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SERROMIRION
Of late sonaiderable emphasis has becn laid on evolving

designs sultadla for £itting vesponse surfaces, These
dasigns are used to solve mainly inijustrinl prodlems vhers
@ Mnovladge of the funotional relatfonship detwsen a
quantitative response gucth as yleld, aost stc, and § set of
ocontrolled varisbles such as tamperature, preassure etc,
i3 nsgessary., then this funstional relatianship is not
¥nown we have to lay down exporinments with a view ¢o approxie
mating it Yy a polymomial, With this ant iw view Box and
Hunter (1957) introdused a aseries of responss gurface designs
ealled rotatadle designa, They presented several designs
using geomstrical confligurations, By follswing a similar
method Gardiney and others (1959) obtained some thim
ordep designs, Bose amd Draper (1959) obtained these
designs bty using a difforant mathod, Nany othor designs
werc given by Drapar (1960), Bax and Behnken (1960) anmd
Thaker (1980),

A radically aifferent approach for the sonstrustion
of the ahove type of designs was given By Das (1962),
Das and Narasisham (1962) and Das (1963) bty using fagtorial
exparimants and incomplote Blook designs, ,

Bax and Hunter (1957) gave tho oriteria for blosking
in these designs, Bax and Behnken {19%7), Das (1962),
Das and Harasishanm (1963) and Das (1963) gave some
rotatabls desigms vith blooking.
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e problen of estimation of missing valne in
rotatadble deaigns was oonsidered by Draper {1962).

Ds Baun (1999), Box and Draper (195%) ani Box
and Behnken(1960) considered some other responss surface
dosigns vhich are not rotatable. De Baun {1999 ) has
oomparad the potatable designs vith some of these designs,

In this thesis we have attempted to present some
new sorles of response surface designs which are of
asymyetricsl type and osn be used for Pitting gsecom degres
responds aurfages with adwvantage, Bams of these designs
enjoy soxme advantages over the porresponding yotatahle
desipgns. A mrber of deaigns apliit 4nts MHlocks have also
baen presented &n tho thesie, The prodlem of eéstimation
of missing value in these designa has also boen considered



Ons wmost iaportant series of yesponsoe supface designs
is the rotatadle designs introduged bty Box and Hunter (1957).
De Baun (1999) and Box and Behnken (1960) gave soue othar
designs suitable for fitting response gurfaces dud they
are not aluays rotatadle, Two fmportant oriteria wvith
which such designs have bean evolved are that, the paranaters
defining the surface should be eatimadble without mush
involvement in the solution of their normal equntions
wvhen the surface is fitted through lesal aqure technique
and that 1t shouvld bo rotabable {.¢, the variance of an
eatimadbled response at a cortain point dsfined hy tho levels
of the factors on sultadly chosen originnl seale should
be a funation of the distanse cf/ the point fyrom the arigin,
It 15 soen that the sccond eritarion is not of tho iKim
that necessarily must be satisfied, but rather it glves
an objestive wvhioch might ba almed aty, 4f it can Do satisfied
wvithout orpating other Aiffigulties,

Al)l the response surface designs odtained so far
ara of the symastiic type that §s eadh of the factors unier
study hage got the same mmher of levols, It iz well kmowm
that thore are situations in agronomia amd othor trials
vhera 1t beoomes desirable to inslude different numbers of
levels for the difforent factors, This econsideration
necgessitated evolving destgns of the asymmetrical type.
The same considerations apply &n the sase of response
surface designs also. 1In the present thesis we have
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theraforo made an attampt to ovolvo sultablo asymaotrical
Gonigns for the atuly of secomd dogree responge surfacos,
Two series of such dosignn havo bagn obtained togother with
oxprossions for tho estimatos of the various regrossion
eooffiolents and an exprogssion for the vardanse of astimated
response at givon points, BSono other designs for various
nuzbors of factors have also bsen obtained,

In this thesis wo have confined ouft attention to
designa vhich have two types of lovels of fagtors vig,
one sot of factors hos & lovols and tho other saet has R lavels
each, lot tharo be n faetors of whish b, factors have &

levels each end na fastors havo § lovels cach (n‘-p n e nde

Lot By sk danote the levol of the 4th faoctor 4n the sth
group, in the kth of a total of U combinations of the lovels.
Buoh aqombinations will aelso bo eplled the design points,
Tho total munber of design polints in a desipgn will bo denoted
vy B

Tho N design points chosen 20 oo to gatisfy tho
following relations will ensursc siuplioity 4n the solution
of normal equations obtaincd through the leash square -
toohniquo for estimating parameters (regrossion eoeeﬁcienta(i
in the equation of the responso surface, This beeonas
cvident from g ghlace at tho normsl Qquations for cstimating
the rogression coefficlentn of the surfage,
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In all the following relations the sumation is over
B design pointas |

k
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Vhen these coniitions are satisfied the normal
squotions for fitting tha second degree response surface vig,
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(vhere B, 19, 1! denctes goeffiolent of x, 3 Kyp B“ danotes

coasfiotents of Xy a0l By s the conatant term) of the
n inkepenient faotors definkd earlier cn the response y
prodnced Wy thelr combinations are much simplified,
Danoting by bta the gorresponiing estimatas of Bis ve
have the various astimates as followss
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From these solntions 1t is evident that if finite solutions
are to exist for the normal squations of the abdbove type
of deaigns then the constants must satisfy

(1)0fDemd 4+ B

(2) X+ 0

Leo. [aeE(R 1)IL ouD(n 1) + nyn o
In most cases condition { is satisfied, The sepgond gondition
can be satiasfied, in most of the gones Yy adding tho genteral
points (Oyeeerp0)s In other cases 4t can be satisfied Yty

awng MB of the W ( 0.......0),(- ,O,....,O),
(O Opevas0) sto, which means that the mmber of levels
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in one ‘groupof fastors is insremsed,

The wvarisvces ani covariances of the various
ooofficients havo boen obtained from the folloving
considarationss

V(b“) grmftioienta; of Z%g ay in solution of b, ,

v(» 4
um),,-coarrmm of 2%, &y 1n solution of b, .,

Mbﬁj,kj’bljgmﬂ): 2(Coafficlont di‘lj’nf in
soluticon of bu,kj’

cav(bo,b“'“) » 2(Gooffioiont “Z’thj' in
solution nf bq)
These results follow from the thesry Of least equares
{Raoe CeRey 1958) ard the variannes and aqovariances are
as follows, taking o as the error variance.

Varib, ) _ ¢ Var(

~mple 2=k = - -1
Varl ) B

-——-—‘-‘;’-—-‘27 - ﬂ—.—;\‘,}- .

Varldy 12) » B
pe—n BB & A\»ny
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We have mlved some saries of designs of the above type.
Ve confine ourselvos to tho cass vherse the levels of the
various faotors are thréo or five, No faotor with two
lsvels has been insludsd bocause 4f we Lnalvde a fastor
vith two lovels asomo constont in the scoond 4ggres surface
cannod bs estimated, AlsO all the dasigns vhich we are
going to consider have oither one or two fastors which

Covidgy 24P

)JJ
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oaunse asymiatyy though more general cases can be odtelned,
B efore wo pressnt tho actual dosigns 4n terms of

actual values of 2 P shall explain the following
uothod of their gonstruction vhich we have adopted,

A Gasfign of the adove typs in n faotors can bdbe
gonstruated by taking ane or more caadinations of sone
unknown 1ovels aydyOasssss8to, together with ths gero level,
Buch ccabinations foar four factors, say, will ba like
ﬂauaa)a)abbb, a)baat?éndaoon.

Kext wo shall have anothor dewsign in n factors of
the form 2® vhere the two lovols of each of the faotors
are » 1 and « 1, B gan nov get one more ot of comhinations
whan any combination of the first dosign is assoolated
wvith any cosdination af the secont desipr, by multiplying
the corrasponding entries that is the lovels of the
same factor in the two ccadinations and writing tho
produsts in the same oxder, This nethod of assosiation
of ary two combinations of tho two 4osigns will hareafter
be oalled multiplication, By ‘multiplying? any ocoadinae
tion of the first desipgn, with all the comhinations of
the second Gesign, we shall get 2™ 41stinat comdinations
vherg n dezoteg, the nuaber of nonezero unknown levels
in the goadination considered of the first design,

Thus we have 3%ypes of combinations g
(1) Factorisl combinations of the unknownt lovels agByeeesdto,

togsther vith gerd,
($1) fretorial combinmations of tho levels ¢ 1 and « 4
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(244) combinations whern each Op8ydasses 18 assoniated
wvith « 1 and « { through multiplication,

The firat typo of factorial gombinations will be
aalled combination of unknown levels, ths seconi will be
called assoclats acmdinsations, and the thin which actually
constitute tho design are our design polnts,

It will be ssen eaaily that if s design do formed
by inoluding all the disteiat polnts shich are got hy
multiplying any combination of the wmknown levels with
all the assoclate comdincations, these points will
always satisfy relaticn = X on page 9 nenm> &

a sultadle fraction of the 8% gygonlated comdinations,

whers no interaction with lass than five faotors is
inslwied &n its Ldentity group will again satisfy volation I,

Por satisfying relations IX and IIX ve have to
choose one or more combinations of unknown levels,

In vhat follovs we shall alunys give tha faatorial
combinations involving wmknown levels which will bs
denoting the design points that can be gensrated froa them,

For aonstrusting an asymmet®ic design in n faotors
we prooned as followst
co:inaqr £irat a gentral composite design in (Nl ) factors
which can de obtained from the following sets through
nultiplication with the appropriate associaste scadinmations,
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8o0% It (P P enscens P}~
Bat IX (q O cocoens 0}

RSP 0BEBRRS

(O O casenes g}
Our aio 43 to add another footor with throo lovels
%o thils dasign so that comditions X,IY, and IIX on page 5
arc satisficd, Tho obvious methed i3 to edd?t;ﬂmm level
vat to aach of tho sots togother with *O? to cach of the
gots, B ut this makes the mumbaer of points two large
w0 have howover obtained bolov $wo sordes of designs as
£ollouwny
(1) aflding 'O %o got I ond mimown 'a* ¢to sot XX
{2) adding on unknowm %a' to sot I ghovo and SO
to got IX,
SERIFS o%
the following sets of unimown lcvels when multiplied
by tho appropriato assoolate coubination give an asymmotrical
dosign with the firat footor ot 3 1lovols amd cech of the
rast at ¥ lovels,
Sot X» (ODDP easesne P)
Bet IX3 ( a q O sevess O)
(@ 0qeeerss 0)

L YTXYIITITEYNY |

({ao ssases Q’
Bet IIXt ( O O yunsenes O)
A
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The central poinb}( 0 0 sase 0) 13 to de alded to satisfy
gondition No.2 required for tho existanse of the solutiun,

Here
1 » Total number of pointas

s 2""4» Yne3, where 25°! potnts are.got from set I
noe Dely o s !

For n > 6, u fraoction of get I points 13 to be taken as
explained earlter,

Here ws shall denote the lovels of the first faotor
Wﬁi and those of the kth factor in the seconmd growp Wy
X k82 vecale

So far we have not attempted to impose any other
rostriction on the sussation of powers or produsts of
povers of x,'s exaepting those required to schieve
siuplicity of solutions of normal sguations, By faposing
gortain other restriotions 44 is possidhle to make suah
a design rotatadle in respect of scertain of the fagtors,
For exsmple ty iwposing the restriotion

Zn‘"’ " 31:& !%. 138 0 Quesetty 27§
the design will he rotalable B $0 far as the (net)
factors in the sesond group are goncernsd, that is whan
the lavels of the first set of fagtors remains the sama,

Purther by putting Zli o N L gt neeenety the
variabllity of each variadls Xy 020 e kept constant,
We note that with the above restriotions all the unknowns
in the above series are deternined,
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Froa the rotatadility condition for the second
group the following equation in odtainsd q"n 3"'%‘*
Also frow the condition = xf ¢ H1 5 1geesent

wo have 4(rie1) a® o B and 2%2 o 42 , 1,
The solutions of the normal squations cbtained through
the lsast gquare teshnique for ostimating the regroasion
scaffislients of & secoond degres response surface obtained
through tho design coxe out as follows:

2 X N Z X4q¥
“Maﬂi).a 132“1 ZM

ey, L iuES
bﬁh ¢ g,.aqa ‘3.1. 2"'1 h

b ¢ QR £ e et crBrnze)

6 4 22 QeI n-1 0

W ety eeia
f&n—i )
257V (net Ppihed iy
R JRR -
_ el 1W@;g,h..z-§ﬂ

Py 3 -

2% (ne1 Ppltgd
1¢+ 2]
. . hakg""n -2 (Bt g£
T (ot Yp2 2""’ (net Rp b Z‘?'

‘l_rtn-t T et )a"" %Z"’y
R

4,7=23 - m oy,



* 15 =

Prom the refationship of the rormal eguations we

ge% variances and covariances of the different regressica
soeflficlents as followss

vhers

Varing) 3 Var(y, )
o= Mh-i’lg o 2.'3' Q'&f

ey 3301 ’b

VI?(‘O): - ‘hih! -2[_(&-1 ’?ﬂ

(1t

Covibyeby,) 2""-% . e
o2 i 8'phate2(n.q)R R(msi)dg

Cov(b,, b, . ) "
AL i
"u 051? - -Mha'-'n )qa..a"‘(;m ),_i]
2’"(:3-1 )ap" »
Vap(h T ’ 'S

o 2% (403 )net Jeg (2% o)

T settRany

29T (nat R
Varing) o BRewy ¢ as-ly
- =Rt 251 e R

10 o Zneeerry £ §
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Lst (X,qpeeseX ) bo any point. 1et ¥ de the estimated
responso at that poind,

Putting ﬂa . %0 - .oouo:am we have 1t
Zan(R) = 1423, [,__g,__, « 2(net )pﬂ.qﬂ)

2) - el
| e S
o2 [a‘*‘ Cime3 Mot D (28 el
+ - 2% Fla) .
a8+t (net )@ y”gg

4
" | el * s
+ x3,02 [ =8aB [t2%1 41 )fua®*Y (a1 32| s:igﬂ
2% (a1 Ry o '
It vill b2 scon that whén x 3 hold constant, the
varianse becomes a funstion of 4%,

EERiES 2
Tho following points gan de taken to constitute

snother sorics of asymmatrical Gesigh,
Set In {a PP scanee 9)
Set IN (0 g0 aceses O)

SEPQOEPREBDIDEY

(0 00 wennee q)
Bet 1Xl: {0 P +)
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Here
B g Total mmber of points
» 25,281 where 2° polnts mre got from Set %
B2 L Y Re Bt

Yor a 75 a fraction of Set I points is to de taken
as explained earlier,

Rotatability for secomd gromp of Lactors gives
qhﬂa’vt'anﬂ Zx§ % ¥ gives 2%% o Namt 2%2,03

the solution for the normal equetions for this
design ares

%= ;;:r"i'l’ “W Z Xy

'71'—' e 3‘1'?2‘1’3'
0394.(5-1);9.422% -&{Ll& b..é-:ﬁj

b5 f_n%_’g:& 0+ 2%(2nes Xt )R, (288 )
2%y
LA 5y

N a“!’ﬁ &

¢ ff‘i?‘"_’ﬁ[i% s 4

m'ué-ﬁ-fqz-(nd)pa 2y + JBZ!EV
'a*'ai'z‘aﬂ

Whers 2.8 » 2&,.'.-9"1 |
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Variances and covariances of the different
regression cosffinients are as followss
Var{d )

! Vu(bl)
vaxly, . ) vw(b‘ ) o
gy e
Vlr‘bo). o

Var(bashyy ) ) 2(net pReag
Gﬂ(m'b!!) ‘+ M‘oc::‘_—" g ® ?.

Var(Bye) . 2%(an-1 )(met W2tz g

-SMSnﬂ znaf A

2%+ b e

wiere 4,) ¢ 2qeeceeen 1 4,

I£ Y is the eutimated response at the point
“'0.395 tsesveslys) then

Tax(Xd @ 142 h;‘,:g . &E'J?g;:?.ﬂ]
“ [t -
¥ (2ma1 3wt IP4(2%442)9%2% (et 1528 |




w19 =

+ é':ai e [;."a%;a"'f'a%w J
inalysis of tho above designss

If there sre N design points and 1€ thord
are V gonstants involved in fitting the surface we have
the following analysis of wariance table 4in case none
of the observation 53 repeateds

e RUR O 1N, S

Filled gonstants Vot

lack of £1% 8 4
Total  Nel

Here we cannot $eat the gooinass of fit of the
surfacey, If we have prévious knowleige that the secont
degres surface 1s a good £1¢, an estimate of o gan de
obtained from the lack of £it componant of the sum of
squarese On the othoy hand 4f soms of tho dsaign points
are repeated, wa con get an eatimate of error from thoss
points and the lagk of £1¢ sum of gquaros can he tested
against this error sua of sguares, Compariscn of the
above tuo series of dosipgns with rotatable desimns,

We have now g0t 3 similar series of response
surface Gesigng vig, two freosh sories presented above 4n
this thasis and andther sorles ocalled oentral acmposite
rotatable designs Sntroduced by Bap and Honter (1957).
I% vill be interwsting ¢o make a comparison among these
series of designs in respeot of the number of points




o P20 -

in them apd also the varianges of response at specified
points estimated from these surfages, With this erd in
vicw the following investigation was made,

Pirst we have presentsd in the following tadble
the mumber of points required for the design with
daifferant numbar of factors.

SARRR

Fanbera of points in the different desipns,

S —

Vactors 3 Y s 6 7

Realgos - - —
Series X 13 21 33 3w %
Sertes 1 13 23 2% Wy 77
Rotatable e 2 26 W 78

fexisn. -

il -

From this wo observe that tho dosipgns in series II
have alwvays one point less than that in rotatabdle designs,

For goumparison in respect of variangs of estimated
yogponse at specified points we have taken ¢wo particular
casesy that 45 wvhen the mmber of factora i3 three or four,.
Case I3 Number of factors 3.

then the rasponse at the point &0“20"30
15 satinsted from the surfase fitted with the help of
the design presented in gories t the varinme of the
esatimated response coms out as

W¥p) o 1~a283523 5~ +66802% h.iﬂix:’oq».m“

T  woosmft?

s Vylnay) |
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Similarly series 8 dssign will giFé nmors precise estimats
than rotatadle design Af va.vhgo
Lo0s 20705 332103988 +,0N86 xp +212838%, 07312 8% o
In partisular 1f we consider only thes fantsrs Sn the
second group kesping the level of the faator in the first
group at gero we geb
1) vhen X0 @ (v
Saories 1 gives move precise estimate than
rotatablo destgn € 4% < g, 442
Series 2 glvas more precise estimate than
votatable design if 42 54,8170
8imlilarly keeping the level of the second group the
samo
2) ;hen a? , 0

Series 1 gives more precise estimate than

rotatable dosign if x3, < 488

Series R glvan more precise estimate than

rotatadle design if xEp< 8.75

Prom the above it is clear that series 3 4»

bettar than geries 1 in certain region as far as the
aoxparison in respeat of variancses is concerned,
Case IX: Designs with four fantors:a
Beries: I

.‘:293 te?/20 x§0.29/63 6 pup/28 x:'o.,.;ao/g,@?‘b
v2u8/2F o2 o

- 1(5” )y whare ag.%ﬁ“go*{o



v 23 @
Series 23

V%) o 127/23 ¥ u11/23 62167280 o
- . MS.RQ‘%W 28 oR

g Yy (say)
Por gentral somposite design

&J 2 1e/5 #M/g ae q-ﬁ/ﬂ’a::. mﬂ,ﬁdb

(+)
$102/25% 22 63
s Vatm)

In this cass an adqition of ons mors sentral
point dces not reduse the wariange appreciably,
Here wo £ind that

Sarics 1 givez a mors precise astimyte than

rotatable Gesign 4if

»s1333 l?O-.ZﬁOJ 62*00272 #m.i&@ﬁ‘..hmn?oja( 4]

Seriez 2 gives a nore precise estimate than

ratatadls design i€

w1043 X‘%.c-swswa'l'ﬁ”‘:’ ahm”»ﬂm ' eda <0
As hofors when

Vx50

Sories 1 gives more precise estimate than

rotatable desten 12 42/ 14,6238

Series 2 gives nore pracise estimate than

rotatable design 8f &% < 13.57%

)&, 0 ,

S8eries 1 gives mors precise estimate than

rotatablo dosign if ¢g° < 9
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Seriss 2 glves nore pracise aestimate than
potatadble design if -.6‘30 < 7%

We see from adove that within the region of interest
series 2 designs ean rsplace profitably rotatable designs,
tYhen we have soma ifea about the optimm cosbination
by taking this oondination as the central point, ws see
that the asymmetrioc designs ars egqually effioient az
rotatable designs for estimating responses at the central
rogicne

80 far we havo desorided designs which matisfy
the condition of rotatadility anly for ono of the two
gats of faqtors, It was, hovever, possible €o oblain a
design in four fastors sush that thers are two faators
ench with 7 levels and gnother two factors with five
lovals ezch s that the design is rotatadble in respest
of euch palr of the factors having elther ¥ or 7 levels,
This design with 37 points is presented below using
the usual notatimm

8e% It (abpp)

Bet I baqg0)

8et IIs {(baOgqg)

Set IVy (c000)

8at Ve (0c00)

Set Vi { 0000)
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Por estimating the unknown levels a,bypyq ard ¢
we have the eguations

5 X5 g 160316030202, 165°8eR, 37
sxg zx'; o 168%160 20" » 962" oXxf o2
| Y
i'g uﬁ!‘ﬁ » 16p"\8q" s ugph ,311% :ﬁ
Our ultimte aim in the ecnstruction of the ahove
design f2 to malze the varisnce of gn estimated response,
2 2 2
a funstion of ﬁ and a5 vhere &2, lfougoam dg"%o“‘ﬁo'
To achiave this we have o ensure that
e 2 e ag ol ng ()
This gordition potually follows from the rotatadility
comditions, Had they not followed from the rotatability
corditien; no design could bde possidls, as thage coniitions
give three aqnuitione while we have only ons free paranstey,
As we hava only 3 egquations with fouy unknowns
wo ozn fix any one of the gonstants arbditrarily thoredy

gotting an infinite series of designy,
Here

& u 1/80 3737 = 2060R.366%%1/6%/999-200%- 360"
am b g 1/6% /3737 ~27662-360%1/5k 999-200R. 360"
We note that o° >0 and o‘?’§ 5»553 since for ea> 54553
a and b become imaginary,
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The solution of normal egquations of the regression
aoafficients from this design ars:

‘-iﬁr baaaé_¥

16(aBs0" uaca 1600 +Y J4202

| NP A 3 s 2
3 - .%.
16g b,‘ 18
328 8q (a"»d")

O A

Bﬁa(l #‘a 8q (a r-b )
b 3 Z?i z:ﬂ
8q (2»3) ».

0" * 1 3 2iflate?n? )]%g‘-@»
ab“._ﬁ,, z[xz-rxa-(n w22) y -hﬁa?m&}(#;{.q’)!

* S Paad® -
2y, & L/l )y «»[m.n,;ﬁm,?g({a{-&

N 16{! -‘Ba)am" xg.xgb

ahn . 1_6% ¢ "%;2 E_Sg_ - 5[4 gguﬂgeﬂjl

»Z (ga#xa-(u )y
- -‘—6-2-5 [ﬂla_gla_-&_l. «{16(a bba)-Zo
o' q _thz%m. _(lg-l%-qa)r

» ¥ 2 Ry
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Zlalueladi Yy

. N ,a "a_ e (162?512 u2e?
‘%“l % ACHOR ) ficgeag.e»
2e'y 3
g = Gy

The varionse of cstimated rosponse gt the point

(34 0130923007y 18 2 .
- 20y

Var(YQ) . _ hat
' > e = BP22ac2)
dﬁ 16¢° c*
L ﬂ i -—-—1—-—-—-
! ‘—;:G 2{16¢a%y° f‘«ao‘iﬂ
% 16Ca2ub? 1e0a2 3]
- #[m%%@ :16(& #b%4202)

2.2 2
B3¢

vhore
e oot ey Hy
A8 wo have mentionod above 0 < o2 < 9,553, U6

have conpared the varianses at tho estimated rogponse

of this aeas.gnateaci ant o® o 9 With the ocntral
composite Qesign vith fomr footorss
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¢ 1
T @ e, a ety Raods w23

ViTo) z 1-19.970 62 43,9370 a3 y125,0088 4}
T # 3.3097 a3 «115.6205 aF a3 4 V) Coav)
Cago 23
@ o o 08 ¢ 102y ¥R w M0y € 4 2,3
Vo) 3 1441730 47 41,3510 42 4,03 a¥

o=
#3251 &3 2,000 &3 & o V) (say)
Caso 31 Central gozposite designs

T¥0) o tea2tf o 262 4.8161 a4,81618841 6326203

o2
- Vm (Bay)
A8 Yefors we nake gompariscns kesping the lavels
of footor in one group fixedje
Ve have
(1) wen af 4 0

v;(V i §<17.53

V;< rot “% < o3
(2) vhen da a0

‘ Q “Qf <. «1592

2
V;QVM ig a‘ < 20356,



REGCITIRG _OF REIPONIE SURFACE DEOIORC

In the provious chapter wo have prosented two _
geries of asymaotrionl dosigns Yy means of vhich respanse
surfaces ean bo fittod with some afvantage over the
oxisting rotatable dasigns, Jut 18ko most of tho response
surface Gesigns thoase desipgns also are not split into
blocks, Bug for cxparimentation, particularly 4n the
field of agriculture, designs with blasks of oqual
bhut small sige are necessary, Hence wo tried ¢o split
some of thago desipng obdtained from the above two series
fnto bleoks,

43 pointed out by Box amd HunSer {1957) tho design
points should satisfy certain further valations for
blocking, so that the pogression goaffiglients can Lo
estimsted orthogamal €0 dlock effect, These rolations
in case of equal dlock sizes ares

(1)=x§, o oonstant within each dlock

(2)= 2y, %9 » 0 wWithin esch blook

(=3, = Zp§y for all 4 am 1 whoro 2, 1s
summation over troatmants 4in the 4th blook,
The method followed for splitting into blocks 4in
tho above two sarios s as follows, Hare the points
obtainkbls fromithe set I of unimown lovels (@ p seeep)
and (0 P seveop) in the two series respoctively can eagh
be aplit intp two or uore groups vhenm 3 By econfourle
ing an interagtion of order not loss than 2, The points
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£ron the 868 {q Osnened) (O G O 4eee0) ato, are to be
alloted to the blocks in cach case, through a trial
progedure 4n such a way that the above requiremanta for
blooking ares satisfied, Though for tho genaral case 1t
is pogsidle to make into bBlooks each of the two series
&% designs, we have prasantesd delow only soms partioular
dosigns which are likely to s more useful in actusl
situations,

Dosign Fo\ls
Blogk ¢ Block 2
i T W W s W Y W
& ] o -8 ¢ ¢
& o O |e-a «g O
-ty 0 q [ 0 q
-3 Q0 «q a 0 «g
© » © »
Y P -p 0 P
0 «p p O «
O p ep 0 e «p
-2 (¢ SO T Q...Q.

froa the relations in the design so as to mnke the
solutions of normsl oquatione casy and alzso to mako 4%
retatable with respect to the last two faotors we get,

Lz(g‘ aéxg &i% als? g8, 18 =3 bty ™

=g esxf a8 e by Bp® y 5o ad 2

That is &8 g 2,89, Dag 1.129, Qa o 2.2%
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Though the desigus arc given intoras of acied
doses such that the origin is at thoe mean dose and the
scale correspords to secord moment of the doses as
unity, wo can tronsform doses into setunl doses from the
following relation, coled doses:
Goded dosest »q «=p o p Q

Aotual dosess O gﬂ-ﬁ’g gthg) . |

vhen I 49 the maximum dose,

For the ultimatsly layout of the design we require
the agtusl doses, wvhile for analysis the goldef doses are
talken,

Tha estimates of the variances rezression
coaffiolients are

b s 5B xRy, By » 0555 x.y

B3 @ OIS xyy3 Byos 2042 X XY

LT\ wOWDlZ XXys  Byam «0390 E'a‘s’

L% «J &MEZ% . Lk?l

Byqe +OWOH f‘;y - ,oa‘ﬂﬂ_z{y bigyj

b 8 ~e2R2204 #1482 oy 4 L0988 xiy..c2w7 oy

b33. -y 22220 & (0983 %’-},‘m !? s 0247 "2’0
The variange of the estimated responss ¥y at the

point "‘ nt‘xaol’ag ) 4s
mg ) - 'Qg‘homm 38886243,0'09'@:?01-. “!82&“
o2
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Por obtaining the error variasnce as alsc the sua
of squares 4Aus to lack of £it ve may apply the amalyais
of variance techniqus as glven bBelow:

Dus to Blooks ]
Due to £iXled 9
gonptants
Dus to lack of 3
4 {3
Due to error SO S
Tatal \Y4

(ne of our adms dYeing to test the significance
of lack of fit 1,e, whether the pesond degree surfase
is an afequats £t for ths odservad responsas, the
degraas of freslom for erroyr is too low in this case,
4 method of petting more degraes of freedam for error
ts to repent tho vhole design onge more, that is ¢o
have 2 replicaticns, In that the analysis s of variance
partitioning will bes

LY
Due to Replication 1
Due to Blogks within -
replication
Due to filted gonstants §
Due to lask of €4t 3

Pue to erroy _%..

The varieus aums of gquares in the analysis of
variance of tablo vhere there is only one replcation
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are obtainod as followst
To get the sun of aquares dus to £41X54 constants

ve use tha following exprasaion:
DG ¢y Ty phy 2 XTeNpS XY

b .1
» 32. x‘nayq 232 xaxsy »b z ﬁy

\-b&z:@*%s\xgy.a/u
It will bo seen that tha ¥ points

o » p
O pep
Oe«p p
O »p »p
o 06 0

are rapeated in each of the 2 blooks, Hance by
considering tho obsorvations fronm this gomdination
amy} an apalyois of varfanze like
a.£
Batwaen Blocks %
Betwesn treatmunts %

Error # .
13 posnidblse The eproy odtained from this amalysis
of variance is also error in tho analysis is of
variangse of one replication of the design,
The lack of £1¢ is odtainsd by subtrastion,
in cage of two replications the expression for sum
of squares due to £iilsd constants remains the
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san® as above,
In thig gase tho ¥ pointa

» P
p ep
p P
wD oD
0 0 O
are repeated in each of the four blocks, Heence
by considering the observations from this goabination

only an analysis of varianace 1ike

SO 00 0

Batween blockss 3
Betwesn treatuentse b {x)
Error: +
is possibles
Algo the poinis
s ¢ O
a »g O
- 0 g
-2 0 «q

&re vepeated in twe blocks, Hance we hawve considering
these obaervations only, en snalysis of varionce
Batween Blaokn 1
Betwesn treatnents 3 (x1)

o —-

"and bheasnuse the points

TR
codas
Ao 00
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are again repeated in two bDlosks, we again have an
analysis of variance table
Batween blogks %
Betwesn troatmants 3 (111)

How consider the pbservations 4n blook %, Ve
get a contrast between the obaervation for (000 )
and the mean of the ohservations from the other
8 polints in i, 3 gan get the sems contrast from
block 1 of replication 2, which also containa the same
points, The su= of squares Gus to ths cantrast between
the two gontrasts gives a sun of squares with 1 degree
of frsedon, which slso belongs to erpor. Similayly
wa oan get sus of sguares with { degree of Trecios from
blook 2 in the two replications,

The epror obtained Ly the addition of the error
suss of aguares in the analysis of varianse tadles I,
I amd III amd the sun of sguares for 2 degrees of
frecdom odtained as mantioned adove gives the arror sum
of squares in the anhalysis of variance for two replications,

the lack of fit sum of squares is got by sudtraction,

It vill e seen that we have not attompted to
present the olassifigflanalysis of the data in foras
of presantation of main effects and fnteraction. As
we fael that the alassifisdl approach of analysis is
sons what insdequate in so far as 4t doss not
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throv any light as to the optimms conbination of the
loval of the faotory the suphasis has bdeen laid e
obtain data through vhich response surfaces gan ds fitted
with sfivantage and the cptimm comdinatiion gan also Ye
obtained from it, Bub 1% may somstimes be necessary to
have some information regarding the main effest amd
two factor intsractions, Mor this purpose ths regression
costfislent can be used, Thus the estimate of b, the
goeffioient af x; fm the equation of the surface gives
the linear confrast of the main effect of the ith factor.
Again, i‘ " the cosfficfient of XXy gives the 1linesy x linear
conponsnt contrast of the two fastor interactions
{avolving the 4th and jth factoru,

Por all the designs vhich sre mentioned below
g siuilar method can be employed o get the gmm of
squares,

Banlgn No.3
Block Blook 3
2. A 2.5
8 -p ep “@ -p
nh P »p ® ] »p
~R <p P & -2 P
R s P »
4} G O 0 Q 0
o 0 gq 0 o g
0 0 b 4 0 -Q
0 0 o 0 0 o
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gare tho relationship in tho dasign vie.
20 5208 o228 n B4R 5 18 ¢ W= B BHUAT
zZwte z:;’ & 8D%ie? , algh . 321:::;
are tho some a8 in design lo. 1 and we henso have
& 5 2029, Dga 1.129, Qa 5 225, On sudstituting thexe
values for a, p ad ¢ the noymal egquations for estimation
of paramoters of this design becomos the sagme es that for
design No.t, Honoe the same expressions for solutions
end varisneoe at estimsted response as Cor design lo.t
holdg good herc also,
The method of enalysis also reuains the game as
in design Foele
Ragdsn Toad
Instend of Saking two veplicotions of cithor
design Ko.4 or Geslign Ho.2y wo can uso a design obtalinabdle

by telting tho above two designa Lopethur,
tha Gasign 4s thisy

Blook 4 Blook 3 Blook 3 Block 4

I! la !a 8! ﬁ !3 !!a ls ﬁ ﬁ :3

a9 Olsa q O|@a «p «p(=a P D
8@ «@ Oi~a «g Oiea p «pjles P
2 0 aq|a O q=a «p p|la < P
8 0 g/ a O «g a § plea p p
0 p 9|0 p p| 9@ q 0|0 q o
O p e« |0 P 0|0 =q 0| O «g 0
0O «p P|1Q -p p|O0 06 q| 0O 0 q
C «p «p (0 wp «p {0 O wg({ 0 O g
© 0 0|0 © 0|0 0 o|l0 ©0 o
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Hare from the conditions of the desipgn we get
R 4 2.29, §2 » 10129, o p 2429
The solution for tho regress coeffioclents arete
b g o078 Zxyyy by @ OB XY Mgy 2027Bo XY

Bigs 07 Z x Xy, by 02 FFTs byyne0idFix x y

bo g.§a§ 0 ~ot1t9 (Ligﬂ'ix?’

Dyys «0247 xy « JO12H (sxFy » Lr}r)

by e w1111 0 u0PM Gy o O 32Ty «o0120 1xdy
byyz =e1111 € 9004 sxy o ,07W0 zxgy «+012% =xly

For obtaining arror varience as also the sum of
sgquares duo to lagk of fit here we use the analysis
of varianse:

d. £
Duo to B lcaks 3
Due to Cittad 9
constants
Dus to lack of £4¢ 18
Erpor 8
39

The design gan ba used with sdvantage es we
ean determine the lack of £it sua of sguares with
large muuber of degrass of freedom
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Design No.&
Blook 1 Block 2
= b .4 x b 4 x x x 2
. KOUS- SRR W 3 . Y- S TN R

a g 0 O | e qq ©0 O
8 g O O] «8 ~q O O

wa O gq O s 0 ¢ O

-R 0 «@ O 8 0 <« O
e C 0 g | =2 O O Q
a o O «g - 0 0 L |

- 0 0 0 «a O 0 ©

- © 0 0 a 0 O ©
0O p ep «p C ~p <p <p
G «p » «p © » » e
O «p «p p 0O «p p P
O p» p P O p» «»

Here we hava a8 a result of the corditions of the destgme

a?.t,s,pa'hg’ @ & 3.6
The solutiuns of various regression coefficlents are

by g /2% 2xgyy LTS 1/18.5_:311, £08 @ ,...0
b, 3 7/3 Ge1/8 Zxdy <1/6 (<xly -Zé’.g%)
byy® <1/8 G 41/22 Ky « 11180z xye x4 sxly)
41/5 0 »l 8
b e i/t zﬁv » N8 ix%«pt/?(ix;ﬂ zx:v)
533; -1/5 ¢ 1-1/1811‘97 - %/9.5_:%*1/13 ilgyﬂﬂz{y

hys =1/ 8 AAB2 Ky /o(s xlye 2xly I 0 oy
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Variance of the estimated response Yo at the
olnt (x 4, %X yx o x ) 1s
» va ao' 30' 40

W) » 7/8 = 15/2% xd, - 772 a2

o

. /2 3o » N8 a'**:!ii &
viers o & 35 4 3y 4 o,

Por obtaining the error varisnne as also
the sum of aquares dus %0 laok of £i% we may apply
analysis of wariange technigue as glvan delow,
in case of ons replination

Dus to dlocks 1

Due to £isted 111
constants

Dus to lack of f£it 8

e ]

23

Hers we do not geot any error sum of squares
a8 all. But 4n gass of two replicationa we have
the following parsition of 4.f

Due to replications 1

Plook within replications 2

Dus to fitted sonstants b

Due to lack of £i8 8

Brpcy 2
-—W—-—-—-
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Boaden Fo.g
Blook 9 Blook 2

5 ’!: ¢ D2 X Ty Jg
0 P ep -p ¢ p e p P
O » p ~p e O p » e p
O «p p P ~p Q- 9 p P9
O p «p «p p O p #p ep =p
O «p «p p» p O «p «p «p P
O e p «p »p O » » » =
O » » p» »p O «p «»p =p p
O «p «p «p ~p O «p »p P =p
a g 0 0 0 -« q 0 0 O
a - ¢ 0 0 O s =q O 0 O
-a 0 q O O s 0 g 0 O
w8 0 oq 0 O a 0 . 0 O
g 0 ©0 ¢ O wa 0 0 o O
&8 0 O «¢ © wg 0 0 g O
-« 0 0 0 gq a8 0 0 0 g
sa 0 0 0 oq a8 0 0 0 eg
© 0 0 o0 O o 0 0 0 o

In this case @2 8.129, 93 n 1,205, qie # 30521
Tho solutions of various regression coeffinionts are:
b s OV zxyyy L & Vsensys
b".t .03331 K‘I'?, 1 e agv'ntiso

byyw oNOIZHET) $3) & 2peueTe 149
bo 250 00539247-‘100‘0(2% Peesb XY )
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b“ = -1.0689 Ge .030‘2—327 L ] OW( oo f#’

Byy #~1400% O #000972 X274,0379 = xya 0170 2513,

kﬁ‘ -] &Nnaogo
Variance of the estimated response ¥, at the peint

0
€%, ™20 300" 2
Vo) 5 45000-,103%F, ~+17144%. 030180

vhare da 20 30 “2

Por odtaining the error vaﬂame as also tho sum of
squares due to lack of it we may apply amalysis of
varianse teshnigque as given below, 4in gase of ene

replisation:
Dus to blooks 1
Due to f1itted constants 20
Due to lack of f£it 12

Total 33
Here also we do not get any error suam of squares.

But in case of two replications we haves
Dus to replications 1
Block within replications 2
Dus to fitted constants 20
Dus to lack of £it 12
Error 32

AR
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Zx§ o B gives o 1602007 )ie? o W2 (1)
ant 1652484 e 42 (2)
aleo Zx} e Zxf e 3 225 gives
16(-"4!:"’)-5!00" s 96a"0° (3)
> *: s ‘L*: =3 ix;{ gives
16p%8q" , 48p" (W)
By (2) and (&)
2 5 143121 of 4 2)620
Prom (1) and (3) we get
2a » 1/32 / Wa52-59202 © 80c%1/32./924:B8008. 800"
ap @ 1732 V %52.59202 4 800%1/32./924480¢%-800"
Here 0 < 62,8985, Thus thewe will Be an infinite
series of Qesigns far wvarious valnas of o2 betveon
0 e 2,8985, The sstimates of warious regression
aoafficients are
LY -1/&6(3?&}_2 ) 2 wgwy hf‘/ﬁ%a#acai:’y
b“nifaqa‘.n“a)i e is 192y s 3,4

'12"1 /32 5 AAL iBhﬂ/lﬁph'z S A
a
v, » ¥ 0- a—l-g(zsfn 2xly l-—;-%j;(u}»z{n
b, .8 ~ ~Lv 0w J20( xRy 5 xRy el 3’2é’
"hoadt g ‘f' ’b 21162232 Rihe" |

.m&%&ﬁ (ix§r+ ):.x%)

&phelugt‘w:a-m:aty:' ut" uget\az
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b”u Aa_;_:;ﬂa- O- ﬂ.-f.:%w (2.!?74» Zl?)
+ ‘M#J.bhana)-‘nzj}
o® x
e,
+;6’-;;(z:§r-a§n
nophcusx’l;zanﬂxbwtsmb nsnb“_,

33
Variance at estimated response Y, at the point (xygeeexyy) 2

M "%+ % [16&?»’)-&09 i—J

‘%ﬁaq’ ) "ng [16(-’-9)’-»%
fmﬁsﬁ e
%) st [Bqatna wR) ﬂﬁ;:@l-.ﬁ]
vhore & @ Kioaid 6 @ Xypu Ky

In particular vhen o2y 2y 829 1,873, We .25 ths solutions
of the regresaion coefficients are .
b s 027Xy b, s RISy
b“o »02247 . x Jb tetedr Je 3,!»
o= *B9 I x RS L b’ «0363 ZW

"o » o3 0 =e25(2 X{ye 257 s O3B( Zuye 1x3y)
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b & o2 Ouol1882 xfy,-.hmbz a2y, 0823(=. zgy,z:@)
Replacing x, !v:gml.\vl, un“mmbﬂ.

B, @ 40318 0-,082) (= n‘,'ﬂ.r_:&».mzxgw.mw_&.
mudm:,wxbum%w:am\”wmqw

Var(¥p) & . Se.4763 ag».mu}.mm}“mg.amgcg

The analysis of variance in thig case for one replication s

.2
Due to blogks 1
Due %o fitted constants th
Due to lack of fit 2=

seras -

In gase of two replications the analysis of variance is:

Due $o0 repllsation |

Due to blook within 2
replication

Dus to fitted aconstants tb

Dus to lack of fit 22

Brroy +

As an 1llustration we have presented m the
complete analysis of design No,t with two replications
presentad earlisr in the chapter, As no real data for
the desimgn are available, we have taken some flatitions
data for the purpose of Lllustratiom,
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The following data shouws tho data along with the
reatuent aoabinations of aoded dosess

Treatusn® Response Treatment Response
combinations acadinations

129 1.5 0 2 3 -1.9 1.9 0 » 3
1.9-1.9 © 3 2 —1.9-1.9 ¢ 2 '
18 0 129 1 1 1,9 015 % b
“1.5 0 -1 2 3 1.5 0-1.5 1 2
0 fef fT8 1 3 0 fat,t 2 1

6 101-18 2 B 0 1.4 3 2

0 -t a1 B 2 0 4418 2 3

0O -1ul -1t 3 2 O _fe3-1a8 3 3

©o o © 1 3 0 o o v 2

otal 19 23 Total 22 a1

Here 0 « 893 2% @ 6,003 X7 w 14763 Z 27 @ o1,2%
ZI‘RRY e »9.003 23'837' 18.003 2‘2!373 2k
28?’ s 89,503 5_!? ™ 8909“'3 5_!? 2 894kl

Using ths expressions for solutions, the various regression
soafficlents ares

By 2 V577003 Byq 3 =e08283 Byon #3016 Byqyma270e
by » »16684 Bye 04895 Bye <, 03Wip By ou =222

h' 3‘," am ‘338 --309%
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Using the exprassion for £itted constants stm of
squares given in page 33 we have
pittod conmstants sun of squaras p 13.03
0 £4rd error sum of sguaress
The analyals of variance toble Ho.I of page 3% is

ﬁ.f B8
Betweon hlooks 3 1235
Dus to treatmants b 8o

- Brear sus of squares 12 10,50

O RSP

Total 19 16,55
The analysis of varfance table No,II of page 3% o
def Be8
Betwesn blocks t o123
Dus to Qraantments 3 3,375
Erpor sum of squaves 3 1378
——— t———
Total ? 879
Tho analysis of varianso table No,IXX of page 35 18
Guf flad
Bstwean blocks 1 S29
Due to trestments 3 10,379
Error sum of equares 3 1375
Potal "9 11,875

The 8.8 £or 2,4.L as explained earlier is equal %o 4%,
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Tha eyror sum of squares with 204.f in tho analysis
of variance tadle for the whole 4ata is equal %o
10.40-1375 = 10375 = +4F g 13460,
The analysis of variance toble for ¢osting the
significance of lack of £it sum of squares is:

U o IR <} SR 1% 4 Sal . Magne R
Replication 1 25
Blook within 2 73
replication
Pitted gonstants 9 13.83
lack of f£12 3 5.90 1.56 2,88
Byror 20 13.60 »68
Total T 3%, 31

In this case sinse the F ratio with d.f (3,20) from
the tabls at the 5% lavel of signifigance is 3,10, &
seaond degree surface fits well to the dats, thouph
this conslusion has no real significancg as only
fiectiticus responses have bdeon used in tho ftllustraticn,




The prodlem of gnalysis with missing obssrvations
is equally important in response surface design,
sooordingly we have attempted to work ont s method of
analysis of some of the response surfeoe desipgns with
one nissing obsarwvation, Draper (194%) sttempted the
analysis of a rotatadle design with one niasing observae.
tion, His approach was to estimate the uissing observe.
tion Y winimising the sum of sgquares due to {laok of
fit 4 error), In the present case ws have attemptod
to estinnte the missing obsarvation Yy minimising the
gum of sgquares dus to lask of fit only, An investigation
has also bean made further to assess the geouracy of
astimates of regression coernchntg vhen thay are
estimated after tho missing value i substituted bty ita
estimate and sudbsequently tresting the estimate as if
£t 48 one of the existing observations, %The investiga.
tion in yrespect of three designs has besn presented below,
Two of those designs are asymtrical amd one rotatadle
in three faotaras,
Basizn is Ve first aonsider a rotatable design with

blooking vhers all the fantors have 3 lavels eachs
Block t Responsa Blosk 2 Response Bl3uk 3 Response

..‘;1._'3....5_5__.'&..'.'3

0 !‘ 0 29 0 =a 2 Y‘7
-a a O Yo -a O @ Yo O =a a Yy
& «p 0 Ys ] 0 ea !'" 0 a =h !‘9
«a & 0 Y“ s 0 = Y42 0O a » Yaq
0 0 - ¥q 0 «« 0 Y9y =8 0 O Yo
0O 0 =& !7 0O & € !15 a 0 O !23
O 0 -» ¥9 0 «a O Y96 a0 D ¥
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14t the dlock total e Byy By and 153 vhers 1'6!2*53: 0

Tet us guppose that the chbservation from the
design point (:q.:i.zs) 1» missing, Iet the unkmown
valus p dencte the missing observation. ILet it be in the
jth block,

The aiasing point may de

(1) a point which 1s not repeated
or (2) a point whiich s repested,
Qags )t A point which ix not repeated:
Here the block sum of squares s
B3/8 « 918 4 B2 < ooy
The fitted constants sua of squares is given Yy
D0 ¥ cesseseedyy iy « a¥/ab

m_mmorsmmugimw

XXy P72 & (0T /2 punaaClyyatyy atx ¥, %
the total s of gquares 18 ﬁii - 03/‘2!..
The laok of it sum of squares 1s odtalnad by
sudtrection. In this gase, when we express the sum of
squarss dus to the laok of fit as a function of p, an
unknown substitutad for the missing wvalus, we gat the
laok of £1t sua of squarss as

pR. 9/2% (a0 o pR .« 1/B(pen} R

V2 | (2 xyexipR {5 yxp ,a“z‘,a,,,;pﬁ



o 52 = -l
(=, xyvafp P *tii!?ﬂfv)a-ﬁ(iisgvuiapﬁ

| € e Zp) Sy exyPp) «-(i,n‘}nx;?pxﬁ-gmiﬂw
B Ae L e L e
_:'_‘5‘1’37"‘ | Pia-v(z‘xgxyué x} pR

B ey

# other torms not involving p.
¥hero 7 is summstion over (H=$) points which are not
misaing and the missing valus 4d in tho 4th block.
Differontiating tho above sus of squares with rospeot
%o p and equating 1t to gero wo gat
By eB, +B) 14(40s24a) u-¢€3a$.1a)§ex$a§qx§)y

6| x mynmx v xynoEye Baxy)
- *3(:;3?%«532‘%«:'%3:?) _
4842085 « sa“‘
s ¥/B (say)

where €] w x*Pex2x)%and B 4B 480 O shore Jik {la 1423

Casa B1 When the misaing point 1s one whigh is repeated
we have 3 mothods of estimating p vism,
Nethod ¢
Wininmising error sum of squares alono
Here p g Respouss of tho corresponding poimt whigh
is rmt\aﬂ
e ?; (say)

1




Mathod 3s
Minimiaging (lack of £1t & errcr) sum of squares
we got tho same cstimate as in case 1 f.e, /N,

Mathol 3»
Mintmising laock of £1% sus of squares olom® we have

pe %Ys V4%

It can bo shown that p is an undisssed sstimate
of the missing response and it is imleperdent of Blook
affeots,

Varianse of astimated rasponss at the point

{ ’1,23,’3) is gliven by
Var(Z) » Var(hy) v x,covid b, )quxacov(bogba)

va | Var(d, Jgov(by,b,, }’a@?"“’a Meow(boyb,, )

+x|szMb°9h| q Joov(by ,!h}ﬁx%ng ar(b, 3 Jetov }
ov(b‘ \ 'b33 )

*éxgﬁaﬂbas Moow(b,edy s N

-3 &artba Jnoov(byyby s Joxtvar{v,, Jealivar(n,, )
.\x'so Var(b, . hxfcov(b‘ b, )qxgcov{ba,baa)
*xPx,00V(d, 9ty o Jax 2300w, 40y, )
4z, [ 007Dy 4By, JecoviDy b, )]

**,*3 (eovib by Jeeow(d by, )|
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The: valugs of the various coeffisfients &n the above
expression, vhon any one of the points (a, a, 0),(«a, a, 0),
(ag<a, O) and (o2, «a, 0) 18 migsing i3 tabulated in
table 1 below, The game mothod of solleating cosfficients
an daesorided carlioer hag doen adopted in L£inding the
varicus coofficlaontas

ZABIE X
Coefflcionts of various terms in m

i

coafgiraient 1“' ay 0) (-ag ay MA, gy 0) (-a,-a. 0)
Constant © «687% «6879 +687% -6879
x, - 0299 0295 e 0299 0299
=029 0293 «0293 «0295
xfug 2930 .. 2930 -s2930  «.2930
XXy N » 0469 » 0469 0469
xfn‘guﬁ «1250 1250 +1250 +1250
§ ~+2083 s 2083 ©2083  -,208)
x;r«g +07%2 0742 0742 0742
x; <0629 0625 <0529 0689
*x, « 0863 +0563 w0563  =,0863
x‘x: +0663 20863 0863  -,0663
x3 0221 . 0221 + 0221 -s 0221
.g +0221 »0221 40221 . 0221
e 22 W69 -0N9  o.0M9  L0u9
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The varinnses of estimated response at various points
when any one of the points (a, a, 0)y (ay «a, 0) (=a,.u, 0)
ard (a3, =a, 0) 43 minsing and whon no point is miseting
are tadulasteld in tadle II belown

IARE XX
Yap{¥) at various points,

A R e

fointa (=y 8¢ O) (..,’2,‘%‘)’8(333::3) (~aye8,0) i'iﬁ‘:m
000 6879 6875 6875 6875 W67
100 H613 <4764 M6YY W78t 2709
010 4613 H613 4761 761 2709
001 C «TW7 P17 7 W7 2709
110 .508% L2030  ,2030 L2728 250!
101 R 4553 0T U953 L2500
011 24058 <405 1553 973 «250)
1119 6126 »3072 «3072 3770 37W)

_ e RN A

A comparison of the values presented in the last
colurn with those in the other goluans shows that 4f the
analysis is conducted ty sudbstituting the missing obser.
vation ty {ts ecstimate amd then tresting 1t as one of
the axisting observation as has boen done ty Draper (1961)
there 1s some risk in that the actual varisamco of ﬁho
estimated response may dbe quite different from that
obtainable from the nonemissing case:



Resizn 2L
Block ¢ Response Blook 2 Response
x X x x x X
a -g O Tg 8 -q O I
o 0 q ‘!3 [ | o q 12
- 0 «q Y'@ s 0 eg 13
0 P p !'5. 0 P P !ﬂt
0 P ep b ¢ s 0 P =P Y‘ §
0 «p y 77 0 -D P Y'6
O «p p !a o o) =P '!" 7
. 4 ‘. SRR
Total E' 3’2

Lat By +haaa. 1ot us suppase that the okservas
tion of the dsaign point (x;, x;. 13 } 1s nigsing, let
k denocte the misaing observation, Let 4% be in jth dlock.

as in the previous gase the point (x{; Xl xs 3
zay bLe

{R) a point vhich is not repeated

or (2) a point vhich is pepested. _
gaae 13 A point vhich ig not repesatoil. '

Bxpressing the lash of €1t sun of squgres as a funetion
of k (the mimown subsetituted for missing valne) and
d1fferentiating 1t with pespect to k and equating it to
goro we have:
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.1111(35.9 %.9999 a° b.111‘l(x‘£‘x‘rfxa£‘xayd3£‘x ¥)

+e098B(] X} 2Ry XV 4x{RYz ¥y XY 1401980 mixy = g X %5
+.0988 x"ai ﬂm-.m 0 :?-na%h !iai ‘t?
x.a 1%,:58 .2,..“:2 '?*ltaz !2”
2 2
-&.1976(15 ::_‘zqu-xi 111271-.% '(::-ugb
A 2,318
Attt s A
PRI (x"aﬂéa-ﬂia ».asaa(:é‘wiﬂa-.mz xgzia
=s0988 x{ '*-.mm:;‘mi‘n

w A/B (807 )e
Nbereﬁs*ﬂk- g, ’:I:kg » 1.3

Gaana 21 then miasing point 18 one which 43 repcated
Here we have again 3 methods of estimating X viz,

Hathod 11
¥Mininiso error alons, log ¥g bo the missing value

Hethod 2t
Mnimising (lack of £it « error) we have the
gsame ozpression for & as fncase 1 4,0, Fk e A/S. |,

Hathod W1 _
Minimising lack of fit smm of squares glone ws have
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Here variance of es'umatad vesponse at the point
""l X0 !3)' 1s given by
Vax(Y) o Var(hge ) fovivgs by Jegaovitg,dy)

‘x X &covtbo.b‘ o H#a0v(B ¢® 3

\»tf“}; Kyar(bi akoov(b 1”’223

ﬂyar(b Jecov(d b‘ 1%-‘:3 &ar{b Jcov(d obaaﬂ
+x3 | var(p, Moovit j-u“var(b MaNar(y )

a,x;’trar{u” Madsd [Yat(bﬂkcov( y1otyy |
*gﬂxﬂ Erar(h Jeaov(d .b”)l

xlx, (Cov(b, 48, , Jcowlt b, )]
g.x,xg (sowt a.n,anmcb, sby0 )|
sxdaculd, b, . Hadaor(v, b, )

fxﬁcoﬂb b, ix :2cov(b1,b33)

u& cov(b‘a.b“)dx:’x cow(b, b )

BOV(‘ ' ‘33)

The vaives of the varions coeffioclents in tho adove
expression vhen any ocns of the points {(ay gy 0)y (=ay g4 0)

(ay =gy O) ani (g, ~qy 0) 1s nigaing is tadulated in
table 3t

12
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ZABIE IXX

Goafficients of various terms in m

. —— i

coottgg!ent (ryq40) (-a,q,ol fo,-q,O) («2yeq,0)
Conatant » 5000 + 5000 » 5000 » 5000
xx, 20598 =055 -, 0598  ,0998
xxd W79 L0799 WO799 L0799
xF «083%  ,083% «083% »083%
=2 + x3 “e3510  +,3610  «,3610  +,3610
x?! 0618 0618 J0618 L0618
:; . x; 4606 L1600 L1606 L1606
a§x§ 0248  «,02%8  -,0248  .,0248
| zgx‘; 2222 2222 2222 32
=g AL AP L1 R S L A LS ]
g} #0372 <0372 20372 <0372
x3 $0I72 W02 03,032
x %5 ~0370 40370 0370 40370
X3 w0370  «0370 40370 L0370
:{:a WO496  «,0498 .06  ,0W98
x,3 W06 < 0W8 06,046
xgx %3 w0 OMh 00k 08l

e e i .

The varlancoes of estimated response at various points
vhen any one of the points (l;q,ﬂ}.(mq.ﬁ).(t,-»qﬂ) & (d,cq’G

v
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ig migsing are tabulated in tadhls & BSolown

Z8RLE.XY
Yar ¥ at various points

o2
g ]

Wsaing poihta
Points (ayqs0) (=a3q50) (ny=qs0) (wageqy0) WNiasing

Y U oC U T S S P

000 « 5000 «5000 45000 « 3000 5000

100 +682% +682%  ,682% «682% +6049
010 +3368 #3368 +3368 «3348 +255%
1%0 9771 03697 <3697 3803 5439
1«1 O «3697 7 «3803 » 3697 o35
011 «3218 <3216  .3316 «3218 o3152
114 83507 oB161 W68 o4039 7905

Hera also wo 4raw tho same gnmlusim‘as in
pravious gase,

Baglen 3s
Blook 14 Rasponse Block 2 Response
e R
& ep ep ¥y -8 ) «p %o
-t P =D g e} P «p Y14
-8 ep P YB a «p P ¥4a
a oS D Y;’ - P P i" 3
0 g O ¥y o qg O  £1Y
C 3 0 ¥s 8 g O ¥sg
0 © g !7 0 e g Ym
0 O g Ty v C eog %49
6 o 79 o 6 o0 Y48
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Hare we got tha sama axprassions for estimates
and varisnao ab estiwatod regponse @8 in dasipn 2
sines as pointed out in chapler 2, the normal eguatisns
for thase two desinns ave tho fanmg,




SIMMARR,

Aftor the introdustion of rotatable design bty
Box and Hunter (1957) cansideradble amount of stwly has
boen made in the thaory of fitting multifactor respunse
surfaces, But till now only designs. of the symmetric
type 1.6, designs vith foctors all with the same mmber
of lovels have basn studied, 1In this thesis wo have
suitably modified tho 1dea of rotatability anl pressnted
two sorias of asymmetrio designs togethey with a design
fin four fastors vhich gives rise to an infinite series of
degigns, BSomeo of these designa are found to be yleldling
nore acouwrate astimates of the response ab particular
points than that odtaimable through rotatable designs,
These deaigns are alas gvallable with lesser mmbar of
design points, Along with the designs the expressions
for estimates of various regression cosffiaients and
theiyr varianne has also been prasented,

20 use gush designs for agricultural expsrimentatéon
{t i3 nscessary that thay are split up into blooks of
equal size, In this thesis we have given a muxber of
deaigns helonging to the esymnstric type with bloaking,
Along with astimates of regression cosfficlenta and tholr
variances, the method af analysis fn cass of ane or more
replications has also been desorided,

the problems of analysis of the dosign throngh
ostimption of a missing value 4n rasponss surface designs
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has been gostdered ty Draper {1961), A slightly
aifferent approach through minimising the lack of f£it
gomponant of 8,3 has heen adopted ant the estimste

of ones misaing value in case of 3 response surface designs
has besn given. A comparison of the variaonces of estimated
response at various points when the data are analysed

(1) aftar sudstitution of nissing valus amd procesding
further as usual and (2) taking fuoto ascount all
conseguenges of the missing observation, has been mafle
and 1% has baen fourxd that there is considerabdle smoumt
of difforance in the variences of any estimated response,
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