flrot ortiola wi.tb lifllson (J,9;'lJ, tn.row new 

l1cbt on tho nntnro of the teoto'rtal. oxpermontatlon and constitute 

a lc:.n&:rork 1n the bistol"Y of Ql!porir:lantn1 drullgn. 'l.'hoi1' p.mhlem 

tll'.lY bo- ntntod 'brtt,~ oo fo:tJou:ss Supposo tba ~o response 

mtt.fuce. oJIProsood an tunotion ~ k eontrollablo vanables 

z1 •Jtz •••• ..... ,~ ls 17 = q, ta-1 •X:2 ., ..... ··~ ) • It la roqnll'a4 

to tlnd-. with s ta!nll't.lj!'l mn:I.bor of ~ts,.. o ~ or 

nln1ntu'! of' ·the ~ su.rtnco (i.e. a11 op.~ opomttng sot of 

oondltiona) u1thin tho. ~ton of tntcl:est 1n tlle ~toonsional. :taator 

~o, \1hich 1a fbad by tho oxpOJ'Soontnl,. conditions. 

BoJr (]952)., ~r. d1Scnsood tbo eonstxuctton and 

.,ropo.rtic.s of muU1faotor first order dosi~. 'ibo ootbod of 

stcopcst unecnt pzof)()Sell by Box llDd WU.oon hnS ilaan davolopcd end 

~ad ·by Box ana otbOrs (1954. l95;) .. Box end Huotar (1957) 

lntrodm:cd tll.O concept of •1'0tutib1l1t1" end dodvt:d tha necossax? 

and sufi'1ei.cnt oontlittons for n <1031611 to be J:Otatab:to or orde;o ·4. 

':bey also dor1ved ttJn"blookSPg11 arl"lmgwcnts tmd conat:metod O!lilf 

praoticaJ.J.u useful J.'Otntnblo doDi(l')ln ~to sCQQl:l4 Ol'<lor.· 

UptU. nov. tm constmot1on of mtatnbla dosiuns mninl1 

rostcd an tho gooootlroal. confieurnticms of .rocular Mil sett1-

l'e8lllal"' sol.14 ftgtll'Q. Bose mel Draper (1959) cn4 Drnpor (1960) 

presented now line of np~,croooL for eonstmct1on ot 1nfinlta clrulses 



ot socend order rotatcl>l.o dasf.cns. '.i!o pxovUio Jl1gbcu.- ordor 

rotatnDlo doolgns~ OnrdiDoo:' ot ol. (19~9) 1nVost1gnted thUd ord.or 

rota.taula <Iasit?,Jlo upto f~ fn~t:c>rs. !!oro rcc9ntly Das (J%0) 

bas sugeostoo ti trl:l"ther cothod 'Ull1n8 o ""'difioo fCWoJ of tncto .. 1.o.l 

~stsn for tho cxmotrnct1on or EOtot:ililG dGs1{,:1o .. 

In recent years., nt.;ontion ms bean fcxmsS(!t'l on oln.;.oSn2ng 

tho optii:tality ot cn::1 cyoe1f'1o rolat1onsh1p ~sod on tbo I'Osul.ts 

01' otudy of CiiJY otl.ll1" po~al. rolat.ionsbiP, of' louor order. 

llcaJ.iDB tdth tb1o, BoJr ...nil Drupor (195cr ) anti 'Fotlltn (]959) dovolopQd 

~ crttoria fol" j-udain8 ~ ot o (Lcs1gn tmd 1XlVGlilttgate4 

otlt:tcaJ. d~ upto second d~ po~al rolutionship:s. 



JP!PI&&l:WP og: sensE fNi:WF.S l·1M} g JW 
Qf D,'t!l.A COllEcyED m:m Ust!l\L fl!.C'rGai \L §XP;:RI!.Q!ts 

Yates (1.93'/) dof:lnas f'actorio.l. axportocnts as 

·~ s ubieh includo nll C01!lb1nat1ons of sov~nl. dlf'.forent 

trantocnts or foetorstr. 1'ho advonta..,"tl!l of o. t'llctortol oxpodllant-. 

an ~ u1th a eertos ot sop.nrato mrp0l"1mcnto on oop:3rnto 

factors., ~ econon.v nn.d the posstb1l1ty ot l,most1gat1ne 1nter

nat10DS botucon tho aif'fe,raat ll:b.cto.rs.. s..o .. ar ~ the 

extant to ubicb thO orroot oi' ono tecto~ ts diffo:ront ~ d1t£ercnt 

loVols of' anotllar factor. fbo uso.f.Ulnoss ¢> footorl.ol experlxaents 

in ~CilltUral: and. in&t&trio.l o.xperl:aentS 1s ltell ~ 

Footws that m!lY artoo to.l' crm!l!d~o.tion can bO class1f1!1fd 

!rJ val'1ou:B v~. n.rs.t t.lxl.ro is a lUst.1::let1on bot-JOc'Zl tn~ 

roprenantb'ls trootrzents appli.cd to tba -el!Partomltal. unitn. and 

factor.s wbieb roprosent stmp~ n ebss1f1cation. outsil!lo tho 

-~tar•s oontrol. of thtl (IJ!t>ertmontlll. m:dts into d1tfarcnt 

typos. Seoondl3 thoro 1n a dlsttncts.on Dotwam 

(n) fo.otoro stteh as voln!:!n. tCillporoturo, p.resmlre and ooottntl 

ot nltrogon ror \llbtch d1fforont Javoln cot:rospond to wel1 

dafinacl values. or a qunntita.t1va vnrlnhlo. ~ factors 

azo calJcfS qt'!Emtitntlvo vortublas.a 

(b) i'actorn such an vartotieD of w.baat anfl ditf'orent f"oms ot 
f'art1l1zar !'or 1W11lh tJ:lo dlf£erant ~J.s reprcsc;nt 

quo.atat1vo]3 (!1f'ftn'(mt trenbcnts of 1ntrlns1o 1Iltarost. 

fhosa factol'!l e.ro ealled ~ta.ttve vnr1abloa. 

'lbo interpretation or tho results or rac.tol.'1nl. Q%pQ.rlmcnts raises 

verious problcmD. Wllcn qwmtitnttva variables oro ntucliod• one 



... , 8 

vo:r:y ·usofnl notbo<J; ~ mr]¥siD of tho ro!':tllts of :1 i'nCto.l:'iCil. 

axparic.cnt ts to ~ tha pnt~ of rc.."'P((ru;lo t:'IU.'.fneo bctueal 

$lola or rosponao ~ tbo lovols o.f those qnanUtattvo vartnblos. 

Lot oach quont1tntivo 1f0l'JO.blo bava tbrco CQ.uispacot'l 
~ 

lmols &motoo ~ c.t3. .c.t2 tl1l4 c.t3 swm tbnt q2 -q:,_ • <13 -q2 • a; 

-s,::. ~ - ~ -" 9.2. '\, " '1.3 9., 
I 

'
--'2."' --- ,o.,l~~-=- ---. ... _,, q ,, 

"' "' ol' ol.' . d.\ ci 

'<io at.r.Jl. dofina. ~ the snka of convanloncq, tho ronlJ<)IWe surfuco 

1n tol'tUl of the ~mad l!:WolD. 8,1 •;Ja -end ol-

~poso thO tru:a rospon.."' st tro uth ru~J;H;;rln<ntol., 101nt 

er, . .ro:::nod o.s po~l oi' SOQt.md ik!gtoo 1n k qwntit:otivo vartabl.as 

ui tll larloln o., l. end 2 1s 
1 

who.;:o 2
0

u is tbo ll'rrr:nY vartnto convent1ono.l.J3' dof.'incd ett UXllty. 

Lot n ollvcrio..:nt<~ (u = 1,2., •• ..n ) txt por.f'omoa to wrplore tbo 

roJLtionsblJ (3). ~ o.JServoC. res~o ,.11., vnrtoo c.bout n noon 

fJ.f 72,. With n COl!. •on VatiOJlC9 Of cf"2. £01 r U. valnao Of U, theso 

m Cl"i»l"S ba1nB unoort'O~tot'4 

OUr Q!lln ob~oot, t.oro ls to ozplora the .rc.lc.tiotulhip (3) 

tbrnugh do.tc obtained 1'rat:l factorial. ox;;'lrSm<m.to ¢f T series by 

OlfP::O!l.siOt:: toms tnvolvod 1n oc:;ua.tion (3) ns flm0t1one of na1n 

offcct.l nnd ~ factor intor-ucti. l!l aonpon..m.ts of VarioUs factors. 

A dtrcot 1'1t to tho nurfuco at (3) 1s difi'ieult ~ 4oes not utiliao 

tbo results or a !'aotcr!al. exporJ.o!lnt. AG aucllp en nlterntitive 



r:~atbod is ooacl:lt -at..1ch e :pcll!tv.; tt.o nt-~J.n.:; of «:,notion (3) and 

enkcu usa o: the o.nuul rocult.n or o. footort....l. ~odoc:lt. 

For nltomutivo cotood7 oo rcdofino tbc lovola o,l an.ti 2 

of tho lndel:cn.Ccnt vartc.blcn tn toms of' orthogonal. po]3no:nie~ls as 

••••••••••••••••••••• (4) 

._2 
tz1n- ~l - 8/12 ............... (S) 

-'Ulmre 2m 40ilotoo tho ntb loire~ ot tlla ~tll faetor ana St. l8 l. 

~lSl US DMll ftt tt.o Ot'!Untion 

)1 I >k I 1<. (2. k I I (6) 
(.~ ;: ~ + F. I l>.i.~ + ~/ bu Z!lt • ~:1})1~3U••+ 

by U!lo of tho ~o.finod lcvols (4) ttnd (S),. $'1tt!ng of this eqWlt1on 

(6) 1n cnoy r>t'i uti .it-en tho re!lU+f;s or a i'o."torinl. <Utpcrlrlont 

-s tbo &fi'crent eootfielf.lllts of; rquation (6) cooo o.e si:rplO 

flmet1ons of on1n ef.'fcet!l ana tiro fa.tttor intorootion eot~pon<lllts. 

~s mothod of' o.tto.cl:. elsa, t-.alpn in o:m::d.ning tho extent to \'lbieb 

the. tc;.."Ds of 0Qllllt1on (6) nro G.i'i'oct 'd in c::so o.f confQ'Ilndad end 

fraetiarmll.y ropl1eQtcd da!lS-~. ~ aetblal. soJutiOl.W f'or bt's 

ora c1von oolo!.l tor a Jt ururoni'oundod tnoto:r1al dasieJn 

b1 = ,_, ~J. (lJnaar efi'aot of tho itb footor) 

bu.= l/~2 ( qn·.tln.tic oi'tcct of tho it.h ft..ctoz) 

<t =~,a, •••••• , k > 
btlu J/4X'}t-2 (linear x lin-om: offoet of thl.. t~ fnctor 

Snteraat1on 1 £lild 3 ) 



~so daoicns ora called ·ttorthoZI)nal.lt deS!~, G1ncQ 

tho f.lOtl(lllt no.trilf ot thO tndopcndont varJ.a.bles o.t (6) 10 atasemol. 

Using ('4) orul (5) in cqmtion (6) and eqUilting tho. eobffle1Ents of" 

El • Xa • ••• ... • lttt •zi •~ •••• zi •3 1. ? ~ •3• ,.."'~l. .Yi!: 

m (3) and (6). uo got tho fol.lot11ng structural .relat2onsMp 

bett:Joon B,. •s and b! "'.s. 

k 
Bt 'C b.t - ~b •• - 2: b..- u. =- J.~ .. - .... ..k) 

~ j'#( ~ 
J"'' 

llu = ·bu (1 = 1,2,-u .. ~ 

-Oneo tho b
1 

•a nra obtui,Ziadp tbp a$ *s con oasll,y bO 

nccoopll$h0d tbl.'oU8h tho tl.bovo ptwcttu:'tol. rolntionsbip,. ibol'O oro 

too l"':WWD!l f'or stud31nB pD:>bl.a:ms of fltt1na oquntlons l11lOh oo (3) a 

(1) tQ 1'inCl tbnt conb1n.~t1on of' tho vortal.llml ¥1 ,~, ···~ 

Uh:lch tn GOmO GalSO gl.va the ~nt11 valno of "!( • 

(U) to kno.v too ebaracten!ltlcs or tho rospo;noo f\mot1on 1n 

tho n01~I>~d of tlJo opt1rnt'l ffGllornt!ne eond1 tions. 

For pmctle...,l tl.luatration. a 'J! :fc.otorial dasign is 

atud1od bolol1~ 

nuoortcal OJteit'lPlo for a j! tnctortal.J-

Aa an 1lltwtra.t1oa or tho gonoral. upPro.:tQb, 4 

qundratic oqnation (6) tdll bo f1 ttod to tho rosnlts of n JJ 
to.ctorlnl. 'ibe &:l.ta ts tnkon f1'orl (Bof. 19) \lhoro tho offeot of 

oppJ.loution of phosphato. to eroon onnuro. CO!'lblnod uith ditforont 



-· ll ·-

l.JVolD of l1oo 1a atttdietl• fho lavols of pboophato bJ) aw 

ql. = o .. q2 = 20 • end ql = 40 'JNJ/e.era owl tho lovol.!l or l1!!1o- (~) 

QZ'O 'h = o. ~ = 200. and ql = 400 ll:ls/nora. ~ Vt..luos of 4• 

~ tho qun.tlro.t1o oquntlon (3) 1n t''o v.arto.blos "'"1th lavol.o 

o. 1. nnd 2 • 1s 

ru =Bo 2\me1xlU+¥.2n +B;ux2l'll + a22 ~ +B12 ·~ 
•••••••• (7) 

'U~g the rotloi'inoo lovels (4) and (Sh '1m n.t tho qU;;~.dratio 

equnti.on (6) 1n tw fo.etora. 

.. ......... (8) 

md tllero.f.oro thO dosi{Jn po1nta to tJ.t (8) Olfllcar tn tablo l. 

iho ~ ls ytolcl of a.toan ammre 1n lbs/nara ~ OVEn" 

four i.'OpUcstions., 

·pmn ;t1. ilttina tho QUadratic equation (8) to a j! f'actoriol2 

5!rootaont ~ x'l. 2fa ai ~ •ixa yield- y 
PL 

(00) l. -1 -1. lll J/l l. JB09.2S 
(llJ 1 0 0 •2/3-2/3 0 6489.91 
(22) l l. l l/3 'J/3 l 9286.62 ...... -r.--..... -........................ -............... ,. .... -.... .,. ........ ., ....... ~.--........................ -.... 
(Oll l -1 0 J/3 -213 0 3983.54 

(:12) 1 0 1 -213 l/3 0 7319..25 
(at;) 1 l. -1 l/3 J/3 -1 8788.68 



(oa) 

(JD) 

(23) 

1 

l 

:t 

-1 1 'l/3 l/3 -l. 

0 -1 -2/3 l/3 0 

l 0 l/3 -2/J 0 

@ T1lO ~o o.r tWpat!atjng tilo tl'c.ltm;ents td.tb t'!otted unoa 

'Uill bo OJ!PlnSootl lntar. 

i'il. • P,!6 • J2V/l. '31/6 = al61.89;0 

ba 1:t Ly6 = 2'lll.8o/6 • 4;2.,Jl00 

bn ::r Pr:/6 = -565J..6ll6 • -941.9350 

~ = L/6 = 'K/4.~6 = 2_9._Q)OO 

~ _. PH4 c -J!lZ/.o9/4 a -4"/9.,Z/2'; 

:fhuS tho fit.t..nd rolation (8) is 

, = 71A8..240 • 21.61.695 a! + 4;2.~ ~ - 941.9.35 ~ 
• 29.0SO :ri-~9 .. m xJ..xa 

B0 = bo -tb1 +b:.! ) • l/3 (bu~) • b12 = :!l50.4'l'l 

~ = b1 -2b~ = 452;.o37 

a2 a ba -~-b12 • E'tl3.4'12 



BJ2 ~ ~ a -'119~t 2"/2 

an6 thna tho fitted oqua.tian (7) 111 

.......... ( 8 A) 

"l'ho Snfom tion conta2nod ill th1s (!Uadrntic C<;tt~Atio.n la 

moct ~l3 CQ:'1PJ:'OJlondal b7 row:1ting tbio equ~tion 1n tho 

I 

•••••••••••••••• (9) 

lShoro 'is is tho ~ pratl1cte6 at· tl;lo eantJ:'a ~ (stot1onuq point)' 

or tha nstm ~o OOQrdJ:lates .(Xl.s• ~) oro tbe solutions 

of tho oqtt;lti<ma 

~25.03"/ - J.80J.S70 XJ. - 4'/9.f!'/2 ~ ~ 0 

&13.472 + ;a.m sa- 4?9.Zi2 ,J{l. = 0 
I ·-·····(;JD) 

obt:l1nod by diffa.rcnt1ntin8 p:ll"tittlly tl4a ttttod o~ (8. A) 
@ 0 

nth raspeot to x1 and za ra~ttvoly. Bu. end a22 tu:'O thO 

l£1 tent mots ot tho J:Ultr1lt 

••••••••••••••• (ll) 



-· 
~ = oll ~ -x.la l + al2 (x-2 -~ ) II 

Xa = ~ <xl. -xlsl + ~ bt2 -~ > 
•••••••• (1:2) 

of' tno t:ut:ril! (l.l). ~this cononscnl.eJ3Ur.tion (9), it S.s 

frequently t'QM1bl.o to oocu.ro en 'll11i\Ol'.'otoo·Jlrt5 of the i'actor 

dcP'(llllioncta.s lntrilld.e to tho SJ'Oto=l uw'for stttd3. tbeSro' oro 

bon1call3 ~ two typcm of aurfaoos ubich tblo caoond degrco 

WJ.!ltion (8 A) cnn rop~ent.. 'lbo ~tours or tb9no t'iilO 'baslc 

t:nrf~os IU'O gtvon b.v Dox (].9S4) and Co¢4-an atll'l Co% UJ57). 

etiOOnical. system ll%.'0 

-~ =2.009 

Subotitut.lnti those volu.:~a of X.1a tiDii ~ !n tt.o D.ttet.'i cquot1an 

(8 A) vo cot the prcdJ.otcd rosponao tt6 ) na &970.6~. fhls 1s 

tho eo:Vrn:c of tbc fi ttod .rosptm<'...o. aw:faca (8 A). 

~b.o lt.tont .l\.lUW oi' (ll) aro vbbir.Od by <:..JVo.nllinS tha 

dQtominantol. oq.untlon 
ID 

I -941.9~- B 

-239.636 
0 .............. (l3) 



Tho cononiCill equation (9l 10 the.rof'oro 

fhG contour eystcm 16 obtatnea by aetttnB ator cxm:zpla, 

y = 5000 lbo into tbo nbovo equation !lXld solvine for vslnos of' 

~ and~ t!ult will satlsty the resultant eqnatian, tbns 

genornt1ng n Cdltour cstlr!w.tinS ytold ~ .eqnnl to 5000 llls. 
& 0 

~e fitted contour system 1a given 1n Ftg. 1.. Stnco anaud aaa 
aro of oppo~1to s1grul uo bavo a anddlo poillt (1 .. o. col o.

mSnfmnx) flhoun 1n F1g..l. It ean ~~ be ~eon fl'On Fig.l that 

tho wrfaca ls ~ta\l;ttltod Alane X1 an~ #noa g nis sr.ulller than 

i22 ln t:lSB'Zlitude. ss.nca contours 1n Figura l. aro rmm~ne from 

tho top rtr,bt to tt..o :UOttcm ~tt, 1t 1t.tl1eotes that tho contour 

ayatemsal'e nssoclatod ~th postivo - factor inta.roction t)etwoen 
I @ 

pbonphato end 11mo. Ago1n tho poss.t1vo eoorf!.cient Bn sn.tpc.sts 

tbat tho roaponso t.s expected to 1ncreaoo by t;y!I13 tho .factor 

eoob1nations o~ phospl'lnto and l1oo which glvo bi&J:ror values of' 

ltl.• 

!a> lletemtne tho qquttt1Qil of' tM ca.non.lcml axes x.l ond 

Jta as given by (l2),.uo cons1:J:uet M ortboeonal ontl'U 

M ID - ............. (14) 

t!hero 

'l'ba lmowledeo of tho er_'Uottons of' csmmlcal nxos 1o essential. 

1n order to eo f'.ro!l coord1natos (Xl. , x2 ) to coordinates 

(zl. • z2 )or nco varsn. Tho coofficicnts of Bl and x2 of' 



J?Ja. 1l tba cnn1x:llrro ot tho nttotl c:monto:tl equndon 

7 - 8910.65 = !14.91 ~ - 991..S5 ~ 

' ' 

SQ:ll.GI ,.6 fn4l :: l-unlt of ~ 

2o0 .f!Jchoo : lurtlt of~ 

' -
-r 

"o" ( 

" 7'-



nwonS~l. equations x1 QU{\ ~ tn ( 1.2) m:o tho <lSzcctlcn 

cooinos o£ tho esnontcn.l axos 'With respect to dan1cn axos-. 

!:lcnco a coottic1etlt ~ unS.ty uo.uld inUoato tbnt o canonical. 

o.xto uas noorl,y paralla1 to o dosign nx1sa ond thoroforo that 

'both axos mGDJml'Od tho saoa qtlt.!Jlttty. rbis mntrtx n u1ll 

xntate our fitton systoo or axas to tho othar about the Ql:igtn 

(1ls • ~s ) • 'ro dotem1na the olem.onts of tho tirat row of 14 
0 > 

in (14)~ uo substitllto n11= Stl.t!TI in QqUD.t1on '(lJ) etvintt tbo 

CO·Oftio,.onts of a hotlogen:aou.a sot of equnt1on.b 1n tbb t1t1 •a as 

follOwst 

- 1026..;900 Du - 2,39.6)$ =aa = 0 i' 
·····~·····(JSl 

... 239.636 J:tu_- ;;.w ~ = o 1 

'&csso oquo.~s do not ba.va n unique solUtion. Sotttng nu=l.OOO 
. ~ z 

'l:iO obtain lla2 = -4.28S. ln Ql'dor tilat tho restraint ~ llltu = l 
. U•• 

bo oat1sf1ed. thaso voluos of ~ arc stnndnrd!eo(l by d1v1dln6 

by V Zlll + ~ c 4,.4. giv.lnS ftnnllS' llll. c l/4.4 c 0.2Z/ 

and ·m12 = -4.28;/4.4 =-0,.974. 'lo dotox'!:tlno too ol.tacnts of the 

Q 
aecond .rott of 1! • thQ proeogttra 1s roPQat~ now usitl8 B22= -9f)7 .s; 

' 
'Shieh elves n21 = 0.$14 end I!laa = O.Z!!l. '11a Mto tbnt 

2. 
;£ ma lllae Iii o 
·t: ,., 



and oo qui<m;cy uco thnt tho equations of tho linoo fomms tho 

CDnonleal axos x1 and Xa· oro 

~ = o.2Z/ x1 - 0.974 ~ + 1.046 

lt,a a 0.227 Sz + O.Y/4 1C).- 2.289 

n.ta coortid.cnts or. x1 IJild x2 1n both equations arc the c!llroc~ 

cosina!:l of the C"nont®l :ruren U1 tb ~spQllt to ~ cl"sign axos. 

t!lo !;l:lltt.ple corro~tion ~fn.~m~ a.. l;t 1s nottm:u.y tho aitlplo 

correlation bet'l1oen tho obsoned vnl;no 7 r.:nd thoao prcdictea l;7 

tho fl.ttel$ cquation {1) • ~o colculatod vqlne of multiple 

eon:ol.:lt1on ~ot"fieicnt a 1a. o.9,61 and to tout a1GD1fic:mco of 

2 a ., tho Vnluo of F ttl 8a00 with ~ nnd 3 daamos of f.readom. It 

ls s1gn1f1Cilllt at ~.::, lovol. of s1gnittea.uc:a snd tl1Ul:l the fit 1s 

cood. 'lbo parccnfa}ga .atanaaro orror of tho mn:dl:mm. rasponso 1a 

0.70 lbn/.acro, s1neo tLo varhnec or t~aJJrmn .J,'OS~ V(Y13) 1D 

Uhnn no ~ foetor 1nteraetion or mllln off'oct ts 

oonfouniled, tbG ooot.ttcimts of ~t1on (6) re:min UDLli'i'ected. 

But 1n cn.oo of oonfonnded rmd frnot!onal~ J:epl1cntod designs 

t:thru:'o the cain G:rfcct tJnd/or somo two factor Sntornctions a.ro 

Jozt, tho coofflcicnts o.t oquation (6) c:orrospondinz to tbeao 

eff'oats tlD.f or oa,y not bo os.tit:lnbla. tie baV<~ ~od bolou thO 

v.nr1oun ~otlnllcd and fractionnl.l,V ropl1catcd )l dosicns. 



-· 
Uo ncnt10llell that uhcn no r:tain effect or bro factor 

.t.ntc.rmtiun t.s <!011£~. tno ~offtolcnts or equ.a.Uon (6) SJ:e 

tu.U.V ostimaPle. tihGn all tho fo:tn" cl03.t'COS or freadon of any 

tt:n-.tacta.r illter.ao:Uon 1s con.i'otlndcld-,. tho corresponding 

0 llnenr x l!noa~ <lOei'ftclont of that tll!O factor 1ntorcction cannot 

bo ost!J:latoa. .But U' on~ tHo ooercoo of' t.t-oc&io of o. tt1o fuator 

Sn~tion la ®nfoundad, tho 0 Unear ~ ,,noarO cooff'te1ent of 

that 1ntero.ot1Qll 1D c.llt.L .®lo tbougb 'Ui th lcso prooim.on.. S1c.ilarl.V 

~ W9 degroos or freodott tor any Ptl1n ottoct l£1 confcnmdad, 

the cooi'f1ai£1lts in oqtmtion {6) corrost"'OJil1na to llJJ.near" and 

"Q.Utldrotic"' texos of that tnctor are not oat!onbla. F.m:- 1Dstanco, 

lot ·PL 2 bo eonfoundod 1n f t't~eto.rial doni en of tho Pl'O'ITioUs 

cxa::lPlo• ~ thr'eo bloclm are sapara.toa ~ dotted Uncs. "lo nt 

oquntion (8) • we oaieulate tho nocant ontrl.Jt or tbo lndopandcnt 

varto.bloa ft'0:1l 1ti tb1n the blocks ns given in Table 2. 

AlSl~t :! 

~ x' 1 

~ 0 

6 

t:omant m..tt.d.Jt o£ inaopan>lont Vorit1b.los for a 

f dosJ.ga 1lhtln rn2 1& confounlicd. ·-· 
=2 ~ ~ xJ. sa 
0 0 0 0 

0 0 0 0 

6 0 0 0 

2 0 0 

2 0 

2 



Dna to eonfcunt!ine ll12, tho tom corrospondine to two f'ootor 

it}tercc,tton PL, is ostinatod by i P 1~ instead of t P 1.~ • 

In GC!la.r"~ ibl' a f eonrountlQd clcotsn,. t1hon onl$ too d.f ... 

of lln1 tt:o fcatol: intornct1an 1$ ooni'o'llD.da'l~,. 1 enG 3. tba 

tom or ~tion (6) corrospondina to thiD 1ntorootwn. nm:1aJ¥ 

~ 1a ostilz;r.tod by 

kl-2 
l/2d ( ltnea~ s- 'Jinnar ofi'cot of ttb t:ao tc.ctor 1n~t.tcn 

(1 ~ 3 = 1,2, •••••• Jt) 

~ lm:portanco a£ ~tianalJy ~licatca domeno 1n 

QBriCUlttl.o.-o £W1 1l:I.C.Uatry 1D ~ll z:oa.llzcll. Uaturnl.l1. tho next 

etc:>~ 1n to fU Gtluation (6) cn.a ,tnaroby the oquat1cn (3) for 

f~-t.cticna~ rcpl1ec.tod ~ LGt, us toke 'J/3 ropaoo.te of 

~ donlan- Lst: .t:3C = I bo the ~ eontmst. <fM alton 

Sl"'UP 1.s 

A =nc = Nl·c2 

B c.AC = A B2c 

c =liB = Aari-
An2 ctJP = a c2 

i'be oquation (6) to btl ftttoo in throe varinblos is 

a11 = b0s~+ ~x'lU.+ 1>2 ~ + b3 xJa. + b;u R;m + ba2 ~ 
+ bJJ ~31 + 1>12 s]n a2u +bl3 s!u s3a + haJ :r2u_ a3a 

•••••••••••• (16) 

'rho dea1gn points and tt.e t!lOOOTlt mtl'ix of tho lndop(mttmt 

vnt:iablos to fit tho ~~t1o:n (J6} ll.Pt>oor 1n 'l!lblo .3.. I.e~ 



"":I 

z1• Z2• and x3 correspond to. factors A• a. ana a nspect1ve]3. 

!f@l£1 3 V1tting a quadratiC codel. to l/3 (33, 
b'm:tt1onnl. tactorlal. 

Deslsn f.l01ntss-

'll'ca~ ~ -1. ~ -3~~ ~ -1-2 ~·3 
I I 

xax3 
=~ 

(OOQ) l. •l. -l. -1 l/3ll3 lll 1 1 1 

(OJ.a) l. -1 0 'J. l/J-2/3 l/3 0 -1 0 

((Wl l. -1 1 0 llll/J -V3 -1 () () 

(m) l. 0 :Q 0 -213~213 -21-3· 0 0 0 

(l20) 1 0 l -1 -2/3 l/J l/3 Or 0 -1 

(2lD) 1 1 0 -1 l/3-2/3 J/3 b -1 0 

(222) l. 1 l J. l/3 l/3 l/3 1 1 l. 

(20U 1 1 -1 0 '113ll3 -213 -l. 0 0 

(302) l. 0 -1. 1 -213 J/1 l/3 0 () -1. 

Hcmtent smtr.l%1-

a' ~ z2 I xi ~ %Q sJ.X2 ¥3 Y3 zl 0 3 

9 0 0 0 0 0 0 () 0 0 

6 0 0 .0 Q: 0 0 0 () 

6 0 0 0 '(): 0 0. () 

6 Q· 0 0 0 0 (). 

2 () 0 0 0· 2 

2 0 0 2 0 

2 2 0 0 

• 2 2 

4 2 



'1 
L. Y. = 9 b .... ... ,, u .... 
~ 

~. $ (~ ) ct 6 'bt. 
9 ;t 

~~ 'II <~ = a bu + 2 ba3 
'i '2. 
u~ $" tza ) 1: 2 b22 + 2 ~ 

'l 2. 
... ~ .., b'3 )=e b33 + a b12 , . 

~ a (x'lltz> = a u12 • 2 .,33 • 2 
3 

.~, i;.:~ 
~ 
~y {'Z£iy a 21;».13 • 2 1122 + 2 

3 

-.~,~11 
3 

i~,bt-3 

i'horG ru:'O lO tol'tlS 1n equation (36) ond mth 9 ob.ooruntions, '1:10 

csn attlont enttmata 9 unkno~ consttmts. Frott tho nomnl 

cquat1~ :lt bocorulS eviaent that. 

-z. '8 (x~ •.2 ) - "2 'll (~ ) = "E 11 (xi_ xj ) - L" y(~ ) 

=L. 'lltz2 a) ) - L: rtai ) = 2tb12 + blJ +b23 ) 

.eot!ttation o~ ono ltt possibl$ uhan tho other t1:lO Ctiil be as.stl!iWd 

1'!01'0. Tho .rosul.t is quito Dnnlogus to tractional x:opl1cat1on 

thCQX'1. The solntloos for contJtanta or (l6) oro etvon below. 

' bo o l/9 E l"u = grrmd moan 

b.l c l/6 (linO!lt' offoot of 1th to.ctor) 1=l.,2.3. 
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b2a = l/6 (Bq) 

b33 .a 'J/6 (Cq l 

bu. = l/J (Aq ) ~ (Bl. C:1 ) 

~3 a i <a1 ~ ) - "4/6 (Aq ) 

b;u "" ll~ ~ ) 

b33 t;: 316 (Cql 

b22 = lll <Bq ~ - .; CA1 c1 > 

~ = v -u1 c1 > - l/6 < Bq > 

S~lor~ ®en blJ :: '0 1t ~3 a 0 

bu. c l/6 (Aq) 

ba2 r:: l/6 (Bql 

b33 a l/J (Cq ) - ~ (Al.lll.) 

~ :a i ( A;t31 ) - l/6 (Cq ) 

I 

o.noo tho bt •a aro obtained• tho B1 '& can ba ac:~;.;llsbcd tbrough 

thO .stmcturnl. rolntl.ansh1p end tb0l'®3' uo explore tho qatu'lmt1c 

oqua.tlon ( 3). 

Let un OlW"l!no tho dositln l/3 (3~ uban defln1ng contrast 

1.s .Al3 =I. 
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!he nl1!::s cron.,J is 

A ::: .a = Aa2 

c = l'JJC = All,? 

AC = Afc
2 = nc2 

BC = A ilc = A r:a 

Fro::t th.1l t.lio.s group. it 1a quite ovi&mt toot bJ2 canno-t 

~ ODtio:ltcll as AS :: l ia tho C!ofining eont.l'nst and A = B = A Jl2 

Horoovnr. w cen ontitlata only ono of tho PQ!rs bJ. • bn Qlld 

ba-• ~ ntno.a A = a. Again• ns AC 1:\' ll (!~ and .B c 'CI A c2 ~ -ue 

flOO that tllo toltm b).3 £ll'ld bal tm'l com;Lnta4 and ostll:mbl(l 

~th !!.so PX!oeii11bn:. fho .cola.tions for' tho conotuntO' or (l6) 

are c1ven bolou \lbon b
32 

= o. b.1 = f,J ., b3$ = ~· I(~"" 1 = 1,2 ) 
. ~ 

• • 

. . 
Croni1 moon 

b
1 

= l/6 (llna.ar of tho ltll fllotor) {1. 1:- 3 = 1,2 ) 

b3 = J/6 (c1 ) 

bn = 'J/6 (quot'lrat1o oft'oct of thG lth rnctor ) 

(1 ~ .1 = 4 2 ) 

b33 = l/6 c cq l 

bJ..) = 'J/3 (A1 c1 ) - l/6 < B1 c1 ) 

~ = J/3 c a1 c1 )- J/6 < A1 c1 > 

fills atuQy show tbnt the study of ~spanoo anrfaca should not 

bo undertcltan 'tllth tJlO &to coUeotod i"l'o1:: such dootens laitb 

l/J <33 >. But this lUm bean presented lWJt as nn illustration 



ot tho ootb.od tnvoJ.vc:a. 

4 
l/3 ropllco.ta of 3 dos1t"lt 

fho J.&yout ot tho dos1gn is- Btvon 1n plan 6 A .. 18 ot Cocbr.m 

(l1l{l Cos (~51).. tho Cot'inblg <:optraat is A B c2n2a l ~ the 

4otl1Sn la sr~cd tn blocka of 9 units ccmtoundina C D2• 

'fbie sbOWs thnt by aonfoat.ld!Dn tbo alias Kl'OUP gives 

F1'0S llhe anno gt"OUP• 1t ~eo::u:~s· eletlr t;ho.t ~3 ond ·~4 e.rc 

corralataa s1nco A ca • B fil.. Bil':11lar~ b:.w. sad ba.3 ora 

corrolrltea ns A n2 = n c2. 't'lli:) oo;trttonn t~ b1•s Ill'$ gtWJD 

bolOdl 
2"1 

b0 a grt;nd OOtlXl = liZ! - :E F. 
Uol U 

J 
bs. = 2 u)·j (l1nonr offcot of S.th foetor) 

(1 #1.2,3.4) 

= l/2 x ·9 (11Ji0ar offoet of' itb fc.atol") 
I 

bu. = 6 {.t 3k-!3 (qu.ndrat1c. ottaot ot 1th factor) 
= l/6 :r .3 ( q~tto affect ot lth to.ctoi-) 

(1=1.2.3.4) 

~ = l/9 ~ c1 > - l/18 < a1 n. l 
bZ4 a 1/9 ( Bl D1 ) - l/18 ( A1 tl ) 

~ ~:;~ l/9 (Ill »1 ) - l/JB ( DJ. CJ. ) 

b.2J • l/9 ( Bl. c1 ) - li'J!J ( Al Dl. l 



At!. C D2 1s loot by oonfoundine onil A a a C D• W· 

oot1l:ulta b34 vitb lo:lo prooioiou ns ell bo evident bolw. 

b12 = l/3 < A.1 a1 ) - l/6 c c1 D.1) 

~ c: l/6 (Cl. D,) - l/6 ( Al B1 ) 

'lbo layout o£ tho acs!gn Is e1Vcn' 1n ploD 6 A.l9 

cf Coahrtm una Cox '1957). tho tw d~n Qf f'rccdom :-.. ,;)m 

A 13 C D E ls baing uaec i'al:" defining aantr.UJt:• '.i!ha ®slgn U 

ll;J.".rongcd in bloCks of 9 units. ~ 1ntoraotion A E ls coni'omtded 

with bloctm. fho solutions- f~ tcroa o~ cqttltion C6) lll1tb ftvo 

vnJi.al)lea oro gi v~m bolmla . 

Sl 

bo Cl erond t'lCall = liQl. u~ J'u 

{ 
, k-•L (linear ef'toat of tth fncto:!:') 

2 33 J 
· (1 ~ 1. a • ••••• ,; ) 

I 

btl q -:s---=-k -,
7 

(qa::ulmt!o oi'faot of' 1tb ~actor) 
6\. .L 3 -2.. J 3 

(1 ~ 11J2 ...... :.5 ) 

tlllOro k = ; cna C1 ~ 3 = 1. 2, ••••••• 5 > .. 



For clarity end opproe1ot1on 11 w dlseussod 

dos'GDn oi" tho typo f i"or tho Olq'lloratton o~ eooona 
daarco equation ( 3). 'il1o n,..·proacm o.doptod 1s quito 

e~ and czm casilU bo oxtoo.acd to Jl tnctortol. 

<klstgns i"oR tho axplorntlan ot cotlOllil deSl'DQ .I'OV:ponso 

mtrracc. 



PltJCitott (l95l.) do.f1nao o~21Jmts uith f'nators as 

tnctoriaJ. OJll?Gril:lonttJ. 11'" tto adopt thia bpliod dofin1 tlon tbon 

res~ surfaoe toaiilliquos era !!CUOJ:allzntion of fnc.tonal. 

a~. SiDOo tho totoJ. set of t.rentoonta ln tbo eonvent1ona1 

f'a.ctorinl.. 18 tho nat oi" e.u cot1b1Mt1onn of tho tactou tDkep 

at t1xed lavo~ tho mt:!pl& points fom a roctangtJltlr lattiao 1n 

tba: factor spaeo (WQ.so ~1on is tho mmbolt of fhctors) .. 

'lho pbyo1onl lAw rolat1llg tho rosporum tldth tb'& 'Cantrolla.bl.o 

f'aetol!S ney bo rop.r•'!Gcntod by a k-dil:!cns1onal surtneo 1n tho 

{k+l)-M:mcnsional space dot1Md by tho t~,t's mid tho rcsponsa. 

this surfaca is knmm o.s the •.roaponso snrtnca"• t1lo exploration 

of this rosponse surfnee 'f.fiJ:I3 ofton bo ~.rmGd t!DrG otflcS.entlS' 

1t tho concept of thO ro.etorial don1CJ1 118 mctcnlled to 11\olnd.a an:y 

<:onfignrntion ot StJDPlo IlQints ~tover 'dth1n tho fnctor spaco. 

'fha doslgns onitabla for fltt2ng msponso surtaeos,_ ru-st 

introduced bY Dox tllld t:IUson (1951) 1 took advanto~o of tba 

cont1nn1ty of tbG lavols ot tba vartablOs and aa.p1tnllzod on tho 

fact that tbo OJCPar1t:i!ants Ctm bG porfomo4 ~tin~ • ~reby 

um.ng int~t1an IX!Tnilablo nt arJ:1 stnga £'or pJ.otmlna turtbel} 

stngos of tho 1nVO$t1gats.on. In a rec•:nt paper, thla pmbla!t wna 

f'urthor invastigatod by Box and Hunter (1957}. 

It b asSUI:lcd that tho response snrf'aco I1l!lS' bo 

opproJd.Imtod by a po~nl of degroo a: u1th1n tho rmtgo of 

lntorost. tb:nt w, 
2 2 

= f3o lro + ~ XJ. + 11.x2 + ••• • + P, Xl + ~2. .. :x3 + •••• 
3 3 

+P,, lrJ. + ~u "2 Sr •••••••• (J.7) 
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1:!horo 1n tho suo.~scnpt of f3 , the nm.ibor of t1m0s eneh toctor 
nt!l:lbor c.ppeQJ:o is tho appzopriato paucr of that i'octo.r (Oll(l x

0 

1t1 convonttcmalJY aormo.a as nnit;v)o f'.ha notations ona tomi

nologr of Box liXld \iilson (1951) oro used but tba valuos of tho 

lCJu tU:"O m:tbjoct to tho sea.lJ.llg eonvontions ( Box tmCl Bunter, 
N N 2 

1957) u~ ~ = o.. ~ Xm = u for all t. (1=l,2, • .k.). 

Box nnd nun tar ( 1957) obtninad c gcnoru.l. ElxPJ.'CSS!on f'or vo~oa 

.tcntion of the ont1tmted .t'Usponso for ~"lo <lesign. ·md eonstdorod 

tho .advantagos ot using ttroto.tc.blo11 desiGns in ~- ich tho vartcm.eas 

of tho estimates or 't:bo rosponso oodo 1".l.';lm ~ lao..st squares 

ost!tn.otos of tllo gradtmting poJ.vn,o'lllal (·l:l) -~ co.ns~t .on ~roles. 

spboros ond 1\Vpe~pboroD llbout t~ cent;ra of t2w d.os1en. 

5:bey proved. that t.hO .nocos~ Qtld cuf'flcient 

aondltion for tha design to bo mtat®l.e of o.rdor a is tmt tbo 

ganorotin& tunet1on V> of tllo CO!lODto. upto Ol:dor 2d,. glvt!ll by 

~ N 2d 
Q c::~ fJ ~ (J.+tl.xlu+ ta x2a + .,.a .. +tzt xkn ) , 

-1 ... -.(18) 

sboulii bEl ot t.ba fo7Jll 

Q= 
d. a 2 as E n.an < tl • t2 .................. tit ) , (19) 

-J-. 'X? !;;'-,., 
tili~ o23 aro -conat:mts independent of t 1 ,t2 ·, •• ~ ••• ;t~ 

D<motin:s the lll0l3e'llts 

(18) Dild (19), that for rototibil1t.Y of oXdcr d,. it is nacoas~ 

nntt snft1C1en t tba t 



-· 
«, oe,. "'" 

(J. • 2 1 ........ k ) "' o 1t ono or lllO.t'O O(L .ora odd• 

K 

11ct -'i'-:::~!----0(-,-lo i._._, --

2 "- .1r (fOCi) 
I= I 

it all ot'( aro own. 

' 

whore 0( = o<1 + oc2.+ · ·· +'¥'~ 24 mld A ex. 1o .1 co.tlGt lllt dop.ond1ng 

on o< • but independent 91' thn u::q m W.ict.IO{ is pnrt1t1ono(l tnto 

o<,, "'2 , ..... _, oc._.- It tmsr btl notad trot ~0=1, sinco :z0 -= J. tald 

/12. = J. by tho ~ cenvaltlon. A (11at1l:lot1on is llllldo 

oot;roon nn ttar~t" and a #dOl.tign,. 9t or®r d~ tho tercer 

~g Q1:t1' ~tian of .sattplo tlQSntn. SltisfY!nz tho ~~ 

mao.upt l_)roport1es, and thO latto.r bc1tl8 en nrrangctlOilt 'ttbi.ch also 

vomits ostiO'"'U<m of tho eonst::nrts 1n ttlG dth order Pt)~nl 

(~I. 

SllpPQso. ln tho ~tal. tnvastl.eo.tion with k 

facto~. N combinations of lmrolo ~ et3Ploycd. Yi"lllS till group of 

n ~to ubioh ancws em bo 4o.sarlbod by tho D points 1n n 

~cna1ona1 spaeaa 

( li'Jnt ~ ......... , b ) (20) 

( u :: :t. 2, ••• ... ., Nh t:rheze Jn tllo uth OJJPGr!ment tbo tootor 1 

is at lovol. Xiu• fllls sot of points (20) ts Sllid to fom o. 

rotatable d-...s!8D of' the secoill'l o.J:dor 1f' tbo tol.lmdng ro.lat1CI!ls 

hold$ 

(A) 

(C) 
(1 /!. ~ ) 
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&ld. nll other SUtUJ of powers tUll1 prcC!ncts upto nnd ino~tne 

order tour are zero. The rc~ttan (C) • ~-.U"OS too ost!l:!.3tlcm 

or tho conatcnta 1n tlltl SOCOlld degroo poJ3no::!1nl. :i!his. condition 

etlll ahroyn oo ootinrtcd m01'033 by o4d1ng atleast ana point at 

tbo contra of tho dasien .. 

Chen presenting rotntnblo- lics:!gns, tt is custo:;mry to 

"sc .... lo." tt.. Dy this ~t 1s r.:O!lnt that tho sc:llo of tho coded 

controll!l.;lo varlnblos 1a a.~o.mm 1n sa.e.b Q u:q that >.2 = 1. 

'Zho rea~ for tbio is as follows. Given n oooond ardor rotntabl.a 

eostcn with a cpod.f':lod. ~nlno or fl4f?,~ • thoro oro an.1nfin1ta 

tll:l:::lbor of values posslblo i"or 1\z>O • Sina.o thane acsS,g® ¢on 

ba dcrtved on.o fl:otl ~thor mu:o]3' by eb::IIIga of ccalo, tro do not 

raac..r(l tlle:ll no dlff'Ol'cnt. '.fbt:w t1!0 f:Ctll.ing condition 112 =l ti~s 

n l'O,rticul.!lJ;> dosign Old onall.lon Pottm.- C'O!:;;arision botweon too 

1i£!li.ZM bnvine dif'formt valu.os of >. 4-}>.-:; .. 

tot (xl ,2r2 ...... , 1k ) bo a point sot and lot 

Cit oo tha cyalitull. grouy;. of order k, that 1o • tr.o eroup of 

cycllcal ponmtnt1ons o£ It olcmnnt.s. · ~lmS, wo b.ava k" ,point sets, 

by opa.ratinJ upon Cx1 .x2 , ....... 1xlt.) • gtvon by 

( %2 .XJ .......... , ~ ) ' 

• • 
• • • • 

0 

( xk ' xl. ••••••••• ~l ) • 



Jl 

cat tdll e1vo ;}1-.pOl'l.imtntions of tho rom (! ~· .t ~, ..... , .t ~) 

1f nono of tt.o ~ont:J 1& Zo.t'O• \:iben tl'.oJ.'9 oro k factoRs. tho 

nt.ml~ of' couat.;nta to bG cstir.nted i'oR o second ordJ:Ir po~1al. 

is 1 • k + k + kCk-:0/2 or k2 + 31t + 2 /2. For 4:;;. k ~ 7. t:a

hnvo the folloving tnol.ot 

k I 4 6 'l 

~ de~la prop!lt'ty for o ~tialllJ.V usafUJ. 

dos1e:n iu thnt 1t nhould not contllin oxcet~sivoJ.y lll.t'8o mmbor ot 

oxpor1oantal po1nta.,. ~obtain o dooign consisting of a number 

of points equal to tuioo the nuobar -of constllllts too ba ostil:lntcd 

ws roatU'dOd as o very dooir.lblo Mblavcmc:nt by Dnlper (1960). 

tlrapor (1960) conntl'ttoted SOCOlNl prdar 1:0tlltabla deotens ~th com 

thtm tl:u"oo tnatol'.'S by taking SS'I=!Otrtc group or ol.alanta of tho 

point sot tx1 •Xa ...... , ~ ~. 'tho total nu.:::lller ... r points 1n 

too douign "t.-tith k .tactors 11111 bo k J". '.alas tho rOO\lotion In 
k 

totd tlll1:lbor of points by t.bis r1ot00ll 1.a (k!- k )2 , uhicll 1o 

danlrllbly a V'i.J:Y good ~ant,. Of courso. tho exploration or 
dosicna by tbie :mGttl'Dd boco:l:lns dU'£'1cUlt u1tb more that.l six 

factonr, but eo nll discnss hOl1 too d1f.t'1cult1oa con bo ovoreorna 

by proper r..oloction of 1n1 tio.l point sat tn ease of' evan nutlbor 

or fllcto.\'S. 

postcsns with four i'aetornt= 

l..ot ( n,b,o,.d) bo a po1nt cot. thOn tl.o cyclical eroup 

c4 otltn!.n.cd by tbo eyolicol pomutations of 4 olcncnts is given tJy 
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<o. b, o,._ d ) 

(b, c. a, a) 

(o,. d~ n,. b ) 

ca .. a,. b, 0 ) 

Sld the l6 po~ of C;t d,.! a,! b,.,! e ) 

As thor<l o.r,-.. two typos of i-1~u4 U. ~ 3h ~ 
relation (B) given 

l6 (a4+ b4+ o4+ il~ c 3 ~16(~- b2+ b2<:2+ o2d2+ d2o2)1 

a 3 i ~(a2e~ b%2+ J1n2+ ,,213~ I 
.......... (21) 

2 2 2 ~ 2 2 
Lot a = o d .. -b = t d • and o s:tu d ,. then (21) gives 

······-·· (22) 

a t + u t + u + s = 2 (ua + t ) •••••••• (23) 

'Zhcso ttso c<r~tions (22) cna (23), 1n tl-.. 'C\l 'lll'llmo1.1n var1ablen u,. 

s ond t lrl. ... .J i'Um1sb infinite positive sollltions. for ( u • a. t). 

Coomctrieo.J.ly tr.1s c.nn ..-o vimred 118 p:>1ots of 1ntn.rr-co.t1on, o.t 

tho sarfaeon (22) end (23). J.yme 1n tt:o first (i.o. pos1t1vo) 
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qut~tlnmt 1n throe d!nc.ntdonn. For tnstnnao., the donlgn eitb 64 

non-ccntraJ. points ts obtainOd for tho colut1ons u =r 3 + 2 vj • 

scl..,mult=:t. 

li~ e:ny ono of u,s. llild t iEr zero. tbo ~lltll.tant 

t1asie;D will eontrd.n 32 points ul:.i.ch la dooimb:lt o eood acbiav<DCnt. 

'lhero nro on~ tl:o dotl1gns \'11th 32 points end solutions ror theso 

donicos crctt 

Dosie:n ls u = 0 Doslgn 2t u 0 3..13'120 
$ 1:1: 1.68125 $ = 0.59480 
t = ;.2'1452 t = 0 

'fil.o dallt::nn td. th tbO soJDtions a = 0 • Ji =r 1.68~ * axa1 t = 
5.2'1452 ui u bo roga1"12od .au tndontiet.tl.. U!.tll ~gn 1, sinco 

cil:lp~ by des1znating ~as z3 8%l4 s3 as~~ cat tho Glll!lO 

dott$,gn xnntrtx. fbo dos18Jl.S pmsentoo 1n this ch:lptar ti!ll give 

n~ vclnn of 1\4 ( i.o. 71+/A';. = k/ k+ 2)• bacauao tha 

dasiBD points era equidlBtont froo tho centro of tm design. <ro 

satini'Y tho rollltton (C) • o.tlaast ono point 1s to w ruLed nt thO 

centro of' tbo daslgn. 

llostc;nn Ji!! tb ftvo tas,tow 

Lot (a • b • o • d " o ) bo n point sot than tho 

eycl1en1 group <=; U 

ta.b.o.,d,o), 

(b.,c.d.o,..n), 

(c.,a,o,a.b), 

( d , 0 • ll • b • 0 ) 

(a.n,b.,c.d). 
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'.i!o rodllee tho size or tbo ozporS,aont_. n nu1tabl.Q 

i'ractionnJ. replica to ccn roploco tba fbll. tnetortnl. S~o a 

oocond ordor nomant .matriJt idontleal uith tbnt of tho fUll 

factor1n2 will bo obto1n0d uitb any f'racttonnl roplionta oi" the 

;/!- deaign in ujlieb no ma1n ofi'cota end two ftlotor J.ntoracttoxw 

aro coni'oundad. 'lhorofor611 solact that fracti.onnl. rop11ente. 

fo.l" k > 4 ,lubich ai'taot:s up to second otdor IU"O con.founlldl on~ 

with tJ.l11'd, or higher order of'~oeta. Hare,. 1i' all the olmrlmtz are 

ditt'eron~ from zero. tbo resultant dosien llil.l contain SO points 

by takin& h:lli'-rapU®tos oi' tho point-sots of al)• But U' ono 

or ooro olo::ronts nra zoro than obV10UD~ tho full tnctortalis tc. 

be talmn. 
N a a 

As thcro ora two typos of ~ lli.~u ( 1 /: 3 ) , tho 

ralat~pn ta) .~1vcs 

32 (a4+ ~ + o4+ (j4+ o4) :: 3 ~ ~(n~2+ b2c2+ e2d2+ d2a2• o2a2>J 

= 3~32(a~a. b2d2+ c2o2+ a2o2+~2o2) I 
.......... (24) 

Lot n2 =u oa. tf!. =v o2 , o2 = n ~.ana il:: t o2
• then 

(24) gives 

u v + v n + s t • t + u au s + v t + u t + s + v ...... (26) 

'fhooo too e.;uationD (25) and (26) 1n tour "Qlllmoun vartnbleD v, 

u., a, and t '111ll tumish infitG positive solutions for (u,v,s.t)., 
4:o, 

For J.n.stonco. ~ .. :5 = 1, ~ = 483396 end at = 6.02299. S1n11Ar~ 
4:0, 

wbm,.:S =a. ""= 6.716.340 end tJ = L269011. 7o coot thO dositablO 
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property o.f cot.ti.ne tlon!GW ·ws th JJlsSIU' X1Ul:!lbal1 of Ol1P01'1nantnl. 

pointo, wo present ttroo 61fforcnt do~ !dth 40 ~tal 

·po!nto. 

Doai~ no.lt 
u = 0 

v = 1.422080 

B = 4.?69220 

t = 0 

~ ao.aa: 
u :: 0 

v Cl G.~ 

0 = 0 

t = 0..422090 

Dau1en Uo. 3t 

u = 9 
v 'C o.?03l62 

s = 0 

t ..:: 2.36Ba4a 

DoslBnS vi tb s1% fo.ctors:-

Lqt (a • a ,. b • d • o • d ). oo n po!nt net than the eycl1Ca1 

gronp C6 is 

<a.a,b.,a.o.a), 
~d.b._.fl..o..a,.a), 

(b.a.c.d.a .• a) 
' 

(d 111 o 111 d.a 111 d 1 b) 

(o.a.a.d 10 b .• d) 

( d ~ ll • d • b • d • 0 ) 

I 
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By taking half replicates of' tho point cots of c6., tho resultant 

K 2 2 
dos1gn li1ll haVe l96 points.. ~nere being two types or r x1 lC4 

U..l U o~U 
( 1 1: ~ } , the relation (B) gives 

32 (a4+ b4+ e4+ 3d4 
) a 31 ,32 ~a2b2+ b2

e
2
+ e2a2+ 3Ctt2~ I 

I ( , ) l 

= 3~32( 2 a2d2+ 2 ~d2.+ 2 e2d2) I 
..... (27) 

2 2 2 2 
b = t d .. snd c = u d :, the oquntion (2'7) 

gives 

u2 + s2 + t 2 
.. 3 = ;6{ u .- -s + t ) • • • • ....... .... (28) 

u s + s t + u t • 3 = a c u + s + .t > .............. <29) 

'lbesa tt.ro equations (28) nnd (29) in three tlliknmms u~s, and t .. 

tlill fbmish infinite so.t1es of rotatable designs ror .oach positive 

solution of ( u • a , t ) • We will dasortbo thO goomotr1cal 

procodUro to assess qu1ekly and easi]V tbo solutions for u,s, and t. 

Changing the origin or (28) and (29) to (1, l., l), l.a. 

())) ... u = u 1+1, a= s• + J.,. t = t' + l• the equations (28) ond (29) 

reduce to 
1. 2. ·2. u + rJ + t - 4 ( u• + s• + t 1 ) - J2 = 0 •••• (31) 

u• s• + s' t' + t' u' = o ···············~········ (32) 

'lhocquation (31) represents a sphore baving Cfllltro (2,2.2) and 

radius: equal to 2 6 and tba oqunt1<m ·(32) roprusents a cone 

having cutes as tho emerators. 'l.'ha equations to any generator 

of (32), l1lloso direction easinas are ~.n, ,are 

u'/1 = s•/m = t'/~ = r ••••••. (33) 



J.n1 point on this canemtor (JJ) uhoso diatanoo s:rom 
origin 1s r, 1u!l co-o.td!nntan u" c 1 J:" , a' = o r 11 t•= n r ,. and 

1£' 1t is to liq on tho sphere ( 31)" then 

r
2 

(1
2+ r:J2+ n2

) .. 4 r ( l. + n + n )- l2 = 0 ·-·· (.34) 

Uott ( 1 + n + n l 2 = 12 
+ m2 

+ n2 w l o + m n + za 1 c 0 

=1 

'i'ho.roforo l. + m + n = .;t 1 • 8o tho oqnntion ( )4.) reduec8 to 

r
2 ~ r- l2 = 0 ••••••• (3,5) 

For 1 + m + n = 1 ,_ w got r ::: - 211 + 6, and 1 + m • n c ... 1. w 

got 1t a + 2'. - 6. 
llowu' +s• + ~· =r ( 1-+m +n,). ForJ.+a +n =l.end 

r = 6 11 1t rcd1l0Gn to u• + s• + t• J=1 6 ... _..... (J6) 

ana 1 + tl • n = -1 .and r a a. "it ,rodncoo to 

··~~············· 

Fo-r r = -2 onli 1 + n + n = 1, t!lld i"or r = -6 and 1 + m + u c -1, 

we rill cet tho trono tuo e;:uationu (J6) m<l (37). 

'.i!blw~ to find tho pomto of' intal.'Ceetion of' o. sphexe 

(31) ood a eono (32} to GQUiv~t to fine'! tho pomto ot 4nto.

£:COtion of c. pllma ( l.S or ll ) E:ll4 a cano (32) uhoso oquat1ona 

.ore 

u• + s• + t• c 6 I 
u•s• + s•t• + u 1t• = () l ·······~···· (38) 

u• +e:• + t• = -2 I u•a• + a•t• + u•t• = 0 
•..•......... (~) 

Elm tmlhl:mB. ~ 
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B3 asoignlnZ any spec1tiod value to u•, the solutions ~r s' 

tm.d t' coo ansi~ bo obtained £roo (38) an.d (39). Chooso tuoso 

sots of values of (u•,s•#t•) which will elva positive. vnlucs 

fall" (u • s tt t ) uoi.Dg tho equation (.)')). For tnstsnco, lot 

u' == 0 tbtm froo (38) vro co-t s• = o, t• z:; 6 or a' = 6, t• = o. 
ps.tne ( ))) vo gt:t ttro d:OsienS in l92 non-oontral pomts llav!ng 

solntions for u , n. and t asa 

Dos1gn l. I Dos1gD ~ 

u = 1 u = l. 

o = 1 e = 1 
t=7 t=l. 

'l1looo tw dostena m-o Mt &ffo:rent ~eo u1t1I:!atol.v they &iva 

tho So.t:!O 4os1en mntnx. 

Unfortunatol.,V, ....eoause o.r the lt:u:'gG nUi:lber of moments 

to bo balanced \'fhQn selecting dosl.Bn pOillts.- the dooiro.bla 

uch!ovocmnts or eettlng dODigns mth lasso.r number of oaporl.montal 

poir.l.tio la 1"1l1'0]¥ poss1blo to o.ssos idth tL1s oothod with ntml 

tb.nn five factoru.. ~ somo ot tho doM.ens to be prosonted ru:e 

useful. only llhnn lnreo n.uobor of dosi{;n pointn 1D tll.lmmble. 

Wlxm aitbnr ono of u , s, ond t 1n £Cro, tha rasuJ.ta.nt 

danle,n -u1ll hllvo 96 OXJ)lrf.m2Qtn1 points ldth tho oolntiona tor 

u, e, and t o.s1 

Doslen 11 

u =0 

a z:t9+ .J21ja 
t =(9- .j2Jya 

D®le;n 2:1 

u = (9 • J2Jl/2 
B := (9 - {2l.)/2 

t = 0 

s =0 

t = (9 + /2JJ/2 



)!bo::~o thrco (!esiCOrl ll1'0 not different bccan.se tbay giVQ 

ultin~ taly tl".e ama danicn tol:ltrtx .. 

tat ( o • 0 , n 11 b • c • a , o ) bo a point sot~ 

then tho eycl!crol gl"'1lP ~ in 

to .• o.o.b,c- 11 6.o), 

(O,a.,c,.c.a,o.o) 
' 

(a, b • o, d, o 11 0 •. o), 
(b.c.-d,a_.o.,o,a) 

(.o,<I,4.-0•o,.a,b) , 
(-d•e•()l'o.a,.b 8 c), 

( o ,.o ,o .-a • b, c • 6). 

uy t&king hal.f' repllco.tas of' tln point sots oZ ~· tha resultant 

dosiens u1ll tnv.a ll2 po1nts uhcn nona ot' tho ·ollr:lents a , b , c • 

d , e iS zero. But U cno or mora elements. are zoro. obviouslQ 

tbo full to.etarial ls to bo tnlwn. 

2hare ba1nB tbroo typos of' ~~ ~x~ ( 1 /J j ) , the 

rolatlon (D) g1voD 

l6( a- + b + o + 6. • o ) = 3 116( o.2ba,. b2c2+ c"%2+ 4%2• o2a~ 
1
1 

I 
a 3J 'J6(n2o2+ lf.a2+ c2e2) I 

= 3J J6(a2d2+ b2e.2+ o2n2l ~ 
...... (40) 

Putting t;;2c. u a2• o2= v o.2, d2e s 0.~ 02= t aa. tbo oqlmtiono 
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(40) rcdooo to 

u • n v + v a + a t ::r v + u s + v t ......... ....... .... (42 ) 

v + n n + v t = o + t + u b • ............. •••••• ...- (43) 

'lbnso throo equations (4lJ • (4~,. and (4J) tn four unlmotmS 

u,v,.s,t will f'umish infinlto.sarios of .nltntablp designs for 

oooh pos1tivo s~Jn.tion ot ( u,v,s,.t). 'lf> tot tbe colntiono tor 

(u,.v ,.s,.t) 1s qu1to d11':t'ieul.t end uUl bO oxtrcco~ &.ff.loul.t 

uitb J:~Dro tban oovsn factors. 

lie dorivsl d0o1gps upto s1ll factors and noticed tho.t 

tbo mlut.S.an 1'or the -nnJ>nowru:J (1nvolv¢ 1n tho equntions) 

presents dif' 1atl.lty l1ith ~ fcctora.. Aet11n 1 lf -we p:rocood 

with mora tron nov-en tnctoro, it ~ evident tho.t uitb tuo prooont 

cotllo.a,. it ~ll bo rathor ~~ diti'ieul.t out not h:tposs1blo 

to ovolvo noli <W:l1gns. Bo.unvel.~, uo will. <nltlino tho ccnornl. 

pwceauro .ror construction of Co:JignD and later ua u1ll ~ uha.t 

sort of mo61f1cnt!® uill si.l'iplify tt4s p:rocednro. 

Lot the. pomt sat u1 • .x2 ........ lfttl ba tlln genorato.r 

or tho ¢1-cl1cal. group ~· Rota th.nt all tho clCimnto tu.'O DOl\ZOl'O.o 

let Clli'z :f' ) no tho oppropriD.t.o J/2P .t'rnct1ozm1 raplieato of 

tho fUll faotoritll so that no anin of!'cetn Sld two ft.etor 1nter

aat:iona aro con.f'oundc:fl. !:hen tllo tot::.l. tmobo.r of points 1n too 

design 1s k ( l/#:s. it ) .,. as thoro being k poJnt seto. 



-·· 41 

Uhon oll too k olcmr!nts in tho point sot <;.·~~--·•'1t) 

oro lliffarent from e.n:ah othor then tho to.tal tnoo of i;, x~xfu 
(1 1: ~ ) \d.ll bo k/2 or Ck-'12 for oven or odd k, tbo nnn'bor 

oi' tnoto~a. 'fb1s 1a qut.ta ohvioun. 'Rho rolats.on {BJ \!ill e1vo 

.k/a or (k--1)/a o..~lllltiona 1n (1%-lJ unlmotms t'o.t' ovon or odll k. 

'fbo partiatllor co.sos of thin• oro 4:ho dcDiSI18 proscnbld for 

k = 4,,. and '?• 

It is intorosting to note that tho' nutll:l<lr of equntlons 

dopcnda on too auur.atnC!ls and spooing or tho ola:lcnts in tb:i 

1n1t1a.l $)01n~ nat. 'l'ho.t 1s, by a ~udS.~ soloction of tho 

initial. DOint s.at, tt.<J total nw:~~ of eq:oattcns ~on bo :roans~ 

connltlorobl,v .. ~orl:trnntElly., us could imToaUeate a point set tax

evan ZJ.Ultbar ot .taoto.t'S Wl1cb rollncos cons1<la"~la' tll6' total. 

nu:::Ibcr or c.~tions obt=.mod ~ tho rolntlon (3) • 

tot tlW point sot (x1 ,:r.. x2 ._x, ••••·• Xa •• ) be tbo 

ecn.orc.tor of tho eycl1an1 &rOUP ~ uhoro tho (k+l) dG!:lO!lta a, 

E1, •a•• •••• .,:o..t £1:'(1 nonzem d 4ifforcnt fJ:om c::>cll ctbar. Uoto 

tha~ tho oJcocnt x 1o ~J.a.acd al.t.cmati.vol.V at tho evon pla.<;es.. 

fho totul types or i, ~x~ ( 1 1:. ~ ) uill ba (2k fl. 4}/4 

= (k + 2}/2 or (27£ + 2)/4 = (k + lJ/2 1br oven or c.!d k. ftUB 

1a evident s1nco there uill bQ onlq ona type of' ia~Au (1 1: 3) 

at a ~ump of odd stops i'.l.'tm x1 tm1cb ta of tho f'O%.'!!l 

{ 1All:r'l~z ~} f2 ( ~ s2 + ~ :2 • ....... +xi z2) i 



at: Juops of ovm steps) for oven or odd It. F.o:r !rultance, witfl 

8 fc.etors, let (a 11 o 11 b 11 c • c,o • d , o ) oo the point sot 
N 2 2 

then I: 2'1uXju {l,t 3tt:::t¥ of ntcpt~ l.3,5 d 1 is 
1.1 ,., 

...... {<'M) 

N 2 2 
l:tt.Ua the othor tw typ~a of 1:: XiuX,... ot 31l:lPS of tJtops 

\.\• I CI)U. 

anna 4 em 

·I (o.~2+ b2c.2+ c.2d2+ <f-e.2+ 4 G4 ) I l 1 •••o•••• (45) 

'l!hoso throo (44) nnd (4'$) end (46) ~ tto onl,y' trpon of 

f:, xiu -iu ..milo tr..o otlw&'S llill t1n 1u.:;ntieal. vltb one or 
them. 

'lho tot .. .L types oi' i'.. ~uxiu. ( 1 1: 3 ) \d.ll bo (k + 2)/2 

or (It + ll/2 for even or ood tt. ~.~toea,. tbe r;:;J.atton (B) uill 

etvo (k + Z)/2. o ... (k + Jl/2 I'Jl~u...tion.a 1n 1t 1Jilblotms ro:- oven or 

odd k. ~dl .. tho ~ctlon 1n tllo tot&l. ll'll1'!lb0r of cqu...tioos a& 

cu:;.p...red to Ule ~tour> aotho.d 1s t:- (a + 4)/4 = (k- 2)/2 

or (tt-l) - (2k + 2)/4 = (k- ll/a ~or even or o<ttl ft. 'l'ba 

partiattla1· ~e of this opproaeh So tba devie;ns pt'Qs~ted for 

It :r 6:. 



A nocossa17 end sn.ffic1cnt ®nc11 tion duo to Box and 

lluntor (1957), for •rotatib1l1ty0 of ordor d of a i'lo~, ba.!l 

boon p;ooaentcd 1n tho proviOUD ehapto.r. fhoy stwl2,ed tho 

~G!:Itlllta end p.roport1ea of second order rotatablo dos1gno. 

,In a ~t papor1 <l:aJ:d1nor ot al (:19$9) o.xtandcd the criterion 

ot rotatibil1ty to o~entnl dc.oi3DD tor estil:IntiDB rosponso 

snrfneos by tllh'd ol!dor po]3nomi!ll. oqant1ons. 'fbay cOnatmcteli 

tbini ol'dor rotntnbhl fiostens by tnmm1ning roeular ana soml

ragula:r geo::rotrtcal figures. Such dosicns pomlt a roaponso 

snrtaoo to bO fitted .oasil,y tmd provide !1Pbor1callnfoma.t1on 

contours. A tb11:d ardor mtntobJ.o ~ uidu tho i'lttilla of o 

thi.M o~ (1.o .. eubia) snrro.c:c. 

Lot k bo t.bo nu::Ibor of 1ndepontlcnt varlclblco OJ:' factors, 

CIXld lot x~··-. ••t:Xau ba tha lov'ols of tllooa fActors i'or the 

uth oxportmcnt.al point 1n the ~enol. faator apa.ee1 

(u = l,2 •••• .n). Lat ?'?u btl tho OJrPactntion of tho rosponse at 

tho uth ezpar1Donta1 point. It ls a.sstlliiOCl tblt tbG .rosponso 

surfaco cay ba oppx'O$ntod by' o third dogroa po~l1 w1th1n 

the ron&o oi' 1ntorost. thnt ia, 

k 
2: J3.y.{ BtuX~u•lu 
'~J!;J.•r 

...... (47) 

i'bis sot of N points is sold to fom a rotatable- design 

of thiro order 1n k tnetors 11' tho follmd.ng relat1ons b>l4; 

(A} 



= 3i\"" n (1 ~: ~> 

N6 N6 N42 
~ ~ = ... .,.. • :o. ~ • .xk11 = S ,f.,<xtulrju> 

(~) 

' 
(Dal 

' 
6nd ell otbor sam.e of powcr'fl on4 pl'Qdtlot.s uptc ond 1nc:l:nd1ng 

order silt oro zoro.. ~ho .ralettonn Ul:a) end (Da} cn:::uro too 

ostimtlt1on of the toms 1nvol.voo -in thO Wrd aoeroo oqunt1cn 

(4'7). !be crttorlon of l'Qtat1bll1ty tor a third orde:r daaign is 

ehllra.lltorUotl oothconttcnllY by relations (A),. (B) 7 nnt'1 (C) with 

thoir attondcnt rol:ltr1ct1cns, tho .rolat1ons (Dl) C1ld (D2) • 

'lha to~ are tbQ dcsir.lbl.o propart1c.s of en 

oxpermontal <los1cn or order tl, o.s D.dvancred by Box tllld Bunter 

(1957). 

(1) 'flw doo!sn should alla~ tho .ap~Jdtll:JttnB poJ.vnoolnl 

of dw..,rao a ( tentnt1vo]¥ anstl:lOd to be roprosentotianal.l,v 

ndcquato) to ba ast!Qa.tad u1th satisfactory .aacurnoy 

tlithln tho region of Intorootr. 

(11} It sl1o1lld allow a check to be oada on tho ad~y of 

tho assw:;dl poJ3nooln1 equation. 

(111) It should not contaln oxeas:Jivelg ltlrgo n1r1bO.r of' 

oxporitlcntnl. points .. 
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(1v) It cllould l.cnd itsal.f to Dbloeldngtt so tbnt 
' 

eystcmntlo affects duo to lilf'forcnaes 1n o.xparimcntal. 

mnte.rinl or cnvi(llU"l:I.CDt can be ~~ o.Jiofnntad. 

In ti.<ls ah<lpter, tro oro chlat'ly con~ .... mcd to 

nntinf)> the propa.r:t1os (111) tl%ld (tv) so tbat (1) cnll (11) aro 

simu.ltmlcouol,y sat1 oficd .. 

ArrtlDamcnt- o£ tha dontenn 1n bloekas-

A t:n3or d1 4'flcn.l.ty 1n ony o~to.J. procr.<ll!liJ& 

roqUiring n lt:lrea :m:::bor or trtnln in tho !!I.Q1nt0Il.alao of a ntoo.cly 

9J:Porltl.tmtol. cnv1ow:mc:nt. Exportom1tal. ro:sulto O:r.Q trequent]¥ 

b1osod by 1ltlCl'l factvr.s a::s tic.o trends, notorogeno't'Ul raw oator1a.l,. 

dif~ botwom sb11'tn of lX)J:'kors,. ate. Of' eouroo, tho 

biaSing cff'oc'!".fJ or l3IUlh GOUreOIJ of var1nt1on can i:lo rdancod by 

OilSI.U"1ns tt.:at al.l tho oxpodnonta1 trials tll'O l'Un 1n a randOl:l 

order. Eol:OVar,. ~ varto.t1on ana to soma ntotnrD ean 'bo 

ountnatad,. or tmCb reduced, by d1V1&ne tbo d031CO pro~e into 

stll)ooosots or bl.oalw,. each block ox:aprts~ tbo o~.rinentD run on 

a (liven nbift or u~ n pnrtirnthr bntcb o.f ruw r::ntortnl. ~o 

rctmc:o tho b1cs\ng ei'fcct or otm7: 1mtdont1tlod factors,. the 

Q%POX'imcnto aro then .rcndo::J)3 ran witliln tho l>lock. 

Bomvar,. the control. oz tlitfarcnt cnv1ourrA.Oto.l 

conditions 1s not only tho reason for t.mnting to bloek m 

oxpor!n.:Jntnl das1gn. lt1 nttompttna to explore tho rosponso pnttom 

nn on t111kno'Un function of sovoral 1ndopcndcmt var!Abl.os. an 

rurporJ.mentcr's strat;cgy eenarat:os seqnanccs of ~oriaonts that 

i'a:U naturnl.l\9' into ccpamto blocks. Su; .,ono a third 01'dor 

rotatQblo design 1D npllt 1nto tm blocks CUCh that cnc.h block 
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la n COPploto scco.'la ordqr rotatoblo- desir,n.,. ~on .foJ." Oxa:lPla• 

on oxpor1l!tentcr'o i'irnt stop 1o um.a~ to appro1!1.wto tm 

X'O£JPCXMo !\motion tulinn u scoond order pol,ynom~ If tho 

soo:l'Od oraor po]3no:n1o.l. 'is used for th!a Ptu'POSo 10 tho Ql!par1o.cnter 

C!lil doto.roino uhOthcr tha seecmtt order pol,yJ:wm1al 1a acl.Gqunte 

us n raprascntc.tion of tbo WCmom~. 1\mction ~ noting any 

cntdonoo of' luck ot fit. :U GCCCllld ol.'dor pOJsroo:l1al ts <ibsoxve<l 

IDIU~Oi.J.lnto, tho expar!tu::ntal dcaien !n t.Jum ummll.v ~tad by 

the ooecnCl block to pomit ttn ont1l:t-.t1on of' tho eoo£rtc1rota tn 

o third ordor polano::da.l (47). ~ tho ~ortmcntal. p.togrf:Clea 

~gro.o~ scqUQ.nt,lo~, Uilin3 ... locks ot oxpcrtmonte.l. points,. 

cacb block baing scporo.tol.v appraised to provtdo 1nformat1on 

for tb.o MXt XJ~. 

t-Jo £lhllll cl1settss bow tho doiJ1gr.s tl<l1 bo porS:Ottiad m 
orthogonal. bJ.ockinL't arJ.ang()!llents... Let ~ tJo tl'..o nu::-..bar of points 

1n tllO first block nnd n2 bo tho mobor of po:tnto in tho second 

block. Lot 5, bo the oi'rcct or fi.rot bloa:t, &, too oi'i'oct ot 
zeeond b~, and l.Gt Gun = 1, if' tho ut.."'l cl:ioorv,'lt!on r-cours in 

tba lith block, w = ~2 ond f\m = 0 oth01Vlso.. On too usual' 

D.GSU!:!ption. that the effect ot <UU"l'Yin8 out a particular trial 

in ono bloc!t rather tt..:m anotb.ur io ocro;cy to ell;m,.,."'G tho ext:>ooted 

vnluo of tbo responoo by o f1xod mJOtmt uh1ch dopcndo on]¥ on 

tho particular blocks involved, weh ru-~ts 1nflnro tint tbe 

ostinated ~fticlcnts of tho po~l. ora CD:lPlotelg 

indcpcmdant of tho block 4lfferencos tm.6 tbair sto.nanrd errors 

doponil on tho '111tbin-block vaxtnnco on~. 'lllml tlle oxpcetotion 

of' tbo uth obsorvo.tion con be urltton 
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k k k 
~ ~ ll.iu + li_f, ~J lftuXju + i~t.,t?(j.t:arttl3u2ln 

L. & ... (1\:m - ~ ) •• • • •• .... (48) 
w 

If tbo a~tes oi' tho block eftoots G.rC to bel 

tnd!lJicndent oi' tbo cst.1m." tas of tho po)8nO!:linl eoofficients, it 

1s n.q'tdl'l..d tl.wt 

......... (49) 

••••••••• (50) 

......... (5l.) -~ (~ - z,., }lf1ulf3U = 0 
I 

' (52) ••••••••• ~ (zw- zu >xtuxsuxln :: o 

for u = 1.2 end 1.3.1 o 1.2 ......... ,k.. (49) is Go.tlsfied bs tho 

dofinltion oi' ~ lJhllo (50)• (5J.). end (52) aro sntis.1'1od tilth 

on.o CX~.;option, uY tl:. ... i'o.~t tll.:lt (allll ""'fw } ts avuotaut uitbJn 

blocks <J:ld cum b~ ev.l~o rotatable tll'rml.;c::!or.t or points. 

'lbo (;~pt1on is in (51) uhon t = 3• For tl:lio cnno 1f n30= tho 

l1tli:1Lor of L.olnts Clt tho cc:ntre in the first block• and 820 .o

the· rm:::ibor of pOints nt tbo ecntro 1n thl nocona b~. (51) 

bacwlos 

"'l, ~ "'" 2 
"E:.r/ L:lr!u 
11•1 1U '1=11,+• 

•••••••• (73) 

'li1b:.ro tho mn .at!.or..l 1n ttD numorutclr .end eCl'JO:l2nntor 1a tor 

tllo.c... v-"'luos of u in i:~ firDt Plock end second bloCk retrpeotlvolS"o 
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bolp of block 1 h.a.vin.3 <n,_ +-tim) ozpcrimDntal po1nto. In 

~sis ot vartonco. tho SWl1 or squares or 4Erlinticns froo the 

fit~>od S&efLld degree po~al. contains two $0'iJXCOll 0-f variation• 

(1) experitl®tl::ll error, Ut) antl ult.c:k. of ruu. '4o t ... st for the 

.adoquooy of tho nttetl po],ynooinl. the entimnt:a of expor1mental. 

orror 11l needed,. Soootioos pl!OVlsion for on oatll:mto of 

~maental. error ts e.VIlllnbla 1'D:!ln previous OXJtOrii!Iants or CDD 

be obtained f'rol:l repeated obsor\r"tions.. i'o COl:lPM'O the mean 

sqmo:a for "'lnclt of ttt•. tho estbo.to of apm:it:lcntal. ono.r metlll 

5q1UlZ'8 can be providea frotl repeated DJO dbscrvatior:u:r at the 

~tre of tha dos1zn und ts Jtivcn ~ 

Gnrd1nor ot a1 (J.959) Cl.ortved Si'\ttltmt1n~ third order 

.rot:ltablo designs upto four .fnatora. Ik attcopt uoo "''ldo by them 

to ~loro ~ !lm"fllCes uith coro than rottr fo.otCira, chicf]J' 

OO:::onso tho approa® pumned roquirod ~1 vo~ l.l::.reo number of 

oxpcMmontol. points. ho c.ro prononting scc;.ttenttol third order 

rototD.blo dos13Jl9 tlPto cloven fnoton. Biron ~tth three and four 

factors, those dcalgnn contain small mn:~ba.r of 1l%PQJ.ittontnl. po1nts 

ns eo::JP: rad to the dcoiene or Gort"t:nor et nl (1959). \ia arc also 

prosentirrg a fa: non-soquont1.nl third ordor .rotatao)lo designs with 

eonsiliernbl,y G::t~ll Jllll"l ... or of oxporlmcntnl. points. 

Lot Cx1~ , •••• ,xJJ bo a point sat 1n k d1oens1ons. 

end l.at Pk oo tho cytr-ot:d.e g .. -o•rp of' order k, tru:.t to, tro group 



l: with the elements of Pk, provided all the elements are 

nonzero and distinct. Th~ point set (x1 ,x2 , ••••••• ,Xk ) 

d1DGM1ons 'Ui~ tlll1• v elem~ts oi' n and (k- :r) ol~ts oi' b, 

vith l. ~ r < (k • :012.. Then tha wc:notrieal. gtouv Pit ttill give 

c! point coto lly opora.t:lnJ upon (n,nr.:.,. ...... ,f.i,b,b,., ••• ,b) .. 

fho totnl rmJJOr of' DQ1ntn .1B 0: !IJ i' \!bon a 'n.nd b are nonzero. 

Ci''r•''J.nor at nl (19)9) culled tt.ia fienro lid~ 0~ :1t 2fr. po2.nto 

1n k-<limentions as "truncated cubo (r)"• F9r CJt:~plo the 

cttraneotcd cnbe (l)" 1n k Ojmonslons· 1:s [!1van llY ~ .t"ol.low1DB 

point aotsr 

(a,a, •••• ...... ,a,b ) , 

(a,a, ......... ,b.,n ) , 
• • 
0 • 
.. . 

(b,o .... ., ••• •• .,o.,a ) , 

I 

moro o ~curs (k - l} t1rles and b oe ~ o~ oneo. 'lbo totnl 
t 

rm; .bel" of potnta in "tl.-tlncatod eubo (l)" 1n k !IJ 2 • 'fho llol.l 

lmolm k-d1tl$DG1o:n.al. co~, is the fiearo forced by 2k po!nts, 

given by 

( ~ a, o, .......... o ) , 
( o. ~ o .............. 0) 
• 
• 
• 
• 

• 
• 
• 
• 
• 

(O, o, ••••••••••• .to a ) 
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c~r:t' ot •.:!. (1959) diseMTercd tl't..ir-J ower ... "'tr .. tablo 

<lo!d~s 1n ~c tnetors by J.ooot1ns oovm or mro or or2l:.'r..nto.l. 

pointn on each ot tun or JllOl.'G eoneentdc c:1r!JloS of difi"or~ 

nonzero ~. A tb1rd ~ t"'tatc;;tlo de:lign 1n obt<llne<l $0 

l6 r.oints o~fting ttith point set (a • .fa a ) 'Ull1® t..atJ ~Jg 

st:.::.e a pcil..vs on a eircln wl.tb r-...Jhm ..JS a. ~s dosign oontnlns 

(1) e points of' point (~.at t a~ J2 Q ) 11'U'¢n b.? 

(+ a. + .../2 a ) • - .. 
ElXld t+ {2 n , + a ) ·• - ... 

( .! J3.3~5GO a, 0 ) • 

llX1d ( 0 • ,t JJ-3$568 a } ,. 

'(! Jl.6933~ a, 0 ) , 

end < 0 • + Jl...693313 a ). -
2ho pa.rmctoro 1\4 obi ~, for this dt..si£;11 aro givan 

bOlmt for wriaas llnl:1'JJ:'S or ,Po:L"liis ndtlod ct tba centre ot the 

dosien. 5!ha V'•lnoD o.f a2 em .&l::::o given so as to sntiuf)' the 

sealing oomrcntton :£. ~ ;:;~ 11, tho totz::J. nu;.;..llOr oi' 
~-· ~ 

oxpart!:lontal. points,. Also given Q..:t1- t.tv Val.u.US Of 4/6 ~'t t 

wMcb in ae ;e.rdLmeo '!atth tho rclo.tic:m <Da) must a~ be 

oxeooded by ;\" • 



.~.-.~.~.~.-.-.~.~.-.~~-.-.~.-.~.-.-.-.-.-.--~.-.~.~.-.-.-.~.-.~.-no. of centro- n- .total. ' 
po1nto c.ddod .uo.o.r ~4 1\6 1 *i, o.2 

po1nta. 

--.-.--!~-.-..... -.... -.-!~ ...... -~J! ...... ~!!l ... ~.--!5! ... -.-.... i~l.-.-... 
0 l6 ·5261 • 1908 .184; -725YJ2.4 
1 71 .5589 .. 2154 .20D3 .77063.38 

2 18 .S9l8 .2435 .2m .8.159652 

4 20 .6576 .2981 .2883 .9066280 

6 22 .. 7233 .y,Q? ,-3488 .99'/2908 

nds talllo p-rov1dml a bnnla for thQ soloCt~ ~ n ~ usaflll. 

dooien 1n tho sonoo tllot ldtb ~ d11'tora~ces tbo rolationa 

WJ) ond (~) ara 1.Ulti.s.ficd. For 1nDtnnco, 1f tho rolntian. (Di 

1a 'tlcry close to un. oqw1l1ty 11 that iS. tho dU'.f'aroneo between 

colm:ma (4) and (S) J.S tiQS:¥ m:JalJ, tlJen tho lmecr end cubic 

eoatfiaientn nro vary poor~ os:t!o3tcd" (G:ln'l1mr ot al. (1959)) o 

A third ordG.r rotatablo llostan lr,l tb.roo fncto;n;~ na¥ bO 

rou:ma f1'om the po1nt.a of t.bo .tol.l.o.t11ng point :.wts. 

(1) 24 po1nto .of tllo point .sot (a,a, .JO.l2'/0l1 n ) gJ.Von by 

(.! a,. .! a • ~ "o.wolf/ a ) ,. 

( ~ n, .!: J O.J210~ n,. ~ a. ) , 

(!' Jo.'JZIO'J!I a •! a., .! a), 

{11} 6 points of tho point sot ( .,J2.'1P3435 a 11 0 , Q ; 

given by 

( ! J2.~3435 a, 0 , 0 ) 



( 0 • 

end ( 0 , 

o_., ,t J2.?h3435 a ) , 

+ j2."!tt3435 n, 0 la -
(111) 6 ~1nta ot tho point uot ( Jl..l82Y)J n, o,. 0 ) 

glvanby 

( z jl.lB2393 ·n • o • 0 >. 

co • ! Jl.lo2:1)3 ~ Q >. 

( 0 • 0 • ! jl..liJ2393 a ). 

Ul ta a •tJ.'illlOatca cuba (l)" ub1la (11) om (111) 

ara oetnbcdrc. or dif'i'crent rudll. n.a totr:.J.ll1.Irlb0lr of points Sn 

tho ilon1en is 36. ~bo ~c.ron~tcrs A4 cnd ~6 for thi.s design are 

given beJou f'or various nu::tb£3rs of.' points o.daoo nt too centro of 

tbo design. ~oo vnlllos of rl· 81'0 
2
nlso given so that ~~~~ N. 

Also givon aro the vo.l:U.as of 'J/7 ~+• 'tihich, 1n o.eeordenoa uith 

the orollltion <Da) GUilt ~s lJo wccoodad by i\' • 

.......... -.......... -..... -.. -.-........ -..... -.-....... -.-............ -...... -..... -.-............. ..,.-
no.of· ccn tre n, tho total. 

~~ a2. points nddcd lltlll1bc..- of ~~ .. i\0 
points. 7 4 

~.~.~4-.-.-.~.-.-.~.-.-.-... -.~.-.-.-.~.~.-.~.-.-.-... ~.-.~.~.-.-
0 36 .. 6214 .2620· .. 2?58 1.493293 

1 31 .. 63&7 .am ..2914 1.534'773 

2 38 ..6559 .3JA2 ·ll'13 1.576254 
3 ~ .. 6732 .3.))9 .32)1 1.61?734-

4 40 .6905 .3481 .)tiD~ 1.659215 

6 42 .7250 .38.38 .3'174 1.?42175 

9 45 .7768 .4406 .43JO 1.866616 
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'The p~ts,aa.~ usefUl e.osicn in the en<::> ~ch cnn be 

portomed scqucnttal]S'. Constaor the sequant1r.l dO!lien ns bcl:ng 

perfo~ 1n tttO blcclW• tho fi~t block Pomit~ tbo cstJ::rnl).tion 

of tbo coa.ff1c!onta 1n tho aoeond ol'dor :'Otat:lnlD dasien ~ foms 

a nncloU.S tor tho th1td Wdor 3:0tnt®lG 6enign. li> tha socontl orilo~ 

po~ol. in 1nndaquato thco tho so.t cf points comprising the 

second l)Joclt; is tlddefl t.o tho pointn of tho f'irnt bloeh and n 

tbU'd ~Ell.' po~l. 1s ft,ttoft. 

ll'o ft t tho design into ~tial pro!£.rm;m1nth va tako 

tbo fol.Jo'Oing t'l!tO blocks ullora each block consti tutoa o sooond 

ordor rotnta:bla <'losir,n. 

s.Josk 1._ 

(1) l2 points of the point sot ( ra o,. ../2. -n. 0) given by 

(11) 

and 

( .! ./2 o .. .t ./2 a • 0 ),. 

( ! J2 n • 0 • .! J2 a >• 

and (0-.!./in.:,../in ),. 

6 point!! oK tho polnt sot ( ~ a._ 0 • 0) t.::iVOD by 
~ 

( + 2 a, 0 • 0) • -

pllw n
20

, tho .reqninito Zl'l:t:lbor of centro points. 

total m;t;lbo.r of po1r.ts 1n block l. = lB + n 10• 
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Blool~ 2! 

U> G points or tho· point set (a,a,o) ef.von by 

(11) 8 t-oints tw rop.lieating tho aoovo point aot {1) 

(111) 6 points of tho point net ( J3.BJ2662 o 110 , o ) 
BiV<m by 

( ~ Jr-.J.-::-81866--,--.,..-2 0 If 0 • 0 ) • 

( o • + J3.6lP662. a._ o ). ,.. -
and ( o , o • ~ j3.B'l&62 -a ) , 

U.v> 6 JOints or the point set ( )i,e1~ a. 0 , o ) 
given by 

( ,t jl.3!)(1JO'j a -. 0 • o >. 

( 0 • ! jJ..l9070? a. • 0 >. 

end '( 0 • 0 • ~ J 3..190'/09 a ). -
plus nro .. C!"..a roquioit.J nn::lbt..r of centre ];(lints,. 

l'otlll nu:....bar o1' po!nto 1n block 2 ~ 28 oQ> ~· 

~ oquat!on {53) Wlich dotcmines n10· and n
20 

ror 

ortbozonnl. blookina 1s 

•••••••••••• ($4) 

1'ho mpbor of centro pointo 1n blockf~ end ~· 

so os to sa.tisf.Y t1m oquat!.cm ($4) in GLO<m bolou.. 'l'ho total 

rmol:ror of' pointD D ond other dcai(;n pnraoot.cro a.ro also gi.VGn 



-· 
inolnding tbo crluf>& of' n2 so as to satisfY :E ~u= H.. 1llo nnmbw 

ot n..me utrtt,l 1>ints in tho dcnien in lB • 28 = 46. 

--.-...... -.-.-.-..... -.... --.... ..,..-......... .., .. -.. """'·..,..·-· .... -.-....... -......... -.-.... -:-
~ n20 n 

j\4 ;\(, 51" 2 
7 4- Q ... -; ... ·-·-·o·---~-;i· .. ·-:;lS0-... ·:3840·-·-:3582-·-·1:0697296·····~ 

6 1 S.3 .7462 .4147 .. m'/ l.W6798 

7 2 " .1?43 .4466 .4283 Ll51S299 

8 .3 57 -~ .4?n .4600 l.l955BOJ. 

9 4 59 .8306 .5140 .4928 1.23'7S.JJ3 

laitb k = 4• four coquential. tb!rd orde~ rotot®le 

t.oa1 ::ns b.nvo boon obtr.1ncd. ':thaso fc:n:tt' dcaignD lava 72s ll2., 

'12 lltl4 120 nonccntrnl. oxporim:cntol po1nts rospootivel,v. 

DosJ.en utth 72 po1n~• 

A ~entin1 tlW:d ol'dor l'Ototo.blo das:i.BU r:my bo 

f'owed ~~ tl:.a points of tho fl'lli.o1d.nB ttu:eo point sots.. 

W C~ x :P -= 24 points or tha 1101nt oot < ~a, ¥4 o 11 o. C ) 

(lmowll ao •truncated <mho (2) u ) ctvcn by 

<.t-¥4o,.,t~o,o .o>. 

( ! W a • 0 11 Os .t V4 a ) , 

(+~a .,o 1 +~a 11 0 )• - -
( o. ! ¥4 a s ! lf4 o • 0 ) 11 
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Elll!1 (c,.c,.+:u4n, +¥4n>. - -
(11) ~ points nf doub~ roplicatcd point cot (a ,. n $ a ,. a ) 

( i .. o .. n au.AJ. ) given by ( + n. + a. + o., + n ) • ............... 
(U1) l6 pomt:s oi' doub-ly ropliontoo pomt a.Jt (2 n, o. o. 0 ) 

(1.,o .. a ~ ) civan by 

(+2a.o.o,.o>. -
co.+ an.o,.o>., -
( o. o. ~ 2 Q • 0 ) • 

( o. o ., o, + e n >• -
By dblilllo ropllonti<r.; of' p po1nt sot 11 uo ~man twiao an 

obo01'Vst1on bo1nz modo at oacb point of that point set. For 

ooquontia1 p.rozroy:cizl3, the Arst block co:tsist.s of a sot of 

points ot point sot (1) 11 plus nJO tbo ~sits ~ of centre 

pointD,. WhilO tho ooC!QTlil tJloclt cono1stn of o sot or wo•nts of 

poSnt sets (11) and (1Ul. pluo na> tho roqu11lito ntr.lbor of canks 

poiLtJ. 1'hO total. nw.~ur of fJOiats .tn tb.o first block ond eooond 

block oro 24 + n20 onti 48 + ~· 

iila oquntion (53) for orthoe,onal bloclt:S.Xte to. dataminO 

nm ona n20 , s.s e1vcn bl1 

3). 23Cl052 I 48 .:: (24 + ~) I <48 + n20> 

Or .......... (55) 

Given bolou oro tho vnltm:s of tba par•.:notoril i'\4 , ~& 

end n30 • ng, to 011tis1'f tho cqootlon (57).. Also ctvm aro thO 



-a ... 
z ~ = s. t!lo total. mo.bor of pointo • 

... ..,.-o-.-.-.-.-.-... ._-..... -.-......... -.-.-."-,...-.-.... -.-.-..... -.-..... ...,... .. .--•• 
nlG n2C n ~ i\6 

6 2. 
s ?.4-

oa 
-.-..... -.-.. -.-···---~ . .,. .... -~----..-.~ ....... .,.,. .... -............ -.-............... -.-. 

6 0 7B .7314 .406S .40l2 0.996,67 
1 l. 80 .7502 ,.4'?.{6 .4220 :! .. 0225190 

a 3 83 .. 7183 .4603 ,.4543 1.0608691 
lO 6 88 .aa;.a .5314 o5'Jf/1 l.l2477l6 

lt 1;1as lntmdcd to prosunt third OJ."'kw rotntablo d.osign 

111 i'our factors stURtina with tho point cot ~a_a,.n,b) • Imam ns 

11trlmcnted cabo (l)O. lt has tocn fbnnd tho.t; tllc tol.lni11n!J point 

sots oey ibm on l.nf1n1to sorton of third ordar .rot&tablo designs. 
4 4 

(I) c
1 

R 2 = 64 points of tba point sst (n,o,n,b) given by 

ODd 

(ll) 

(U1) 

(1V) 

(v) 

(+o..•o..•o..• 
.... -- - -- bh 

(+o.,+o..•b·• ... ... ... ~ 
n )• 

(+a~+b.+a 111 + .. ... ._. .,_ 0. >. 

(+b.+a 111 +o.,+ - ... .. ... 0. >. 

a points of the point set ( q • 0 .• 0 • 0 ). 

C points of the po1nt net ( o , 0 , o • o ), 
8 points of tba point sot ( t • 0 11 0 • 0 >. 



58 ,_ 

(v1) 8 potnts or tbo point sot ( a • o • o • o ). 

tlze gonorntion ot· points for tho aoovo point sets has 

been il:inatrutoa 1n tho p:rovious dosign ru:; voll ao in tho 

tntrodtl.otiea of this cho.ptar. Tbo vnlnas or a • b , c , d,a • f 

ond 6 arc to IXl ebOscn so as to ootis.tv ttlo rolatlons (A) , (B) • 

(C). end (D). tho roL,.ttons (D), (Cl) • and (c2) etvo tht1 

tollouSng t!m3:o oquattonn. 

48 a
4 

+ l6 g + l2 c4 + 2 <d
4

+ o4+ r4+ rl~; >;: 

3 ( 32 s~2 +- 32 a4 + 41/') 

48 a6 + l6 b6 + l2 06 + 2 ( d6+ o6+ ,6. l' ) = 

........ (56) 

' ( l6 11
4

b
2 

+ l6 a~4 + 32 a6 
+ 4 c6 ) ,. ••• (!)?) 

Put b
2 = p a2 • o2 = <l a2 • 42 

0 u o.2 • o2 = '17 n2, ._2- = .!) o2, 

nnd rl· = t o.2 • then the aboVo threo c\I{lat1ons (56) • (57), ond 

(58) ro.dttco to 

2 2 2 2 ~ 
U + V + S + t a 24 + 4$ p - 8 pG ........ 

' 

8 q3 - 2 ( ul + vl + nl + t3 ) = 16 p3 • &> C n + p2 )•ll2 

....... (60) 

(6l) 

By snbst1tnt1ng tho valuos o£ -q3, .f'm::1 (Gll,. in (6), vo got two 

equations 1n ta.ann of p,n,v,s ana. t, IUltlO]V, 



••••• (62) 

Dy as.at8JlinB a apcetnoo positive V'lluo to p, too 

value of q con bO obt:l1nod tl:oo (61) ~lo tho vttlue.s of u,v,s., 

ond t aro to bo cot ft'Om (62) tm4 (63),. f.sst.an that spooitie4 

vo.luo to p, ullich brtntts ponltivo solutions tor q , u , v , a , 

and t. !00 purposa of taking lnat tou ,point ~ats (111). (1v) • 

(v), anr:'l (vi) (ootllbadra ) 1a to get po,nJ.t1v() solntionsfor u, 

v • s • ana t.. 'loko m1nimlll:l number o~ 1mch point sots vnich can 

supp~ pos1t1vo oolnt1on for u, v, s, ond t. For lnstnnce. Jst 

p = o.thcn tho equations (61), (6.2) and (63) reaucc to 

••••• (64~ 

••••• (65) 

ul + vl + s3 + tl = 12 

It cen bG saon that by taktnz only blo point nota 

(d.o,o,o ) and ( o10 010 o, o ) , tho postttvo solutions tor u and 

v in not posniblo. But by adding tl10 points of tho point sot 
. ' 

u,o,o,o). it ls poas!blo to gat; tho posltlva solUtions tor 

u.v, an4 a. Tho so2nt1ons for <hu,v, and s oro 

v = .3.432456; 
8 = 2.8667477 

end obvlousJ.v t = 0 



Tbns, tho raault!l.nt ao.:lie;n in l.l2 nonccntml. 

oxporlr:lc.ntu.l points can oo fitted 1ntp saquontiaJ. pr. g~ing by 

tnkint:: o not of points of po1nt oat (U) • pluG n 10 tba roquis1to 

J:IUr:bor of contra pomta 1n tha first block. i'ho sacond block 

connists of points cbt·.~.1ned from tho point sot~:~ (1), (111) • (iV) • 

and (v), f'lns n 20 tho rcqu1slto number o.t centra points. 'lhO 

totnl.ll'relt..cr ot pointn 1n too fil"st blook Sl4 tho ~cond bloelt 

Ql:'O 24 + ll3!) !lX1d sa +~lao ~npoat1ve~. 

5!ho equation ($3) uh1eh ozptosson tho ortl:loJonal 

blooJd.DZ in 

l9.04<l81.32 I 64.,.5984084 = (24 + ~ I CBS + rzoo> 

·······~······(67) 
2. 

fbo values of o.10, ~lag • ?~, > ?14 end 6/8 ;>.4 aro aivcm 

balo<a. Also given oro the valnoo or e.2 m tis to snt1afST 

"E. xfu = Il, tho totol tlll!:l.J).or of points.,. 

nlO nro n ~4- )16 6 2 
g~4 

0..2 

.... -.-...... ~ ...... -.............. -.................. -........ -......... -......... -.......... ~ ...... 
a 0 lJA. .6656 .35;3 .. 352$ 1.~21?66 

2 l llS .6916 .3635 .J')PQ 1.3'14821 

3 4 ll9 .:JJ51 .~l. .384~ 1.422641 

In tho obov_o d(}Sicrt t1itb ll2 points. tro notteed that 

tho pointo or too point cot (a11o,o,O) 1o daub~ rot-licatoa. Of 

oourco, 1t 1o posDibla to dorlvo dcsien uitb singlo replication 

ot too point ocfl ( n.a,a,o ) b:lvinB :32 PQ1nta, in con3uot1on with 



q3 = 2 

u = 3.2474U 

v = 1.20$9;2 

QII.ii cbviounl.V n = 0 1 t; = 0 .. 

Anothor 4oalen ts obt..,tnea Sn l,20 points by putting 

p = lt 1n (61)• (62). end (63). ~ ~ttmt tllroo oqtmtions 

ql = 3a 

u2 +. ~ + r/1- • tf!. -= 64 

u3 + v3 + a3 + tl = 256 

~bo eolutiona f'o'" u , v • -o end t QrO 

u Q v = s c t = 4. 

F'oJ' ~ .6tll1w.J_ 0~ !lX/}~tp.t.lOll,.. ttlo. ~t. b.le!:k. 

cons!Dts o~ tno poinb o~ point sot (U) pl!m n10• tbo ~o1to 

-nunlle.r l)i' ccnm pomta and. tJle. SCC9nd bl.o$ CCJ::~~op pf: ~iflts 

of point sob (1) nru'l quaBl'uplieated. point ee,t (2 o.,o.o.o ) plns 

n
20

,. too ~ssto m:t:lbor o~ centro. pohlta. ~ point sot (I) 

la nothitlG wt n ~UC>ltoa potpt cot ( ~.n,.n,e) ,.U .• o. o cuba). 

2ho total Dll!::bor of' pomts -Sn tho t'irst block- &:~d socona block 

are 24 + n30 Cl1l6 96 + "20 ~tivol;r .. 

flle oqunt1on (;3) ttL.ich o~soos tho orthoeona.J. 

bloc!dng &a 
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point sots (11). (111), and (iv). 'fb.a soJ:ntlons for q,u, and v 

oro 

q3 = 2 

u = 3.247411 

v = J..2059S2 

Gnd ·obviousl.V s =·O .. t =- 0 • 

~ rosultnnt desi.gn contains 72 non-cEmtral points. 

Another desiBXl 1s Obto.inod in .120 pointe by putting 

p = l, 1n (61), (62) • and (63). ~e .resultant t.broa equations 

aX'O 

q3 = 32 

u2 + v2 + s'2 + t2 = ~ 
u3 + ,3 + s3 + tl = 256 

:roo so.lutions for u • v • a o.nd t ~ 

u =· v = s = t = 4 • 

For tw stage~r of axpo11.mento.tion, the first. bJ.oclt. 

consists of the pointo ot point sot (11) pJns n 20• the requlsito 

nuobe:r o:r cootra points· ·and tha sacol!d block eomprisos 'Of· points 

ot point set (1) and quacirnplleated· point sa-t (2 a.o~,o,o ) plus 

n
20

, the requisite number of centra· points. fha point. sot (i) 

is nothing but a quadrupl1eated point sot ( e,a,a.a) ,(.i.e. a euho) .. 

~ total m:l!"'.bor of poin,;a ln tho first. blo'ok and soeond blDok 

am 24 + nJO ElD.d 96 + n
20

. respoot1ve]3.,. 

~ aquntion (53) whiCh expresses tho orthogonal. 

block1ng 1s 
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JS.OW624 1 96 ., (24 + nao> 1 <96 + 11z:1l 

Or ncn ::: 2..5198 n30 - 35.5238 •••••••• (68) 

2. 
Balow oro given tho vnhtas of n 30 .. Dro• 1'14 , ~" , 6/8 /\4 

end a2 so that L ~ :r a • 

.., ........ - .... - ..... - ................ ljii ... .,...-.-............. -.-......... - ...... - .... - .... - ....... 

ll.JO Dal B ,':\4 :?IE. 6 2. 
g 'A4 

a2 

.... -..... -........ -.-.................................................... -.-.-.... -.-.. -........ -
14 0 lJ4. .7/74 .476t .4532 0.9992'/20 

l5 2 131 .?948 .4918 ·41:!7 l.02l6437 

l6 ' 141 .a~ .?552 .5018 l.05l4?28 

%1 7 1M ... 8.354 .5503 .5233 1..0738445 

A tb1~ order rotn.tablo. dml1 :n in· f.'ivo i'noto.rs tlaY be 

pcrfomed SQ1iUO!ltin~ 1n tho fol.l.otd:llg ti:Jo blo•~lts. 

Block l. 

(1) 32 points of tho poJnt sot (o,a.a.a.a> givOD by 

( _: n, ~ o,.. .: a. j a • .! a ) • 

(Ul 
S/4 

JO pointu or tha point sot ( a a-. o , o • 0 ., o ) 
clvon b.V 

5/4 
(~2 a,o,o.o.o), 
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'J/4 ( o, ,! 2 a, o, o, 0 ), 

lij/4 
( o, o, + 2 a,. o, 0 ) • -

5/4 
( o., o., o, ~ a a,. 0 ) • 

5/4 
( o, o, o, o. + 2 Q ) • -

Plus n20 tho rc<nl1fli~a fl'!lllbor of Q41ltra points.. fhe totnl. 

nunl)ar ot patnts in block 1 a 42 + nl()• 

Block 2. 

·li J ~ i -lr 
(1) OJ x 2 = 60 po1nta of tho point sat ( 2 tl, 2 a,. 2 a, 

0 , o ), given by 

i ~ t 
( + 2 ~ + 2 a. • + a a., o, 0 ) , ... - -

~ i ·i 
( ! 2 a._. !..a a • o , t 2 a .. o l, 

<it t II 
( + 2 a, + 2 a , 0 " 0 ,. + 2 a ) , - - -

~ i ?t 
( + 2 a, 0 • + 2 a • + 2 a, 0 ), - - -

~ ~ i 
(+ 2 a, 0 .,. + 2 a • 0 • + 2 a ),· - - -

i i i 
(.,! 2 n , 0 • 0 • ! 2 a • !;..2 a ). 

* i ?t ( 0 ,. + 2 a 11 + 2 D ,. + 2 a , 0 ), - ... -
?. t i ( o, + 2 a 111 + 2 a , 0 , + 2 11 ) , - - -
/1 i t ( o, + 2 a , 0 , + 2 a .. + 2 a ),. - -- .... 

?t * i ond { o, 0 • .! 2 a • ! 2 a , ..t 2 a 1. 
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(11) c2 x :i! = 40 points ot the point sot ( 2 a. 

213 
2 a, 0 ~ 0 , O).d¢VeloPable as desartl:.ad above, 

(111) 10 points o£ tho point sot <J;.8693939 a.,o.o,o,o ) , 
devalopablo an described in point sot (11) of block l. 

(1v) 10 points of t11e point set tJ,.9225051 n,o,o,o,o ) ,. 
pJns D.2o • the ~site zmtl~ of' c':ntro poblts. 

~he resultont dos1GU coott.1ns lB2 non-central 

oxponmcnto.l. points ~lo tho value~ or nlO tmd na, oro to be 

closen so uD to satisfY too condltton tor orthoconE.Il blocking 

(53). Again, the .sez;ling tnctru: a, 1s ebosen so th!:t 'I: {u= N. 

!ffl9Uent1al. third order rotata.:~la do!1gQ in silr frlctors&-

A scquon·lo'f.nl. tb!ra ordor mtat<Wla design ln sia 

footorn co:nm.sts 1n t>erfotm1Jlg ~entu 1n tho fol.l.rnt1ng tw 

blocks • 

.alock 1. 

(1) 64 points of tho point sat (l:ha.,a,n,.a,a) 

{U) l2 points or the point sot < 2 x a* a, o,o,O',o,o) • 
plus n10, tba raquts1to number of acntre points .. 

'fho total. tmllber of points 1n block l • 76 + ~· 

l/3 l/3 J/3 c1 .x al = 160 points of the point sot (4 a, -4 a, 4 a, 

o.o,o) Ct.o. ~ ns •truncatod. cube(3)•), 

--- . ----------------------------------------------------



(11) 24 po'i.nts .:Jf t;t,o do·- uJst ret; lic'ltea 1-cillt oct 

i ( a a,o.o.o,o.o,o) 
plUs ~· tho requ!alto mmbor of ocntre r..olnts .. 

the total. nu:nbor of J;l01nts 1n blocll; 2 c:: lB4 + Dm• 

Tho .l'asultcnt desicn eont ins 260 non-ecntrnl. points 

ana tbe vt.lues of nm• 112() ora to be detom.inad froo tho 

ortbogonaJ. block.in3 condition (; 3), ~o valno of a, tlla sea.Ung 

factor, ia chDscn so that :I:~ -:, D, tho tot4l nu:i::bo~ of' 

OJtPCr2mcntnl. points. 

to rctluco tho size ot tho oxr;a.t1.mr;mt, n snJtablo 

tro.ctional ~plicr.to '08ll replaoo the fnll fcetortr.l.. Consi.dorablo 

oa.vmgs uora dooo.nstrntoti b~ Los and l:Imltcr (J.957) 1n tho oaso 

of second order rotntnblo dcaigna by tho usa or t'.root.lcnal 

ro~l1eat1on to~ k '74. Sinco uitb k >4,. too main off'oots and tuo 

f'o.etor intornctiena arc confounded only u1 tb tbS.rd or higbe~ 

order offect:3 Uhon frl:ot1cn~;~l .~ci; l1cat1cn in u.sca. But for a 

thirtJ ord<U rot<ltnbla dosS.en. tro !lUSt bava at.Jovnt savcn tootors, 

to mnko usc of fractional ropl1oat1on. Siuco with It>7, tba 
( 

off'oots uptc. or<lor throo oro <:o.1f'()Ut2doa on]¥ ,_ th fourth or 

Lighcr ord.o.x: oi'tocts. 'lbo holf roplloat~- ot po1nt set (a,a •••• o> 
in k fo.ctol'S is the lmlt ropltoato or th<l it dcroicn \4th lavols 

+ o. ond - a. 'i:io uill \roo t.t.o usual. tnotvr1al notation i /'-
to denoto tbo bali' ropl1aato or n point sat (o,a, ......... a) 

which confounds of•·ooto upto ordor tbrea u1 th fourth o:r higher 

orllsr aftoots .. 
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A seqUent1nl th1rd oraor rotat:lblO dcoie;n 1.n seven 

faetoro oey bo paribl.ned 1n two stagos of oxpartcento.tion by 

takine tho tol:.toutng two blocks. 

Block 1. 

U) 'k i' = 64 points of the bolt %'QPl1entod point oot 

( n • a • o. • n • o. ·• n • n >• 
(U) l4 points of tbo potnt aat. ( ../?.'542!J72 o,o,o,o,o,o,o), 

(Ui) l4 points of tbe point ®t ( ../2.66'/7BS o,o,o.o.o.o.ol. 
plus n:m• tho requt£11t9 n'lJI:lcbor or oontro po1nta. 

Block 2.; 

(1) ~ B a3 c 2BO points of tho poSD.-t uofl ( a*o, iJ:a, a*n• 

o.o,o,o} • know as "bwlentod <mba (4)"). 

pllw n20, thll rcquiatto lltUlbcr ot centro points. 

Too totnl tm"'hor of po1n-ts in block 2 = 280 + ~· 

'lho ~mltnnt dooicn cont..lns l12 non-control. points 

and tbo vnluos of 11m,. ~ OX"e to bO dotominacl co aD to ant~ 

tho eond1t1on of ortbogonol blocklng (53). Cmoo a, tllO scaUng 

fDCtor 00 that 't: ~ l:ll N • 

ot nrootor mtcrost oro thoso potnt sots vb1eh t~ey 

rom ooquontin~ ·thU'a oraor rotnt:lbla dcs1eno 1n oovon factors 
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ana ocy bo oxtondod to mora tlmn seven faatvrs. ln do~g eo, 1t 

l1~.s iom6 tbllt tho follotdng point sets constitute saquentlel. 

third order rotat@le ao~gna upto alovon factors. 

_k li.'-1 
(1) t a- :: 2 points of the balt ropllaatod point set 

(lfi) C~ X al::: points of the point 'a~t (~.o,c,o,o, •• ,o)• 

wboro c oeeurs 3 ~ ona com o!curs (~3)t1mos, 

(iv) 2 k points of the point set ( d,o,o, ....... o), 

(v) 2 k points of ti:e poln~ sat ( o,o.o ••.•••• ,o), 

(vi) 2 It points of tlla po1n~ sot ( t.o,o, ••• -.,o). 
(k-l)/4 

(V11} 2 k poitlts of too pOint set ( 2 a,o,o, ••••• ,eth 

For a daoign to bO par.fomoa saquent1tllly, the firs~ 

block concists of o sot of points or the point ~ots (1) end (v11) 

while tho second blockD contntns a set of points of tho point 

sots (11). (111) 1 (lv),(v), ~ (vl) •. 

Tno moments of tl3a dott1gn upto order six ara g1van 
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6 ~1 6 6 3(k-1)/2. 6 _, ~ _If. 
~ %! ·;;: a ( a + l) ) + 2 ( 2 n + d-+ o + !""') 

k-1 3 6 .o-c2 a c 

ona all othar sttnm or .P<>uers end p.-oduet!¥ upto Cl'll6 incJuasng 

ordG.r s1x nrc ooro. 'l!JE) values ot o.~b~~·,a•o• and r arc so ohoseo 

tho.t tbo rolatl.onsb1ps (A) t (B) • (C) • mil (D) aro satisfiod. 

TbB rolo.t1orulh1ps (B) • (OJ} • ood (Cal etvo 

2lr.-1 < n4+ b4 > + a cak-l c.4 + a4+ o4+ t" ) + c:-1 a3 Q4 

= 3 i 2k-1. ( a4 + 114) + (11.-2) zl e4 l uu ........ t(69) 

er < 44
• o4

+ i 4
) = aa-:l..b4 • 2 (tt-2) (?-lU c4 

.... (69) 

ak-
1 

( o.6+ tl'> + 2 ( a3
(k'-l.)/2. o.6+ 46+ rl>+ tii> + c_:-1 

al e6 

= ; Jal.t-1 < s6+ b~ + (k-2) 23 c6 I ............. (70) 

and 2 k-l (·n6+ b6) • (k-2) ale' = , Ia k-l ( l'. t>6) • a3 o6 t 
Or c

6 =a'Jk-3 
( tF•th I (It-S) ••••••• (71) 

Sutlatitutin8 tho valno cr o6 t.roo ('/l) ln (70) ona a£tor 

sttPl3fin8. tro havo 



•••••• (72) 

Lot b~ p a2• o2 = q :o.2• d2 = u n2• o2 = v o2• end f2 =:a a2,. 

than tho Qt;;.ll.lltlnll:l (6~) • {12) end (7Jl todUCO to 

2 .., 2 tt-l. 2 2 
u + v.:.+ o ~~: 2 p + 2 (k.--2)(7-~ q ........ (73) 

u3+ ~. al = a~1 ~2 (l. + p3) t {1*1)3)/(~ {7 <~2l. -

} '(k-l.) /2 l 
(k-l)(tt-2)/2 S- e f ...... (74) 

................ 
ForD .soquontlal tt.tra ort'iOil' rotntabln d.os1gn 1n k 

tneta.-:J. tho poo1tivo solnt1uno fot:' PefhU•v• ona s oro so ohos.on 

thnt tho th.rce cquo_t1..07U) (7 .3) • (74) • end (75) oro aat1s1'10il. 
2 

A..,"tlin tho CClllinS factor. a e 1S cl.loscn 00 that 1:. :SiU Cl ll,. 

tho totnlllUl:lOOr of oaportoontnl. po~ta. 

An 1nt'in1to sari<lS of saqucntinl tb1rd order rotat .. blb do:s1gns 

in sovan fnoto.rs:c-

t:Jttb k ~~: 1 • an infinfto sortoo of ·sequential third 

ordor rotatclllG dooigns baa i:lnol:l obtained. Putti.n8 k = 7 in 

(7 3) • (74) • tlild (7$) .. w eat 

112+ V2+ 82 c 2.(:, l· ••••• (76) 

u3+ v3+ s3 = 2.6 I 'l ( 1-ft)J) - 8 i ...... (??) 
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'lho purposo .ot takfnB tbreo l)Oint soto of tho type 

( a• ., o, o ....... ,o),(i.o.actohadl'll >~in~ oooond block 

to to gee pcaitivo colutlon:J for u,v., tlttd o fell' poo1t1va vo.lnos 

of' p tmt1 q.. life put s = o,. stnco it 1tJ pmai~ to acbiove 

ponttive solntto:ns tQz u nnd v tor posit111o vo.Jnag o~ p and q. 

By puttin3 s = o,. (76). <n> gtve 

u2 • ¢l c 2
6 p2 = A ( t:JaY ) • .. • (79) 

u3 +v3:: />17 (l+pl)- 8 t cB ( JJtlY) .... (80) 

Who~ A r..n4 B tw.vo pon1t1vo valnas .. 

According to Dan U960>. tho' poait!vo solutioruJ for u end v 

.aro possihla if 

AJ/'2 ~ Ba ~. A3 

or a
32

a 32 rl) ~ a
12

<·49 p6 - 14 v3 + l) ~ 2'l2x 64 rl> 
l2 6 3 l2 6 

Or 0~2 (37 p '""14 p + l) :S: 2·· X 32 p ••• (8l) 

'I:hero uiU bo t.n~1n1ta vr..lnos c;,t p Ubich ulU be 

snt!ofying too eon~Slt!cn (81) Clltl tor each sach vollw o.f p, uo 

utll got s ~tablD dt;slgn. Fo.t! 1nstanoo. tM va3ues ot pl 
1ahich sotlnfY too loft bDlld cquol1ty of (8l) oro Civon by 

l7 l> - l4 p3 • 1 0 0 

0"1" plc (? + :,ta/i)l 'J!/ -
For p3 = (7 + :9. ?;;)/J!l, tho oolntiono for u end v o.m fmtlie md 

erG Btvon by 
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u u v = ;.127048. 

Too rasultont dos1r.n contni:n.a :4$0 non-cont.:-al. ~onmcntal potnts 

mth tho values oi' p,q.u,v,. nnd a Biven ~ 

3 t 
p Q ( 1 + 32 )/17 

ql = c 24 • 32i) 8- I 1:1 

u = v = ; .. 127048 ana a = o. 

* For p3 = ( 'l- 32 ) I 3?. w sot neaativo valno of II 1n (80) 

and t1mn tho positivo colutiono f01' u i;tnd v ean not bo obtained. 

Scqucntlnl third ordor .rotntnblo d0ll1enz f:rom o1e;ht to 

eleven f'notorst-

It S.S now ovident toot thO dorivo.tlon oi' saqucnttnl 

tll.tJ:d Ol'd6r rotatabJ.o il~ 1n oo.ro tbD.ti SfNcn ,tao.tom can be . ' 

sought by cwaianinB tho positive speclflGd valUOs to p.q,n1v 1 

t::Di1 o,so that tho oquationo (73),. (74) • and (7Sl oro ao.t1af1cd. 

nalou la given tho tabl!:la 4, cbmlina. tho valu.os ~pl. q3,. u 1 v, 

ana s. fork = 8,9.m, and n.. Also glvan oro tho total nunbolr 

of rJ01nlin 1n on.eb blook and tOO l.'®Ultant dcmlgn. ~ valnon 

of ":10 ond 'l:!o o.ro to bo dotomJnod so as to satin!$ th9 cnnBlfllon 

fol' orthoconnl blo<:lt1nB (,3). 'iha dcsiens r,uroscntoe. are not 

oxbonst1vo wt tl1oy oro simpl,y lllustrntlva. 



!able llch 41 'fbe val.Ua.s ot rfS , q3 • u, ., and s for k • $19110,11 
_,. 

,. ·-+-·-·····-·-···-·-····---···-· ... ·····-s..··--··..-.--.-.. -.......... -............ -.................. -..................... . . . .. 
xP rt~ of 'l'be nlUlbe:L' of 'fbo numbo1" ot Total mlllbe1" of 

.t.ttotors expontlnntal ex~r!mt~lltlll expeJ1ilsontal 
111 points in !)01nts 1.11 pe.S.nts 

bloek 1. bloi:!lt g. U 

,a u. v • 
........... _ ............................. !"' ...................... --..... _ ................. _ ......................................................... . 

8 144+~ 

t1 S74. Dto 

.3.9 5!2. '1,o. 

u l()46+ ~ 

608+l'la0 

964 + Dao 

16la. '\!o 

s41o • nao 

?59+~' 

uma • DJ.o+Dao 

9()44+~, 

84P8 .llto, 

8 96 18.0050618 5.9$'11388 () 

6 06 u.416G0!6 s,aa~ 0 

12 a?,. s.e ~.1B?'l.124 a,aa'160 0 

27 10 
I X f a..ts28'110 u,5089MS 18.8000000 

8 

................ ...,. ................ ~-·-· ..... ·-·..,·-···------·-·····-···-·····-··..-·····-·-···········-··-.···e;.····-



Ot t:lll3or ioportunco to otatintical dosiGQo of 

o.xpo.rf.tlonta tnvolv!nt! qu.antitntivo vartnliloo or footors 

to tbo detection and dosortptton or tho functional 

rolnti.onsbip bctoocn two or more Vll~blCS- tbo rolation.ship 

cucll oo oxistn batuac:n nold or rosponso .on ana bnnd and too 

lovols of Mf.forcnt quantitative variables on tho otbaz. An 

copUicol. im1ost1gnt1on of sueh a ralatS.CJnsbip roqu1res m 
tok1ng oboowat1onn at prodotann2ned l.SVols of tbo contl.'Ollabla 

vortablos, s..o .. en o~orlmcntnl. do~ OUGt bo soleeted prior 

to Q.KJ;.lEll'itlaltSti0%4 

J:n attoopt ht:a boon nru.'lo firnt to study snell :rnspenoo 

sw:fllcns fro::l tho do.ta coUoetcd an too Utrllal to.ctol'inl. 

OJQ.'lorirltmto 1n agrtcnltm:o,. A l!lotb® has been evolVed for fitting 

n second o~or (l.a. n -quadt'a.tJ:<:: ) surface by exPl'OSsing tho 

dU'forent cooft1o:tmto J,nvollrod 1n this 6tlri'aao as fmrotlons ot 
oa.1n o.rrcots ana too factor tntaraot1ons tts1n8 d..ta f'rotil 

<COr.lplato, coni'oillldcd, ml6 frnctionn~ nll?l1CntG6 designs of 

jt 6arios. !ho app,ttJ!lCh atloptoll 1s quito eonornl. but fb:t' 

cler1~ and approoiat1on, tho d1sonss1on hns 'boon .rootriQtad 

to dos1cns of f sorlos.. A nu:nortcnl o:lrol'llpla tor o j! 
taetorlnlta olao given. 

Box and Bnntor (1957) advt1neod tba orttorion of 

tJrotDtsbil!tyst to ~tnl doniens for fittina rosponso 

ou.rto.oos. Such dos1cns poJ:!llit a I'Osponso surf'aco to bo r.tttad 

oaD1.1¥ ana pl"'V!do cphortcal infbl'm<~tion co.ntourn. a sooan4 
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order rotntoblo dCn1en oit.ls tho ttttins or socona o~ (l.o. a 

quaamtic) onrfo.co.. Drup~ (1960) obtained infinito sarles o~ 

aceand ord01" rotatubl.o 6enigns 1n ibur or noro fnctvrv. 'lbes.e 

dos1cno oont,.d.n amoasivaJ.y 1nrga numbor of ezpertocntal pomtn. 

It lms boca poon1blo, tbmngh tlla pJ:Ooent UlVoat1&nt1on to obtntn 

1nftn1te sartcs ot oocom'1 orior rot~nblO ~ 1n fow:", ftvo. 

siB~ end sav-on fo.ctoX's nth cono1d01"ab:.l.y scnU rmobor of 

ozpG11Jnont.aJ. po1ntn. A eenal'tl.l. IlGthotl tor obbininS m10h d.ODtsns 

for any GV® ntiiJl:Jer of' factors bas alno bQi:m 1ndlcatcd. 

Gnrdinor ot nl. ( 1959) extended the ol'i terion of 

rotat1bil1ty to oxporS.ocntol. do!lien tor ,rttt1n3 a tbird order 

(l.o. a cub1o) surfcce. 'lboy do:dvcd ooquantial. third order 

rotatable d0${gns upto four rnctora.. lio ottqapt t."O.U mndo or 
them to obta.1n d.o£r1cnD tn fivo and ail! tnotors', chief~ bac::ouso 

tbe oppro...:C'.h vurmta6 raQUUed ozcosdvoly large llDI:lbor of 

olCPQmontal. pointo. lt bao boon poss1olo, tbro1leh tho present 

1nVestieatJ.on• to obtnin sequont1al. third order ro~ntoblo 

de!liens urto c.J.ovan tnotora. 'fhoSO <Iaslens pou-mon tho 

dooiroblo p.roparty ot bnv1nz mnll nuobcr of ezpor1J:lcn tal 

points. Ilon-aoqucntln1 tb1r4 ordOX' rot.~t:mlo doslcns in t.uo 

mil tbroo i'acton aro nloo 40l:1vo6. 
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