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IJD®pQ'IlOR 

or late oOJI814enble· QJIIPhaalt bas been laid em nol"lllts 
4ealpa au1tab1e fo'l' tltt1as nspcmu aU'I'faon.. 'l'b.eae 
4utp are 'lllle4 to soln -~ ladUitl'lal pl"'blas wbtft 

a lmovle4ge ot the 1\i.QotlODal relaUonsblp between a 
~uarmltatl'fe nspcmse auah aa y1el41 cost etc. ElDI'l a set of 

ocmtl'Olle4 vuiabl.ea such as taperatUH, pnass'dre etc. 

1.8 MQetSa'l'l'e tdum thla tuJJotl0%181 relationsbtp b not 

1mown • baw to 1a1 4own ~~~ with a v1ew to epprad• 

llllltlnt lt by a p~no::alal. With this eD!l Ia v1ew Baa onrl 
Hunta U9S'l ltnti'OI!uoell a ae'l'let ot INspQQSe surface 4tsl!DI 
oaUG4 i'Ota\able cteal~JU~. 'they presentee! nnral cteslgna 

uslns seoastl'laal c~ttons. Dr tol.l.oldns a a1!dlal-
' ttethod Oddlnu aDI'1 othen (t 9S9) ~alMd sOilS thUd 

! 

ol'dv 4eslps. Bose aJd llnpel' ( t 9S9 ) obtatDed these 
I 

deslpa b.1 nat as a cllttertmt mathocS. ~ othoS' desl~QS 
'IIVO glftll by Dl'llpel' U960)1 Baa aD4 Bebnbn U960) ard 
tbaker « 1960 ). 

A racllcaJJF 4lft81'e!1t appi'OaOb tOJO the oODStl'llOtScm 

of the above t1Pe ot 4esli&DI WD.S Biven,. naa (1962)1 

Daa 8!14 flaraabtuua U962) aJII1 llas U963) by ut1228 faotOI'lal 
apel'l!ISDU and IDaoraplete block 4ialsu. 

BCIIIE d Hlmt81' (t9S'l) 8Bft the crlterla ttn bloold.aa 

lr& these lleslsna. Bax aDS Behnken (1991)1 Das (t962)1 

Daa ard laraslabaa ('96a) aJKl Das (196)) «ave acae 
•otatab1e 4ea1gu vltb blocklng. 



1'ba po'bl61ll of estimation of taissirJc Yalu.e tn 
rotatable cSestgns was ccmsitterell '-'1 Dftlpe (t96")• 

»• BaW'l Ct9")• Box an6 Dl'apest (19S9>"and Box 
ana Behnken(1960) considered 80!10 other respome surface 
des1!P21 11h1oh 81'e not l"Otatable. ne 13atm (19S9) bas 

oOI!lparet'l the l'Otateble deslps vltb aoate of tbe" <!e.stans. 
In this theds we have attempted to p,._ut sose 

new series or response IJUl"tace destgrur which t.~N ot 
uyuet:rtosl type ac! oan be us~ tO%' tf.ttlq seco.rd depoee 
'L'eaponse a'll!'t'aoes with. a.dveutage. sou of' these d~slsna 

en3Q1 st:r.l'le advantaaes CMJJ' the oOl'l'espondlng S"Otatable 
destmns. A~ ot designs apU\ into ltlocb hlsve also 
been pJ'eentetl tn tho thests. 'l'he pl"9blell ot estt~~atton 

I 

of rd.sstns value tn the$& designa hal also been oOQidered 



ODe ~t t.aapoftant ames of nspcmsa IIUJ'faae destpa 
ls the l"Otatable deaicns tnti'Oduoe4 by 'Boz alld SUiltar (1957 ),. 

De Baun U9~) an1 Bolr cm5 Bebnlam U960) gave sooe other 

dedgDS suitable for f1tt1ft8 respomte 8lU'faaet bat they 

an ~ a1WII11 rotatable,. 'lvo Important Ol'lterla wlth 

wtcb suoh designs have been evolwd ue tbat1 the puamatU'I 
ctetla!Ds tb.e surface ahoul4 be eaUable v:1 tb.out much 

IJwolveaen\ tn tb.e ao11lt101'1 of tbe11' DOl'U.Uil equations 

when tb.e surface 18 tltlte4 tb.l'Ollsb least squre teohntque 
aD4 that it 8hou14 be I'Ota'-ble ..... tb.e vutance of all 

eat111able4 rupcmse at a ooJ'talft po!Dt dati~ by the 18991s 

of tbe factO!'S on stdtabJ.y chosen Ol'ldDal scale sbOtilll 

be a t'UDQtlcm ot tbe 41etame of the point fl'OIIl the <n'lgla. 
I 

It ts seen that the secona ol'iterian la not of the ldr.d 

tbat neaes88l'l)¥ !lUSt be aatlatied, but rather lt EISvea 
an ob,eottva which might be alme4 at, tf lt oan be satlsth4 
without 0:19aUns other dltftolll.tles. 

AU the respODae aarfaoe dellliJ!lS obtained 15o tu 
are of tbe t»lii!lPS1Jic type that la eaoh ot the faoton undv 
atUISy ba.,_ got the &81118 llllll'beJ' of J.twels,. It its wl.1 1molm 

that then are sltuattcms in &BJ'O""'*Io aa4 otbel' tl'iall 
WeN lt 'bao0li8S desirable to IDolude 41tferent Ullllbere of 

levels fOJ' the dlfterent faaton.- !his oontl4En'8tton 

necessitated evo1v1as deat~rns of tbe a~J~~~Mtl'loal type. 
The 881119 cons14eratlcms a~ ln tbe oase of response 
surface deslgns a18o. In the present thesta w have 



...... 
tharotoro made an attempt to evolvo oultable a~rlcal 
deolgns tor the study of seo0321'1 degree response suri'aooa., 
'lvo series of such daaigno bovo boGn obtalfted to;other ~tb 
oxpresaious for tbo ostlmtas of tb.a various I'GilJ'eSslon 
ooetfialento and on espreualon fo7! the vartance ot estimated 
zoespoDSe at glvon points. SO!Il9 other designs tc:m various 
nttmbel"S ot faotol"S have oleo been obtained. 

In this thesis we haw confined ou!t attantlon to 
des1BM etch have two typoa of levols of factors vim. 

one sat or taotol'S has k lovals ODd tho otbel' sat has n. lawls 

each. let thet"e be n factors of 111hicb ~ faotOJ'S hoVQ k 

levels eaob and n2 factors haW llavels e11oh C~ttot ~ c n). 

Let •t~ denote the levol t:sr the ltb foetor in tho !th 
group, ln the kth of a total of m co:nbin:ltiono of tha 1ovo1e. 
Saah combl!latloDs will also bo OQUGt! tho dea1gn polnts. 

Tho total mtilbel" of design points in a deslGQ w1U be demoted 

wm. 
'l'ho U deslSQ po1nto abosan so as to satisfy tho 

following relations wlU ensuro elslpUoity 1n tbe solut'lon 
of nomol equations obtained through the leaot sqt181'9 , 
teohntquo for est1mt1Dg pnramotorn (rogrosolon ooee1'1clants~ 

in the eqWltlon of the reuponao slll"fooe. !his becD:llOS 
"'-ovldent f'r01ll "- ge,lrioe at tho nornal equations fOP ostlmatlo!J 

tho rogression coaff:lotento of tba surface. 



-_,_ 
Ill aU the t~ relaUou the SiiiiWtlOD 1e ova 

' 

(t) 

-.h4tD8nl' atlea1t one ot the ~~ 1 h o4l aDI 

'1•"a4t~4'\ ~ .. 
2 ·~~ !! constant '.! -" 1 

Z:..•d ~ constant ~ >. 8 

2" •1~ • (~a,f ,a I 1 • 

~·J· (~aJ 'I' I II .. 

ooutant • A 
' -

(II) 

2 a . 
aU·,~ • (~ ... ~,a/1 !>/OODitant ~ B (Ill) 

L.. •J ·~- (4x,.:rz/11 ~ oonatant ~ 1> 

2 ·~: xJ • (~X,.f><~xJJ)/1' ~ 
ooutant ~ B 

'When these ccmdtttcms aM ••t1sfl~ tbe D.OlWa1 

eqnattona tor fitttns the eeooft! aesree response 1Vfa11• .s. .. 
t' ~ "o • ~ Bit "tt + {-;- 131t tlt xtf 

~ {;_B $.2 •1a + ~ 1ta,1a •.: 



.6. 
(vhen n1J.ll: 4eaotu .ooettlolellt of-._, Xut• B'tS 4eotn 

' 
ooetf'iole~ of •t.j aid s0 b ,._ ocmatant tel'll) or the 
n hhpdent faoton 4etllad eal'118J' • the 1'Up0118• 'I 

pl"'duoecl llr thell' Ol!.lllbt.ntt1cma an llucb al11pl.ltle4. 

Denatll!l "' ll' a the . tllft'elpOD!lq uthatu or Bf 8 we 
haw the wrlowt utlutu •• foUowta 

,.,, ~ ...L..uu., b ... !' ...s.. ~ ..,_, 
>-, - >-2 -&&"' 

,u dt ~ ill' ~.l11 ' ~ •u-.,., 
'u,u ~ .,~~li L •tt•w 
'u,~ ~Dot ,J /i·-z_ ~' 

I 

z•f'l 
~ '-lt 1tt!" (A-!~ K [ ~c:.D(Da•t )}fa,&tK((U,•t 'fl.t).} l 

--.Daca,-t JtJ J 
:E..~.,~ • f!!11> t: { "tyl-a,sic.n<.,_., ~ J 

- Ri'C~i) >.,rfc+D(Ilza·' )J[.,.t.-8(.,., .,._, )Jl 
·U,Ila<~~t..a~."s[a.nc~-t I 

- !t• 
lt 

•\a,BCW) 

~ .. ,..,. 



- 'I • L_y 
Dab~112 ~ (a.D)I \[.~s<r;•H)[Jtatk»[t~-t ,a.tiJ) 

1 -~Da<~·' >s2 J 
+ .~~~~"' 1-;"ana.~nlA-x<a,•' ~J 
• wtn, Atf[4<~>B(a,·' ~ LDa~lC"a·' ,a., ~r 

l•sa,Da<r;...a ls2-a,nL"'B<n,•t ~ 
_ • ~ ~B(A-11) 

r;s 
• K ~ .,P.F .:r ~ 

~ ~ 0 • t [ftaftJ' ( >-1 [C.rJ(fl:a•1 ~ • ~2.~B J 
l +f2:. z2uY [~{AooB(a,•tJ. AJiltBj 

• *[~>-i-La.D(Da~~.~>-2.BJJ 
.. D2}!~~B(n,•t ).fttDI >-1 B] 

hom these aolutlcms lt I.e erident tbat 1f ftDS.te aolutlcma 
aft to abt foJ' the rm'llfll equations ot the above type 

ot t\eslsns thaD the constants llWJt eatlaf'F 
(1) C.f D and A-:f B 
(3) K =f= 0 

l.e. [A4oB(Dt-1 )j[ a-D(Da•t ~ -4=- ';DaeW 
In IIOSt casu cO!dltion t le aatlaft.e4. !'he seocm!l ocm!ltlon 
oaa be eatlatled1 lD 11\DSt of the oases by at\dlns tbe oent-m 
polnta (o, .... ,o>. tn otber casu it oan be aat1et1ec1 b1 
a441ns ~~ ot the type ( o, ••••• ,o),(. ,o, •••• ,o>, 
(o1 o, .. ,.o) etc. wtoh means that the Dllllber of levell 
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ln one 'BNIJP -:of taotOl'IJ ls Increased. 

'l'bo vorla%lcea and covnrtlaaces ot tb.e varlotll 
ooeftt.otenta ha..O been obtained "'am the to11ow1Ds 
ocmslderattomn 

" 

V<b
13

> !! _Be9ftteteat!' Qt L..•s.f an solution ot b12 

V(bl,,kJ~oettlo1ent qt ::? .. :atft,.fln solution ot blS,kJ 

Cd'l(bt.2,k2tb13tll2~ 2(Coetftolcmt ot i...Ks_faf ln 

solution at blStkS) 

cmb0tblS,JrJ) ~ 2(Coeff'toient ofL_Ktfk/lD 

solutloJt ~~ be,) 
' !!lese .sau.lts tollolf hom the thGGJ'f Of least Clqtld'eS 

I 

(Bao. c.a., 19~) and tbe "'arlanoes and ocm.l'iaDcea ue 
aa tolloVII1 tsldllf! a-'2..... ae the enOl" varlanae. 

Vu(blt) ~ .J.. Var('Jj • .J... 
cr-2- ;>, I &- '2... - (\ 2... 

I 



acwCb ) ' 11 !~·~v.rt 1 xci.ss L D:t.a[a.n<a.a·, ,~ 
acwC'aa,sa:-p.p~ • xcl.nS l.,s&.n[A+BC.._., ~ 

a-

eo.<llf.1,t.1''$1,J2) =~ 
-<-

we ha,. 890lved some series ot 4eatpa of the above tne. 
we confine out'llelvoa to the cue were the leftle of ~ 
•al'lous factors are thHe or tt.e. !lo faotOl' wlth tvo 

levels hu been bluded because U we lae11J!e a factor 
with two lovell acme aons\ant lD the •aocmll 4tatea eurtaoe 
oaanot be esti!llatecl. Also aU the 4eslgDS which w are 
solns to cons14e ho'18 eithe .ODe OJ' tvo fae\ora whlcth 



.. tOw 

oeus• a~ry though \'ION geM:ral cases can be obtelnea. 
B efore vo pJ'I!Sent tho aotllal deslpa in tel'lll of 

act~l values ot •tjk w sheU explain the follow!Ds 
aetboc! ot thelso consti'UCtlon wlob • have a4opU4. 

A aest.an ot the above type ln n taoton oe be 

oanstrattted 'b7 tald.Ds one or 1lOl'e oCIIblaatf.ons ot eQIIe 
un\"MVQ le'vels a,ll,o.,. .... eto. t~tbv vltb the n1"' l.eftl. 
Buob oorablftat10DS tor fOUl" faotol'S, ..,-, vU1 be like 

t) a a a a)a) a b b b, 3) b a a tfll4 ao on. 
trext w ~U have another deaisn 1n n faoton or 

the fOl'll all 'lilere the tvo lavols ot each ot the faoton 
ere !1- 1 and .. t., tote can now set cme aore set of oora'blaatlODII 

when &1\1 oomblnatS.on ot' the fii'St desip 1a asscotate! 
with a~ ocxa'ldtlBUon at tha seoom deal~ tty .IIQ1Up~ 

the oonesponlllng entnes that 1s the levels of the 

•-• factor in tha two ao:ab1natlons oat WJ'lttag the 
pl"oc!uots tn the 1811!8 otau. 'lh1l methoct ot usootatton 
at aJV two oomblaatiom of tbe two 4os1p w:tll he.reattel' 
be called liUltl»tf.ctatl~ '81 •lll1lt1pl.Vtns• atV OQflblna• 

t1on of the t11'8t design, v1tb all the ooab1natlou of 

the second design, w lball get all dl~t ccabtnat!cms 

\fhe'PQ t1 <'ldot .. , the l1l:llbe of J1CDI>181'0 UJ1ltnown leYelll 

1n the cO!Iblnatlon ocmJ!del'O\S of the tint desip. 

'fbWt w haw l\VPJ of comblaatlans • 
(l) Jraotol'lal oomb1natS.ons of the untcnown lenls a,b, .... eto. 

toge~ 'lllth """ 
( ll) ll'actorlal COI!l'b1aat1ont ot the lweliJ + 1 8!14 • t 



(111) cO!lhSnatlons 'Aben each o,a,bt.uu ls assoclatecl 

With • 1 aDI! • t through mults.pUcat1on. 
!be tlHt typo of factoJ'lal combiDatlODS vU1 be 

cal1e4 cOllblmatton ot ~ levels, the seccmtl w111 be 

caUed associate c0111»1neat1tmse aDS the thUd whlch aotua~ 

oonstUsute tho design are OUP design po!DQ., 

It wlU be seen east)~' that 1t a deslsn be rorzud 
b1 lao1114lns aU the ~lst~t points W11oh an got by 

mul.tlp]rlng al'\1 cambinatlon of the unknown levels vllh 
all the associate oOIIbtnctatlODit these potnta w:l.U 

al~s satiety relation • l on pase 1. \hen • > It 
a suitable fraction of the afl aascoiateil OMblnatlona, 

Where no 1nte!'act1on w:l.th ws tban tiw ta~OJ'S la 
included ill its 14ent1ty 11"0\lP w1U agaln uttarv Nlatlon x. 

Po:r sattafylng relations II and llt we haw to 

choose one o:r 110re oO!lbinatlons of QQknown levels• 
ln lllbot follovs we lhaU alwars &lve the faot01"1a1 

o0Uib1nat10J:JS lnvolv1fts unknown levels -.1cb ~11 be 

danotlnl the 4esi8!1 »o1nta that can be generated tro:a thn. 
For cO!SStruotlDS an a9111Utrio deaip ~ a faot$U's 

ve p:roeee4 as toUowa 
Conslt'lv ttnt a central 0011p01lte deslsaln (n.t) taoton 
vbicb oan be obtalne4 tl'olll the follcnr1ng seta thl'OUgb 

l!ltlltlpllcat1011 wlth tM appropdate associate OO!!lb1Datlons. 



Sotl Ia 

Sat Ita 

- 12 • 

(p p ........ p). 

(q 0 ••••••• 0) 
............. 

(0 0 ••••••• q) 

0111" nta S.S to ad4 anothor fllOtOJ' w1 th tbroo lovels 
to this aostsn so that oO&'lttlona t,:tt, and III on page 1 

a 
oro satlsflod. fbe obvlcms tnetbod is to ~own level 
•a• to each of tho sots togother wlth •o• to each o'l the 
sets. B ut this makes the number of points tto large 
wo have howevel' obtained bol~n~ two sarles ot designs as 
fOllowal 

(t) additls •O• to sot 1 oDtl ~ •a• to sot IX 

(2 > addlng on UlllmoW. • ot to sai: I above al:ld • o• 
to oet u. 

manms .. t 
Tbe foll.o\ling sets or 1lD1cQown lovels won mttlt1pUe4 

by tbo oppl'opriato assootate co:ublnatlon give on asyi'!Jl!Ot1'1cal 
ctestgn with the tirst f'aotoP nt 3 1GVols and each or the 

rest at 11eve1s. 
set Xe 

Set ll1 
( 0 p p ...... p) 

( a q 0 ...... 0) 

( a 0 q ••··~~ 0 ) 

tt~···.,········lf ( • 0 •••••• q) 

Set Ilia ( 0 0 n•••••• 0) 
.!\. 



• 13. 

fho oentl'al pollltJ ( 0 0 ••.. 0) U to lto ad4ect to sat! at, 
' 

aond1t1cm Bo.2 nqubod tor tho aitta"Me ol the solution. 
RON 

U • Total ~ of poima 
= a•·1• 'tn-3, tthere a••1 poltlts ar.. cot ti'Ca set I 

Da· o.t, Dt • 1 
Pol' D ) 61 a hootton of sot t points 1s to be taken a 
aplabed earuer. 

Ben w shaU denote the lnela of tho tint raota 

"Y s:1 and \bose of the ktb fnote7 ln the aecotd poup ll!r 

~· k • 2 ...... 
So tazo we haw DOt atttllll])tll! to ~Qose ~ other 

uatriotl.oo on the l\li8111tlon of »ower• o» produota of 

J)OWU'I of "!. • 1 ucoptlDS thoa.• I'Oqubect to *«thl..-
atQl.tctty ot solut10UIJ Of aona1 eqwat!ODS. By 1JIP08iDI 
oertaln other Nlt!iotlODil tt ta pouUtle to au IUih 
a cteslga rotatable 1n respect ot oorteln ot tho r.non. 
Vor UPPle 1:11 bposlq the natrtoUoa 

2.~ • sr.a1 s~, t.,s •. a. .... u, t.=t- 2 
the desip vlU be rotatable Ia ao taP u th& (D!r1) 
taotOl'S In the eeocmd ll"OllP are aorleerned, that la 11ht11 

tho lfmtll of the tint sttt ot ('acton rnas 111 the .... 

PuJ'thU bT putt~Qs z... xf • 1, 1 8 1 ·u. •4t .n, the 
var1ab111ty ot eaah Yarlable Sue oan be kept constant. 
we note that wlth tho abcwe Patrlotiona all the ~ 
1D the aboft 101'1• are 4oterlllned~ 



. , .. -
PI'OII the rotatab1Uty o*1t1cm fOJ> the •eoODI! 

group the toUCJW!.ng e<;.ttation 1B obta1na4 t: "+• at·2, .. 

Also tro. the condlticm L.. xf • lll • 1 , .... n 
we have ~Ji,.1 ) •2 • a ana aapa • 1tq2 • .. 

!he tolut1ou ot the DOJ'Ia1 •<tuatlcms obtaln.ec! tbroueb 
the least square teclUdql:le fOJ> ettlmatlnc the :recrasslon 
ooettlo1enta ot • second 4earee reapon~e surfaoa o~laed 
throuah the 4u1p oo:ae out as tollona 

b ~J:,,. '1... •1'1 
1 • 1t<a.1 >aa 't • 2s-1Pa~ 

bu. • LX,!'J." 11i;; ~:.tt I .,_aqa J 2 P 

b0 : o-<11-"MJ$a! :L+• (n!i jp2<z.9tt .... ~zt > 

11. a. in:'~=a! n, a~·'~n·JJC~.~lp~ . 
, ' ( ., 2 

... .a: ·'~""'+4)q .. ..a~,a, .. ,) f! 
... , (n-1 'hi;.. * 

!Ia! f<a~'"'' M2·as-' <n:t &2Jr, ..a. ..2.,;1 - -- 1•1 ~ t. l??+au2..J.wJ a (n-1 rp~.'4 

'i • - ' u- !tlauas-1,, wa .. a-.1(•1 >iJz+ 
u (n-1 )pa a•·' (n.t 'fl.-. ... 

.... .. ~ ~ "(., n-a ~ • a :p . 2. xtT 
~Jloo1 )q (D-1 )all·1~ !; 

• =2ql 1 ~c ~ .,. 

.i,r=2,3 .. ·'11 :::1...~-r. 



. ,, . 
PHil the NlaUoDShlp ot the aona1 equaUou w 

sn 't'81'1aDCu and OOftl'lanoea of the 4UfeNnt ngl'adoat 

eoertlolents u follodt 

., •• ,., ) • 1 , ., .. o., ) • ~~~ ~-
cr- :2.- lt<a.t ~ o-2- .,.,.*f-..Jl 

'fa~'<'tt> t. t V•.C,\a) a \ 
cr-2- .,_a,a ~2- aa-'•• 

vuo•0 >: o-~ co.C!o•~u > • -:aLc•t )J)I:S) 
=- ,__ ( ... 1')p11JI 

c09(1tu•"u> * a--w. • , 
o:r-'2- ·'·~.a,.,.,.,. 1( .. 1 )q .. 

co.<"o•"u > = ·a ----'2,_-- (a...t JP1i =-

~"t .. ~u): ..s.al!a•·1~t )Jl..a .. 1c .. , ~ 
c:r-2.- as-'<n-1 'h ..... 

• ,•as-1c•3>t•t >+qa.<a~+'.r.> 
-aa-a,ae,..., ) 
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~ <z,0 ..... zu,> be 81\Y' potat. Let Y 'be the esttate4 
response at that polut,. 

Pnttlns 4l • 4o • • ••••• .a., .. baft ' 

V•"XI • ••afo r t • I(D-1 ~-r/'J 
<:>2- lt<a.t >iP (Aoo1 }1-.a 

..aa[ f a ~1 2-• ,..a~· (a.1 >Paj 

+ 

.sfo[a ... '<•ll(o-1 )plfpea1+1.-.,>q,. 
• -a•-+2J~. 

21~1 <•• 'flri• ... 
+ 4 .. [ n-2 • 2 .. , t J 

lt<n-1 SfP (c-1 ~ .. ,.,. 

• x¥oaa l-s.a cc, .. , ~· >1--a .. , <n-, ,a J+ --1.-] 
a&1"i(.,.1 'flp..... lW'qll 

It ..S.U be soen that uhtn K ts he14 ocmstant1 the 
..,.riuce becoas a function of o.2. 
mmma 

fho followlq points oan be taken to OODJJtitute 
another se~ies of a~v1cal 4os1sU. 

Ssb It (e p p •••••• p) 
Set Itt (0 q 0 •••••.• 0) 

............... 
(O 0 0 •••••• q) 

Get lXI• (0 ...... 0) 



.. t7-

r • ~otal lltlllbeJI of polats 
' 

• as<\>b-1 where , polllte ue sot troa Set l 

-.= '• -a· .. , 
Por a ~ S a tnctlora of Sat I po11lte ta to be tUG 

•• explalnecl ea~tllft'. 
Rotatab111ty tor second 8HUP or factors rt.a 

qlt. atplt aDI z....af • If Pftl -21.P.. If ... a'~fft2r/' ••• 
fh• aolutlora tor the llOJ'Ul aquatioa tor th1a 

4ea1puea 

.., • ;tf;'- z._ lltY - .. • t .Z:. • 17 a•a . aY..arl 
-,..• ii!y 2.. lltxtY -t$• ;!pr; z_ XS,Xf 

•o :: o + (a-1 >11--cii ~ af,. .. ~t..+ •· .. ~] ,P.j ~'-' 

" .. (a-1 ~-o.a 
" t.2t/- . Otto 
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VulaDcea aa1 aonl'leneea ot the cUttarent 
repaalaa 'coettto1enta aN •• tollow.ta 

Vu(b) __ ..... , - • :!:_,; , .. c.,) • 1 1 

o- .,_ a• a d"" .,___ a9.atl 
vm~tl ~ • ~ ~·.C•u> • 

cr l,_, 2"a"'p"" c:r"-

trarCbo)a cr-,_ 

•ut•o•'u). ac .... )J2.g(! 
C7'-:>...., .U· .,a , 

Oft(~•'u?. t _a_ ccm•o•'u > • • ...a.. 
cr- _,__ T =-,__ ri' 

: a•ca..t ,, .. , )ptt,caa.t ..a >raa. 
I ..aW(a;.1 )pRj 

It Y la the eat1ata4 reapoaa at the poi~~\ 

<ztotxao •••••u-.o> than . 
t•r<tl • t;af0 1 ...1- • a<•t y-ar~: I 

o:r-'2- La•al' f1l J 
~a~ ·+J 
•-tof!'<aa.t )(ra.'l ~+<zl•'.a>,a..a..a,.., >JPt) .,.. .... ,' 
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Ana~1a of tho above daBlsns• 
It there are lt dedgn points an4 If theft-

ue V constants tn.olved ·tn ntttna the surt'ace we have 
the follold.ng .anal;ya!s of ._l"iance table tn case a=.e 
ot the obsenotlon l8 l'epeateda 

ppt to s1·l 
Flllt!ld oonstaDtl V•1 

lack ot tit &.'f 

'fotal 11.1 
Hue we oannot tat tbe goo1DQs ot fit of the 

surfao.. It we han Pl'$'11ous lmovledge that the eeconll 
depee nrf1use is a sood fit, an estS...te ot o-"-oan be 

obta1DIIl tl'al the 1aok of tit oo=pommt of the sa at 
lqllal'Utt On the othe1' him! If sOle ot the deatsn points 
en repeated, wa cun get an estimate ot 81'1'01' f1'01I those 
points aDd the laok of tlt na of aqua:ros can be tested 
asalnst thb .xoor IIUII ot aquaru.. coeartson or the 

above two ames ot c!eslgna with I'Otatable t'lul!na; 
we have mv sot 3 a1ll1~r eerles ot l'UpOJUie 

aUJ'faoe designs vla. two f'reah so!'les presente4 aboM lD 
th!.s theala and araother se:rtea oalle4 central oOllpOilte 
rotatable dedSDS btl"04uce4 by Be and Banter U 9S'l ). 
It wt.U be intfteatins to mau a oQIISplll'lson UlOn8 these 

aula of du1sna 1n l'Qpoot of tbe !l1llllbu of points 
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' ln tha a~ also the 'lar1anoea of resp022Sa et epecUie& 
potnts eattmatei! h'o!1l these B'ID't'acea. wt.th this ed f.a. 

v1av the fol10w1ns 1nvest1gatlcm vae 11114 .. 
ftrst we have pr.aented b the toUowlng table 

the 111Dbfft' of points requiMB. for the 4taS1gn vitb 
4Uf'erent rmmb~ or raoton. 

tABJJ 
lfU1nbel.>a of points in the 4ltf'ePeftt deal~. 

Vactora .. 3 ' 6 7 
• 

Sel'leo I 13 21 33 31 " Bvlu 11 1) 2) '2!1 It) 7'1 
nota table .... alt 26 1M 78 

hal tble 110 olls.-.e tbat tbe do&ll!ft8 itn aeries It 
ha.,. alwqs ou polntl len than that In rotatable 4es1Pt• 

FOJ' a0lllp81'1aan 1ft reapoot ot nrtanoe ot e.tillatad 

•eaponse at QM1fied points we baq ta'ken two puttonld' 
oasu1 that h when the DUIIbaJ'. o'l taoton 1s three or tov .. 
case 11 truaw ot taotOH 3. 

When the re•pous• at the potnt ~otXao•;o 
ta utbaated trOll thtt surtaee fittet with the help of 
the ctestp pes.ated in series 1 the ftriance ot the 
eettuted ruponae coae out as 

'11(1'0 ) • , .. ,.283XIfo· .. 666oalt-.1271~o~·l'l9ltt!a. 
<:T 'L . •• 006fx\l ot2 

• "•(aq) 



•ZI• 

Sblllal'~ aeriea a dnip vUl gift 110ft JN01ae utlllate 

than l'Otata'le 4.-S.sn u •a·"a. <-0 

•·•· •• 70~ X:o·t.039&a1 ~.Olt86 .~0 -t.128l4•-\.0'1Jtsf0al< o 
In pal'tloulu lf w c01111idu OJOr the faotm 11a the 
eecOJd SI'Oilp beplDs the lewl fJf the faotOl' tn the tint 
lroQp at P1'0 we set 

1 > wen X.o • o 
8ar1ea 1 ct.., IIOJ'e pJ'801se estlllate than 

~a table d"l!D lt tt'~ <( t.lt-11ta 
auto a rrt.u 110re P"CJ•• estimate than 

tl'ota\able 4"1811 if a2 < f.8170 
Sli!Sllar~ beptns the 1ew1 or the secolllt poup the 

2) tileD 42 • 0 

sus.es 1 glwa 1101'8 pnc1se uttsate thaD 

I"'tatable desizn 1.t -:o< .88 
Series a stven I!Wl'e precise uttmate than 
I'Otatab~ 4utp u xf0 <. a.11 

hOII the above it is olur that •erlea a 1e 

b.tter than series t b certain re!Cloa •• tar •• the 
oQJ~PaJP1eoa in respe!!t ot ...artanou 1s cODCerntll. 
Case Ito i>eslpa ,dth tour taotofta 
Berillt J 

vCl'o> .1•7/21 xfo-29163 a2;lt8/if ~0~320~,-. •2lt8M afo•a. 
: "1(aq), ~ ... ~~~o~;so+zt, 
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s.m. .. as 

v(Yo> • t•7/aJ xf<r'ut.u ,a~U6/2!2 J! 
"-- 2 ,o 

=- • Ml. a'+-.7ald af04a 

: •a <••> 
fap central COIIPOSite 4utp 

vtro, • ,.v; -fo-111 ~ .,.tarfl.'+ ~121'• .. 
~ to 

~,0212r -ttl 
:V)(QF) 

Ia. tb1s oa•• an att4ttlon ot ~110ft central 
pola\ does not nduce the va1'iuee •ppxoeaiabJJ'• 
Ben we find that 

Serio• 1 eives a IIOl'e pl'eOise estimate thaD. 
rotatable design 1t 

··1333 ~o-·260J aa •• o:t/2 xtCJ*.t6034 .. ~·~o'a< 0 

8vln a st.,.. • aon J}l'eolle .. u.te thaa. 
retatabls 4es1gn !t 

•• tott3 ~o-·2'1Bl42+~0-t.oaoJct'+-.o:m~0t2 < o 
Alt botare wb.e.a 

t) X.o a o 
Series 1 sifts aoroe preol•• ettlmate than 
rotatable 4enlp tf 42 <. 1.6238 
smes a pws 1I0ft pH01se estlrlate tlwl 
Nt&toble destsn tt ,a c:_ u.,.,,. 
2) , •• 0 

S$:r1es '\ si'NS 1101"• peo1se eattmat• than 

rotatabl.Q dcs1sn lf ~0 <_ tt-9 



Suln 2 pws IIOl"e preolse estlllate tball 

rotatable datplt sfo <·?fJ 
Wa IH f'loOII alm'e that w!tbln the J'ellOD ot lntueat 

smu a 4eallfl8 oan •eplaoe protltab~ rotatablt destp. 
\1/hen w haft aCIIIt t4ea about the opUaUII ooUSnatioa 
bJ' taldna this oO!ttdnatlon as the oent1'8l point, w na 
that the aqcetrlo duip are ~ dttoient aa 
l'otatable ds&~1gns ttr~ estlutt.ng I'Gsp<mses at the central 
red em. 
A dukaJ.D !t ~tatou 

Go taP w haW ctaoribed aetsns 11htcll uttety. 
the ocm41t1on ot rotatab1Uty ~ tor ono ot the two 
silts ot taot<ms. lt vas, howvel", posslble to obtain a 

4ealSD la fOtiJ' taotors aueh that thet"e a1'G two taotoft 
each with ? level~ and anothv tvo taoton 14th tift 
~la each and that tho ded.ID f.s I'Otatable lD nspeot 
ot each pair of the factors ba'dnB e1thw '1 ar ? lnela. 
!h1a 4u1gn vith Yl pOinte le presented 'belov ustng 
the aual. notat1oa 

Sot It 

Settla 
Set IIXa 
Set lV• 
Set Vc 

Sot VII 

(a b p p ) 
(b a q 0 ) 

(b a 0 q ) 

(c 0 0 0 ) 

(0 0 0 0 ) 
( 000 0 ) 
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l'OJ' utt.tlzlg tbe ~ lenla a1lD,p1q aD4 o 

,. han the equatlOM 

2. xf 1 t6ai;ot6.a,2o2a t6J1.sl. 37 
.z:.rt. i_x:. ,, .... fl!1f/~ ... ,.. 96a2lP ttlZ:.af xi 
L.; lfi_-t • t6p it -,&qtt : ltaplt eli.; at 

our ul.UJ!IIIte ala b the eoutractloa ot the aboYt 
4ulp b to make the 'f'arianoe ot an ut1~~ated l'Gipcmae, 

• twusUOD ot ~ an4 ~ wher• 4~• af~0mt ~~· 
To aahteft this we haft to ensUH that 

<£.~ ~; z_~ -i ·Z!f xl.:L-: 1( (.&) 

!hU oond1tlcm eatuellT follow trOll tht l'otatab!U.ty 
cO'I'ldttlons. Batt they not followe4 h-om the rotatab111ty 
cond1t1m1 no d•ttgn coul4 be possl~t, at tbde ocmUtlOIIS 

ctn thNe equat1ou V1ils ,. b&'f8 on:JI' one ffte pgaaetezt. 
AS w hnv~ onl:r 3 equations w1 tb fOUl" ~ 

we can tk atV one of the constant• ni'blthJ'l~ therebr 
getttq an infinite series ot destsns. 

Here 
• • 1~ /rl'¥1 ... ;t~Go2•36o,.•tl61t/m-ao.2.,:J6oa. 

aD! , = 1/6tt. )Y!37 J~&J2.36Q'+•t/6a.}m.J.'j6alt 
we note that 0~ ..> 0 ald o2 .(. !i .. 113 aiftce ~~ .a) "· m 

a ud 1t become blagf.naJ7~ 
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'1'ha· solution ot no:mal equations ot the resreaslon 

ooett1.c1ents fl>Oll this 4estsn liNt 



As vo have menttonotl above 0 <... il <. '· m. Q 

haw ca:aparo4 the varia!laeo at the esttmataa l'esponse 
ot tbta desi(JD at oa • 1 tm4 aa • ' WS.th the central 
composite destgn vltb foar foot01'8a 



aase 1t 

Case 21 
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,;a • , , ,;a • a.t, 'til • .a, tl • 2.3 

V(Yp~ : 1·19.910 ~ elt3.:9370 4 'f12;.0C86 ~ 
rr--'L + S.l09'7 4 .u~.628' !Sf~ • vt (aay) 

o2 : '• ,.2 • 1 .aa., tP • ... ,., ~ • a.3 
V(Yq.! • t-.1730 ctf ~.1.3S10 4: +•0583 a: 
o-'L .. 32S1 ~ -.0030 ~ tl • ~ ,.., ) 

Case 31 Oent~al o~osltG 4es1~ 

v<Yo> • •··aaf-•241 +.8161 a~ .... st6t4ott.6~ 
c;r-2-

: VM ($8f) 

AI befOJ'e we make OOllpaHSOU ~t:ee»lng the llsve1s 
ot toot!Jli in one 81'011P ftxe4t• 

We have 

u) ·-ctf. 0 
tr;< vrot u ~<. t7.Sl 

va<vrot lt 4 < .31 
(2) we ~ :0 

v; <._Vrot lf «f <. e1.S92 

~ <._ V fat lf ti~ < e03S'6. 



Dr.gtmi!l QF J3!!2WJSB §tmfAQB RESIGf§ 

In the p!'EIVlous chapter wa have presented two 

series of aql!l!4etrica1 daalsns b1 means of wh1ch response 
surfaces can bo t1ttod with so:ne· advantoso over the 
oxtst"- rotatable dastgns. .rut 11ko most ot tM 1"'8SPODS• 

aUl'faoe deatgna thsae 4eslpa also 81'8 not apUt into 

blccb. But f01" ~~tl«mt partt.cularl:S' SA the 

field ot asrloult1ll"e, designs vith blacb or equal 

but 8lllal1 slse are neoessal'7• BeDCe va trtod to apllt 
some of tha~So deslana obtaf.aod f1'onl the above two series 

into bloctat. 

As pointed out by Bar amt Hunter ( 19'1/ ) the design 
points 8houl4 aatlsfy certain fmothel' Nlatlons tor 
blootdDs, so that the :resresston ooettlo1ents can be 

estillated OJ'thoscmal to bloclt etrect. !beso \"iiilatf.ODa 

1n case of equal block shea area 

(1 )..2. afs o acmstant tdthizl each block 

(2):2:. ~' K.sd • 0 \flthln eaoh block 

<3> 4
4-fs : <2:A3 tor au 4 sut 1 wbero Za is 
s1ll!!!latlOD aver beatments tn the 4th block. 

the method foUCM!I! tor splttttna into blocks 1n 

the above two series ls as follaa. Bore the points 

obta1nlil>l6,·t'~'.the on X of UJi'ltUrMl 1eote1s (a p .... p) 

8114 (O p •••••»> lD the two sarles 1'08peotivol:S' crm each 
be qpllt ~ ,., cw 1101"8 groaps utum 11 3 lt cODfCJ'Im!• 

IDs an lnteftotla ot ordu Mt lGss than a. !he poillt1 
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fl'om the set (q o •• ..,.o) (O q o .. ,..o) etc. are to 'be 

alloted to the blooJm in each case, tbro1.l8h a tr1a1 

pPooe4uro in GUCh a Viti that the above requ1rem@t• tor 
blooklDI IU'8 sattstlel'l. 'lhougb. tOJ: the geD81'81 case Us 

ls possible to lUke Into blocks each ot the two- ,,ma 

G!' 4es1.BnSt we have p!'Otlented below~ sou particular 
4oslgns wlah are ltlm~ to be moM wef!ll ln actual 
sltuatlODJ. 

J2utm ·Ng.'' 
Block a 

• q 0 .. q 0 

• .q 0 .. 1 0 .. 0 Cl • 0 q .. 0 '"Cl • 0 •Cl 
0 p p 0 p p 
0 p .., 0 p •P 
0 •P p 0 •P p 
0 •P •P 0 •P •P 

i'l'oll the nlatlons lQ. the cteslp ao as to 1IILlke tbe 

solutions of tlOrlllal equations caasy end also to I!Jaka lt 

.-ctatablo with nspact to tho last two factors • set, 
L~ #~~ &2.~ e 8a2 • Be 18='3'):?-ttt'V.,_ 

z. 4 ez.•J • eplt • _,,. 8 altp'4 • ~~-1 z1 
!bat ts &4 • a.a,, -1. t.ta,, t1 .• a.af. 
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!b.o'fllh the dea1II,IIS al'O 81 ven intlal'IU of coded 

doaos auoh tbl!lt the ortglD ts ot the uan dose and the 
scale col'l"GSponde to eecODl IIO'Mtlt of the doses as 
tm1t1 w can tralUJtOI"'''I dosn intG acttltll dosos frcn the 

toUowlbl relation, co!acl doses1 
Ooded dosqa .q 

Actual dosasa o 

When M 1s tho ..a1111U1l dose. 

•P 0 

For the ultlllate]¥ layout ot the desip w nqu1n 
the aotua1 dos .. , 11\U.e tos- Pa)Vsll the ao4e4 «os• an 
~trea., 

Tho estf.mtltea of the W&r1ancea repeasion 
ooetttotenta aM 

1111 • .as~~.,,.. 'a •• o;st.:z y 
'-l • .o,.~~ •'9' ~a• .ot.94L ., ... rl 
'-1" .01e9~ .,¥, tta1• .~ 2•av 
•o : •' a..aaaal? 9 • ~J· 
't1• .ott9~t ~ .. ,.oa¥!L:z.9 ·~9J 
'aa• •• aaaaa.. .,tltaa 9 -t '!'0988 ~ •• oalt7 * 
~3 ••• aaaao"' .0988 9-t.tltaa '7 .. 021+1 -fr· 

'l'tle wrlaace of the estillate4 resprmse Yo at the 

point C~tt•~o~o) " 
'tUg) a .• f..OS5Ibfcr-388841t .... O't9~~tlt824 .. 

'V"2. 
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ror obtabtns the eJ'J'OI" wrienca u also tbe •• 

ot squans d"M to laok ot fit w M1 appJ;r the uaJrale 
or Yari.emca tl0hd1qa •• Pftn bttlcm 

Due to Blook.l t 
Due to ftlltl 9 

ocmatanta 
nu. to 1aok or 3 

fit 
Due to VNI 

'fatal 1? 
One at 0111' abs 'be1ll8 to test the alpUioance 

ot lack or tltl i.,e. tlbethel" tbe a~®l dqNe s\irfaoe 
Is all a4aquate tit tor tM o'bla:noe5 res!)ODSaa, tbe 

degr .. s ot fHetlOJD ror fll"rt»" l.s too low in thb case. 
A ~~ethod of B•ttlnc 110re detrGes of' ,freeda tor el'I'OI 

le to npect the •m design cmco 110l'et that h to 
haft 2 replioattODS. In that ta. aDa1¥at. it ot vartame 
pal'tltloatq wlU btU 

tt.r. 
Due to RepUcattoa 1 
Due to Bl.oltb wlthla a 

replloation 

Due to t1Ue4 constants P 
Due to 1aGk ot tit 3 
Due to ~en-

'ftle wl'leu BUllS of SqtlaX'Q ill the uaJ;rall ot 
.,.J'lance ot table 11hen then 18 ou]f ope l'QUoatlcm 
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an obta1nad as fol.lmet 

'l'o get tha S1IO of sq~ 4ue to titlia acmstanta 
wo use tho tollow1ng ErlCpl"eSsloN 

bo (il io>" ..t:a, d toba "2... X)Y<t" 2 z X,JI'aY 
'l'bt L 1lt2t Y"tb :L 1l X 1 .'b •5__ ./4, l 3 21 a 3 ,, , .. 

"'baa z_ * "' ~ <i___ -t .. 02 /B 
Xt wlU be seen tb.at the '1 JOS,ata 

0 J p 
·o '•P 
0 -P p 
0 ., •1> 
0 0 0 

•re repeated ln enoh ot the a 'bloakea Bence by 

cons14el'lag tho observatlomt b'Oll th1s cOIII.bSuatt.on 

~ an ana)¥oS.e of verlanae llke 
a.r 

la posalble• !be ~ obt81ne6 hom th!a aDa)¥ala 

of VOP1anoe ls also el"1''J' ln the ana)¥sU is of 
variance of' ono raplioattcm ot tha 4es1aAa 

'lbe lack of tit u obtained 1:v su'btraotloD. 
ln case of two repUoations the apressf.OJl fO%' 81111 

<»f aqua!'$$ due to tilled acmst11nta remalrlt the 
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tame as above. 

In th1s oasa the S polnta 
0 p p 
0 p •P 
0 •P p 
0 •P •P 
0 0 0 

an repeated lD aob of the tO'Ifr bloob. R-enee 
bT oons14eriDB the obaVYat1QDS trOllS this cO'IMnatlcm 
oaJr ar1 aaa]¥11s of -.arianoe like 

BetlfUZl blookiJ ) 

ts posslbleJ 

Also the points 

• 4 0 
• •Cl 0 

... 0 q 

.. 0 .q 

(I) 

ue lPfll*lted ln two bloeks. Hame n haw oons14U'las 

these o'bae1'fat!ODS ODJT, aa ana:.,eta of variance 
'Betveen Blooktl 1 

Betwaen beatunt1 3 (It) 

1lno1' ., 
· alii! be®use the points ... q 0 .. wq 0 

• 0 q 
• 0 .q 
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azoe agaia repeated In two blookst w apln have all 

aaaJnls ot 'tariance table 
Between 1tlooks t 

3 (Ill) 

llow ccmsl4u the oMewutlcms t.n block t. We 

set a contrast betwen the obsel"YatlOD tO!' Coo o ) 
aad the uan ot the o'bsfi"'ttltlon.s from thtl othel' 
8 points ln lt. We oan set the 1ue contftft fi'Oll 

blooJt 1 ot npUcattoa 2, wtch also o~lDs the sae 
poblts. rbt sa ot aqual'D 4ue to ~ ooauaat Htnen 
the two ocmtrnata tbes a SUII ot aqt1aras w1th 1 4egne 
of frae40llt W.Sah also belODSa to U'l'Ol"• stmil.UlJ' 
w can set sa of squares vlth 1 4esiae of tned011 hoa 

blooJt a ln the tvo repUcattOli!P• 
'lhe U'li'OI' olttala.e4 l:J.r the a4d1t1on of the el'l"''r 

suu of aq'llllHS t.n the 8Qa~a1a of 'ftl"lnce tablee t 8 

n and xn ani the aa of aquara t01t 2 depaes ot 
fiteedca obtalae4 •• llentton.S abt:we stna the ei'I'OJ' lUll 

of lctllal'el lrl the ual;vsls of Yal'lance tor tvo 1'8Pl1catlons. 
file lack ot ttt sa ot 1quaHS la got by aulttraotlon. 
Xt wlU Ita aea that w haw I'10t at\ollpted to 

pnsent the olaseittta.ana)Jell ot t11e data 1D tom 
of pnaentatton of ~~~atn etteots 8!14 lntuacttoa. As 

we feel ~t the e1ase1flelliQ)pJ'Oach ot lftllJJsls Sa 
aoa Ubat laadequate in ao tar as 1t does not 



throw aJV light u to the optllllll'l cOIIbiJsatloa ot the 

lftftl. of the taotOI't the upt1a1b bu bem 1a14 to 
obtala 4ata thi'C:Nih vl:d.oh l'etpoDSe 1UI"taou can be tlttell 

11tltb a4wntase aDS the optbaa oQ!IldnatlO!l Od also 1:le 
o1Jtalae4 flooll lt. But tt _, sa.tt.es be neou .. 17 to 

haft soae tutoNatton rq81'df.!at the ~~ala etteot anti 

tvo factOl" t.nteftctt.cma. !l'or th1a purpose tha npoeasloa 
coettlolent oan be 1:1114. !'bus the esthlate of 't,, the 
ooettlo1ent of xt Sa the eqwatlon ot the IUl'faoa 11.,.. 
the 1,_.. ocmbdt ot the •ln effect ot the lth tectOI'. 
Alain, 1t1# the coetttotent ot z,.xJ 11.,.. the 1Sual' x UMSJ' 
cOQount oontraet ot the two taotaz. l.ntuutlOl'JI 

lllYol~ the lth as 3th tacstcma. 
11'01' aU the 4ulpl 11bS.oh an IHDtloned below 

a dll11ar ..thGd can be aplOJed to en the &1111 ot 
lflua1'el• 

l!uka *·a 
Block 1 Blook a 

• ., •P .. •P ., .. p .. , • p ., -· . ., p • •P p 

• ' p •• p p 
0 q 0 0 q 0 
0 •ca 0 0 -q 0 
0 0 q 0 0 q 
0 0 .q 0 0 ... 
0 0 0 0 0 0 
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Ban the ftla1d.cmshlp 1n the 4ea1gn ~ .. 

.z.xf U ~~ •2~ a 8J! D t8 a B-=- '3 P;_4'\I'L 

.L 4 : "2..-J! o 8P~4Aq~ • altr;~ 32..N ., • 2) 

are the emna as 1n dcaip. Uo. 1 and ,.. hence ba'lre 

rl- • a.a~. JP. 1.1a~. ~ • a.a,. an s\1ba~1tut1az then 

'lalues trn a 1 p and cr tho llOJ'IIIal equations tar estiaat1on 
or pal'amete:rs ot tb1e design beo0110s the same es that for 

deslp Ito. 1 • Hfmae the same ap:ressicms f~ JJolut1cms 
eftll "'l''lrionoe at esti~~ated Naponse as tv deslsn Uo.1 

hol4s good hero also. 
t'he w.ethod or anal:rele also ·l'Gmalns ~ aame as 

ln dedgn f!io. 1. 

Instead of toklllg two I'OPUcctions of" either 
design No.1 ar design llo.2t ve can use a <leatgn obtaiDable 

bl' taking tho above two des11JX18 togethe. 

Yho design 1a thlst 

Block 1 Bloak a BlOck 3 Block lt 

a q 0 -a q 0 • -.p •P .a p p 

• •ct 0 .-a •It 0 •a p •P -a p •P .. 0 q • 0 q •0 •P p 0 ... , p 

•• 0 •Q • 0 '1 • - p ... p p 
0 p p 0 p p 0 q 0 0 q 0 
0 p •P 0 p •P 0 ..q 0 0 -4 0 
0 •P p 0 •P p 0 0 q 0 0 q 
0 •P •P 0 •P •P 0 0 ... 0 0 •q 
0 0 0 0 0 0 0 0 0 0 0 0 



• 39 • 
Hue tJtom the eozdttlODS of tbe 4ulgn we «et 

,P. • a.ag, ,.a • t.,taJ, 1- • a.aJ 
'l'ba solution tar tbe )l'elftSS coettlotenta ant• 

'1 = .0278 ~¥t7• 'a • .0278z..y '3• •t:rl.187.¥• 
"ta• .oa'ttf.z_s2Ki7• ~3• .oa~P~z. x z 7, • c.Clt9hx s 7 tJ 23 23 

a.0 : •• a,; o •• uu ( +.2.1"> 
,., •• 02lt7 * • .012lt (~ ,. L?) 

'aa• •• un o •• 01ltt~9 • .~z..+ .. ot2lt~ 
b33: ··"" o ot-Olttlt~ • .,CYAt.f.* •• osa~t-~ 

!'or obtalntng enor ftl'1anca as Qlso the •= ot 
aqua:ns due to laok ot ttt hen we usa tbe P!l~Sla 

Duo to B loeb 
Duo to tltted 

constants 
Dut to lack ot fit 
~ " 8 

• 

the 4eatp oan be as&l vlth a4wntase u we 
can 4etUidne the 1aok ot tlt su or squares vltb 

lazoga ftttiiMJ' of 48(tHII ot haaclCII 



.. )9· • 
Jllglm l!o.\t 

Blockt Block a 
• Jl X X • • • .!t 
I 1 I a l !t, l a :s 
a II 0 0 •a q 0 0 

• -cr 0 0 -a -q 0 0 ... 0 Cl 0 • 0 II 0 .. 0 ... 0 • 0 •q 0 

• 0 0 ca -· 0 0 II 

• 0 0 •q ... 0 0 .q 

-a 0 0 0 • 0 0 0 .. 0 0 0 a 0 0 0 
0 p •P ., 0 •P •P •P 
0 •P p •P 0 p p •P 
0 •P •P p 0 •P p p 
0 p p p 0 p •P p 

Here we have as a NSult of tho cont1t10DS of the l!estpr 

,j. • t.5'. 71- • ,.,., ~ • l.CJ 
ftla eolttttons ot varlons npeaalon coetttotents are 

'a I 1/21t.t.xtYt 'ft. a t/18~z;a1Y ltS • a ..... 
-..0 ; ?IS o-1/6~ -1/6 C->-.Z:, ·~z?~Z:,> 
,, •• ,/6 a .. ,/2-z.xfr ... t/1ac~-:r· 2_?"'£v> 
\a• ·1/6 0 !i>1/18~ ~ 1/18 ~~+1/9(2_7· a.-:r) 
'33. ·1/6 tr +-1/18~ ... 1~2-x:r.t/18~·'19~-fv 

~ •1/6 0 i>1/182..~.t~( 2. -h· 2.~ )•1/185_ -L a 3 Av 



• 110 • 
Va1'1ance of the estilllltel! nsponse Yo at the 

polnt C. , a , x t x,.,.> la · to ao 30 "N 

vtYol : 7/8 • ''/C!lt -fo • ?/2lt 42 

• +1/.! ~0 • t/18 a'+ .,. ¥ 
xlo ~ xlo + aL 

•or obtaSmna the uroJ" Y81"lanoe as also 
the 1t111 ~ equans due to lack of flt we 1111 app~ 
analrela ot anano• teohnt que as st...n below, 
ta case of one replicatloa 

'Due to ~1111 t 
Dne to 11"115 tlt 

ooutallt8 
Due to laole ot ftt 8 

2) 

Hue w do not set -. utOJ' 1t111 ~ squaftl 
at aU. But ill oase of two repUcatlGna w haft 

the follow1Ds pmttion of tt.r 
Due to repl.loatlons t 
'Blooll: vlthla npUoatlcma 2 
Due to f1tte4 OODStllnt8 tlt 
Due to laok of ftt 8 
Brro:t 22 

~w-=---



-,., ... 
nu&m ffqa' 

Blook 1 Bl.ool! a ., •a ., ~ ., !1 •a x, x!t X 
I So 

0 p •P p •P 0 p ..p p p 
0 p p •P •P 0 p p •P· p 
0 •P p p •P 0 •P p p p 
0 p •P •P p 0 p •P •P •P 
0 •P •P p p 0 ., .. , •P •P 
0 •P p •P p 0 p p p •P 
0 p p p p 0 •P ... , •P p 
0 •P •P •P •P 0 •P •P p •P 
a Q 0 0 0 ... q 0 0 0 

• •q 0 0 0 .. -q 0 0 0 
.. a 0 q 0 0 8 0 q 0 0 ... 0 •q 0 0 a 0 .q 0 0 

• 0 0 q 0 ... 0 0 q 0 

• 0 0 ..q 0 -a 0 0 ..q 0 

-a 0 0 0 q 8 0 0 0 q .. 0 0 0 .q • 0 0 0 .q 
0 0 0 0 0 0 0 0 0 0 

ln tbta case ,P. • a.ta1, ~ a t.~, c/ a 3.5'21 
fho soluti0%28 ot vad0t1& J~e~NSI!Ilcm coetnolenta area 

bl ; a0291tLztJ't 
l. '·····' bu• .om1: x1x1.,, t • a, .... ,s. 

bt.2• .ot.o) z •s.•{• s,s • a, •• ,s. tf 2 

b0 e .so- .06892':*-.toot.< ~ 1"•••+-L:.•~> 



bu : -.0689' o .... o;so1Z. * + .oant-zV•··• z-9 > 

b11 _, "CJOlt. G •• 00912. ~ ••0319 :La!f+e0170 u..R.. 
' ! "•'-"'tft 

k,t • ~ ..... !1. 
Var1anoe ot the estimated response Y0 at the potllt 

( x,o.xao .. so~) •• 
vtto) • .!tOOO-.t03lafo -.t7tlt42 ... o301t~0 
o-'L ..... o3194ltt•*B-f0aa 

were fJ.2 • .aao+s;o~X:O•sBso 
Pcno obtal~ns the error 1ral'1ence as also the aU!!I ot 
equant due to laok ot tlt we lll8Y appl,y anaJ,ysla ot 
var1an<!e teobtdque as given below, in ~ase of eM 

repUoatlODI 
Due to bloolr.l t 
Due to tltte<! cOllStants 20 
Due to leok of ftt t2 

Total ll, 
Here also we do not set azv enol' s1111 of squa1'81• 

But 1~ case ot two l"eplloatlons we havet 

Due to repllcatlous 1 

Block wltbla replloatlou 2 
Due to fitted c0Mtant1 ao 
Due to laok ot tit ta 
EnOl" 32 

&7 



• ltl • 
n•dm *• A 

Block 1 Bloctk a 
.i •z •, ~ •, z •, X,. a ' 

• ·" ' . , • •• , ' • " •P •P • ' •P p 

-· ' p •P .. ' , ' 
o~oa ·' ., , • _, -· •P .... .. b p p .. +b •P ., .. ' ., 

~· • ' ' .. , 
• lt , , •• ·" .. , , 

•• •• . , ., .. -- , ., 
" •• •• 0 •" .. •II 0 _, • .q 0 lt • -q, 0 

""" • cr 0 • •• cr. 0 

" •• Cl 0 ... • Ql 0 

"'' -· 0 ...q " • 0 -if 

ell • 0 ..q ..- .. 0 . .. _, .... 0 II ' .. 0 II 
lt -· 0 cr """ • 0 II 
0 0 0 0 0 0 0 0 

•0 0 0 0 .. 0 0 0 
0 0 0 0 0 • 0 .0 
Q. .. 0 0 0 -o 0 0 
0 0 0 0 0 0 0 0 



.. .... . 
2.. xf 8 B slw. t 16(.,S..,.tJi )o+lto2 a Ita (t) 

ana t6rl+arl • ~ <~> 
uao z~ • L. zl • l ~xM st,.. 

t6(aa..,,,..,....,.- 96ai.oa (3) .. 
:2: ~: "L~ :3~-x 11 ..... 

t6p .. .lcJ ... lt8p.. (It) 

By (2) anS (It) 

.,. • 1.).aJ rl • 2~62 .. 
hOII U) m! (3) • set -------, 

aa • 1/liJ~-m.a • 80o .. ~1/32}9aa..8o.'-so.lt 
a• • 1/32 J'M2-~ .4 so.li •. v32l9awOJI..seaat 

Hue 0 .( e2 ~ 2.8981. '!'bus theft v1U M aD ll1tidte 
terl• ot dulpa tor nr10lUI 'ftluu ot tl- lae\wea 

0 aDI 2.898,. fbe estS..tea of "ftr10lUI npua1on 
ooefflo1enta an ,., .,~,<,~·t ,J 2. ~~· .. r"'6"'~~ 'i. ., 

,,J.vst~c.a~ > z. •,•f• 1a , .a. ,. 3, .. 

..,,"'1/32.P.Wi 2. •,.•.z• "la.•'"'~"'~-_,~ ' 
,.o • + o.. i!r'.a? .. ~v,. ,a~...,ac~-;, ... 2:_~, 
1t • - ...1.... a. ~<z:?· ~9,.,<#sr·~9> 11 ae2 8a 2 \!6(aa • .a ,a~~ 

.1.<•2tWlJ-tm2 (!..*"' ~) a.• 
b»laelac •t .., xa mt •a "' tt, t.a 'n • J-' 11aa 



• ~. 0 
' • •2'f;-o,2 o- st~,.WtHto! Cz_a!J• :1:..~.t) :u ati+ 1 -r 

-t- [•au.a .. ¥'. ~<a&.Wl>-~J J. 

l2~cr 'f. V.C.a ... ,.a~ ( .a. • .a.., 
32o4tq 7 -v 

• :!::r; (£~- ~) 
16q ~ 

Replac!Ds ~ ~Jd a:,. ll1 x3 tn '» w sn \1.· 
Vutanc• at mS..te4 rapoD~te '10 at the po1d tx. o• • •ll:tto) 1.a 

Vu<Yg~ •i. ~ [ , .. .J-I 
'L ~ 14(~~~ >-lto2 o2 :J 

~ ·1 I ............ )~[fa'. I J 
6-,2.at~- --;a:J Le'"? 2 [j6(a2 .. ,a.,. 

~ r-m<.a,q-a +-L .rtc.ed!~.Wut!ll 
L 32 q'+ t6Jt I 320 II J 

~a! [ , • "e!·r ,.,q&J 
1 2 8c/-(a2ttfl) Ito 

*•• ~ • -fo~o' ~ • x830"' ~ 
In putieular .tlea a2. a, rtl. t .8?3, 'tile .a9t the soluUoa 
ot the repuatoa coettlclut• an 

bl e o0238L.~rt.Jl ll~ 8 efJa)Bf.X, 

't_fl .~'lt"l_¥,lii:/J I. 8 t_a,. j e 3tlt 

•,a= .~f! r_x1•~• t~3,..:: .0)63 L..ll:.jY' · 

•o • ·'a .. zs<t.9•~9,._·o318(L:.?i>2V> 



.. ll6 .. 

'u • •• a, CJo~..ltt86 .2: ~.»tot lt z: +··OB23C~ .;r~.z <t > 

RQl.aoln& .. "'-a - .. "' .. Ia -,, ... 8ft ... 
)3le .0318 o-.0823 (L. *otL.q,...oa.66z....+ote0281tS..~. 

ReplaaiDI ~ lt' Ea. azd X.. lt' ., Ia '3J w pt '\t.• 

~utfo,) = .S..'-!6a ~··-"')·tt1866~tte~··' .. f1 
o-"L 

!b.a anaJ,'elll of ftl'lanoe 1a tb11 caae frd one npUoatloa lit 
«.t 

Due to blootm t 
Due to ttttld OCIJIStanU , .. 

Due to laotl ot ftt II 

Bl'roJt .. ~ 

nu. to npUoatton ' nue to nook VS.thf.a a 
npUoetloa 

Due to ftttld ccmatanta , .. 
Due to laQk ot tlt II 
BnOJ' ll 

Aa u lUutratlon w ha.,.. pJ~actecl below the 

cu•ple'- ua]Tala ot aatp 1o. 1 vltb tvo npllcaUcma 
p:raented ... u_. lD the chapter. AS DO real 4ata t~ 
the aedl!ft an available, w ban taken •~ tloU,toaa 
tah tor the purpote ot lUutthtlaa,. 



- ttl • 
!be tollovlas 4ata sbovs the data elq wltb the 

natment o~b11lat10llS of cOiled dcsu• 
beatlaent Response beatunt Response 
c011b1aat1ons combiaatlons 
~ !) ., aep. ' Rep. a ., !) ., aep. t Rep. a ,., ,., 0 a 3 -1..1 '·' 0 

a. 3 
t.1 _,.,,. 0 3 a _,.,. -t.!J ·o 2 ' -1.1 0 '·' , ' '·' 0 '·' a. It 

- '·" 0 _,., a 3 ,., 0 _,.,. t a 
0 '·' t.t 1 3 0 '·' ,., a , 
0 tOt -t.t a It 0 '·'-'·' l 2 

0 _,_, '·' It 2 0 -t.t '·' a 3 
0 -t.t -1.,1 3 a 0 -t.t-1.1 3 3 
0 0 0 t 3 0 0 0 , 2 

total ,, 23 Total 22 at· 
BaM o • af, UC,F. 6.ooa.LXaV. t.76a z.._"# • • t.alt 

z:.x,y •• ,.ootz.s,v• ta.oo. 'i..X,.•f:: .Jt.alt 

2.. xf'• e,..S'OJ LV. 89.9ltf z.xt. a,.~ 
ttslng tU apft!tlons f~ solutt=s, the Yal'lous "11'tls1cm 

ooett'lelenta ere' 
~0 • t .?100J ~, • •• 0628a ~· .38t6J " 3 •• 11101. 
~ • .t668s be- .Olt89s '-l•· •• ol~J llta- -.2222 

'3: ·~ '-23• •• aOP9. 



• lt8 • 

UdtlS the expression tor fitted constanto B1m ot 
sqWll'Oa gtven 1n page 33 we have 

Fitted constants sa ot sq~a • 13.83 
'lO fl.llil ~ S'tt:!a of Dqlll)hSI 

!be ana~als ot variance table Uo.l ot pase 3lt le 
d.f u.s 

· Bnoi' Stllll of ctqUUD 

'total. 

Between blocks 

Du.e to veatll!enb 

Bft*ol' snm ,ot squares 

'total 

Betveen blnoJcs 

Due to treatment' 
Bnot 8t1lll of SqUSI'f!S 

'total 

3 ,.31 
a. tt.ao 

4.f •.a , .,a, 
·) l·l?f 
3 t ·3'1' 
' lt.8?!f 

4.t , .. , • taf 
3 10.31S 
l t.S1, 

? u.8'1!f 



... .., ... 
'lha enor 8Uil of squares vlth 20d.t ln tho oDa]¥S1t 

ot val"S.ance tabla tar the \thole aata 1s equal to 
1o.1t0..1.31,.. '·31' •• ,., • u .. &o. 

':be a!llll.Yale of variance toble tor testing the 

at!Dlflcance of lack of fit lltllll of squares laa 
. tlp9 tsu 1 4•' , .. 

Bepltoatioa 1 .af 
Blook vltbln a .73 
npUcatlon 

Pittec! cODStants 9 13.83 
r.aok ot tl' l S.9o 
lh"rOJ> 20 13.60 

'l'otal 3f 3't.31 
In thta oau ed.noe the P s-atio. wlth .4,-t (3120)' fltOII 

the table et the S.l$ ltmtl ot atp1tloance la l,to1 a 
secODS degree eu:rtaoe tlta well to the date, thQU8h 

thls ocmolualoa has no rod e1gn1f1.cuo' .as ~ 
tlct1Uows l'etpcmses baft been ute4 u the tUU~Uatlcm. 



!he pJ"Oblea ot ana~ala wlth 11118sbg oblenattons 
la equaU, IQOJ'tant Ill MSp012Se au:rtaee dal.ga. 

AOoording~ - haft •"apta! to woft out Ill raethoiS ot 
aaa~sf.a ot 101118 ot the l'esponae surface ded~DS v.lt:h • 
ODe tlllalag obsaftlltlcm. Dl'apll" (1961) attaptect the 

anal¥sf.a ot a rotatable deslp with cme lllaslas obserq. 
tie. His app:roaoh was to estbate the 111ss1.Qs obiiU'ft• 
tlan b1 adntmtatas the su ot &qt1U811 due to ( laok ftl 
fit • 8ROl' >. In the present oeae we have attt!llpted 
to estS!Iata tb.e QJissiQJ obsenatlan 111 mtnS.tstas the 

sU'II ot squar.- due to 1aok ot tit ~. AD ll:rreatlsatl0%l 
has also been ma4e ftuothu to a.aaeu the uo1lhCI1 of 

estialatea ot reRftSslcm coetflo!ma vbeu th91' an 
I 

estbsate4 attor the !ld.sslng ftl.ue 11 substituted b1 lta 
estimate atd subtequontJJ- beaUfts the esUute as lf 
lt ltl cme of the exlatllll obslll'fttlcms. !b.e llwesUsa-
t:lon 1D respect of three deslp has been presented belw. 
ho ot thfJae destsua are ~al aDd cme I'Otatable 
in ~ factorlt 

nntmu We tbst oonslt1e a rotatable dedp V'S.th 
t.l.oold.DI vbere aU the faaton have 3 1eftle eaoha 

Block t Beapot~~a Block 2 RupoD88 BDok 3 Reapcmse 
!1 ~ •s !1 ~~ !J !a~ ...... 0 yt •• 0 .. y9 0 • • .. . Yt? 
•• • 0 Ya .. 0 • Yto 0 .. • Yte .... 0 y) • 0 ... Yu 0 • ... Yt9 • • 0 Ytt • 0 • Yta 0 • • Yao 

() 0 • Ys 0 • 0 Yu • 0 0 Ya1 
0 0 ... y6 0 .. 0 Yt .. .. 0 0 Yaa 
0 0 • y7 0 • 0 y, • 0 0 Ya) 
0 0 .. '~a --- 0 •• 0 'ft6 .. 0 D Slta.. 



- ,. -
Lft the 'loc'k. total ,.. ~, ~ a B3 •ve •, .:t2otB3a o 

Let U1 IUPPON that tbe OU81'fttloa ti'Oil the 

c1u1p po1ll\ ~ tJii.Xj) it 11lsa1al. 1M the """''"""' 
w1tw p denote the .Usia« ouuwtlcm. r.n lt be 1n tbe 
3th b1ook. 

!be &llealnt potU ~~q be 
,, ) • polld .tllah le not npeate& 

• (2) • point vhlch b • ., .. ,..s. 
Cltll 1• a polDt .tlloh ll not npeatellt 

Here the block •• of aquaru 1a 

ws:~a ~ ~ ~ ~ - GJa• 
\'be nttel coutants IUS ot aquaru ltl stwa t11r 

• 0o ~ •••••···~'33 ~ • olt.a~ 
the UI'OJ' na of aqaana b stwn b.r 

ttr"?flta.., tt6-Y8 '1ta ..... ct21 -Y23ittt22-'f2,.,_, 

the total •• or equans II '2~ • ol /2,.. 
!be lack of fit n11 of SqUU'el II obtalae4 "' 

auMreotloa. ta tb18 oue1 when we espnas the .,. ot 
squana due to the laott: of ftt aa a fuDctloa of p1 aa 
1Dllmo'm all)at1tub4 ftf' the Jdastna "falue, • sa the 
laolt of ftt 11lll ·of lqUI\HS U 

.,P. 9/2lt (G• • p}! • 1/8(Pt'B;,t 

•1/2\t [ (LtXtY<\IX;p)2 et ( Z: X~J'-tZ!.Dl2~(2. X F<tS'P"' 
ta" a- tJ ) 



I 
-~ 

I~ 

- ~ . 
<~?~,1l~c~x:v.x22prt~<'i,y~1a~,a 

.a.< '*~~><'9~aP, •')-fv+zt~>c1xJv..xjaP, 
~<;9~ip>(1*.Xj2P,.(~afaaFct ·~,a 

+<~s,¥•Xf •1 P jl_.c ~·axl"~ •j P.,. 

-<o•\"p)Jitl_,*··~9•\9•P<atacr-.-;a~ 
• other toms not f.nvolviag P• 

Vh81'9 i.1ls summat!Oll over (5.') points whlch are ~ 

'ld.saiq an4 the !lliaatng value li ln the 'tb block. 

Dltfel'el'lt1at:irls tho obove sua of 8qWl~ with rospeot 
to p an4 equatlDs lt to zero we get 

ltCRBj•~•Ba. ~(lt<WIW!) 0''1>(~·12) ~ ~1{-t~ )y 
I 

~[~ -;-r,a,y~ X!,~Zf'~ KjZ,yf') 
~l<x;a~*.:zaat.,9.-•;:>:,.;r) 

P·• 

• 1(/ll (say) 

when .2 • a•2•z•2.cr•2ent~ s• ._.s ,.s • a• were J-:1: 11 tl. 1.2,3 ~ 123 jkl: 
aant It Who the ldaalag point la OM Wbloh la repeated' 

w have l ntethoda ot estimsttng p vis. 

Mathq4 1• 
llll:a11111a1Ds el'rOl' se ot squares alcmo 

~ 

Here p • RespOil!Je ot the correspont\lng point tlhl<lb 

ls 1'8))eate4 

: Y; (aq) 



tf!thQ\1 a• 
tan11da1Dg (lack ot tlt + en'Ol') sum ot squans 

we get the same osttlllata as tn case 1 i.e. WN. 
tta!bQO :sa 

Mlntm1stng lacll: of tlt s'll!l of squares olone we have 

p cr tf-Y\ )/B-1 

It oan be shown that p ts an 1Dlblassed estimate 
ot the talsslng response aDd it ls ID:!ependent ot block 

effects. 

Vutanoe or estlmted response at the potnt 

( st¥.3> 1s slven bt• 
I I 

Vai'(Y) • Vartb0 ) ~ x1ocw<b0 ,b1 ~oO'I(b0,b2 ) 

~ [_val'(b1 ~O'I(b01b11 ~x2~.,ctt2~0'1(b0,b22~ 
;.z,~~bo•bta ~cw(bt •lta);tf~far(btl >-omr J 

~mbu ,,33 > 

•«!mbal )<ltcov(baa•bn > 1 
~ ~al'(b)).o09(b01b33!~stta~b1t ~al'(b22 ) 

~ Val'(b33>+X:cmb1,b,. ~z:CO'I7(b2,b22 > 

•xfxacmbta•bu >~X:COYCbta•baa >-

~xtzaLocn(b,,b,a).opocmba'bn ~ 

.i, X: ~ba•'ta >-tcov<b, ,b22 ~ 
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!he: "~aluaa of the various aoeftlolents ln the above 

expression, wbon QIV one of the pointe (a, e 1 O),(•a, a, 0)1 

(a1 ..a. 0) rmd (-e, •a, O) la miasins ls. talmlatea ln 
table 1 belove !be oame oethad of ooneouns aoefttalente 
as aasorlbed enr11or 1w1 boen o4opt01! ln tln4lng the 

various ooettlclantea 
'lABIB I 

coetnol011ta of va.dCNa tua t.n YIJ'(Y 1 c-.. -!... 

c:oettlolent lflasina r,t1 ot (a, a, 0) <-•• a, ) a, •Bt 0) (-a1-a1 0) 

Constant .681J .687f .681, .68?f .., ··029' .0295' ··0295' .029, 
Ira ··029' •• Qa9f .aa,, .029, 

I .a..a ' 
··2930 •• 2930 ··2930 -.2930 , a 

x,-a .Olt69 .Olt69 .01169 .Oll69 

«~ .taJO .1aso .ta!JO .taS'O 

~ -·2083 ... 208) ··2083 -.208) 

~:: .0'/lta .0'/lta .0'/Jta .0'/tta 
.06af .o&af .062!1 .06af .) 

~~ .0663 .0663 
I 

•• 0663 •• 066) •,-: .0663 -.066) .066) -.0156) 
zl 

1 .0221 •• oa~ .0221 -.0221 

~ e0221 .0221 ··0221 •• 0221 

.f.a•z,Z: .Olt69 •• Oit69 •• 02469 ' .01169 . 
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2he variaDoa ot estimated reaponse at various po1nb 

When arv em. dt the points (a, a1 0), Ca, -a, 0) (.n,. •• O) 

ana (...a, -a, 0) to ldsslus and Whoz:a DO po1nt 1s misstns 
are ta'tmlateB 1D table U belowa 

wmu 
Yortt 1 at Yario'tll polatt. 

PolDts (a, •• 0) 

000 .68?S .681J .687S .687f .lt167 
, 0 0 ·'-''l .lt761 ·'-''3 .lt16t .<¥/r~J 

01 0 .lt613· .'-613 .lt761 .lt761 .g!lr~J 

0 01 _,.,., .,.,., .~1 .,..,., .2'1f1J 
! 

' , 0 .soe~t .2030 .2030 .a?a8 .ascn 
1 0' .ltltOJ .~n .'lMo, .... m .2~01 

0 1 1 .ltleOJ .ltltof .~ .ttsn .a SOt 
1 1 ' .6126 ·30'18 .)0'12 .yno .)9t3 

& OOIIParison ot the ftluos 1)1'8Seated lD the last 

column vltb those Ia the other ool.U':Ilm show that lt tbe 

aDa]¥ais ls ocmduoW b.Y 11u)ltltut1DS the ld•shl oblu-
,.uoa 1t" lta cstl~~Bta on! thea treatt.ns tt as one ot 

the alatinl o'bae!'htloa as has been dane _. nrapet" (1961 ) 

then le some rllk lD that the actual nrlaaca or the 
estl~~~:~te6 response 11181 be qu1te ~ltterent fro:! that 

obtalaable troll the non-ldssl ns oasea , 



' .. f6 -
l}glm Ia 

Bloo'k' Bupoue 'Bloolt a Bei})ODia z, x, •, z, •• .. ,, 
a q 0 "' -· It 0 '~to 

• -q 0 Ya ... -q 0 Yu ... 0 q 'fl • 0 q "•a 
•• 0 •Cl y .. • 0 •q "u 

0 p P' "' 0 p p 'f, .. 
0 p •P 'f6 0 p •P Yu 
0 •P IJ y7 0 •P p '~t6 
0 •P •P ~'a 0 •P •P .,1 
0 0 0 "9. () () ~ "ts 

total "• 8'2 

Let It • 1la • 0. Let us auppo~~e that the olllena• 

tloa of the design point <x;, xa' •) > ta talsslDC. :r.et 
k 4eno$a the !.dlslng obsuvatlcm. Ld it be iD 2th laloolr. 

,.. 1n the p:revlous case the polat (xt J. xa• z; > 
lUV be 

(l) a point which le not npeated 
Of Ca ) a po1Dt tihS.ch S.s npeate4. 

£tt1t.11 A po1nt vhioh to not repeatod. 
bprt~sln!J the laok of nt sa ot squans as a ttmeUa 

~I 

ot k (the UD1mcnm s11heit tu\111 tor lid.ttli.Dg 'Isla) aJd 
~ 

4S.ttwenttattas lt· with "'peot to k aDd equatiDs it to 
881'0 wbana 



• '11 • 
• 111H~j·B'11 ,..9999 o• •• utH~~.,,.~"1"2"~~,•1v> 

~.0988<-f -& z.,x,y•xr•r,-,•1' ~.,980 -&-! E,•.;a# 
.tt.0988 ~~.L. ,*•·!l961t •&2 .L,z:,-.. 296~+ •j2~ ,9 
•• oJ.9ttex•2£... ..a.c!a~ ~c·l~ w2.c•a2 x!Jo> t .-If .. a t ' 1 ,-r l , t 

~.,mc.aaL,?••;aL.,9>--~t~AA.:<, U:..;>¥ 
k • .... tt'~'5a:5a > o• 

,_,111 <x•a+S,a-9E,a >+.aaaacx•a,.x,a~.~32 x•S.•a 
1 8) 2) 83 

-0988 .-..... lt( ......... , , a J 
• A/8 (aay)._ 

\lhetoe B} • B11• q•, ~ =t k, • 1 ,a 
CBC!ft 81 l:lheu miasins point 11 cme vb1cb, ls repeated 

auo we have agala 3 metbolla of estlmattog k via. 
Hetbs4 1a 

JUn!mtso enor alone. Let Y' 'bG the lld.~tfJins vala 

Then R • Yt~t<~-1/ltCY6f:Y?~y8~y9.y1f'"y16•Yt7..y18) 

MphQt'l 21 
rftntmtdll3 (lack of' tit • erl'ol') we have the 

,.. 
sau OQresslon tO%' Jt ae 1D case 1 t. e. k • A/8. , 
Mttbqll lt 

,.. 
k • 

111 n1 Jd.elna laok of fit ee of eqUarea alone we haft 

' t a...atYc;.-Y., .. Y8otY9 >-.e Y, .. ~aCY,,..Y16~11 .. Y18> B-.8 



.. !fa -
Bere variance of ~tlllate4 resp011Se at the point . ' <•,• •3, ~>·is 11m" 
V~Y) tt Vu{lJo);. ., ~bot bt !tzao«Mbot'a) 

+x1a2\{cov<1»0,•12 ~ocwC'b1 •'a~ ;-« \!aJ'<•,a~oY<'n ,baai) 
~ \!utb1 MtOY(b0,1t1~·~ !_ar<tt2 ~0Y('o••aJ 
+a; l!d(t.l>.ocw<bo'b.»~~·r<•, >.ta:Va»C'baa> 
~Xaftvar<llu ltzM f!-(b13 ~OY(b1 1 ,b» ~ 

;zM \!ar(b23 ~ov<'aa•'n ~ 

"'*a 'ecw<•,•'ta)l,cov(ba•'u ~ 
~X:.~ ~ov(ba•'ta ~cov(bt•'aa~ 
~cov<b, • .,,, >;xacov<•a• 'aa > 

t~'a''ll >.;x11omb1 ,b33 > 
~?aCQV(bta'bu l-4x?,ccmbta'baa) 

<1olftxs!.;cmb,a' 1133 >. 
'lhe vaitzeS ot tbe variOlll!l coefttolentJ la the above 

expNSeloa 11ben ~ one of the pol!lts (a1 q, 0), (.a, q1 0) 
(a, -q, 0) 8l'll1 (-a, ..q, 0) ls asisalbg ls tabulated lD 

table lt 



,_ S9 ... 
wr.a 111 

CJo&fttclws ot wrtous tel'!DS 1n vutt) cr-...._ 
• • ' il•eliii r.M CHfttot.m (a,tt,O) (-a,q,O) llt•q,O) (...a,...q,O) 

of 

coastant .JOOO .;ooo .JOOO .1000 
a, sa .ossa ... ossa -.om .OS58 

-M .t:~Fn .0799 .f1199 .a!99 

xf .GSl-. .ae11t .CB)lt .aas'+ 
X:+~ 

I 

··3610 •• )610 •• 3610 -.3610 
I ..... 

1 .oste .0618 I .0618 .,0618 

~·~ .1606 .t6C6 .1606 .1606 

.-M -.oaltB -.oa'-8 •• ()21ta ... oalta 

aM -.2222 .• aaa .2222 .. aaaa 
z¥xa "'"' .tnf ... ,,, •• ntf 

.f ,.01?2 -.Or/2 .0372 •• 0372 

~ f03?2 .03?1 ... 0312 •• 0372 
.,.; ··0370 •03'10 -·0110 ·03?0 

·A •.0370 -.01/0 .o)10 .0370 

~a .,.ot.96 .... OiilJ6 .... 01196 .ot496 

x,-l .. ~ •.-Olt96 •• l)lf9&. .. 0'196 

•t-A ~ ~tott9lt .-Olt9lt .. Olt91t 

'l'he vartanou of eatbmte4 f'Qpcme nt votious pol!lta I 
when azu one ot the pOints (a,q,0)1(...,_q,0)1(a1..q10) & (.,.,.q10 
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ls m1salng lU'G tabalate4 tn t!lble lt beloln 

XA1am &r 
var X at various p~ 

o--'2-

iiisdiili iiC$ita I Hone 
Pointe (a,q,O) (-a,q,O) (a,-q,O) (oa1•ttt0) telsslq 

000 .sooo .sooo .;ooo .sooo .)000 

' 0 0 .682~ .&aa~t. .6821to .6sa~to .60119 
0' 0 .)368 .)368 ell&S ·3368 .a~• 

1 ' 0 .m, .369'1 .)697 e3803 .!Pt9S -
1~1 0 ··9'7 .9111 .)803 .)69'1 .Hf 
0 1 1 .. 3216 .)at6 .)316 .3216 .)tfa 

1 1 ' .8f0'1 .ltt6t .\161 .tto39 .wos 
HIM also 'tiG 4raw tbe Salll8 <$0DQ1US1011 .u la 

I 

pNvlous onse. 

DDd&ft 1ll 

B1oclJ t BapoDse BJ.ook a Baapcmae 
~'t •a .l 

I 
x, X ,a ar, 

1 I 

• •P top Yt .. •P •P Yto .. » •P Ya G p •P r, 
-a •P p yl a ., p ~'ta 

a I> p y .. -a p p "u 
0 '1 0 11'!1 0 Q 0 Ytlt 
0 -q 0 y6 0 -q 0 Yts 
0 0 q ~ 0 0 q y16 
0 0 -q Ye 0 0 .q y" 0 0 0 y~ 0 0 0 Y,s 

total s, ~ 
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tt~SM w &Gt tba enma U»rGSslcms fOl' esttatu 
aD4 "tarianall at ttsti!oatod rcspOMe as 1n deaijJ:a a 
etme u po!Dtetl out 1n ebapt«.'l" 2, the normal squat1CJliS 
tor thase two clutgns are the namt~. 



• 
AttGl' the lnti'OI!uattcm of I'Otatlable aeas.sn by 

sa aid ll1mtel' Ct9S'l) oonstderable iiliOWl' ot etu!J bas 

been -~ tn the tbtorv ot ts..Uas II'IJltltaotcw response 
svtoces. But ttu nov ODlF cte!ti~DS of the ata::uetno 
type t.e. ctealBDS with tooton aU with the ,... ll11!lbU 

.of levels ba.e been atu4114. In thls thata we haft 

aulta~ attled the Idea of rotatetblUV md pnaeattd 
two aeries of &8)'lWII8trio 4eslgu tosethu v:Uh a clulp 

ln f0\11' fa~ vhlch 81.,., rise to an bfinite a.S.ea of 

4tal!DS. 80118 of theae ctasiBDS are tom:d to be rlel4laa 
ao:re aootn"ate estimates of the MSpoDSe at putlcular 
polzau than that obtalDabl.e tbraltlh rotatable dealp. 
these 4eatsas an also available vlth letso m~&bel" of 

4edga polnU41 Al.onJJ with the 4U1B11S the expMSslcms 

tcw eat1118tes ot various repualon ooetftof.enta BD4 

tbelr ~ baa also been pl'Uentll! • 
.ro ue such 4estps ft:~J> agricultUl"'ll apulmezatatloa 

it I.e neausarr that thll1 an apUt up into blnc1m -
~ual atn. In thla thesis we have gS.wn o nwaber ot 
4ulllls bel.cmS1Ds to the ~o type VS.th blooldnt• 
Along with utlllatea ot n~NSslcm ooettlotuta ar:d theb 

val'lanoea1 the methca! of &Jial¥&11 lD cue ot one 011 taore 
npUoattons baa also been 4etodMt. 

the pro'blell of aDa~ala of the 4oslp thi'Ollgh 
eatlmatlcm ot a Jlltatas wlna lD nsponst s'ttJ'faoe 4ealszm 



• 63 -

has 1Me1l cQ!lden:t b1 Draper (t961 ). A aUght~ 
ditferat approach through m1D1!11si=g tho lack ot tS.t 

component of ••• has been adopted and the est1lllate 
ot one m1sall2g value ln case of) napanse svtace aestsu 
bas been sben. A comparison of the vai-iarteea of estimatel 
response at 'f'Brloas points •en tbe c1ata are al'lll~aed 
(1 ) after subat1tuttoD ot .Usbg wlua m5 pl"QCee41ag 
t'u:tber as usual aDlS (2) taldng into a.oaollDt aU 
oonaequenoes of the lllssing observatlOJlt has btten raae 
anll tt baa been fom:d that there l8 oonslaera'ble amouat 
or dltference 1n the variances ot 8ll1 aatlatec1 respons .. 
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