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1. NTRODUCTION

Tho gonoral symmetric foctorial oxporiment
conntsts of o combinations coming from o foctors sach
at a lovols. Both for construction and analyols of designo
of such exporiments tho totality of 023 D.F. arc mado fato
021 compononts cach of (s-1) D.F.. Somo of theso

o-1
compononts bolong to tho main cffecto whilo othore belong

to the interactionn. Tho intoractien tavelving two apocific
factors will havo (o-1) compononts cach of (5-1) D. 7.,

Though theoe components can bo {utorprotod geomsetrically,
thoy do not nlways have physical mdoramme {ntorpratation.
As puch tho significanco of any ong o meré of such compo-
nonts can not usually be connected with any real physical
implications. Wo ahall ¢all thic mothod of analynis on
analyoia through goomotrical partition or simply goomotrical
analysia. Somotimes the tots] D. F. duc to maln offocts

or intoractionos aro ocub-dividod into lincar, guadratic ctc.
components and their internctions. For cxamplo, if wo

havo two tnétorn A ond B tho four D.F. duc to tho intor-
actlon AB 19 oplit into tho components, Ay B, . Ay Bn,

AQBL and AQBQ whore ALBQ denotos iatoraction
botween lincar contrast . of A and quadratic contrant of B,
and 0o on for othor compononts. Such compononts Are moro
maoaningful ond poggess moro realistic fntorpretation. Each
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guch component has only ono D.F.. Wo ohall call thio
mothod of annlysia a0 componont analynio.

‘Tho mothod of analyolo of foctorial exporimento
givon by Yatoo(1937) through sum and difforence of troat-
maeant totalo gives dirccetly tho rosulto of componont nnalysis:
Whea the dasign 10 constructod by adopting goometrical
techaiques in Galols flolds, it bscomge difficult to havo its
comporant onalyols particularly in rospoct of thoss inter-
actiono which are confounded. Similar difficultion aro
sncountored whoen tho degign is fractiopally replicated. It
appearo that this type of difficulty cah be evorcomo if &
link botweaon tho contrasto in tho two types of analyois cun
bo established. Ono of tho main purposes of tho prosent
invostigation 1o to ogtablish auch a link.

R appeara that the mathod of analysio of fractionolly
roplicated dogigns through Yatos! tochniquo is not yot porfoctod
whon factoro axo at more than two lovels. This is bocauso,
though tho allasoo of geometrical compononts aro available,
cuch allosos arp ot availablo for linesr, quadratic ote.
componcnts and thoir intoractiono. Wo have agtomptod to
obtain a solution of thia problom also through tho prasont
invostigation,

Fuarthor an invesiigation hao been mado to give
opecific diroction for tho supprosoion of factors in caoo of



o3

fractionally veplicated designe lovalving foctors ench ot
twa levols,

When o large aumbor of factors 4o involved in
a foctoricl exporiment, the analysia through Yatas® method
bacomos complicated as a vary large sumber of combinations
have to bo taken and operated upon. Wo have given a8 mods-
fied method whereby suitable groups of tho tyeatmant combi-
aaticns ere formod and then oach group s analyred soparotoly.
The aeopavato analysia of these groups arc than combined to
got the fian) yosulta, Weo havo diascusecd thege results in
the subsequont chaptars beginning with anslysis of comploto
factorial oxperiments through Yates® mothod,



2.(a) ANALYSIS OF FACTORIAL EXPERIMENTS
OF THE SERIES 28 THROUGH THE SUM
AND DIFFERENCE METHOD OF YATES

Whon the numbor of factors in the ¢xporimont
of the gories 22 is large, it Lecomes inconvesient firct to
write all tho troatmont combinations and thea carry sut
the operations on them oo yequized by tho mothod of sum
and differenco of Yatos® for obtaining contrasts correspanding
to various maln cffocts and intoracticnn. We have dlscuscod
balow & convenlont mothod for their analysis through which
tha totality of treatmaont combinntions ¢an first bo mado into
groups of cqual siso and then cach group is analysed saparatoly
through tho mothed of sum and éliiemnce. Subscquontly
thase results are snalysced again through the applicetion of
the mothod of cum and differonce for obtaining tho final
rosultn. o chall dlscuao this mothod with reforecace to
an example. Genoaral resalts follow from thom,

Lot thoro bo elght factors {coch at 2 levoln)
denotod by A,B,C,D,E,F',G ond H. Thoro aro 28
treatment combinntions . Instoad of writing tho whelo
of the 2% treatmont combnations aloag with thoir obsorvation
totals, wo con firat moke thom into groups of oultahlo sico

and anslyse cach group soparatoly. Let us decido to mako
groups of sizo 32 so that thors will bo 8 groups. We con

conveniently mako tho groups (without any regard to block-
ing adopted at tho timo of conatruction of ths design), oay,
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by confounding the main cffocts and intoractions of tho
last throo factora, via., ¥,G snd H. Tho first group Mer
can be writton 80 required in Yntes® tochnique by using
tho firpt fivo factors 4,B8,C.D,and E. Ancthor group

is thon obtained by multiplying each of tha trcatment
combinations in tho firot group by £ and writing thom

in tho corrvosponding oxrdar. In this way by mulilplying
the first group in ordoy by g, fg, h. fh, gh and fgh wo
shall be getting oix othor groups. Eack of those groups
s taken soparatoly and tho cbaorvation fotals aro written
agoinst tho coryosponding trontmont gcombinations. Tho
sum and differcaco operations arc carblod out in each
group separatoly, thore bolng 8 cycloo of operations as
sequired by 25 trostmont combinations, Next lot uo
considor the B contrasts avatlablo againot tho trostmont
corabinstion ac and those corsesponding to oc in other
groupo, namely, acf, acg, acfg, ach, acth, acgh and
acfgh. Theso § contractn are then writton in o column
and linked with tho combinations X,f,7,4g,h,fh, gh.fgh

of tho factors F, G and H in tho ordor oo raquired by
Yates' method, each of thom, howovor, hao to bo multi-
plied by ac.  With those 8 contrasta 3 cycles of oporotions

are carricd out as {n Yates' mothod., From this tablo



He
we ahall got tho B cuntrasts appropriato for 28 dooign
corrosponding to {atoractions AC, ACF, ACG, ACFG,
ACH, ACI'H, ACGH and ACFGH. In thig way corrcoponding
to cach intoraction of tho firet 5 factors, wo shall got
8 intoractions of tho final dosigne 'Tho diviaors of thoso
contrasts oro tho 8amo os in tho 2° dosign.

It will ho scon thst tho ¢total cumber of 256
troatmens combinations wore first mado into 8 groups of
siso 32, coch of which wag shon anolysed. Subseguontly,
32 groups cuch of sise 8 woro formiod and analysed so oo
to give tho final regulto. Tho totnl nmumbor of oparations
in the original and tho prosent methodsoéd sama. Though
wo made groups of sise 33, this {s not noccseayy. Tho
group oine could havo beon zoado 16 aloo bo as to got 16
groups. The mothod has boen illustrated by onalyolng o

2% exporimont broaking into groups of oiso 8. Tho dosa
used aro foctiticus,
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Analysia of 2° exporiment by breaking into groups of sise §

Group L zon Group I Group IV

Treat. Obs. Trest, Obs. Trest. Oba. Treat Obs
gomb,  total ¢omb, _gotal comb. total comb, toto

| 1 d $ e 3 de &
a 3 ad 2 oo 4 ode 6
b 4 bd 1 bo 1 bde 7
ad & ohd 2 abe 1 abde 6
c 7 cd 4 <o 2 cdo B
ac 9 acd 8 ace 3 acde 4
e 8 bed 6 bee 4 bede 3
abe 4 abed 8 abge 5 abede 2
Aralysis of Group I Annlyais of Group X1
’r!‘u. Obao Tzdat, Obco
comh, total 1 2 3 comb., fotal 1 2 3
1 1 3 13 4 d 3 E 8 sS4
a 2 10 28 1} ad 2 326 ©
b 4 16 3 3 bd 3 3 © .6
ad 6 12 <2 .8 abd 2 1 © o]
c L { 1 71 cd v -1 <2 18
ac ¢ 2 -4 .5 aed 8 1 4 0
be 8 2 3 <11 bed .Y 1 2 .2
abe 4 -4 6 7 abed 5 -1 -2 i
Analysis of Group II Annlyeie of Group IV
Treat. Oba. Troat. Oba.
comb, total 1 2 3 d¢omb. total, 1 2 8
e 3 7 9 23 de 4 10 22 36
as 4 e 4 3 ade b 12 14 -2
be | 5 } SRS | vda b4 9 O .2
abe 1 9 Z .1 o bhde 8 8 -2 4
ce 2 1 -5 8 cdo 8 2 2 -8
ace 3 0 ¢ 1\ acde 4 2 -4 .2
bee 4 T -1 9 bede 3 -3 -4 .4
abce B 1 C 1 abede 2 -1 0 ¢




Now we form 8 groupa of size 4 and analyse them to

-8.

Treat. Contrast final Treat. Contrast fina}
comb. valuon 1 contrasts comb. voluag contrasto
2 1 2
1 4 k) 134 a 1 | 2
d 34 89 6 ad v ) § b
o 23 -7 «16 ae 3 -1 O
do 36 13 20 ade -2 -8 -3
b 3 -3 ~& ab -5 -8 -10
bd -5 «3 -10 abd (o] «5 2
be 8 | «9 0 abs -1 8 (o)
bdo -2 -1 8 abde -4 -3 -8
[ 18 33 LT} ac = -5 -6
cd 18 3 10 acd (o] | 2
co 8 3 34 ace 3 B 4
cde . -8 -13 ~16 ocde -2 -3 -8
be 11 «13 -10 abe ™ § =1 wb
bed -2 3 .6 abed -4 ‘s 6
bece 9 9 16 obca 1 ! 16
bedeo -6 «18 -24 abede 4 . o]

The 8 S. due to any contrast, say, AB con now be obtatned by
squaring the coatrast against ab, namsly, ~IO{as road from the

second series of tables) and dividing by 32r. Thus, 8.8. due to
AB = (-10R /32r,where r 1o tho number of replications.
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2.(b) ANALYSIS OF FACTORIAL EXPERIMENTS OF
THE SERIES 30 THROUGH THE EXTENDED
YATES' METHOD.,

As in 2B gorias, tho totality of tho troatmaont
cambipations in 32 gartoo can also bo droken into groups
of oqual sizo whaon tho troatrnopt combinations arc largoe
and thor cach group 1o annlyvod through tho oxtonded
Yatoo®' mothod {Davice, the Dooign cnd analyoio of Induotrial
cxporimontn). Subsoquontly, tha rooulto from cach group
can bo analysed Hkowisc for obtuining tho £final rooults.
Wo chall disenss this maothod with roforonco te an oxamplo.
Gonoral resulte follow from thom. Lot tharo bo 8 factors
A,B,C,Dond EE cach at 3 cguiopaced Jovels. Thore are
3% trantment combinntions. Lot ug docide to make groups
of oizo 2¥ 8o that thoro will be 32 groups. We can
coavoniontly moko tho groups (without any rogard to block«
ing odopted at the timo of conatruction of tho daoign), say,
by confounding tho maia offocts and intoractiono of tho
laot two factoro, namely, D and B, Tho first group con
be weritton as roguired in Yatos! technique by woing/tho
firot 3 factora A,B and C. Tho nent group thon to be
obtained by multiplying cach of the troatmont combinations
in tho firot group by 4 and writing thom in the corronponding
ordor. The third group 1o obtained by ranitiplylag cach of
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the treatmont combinations in the {irst group by,da
and writing thom in the corresponding order. In this
way by multiplylng in ordor by ¢, de, a5, o2, de? and
42a® wo shall got 6 other groupa. Each of theee groupe
is taken separately and the obseyvation totals are written
againss the corresponding treatment com-binations. The
extended Yatas'® method is applied to annlyse sach group
separately. Noxt lot us consider the 9 controsts available
against the troatment combination, say, ab and thoge
corresponding to al in other groups, namely, avd,etds,
ave, atde, n‘c~dae. a‘ca". stde® and atd2e2. Theae 9
treatment combinations aro then writtea ia a column,
This is bdtter dene firat writing the combinations of
the factors D and E in that order as raquived by Yates'
maethod and thon multiplying cach of tham by at, The
9 contrasts obtained eazlier nre then writton against tho
correspondiag treatment combinntions and 2 cycles of
operations arc carried out on tham. From this table
we shall get 9 contrasts appropriate for i design
corresponding to interactions Ay C L ALCLDL‘ A1CyDns
ApCyEy o AjCiDIE) e AYCiDAE + 8;C,Eq, A,C D E

L°LLQ

and ALG LDQE Q’

It 15 to be notad that corrasponding to a squared
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jettor, wo got o quadratic component of tho factor

corragsponding to that letter. In thie way corresponding

to cach intoraction of tho firet thrae fnctors, we chall gst

9 intoractiono of the final design. Ths divisors of

thosa contracto ave tho sams ag in the 3° design. The

meothod §s iuotrated by onalysing 3% experiment breaking

{nto groups.of sise 9. Tho data used aro factitiouns.

Annlysie of 3d gxporiment by breaking into groups of

glze 9

Annlyois of group I

v
Anslyais of group XX

Analysis of group I

£

7
Troat. Oba. Trons,. Obs,

Treot. Obs,
comb. total 1 2 comb., total 1 2 comb., total
1 2 16 a e 3 18 39 o2 1
a 8 13 .3 ac B’ 9 -7 acd 4
ad 7 14 .19 adc Y 15 -9 a2l 6
b 3 S5 0O be 4 4 O be? 7
ab 9 2 .8 abe 3 2 1 abe? 8
alp 1 O 3% alne 2 8 9 a"-gcz 5
bd 4 4 2 vle 1 0O 12 b2 3
agia 6 -4 -9 abie 8 O -13 andc2 2
a 4 -4 23 aZble 6 9 9 a2 3

Now we form 9 groupo of olze 3 and analyae

thom to got tho finn] regults.
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Treat, Contrast Final Treat. Contrast Final Treat. Contrast Finnl
Comb, Valus Contrast Combd, Value Contrast Comd, Value Contrast

1 Q 123 a -9 -18 a: 19 -29
¢ 39 (o] ae -7 2 a“¢ -9 -18
c:a 41 4 acd -3 é a2c? . -2

b - — -

b o 1 ab -8 -7 alb 3 ?

be o 4 zbe 1 -2 albe. 9 8

be? 1 1 abe? .3 20 albe? 3 -20

/
/ I

b2 2 -5 ab: -9 33 ! a2p% 23 25

b 12 21 eblc.  -18 2, azbgc 9 12

B2 .J9 - adbc® .1 6 aZp?eln 11 82

i
1

Tho 8.8. duo to any interac tion, gay, AqC L
can now be obtained by squaring the contraet ageinst
adc, namely, «18( as read from ths second sorles of
tables) and dividing by 36%.

8.8. duoto AnC, = (-18)% /362
where r {8 the number of replicotions.
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2.{c) ANALYSIS OF FACTORIAL EXPERIMENTS OF
THE MIXED SERIES THROUGH YATES' MBTHOD

Combined Yatos' mothods - If thero are p factors each

at 2 levols and ¢ factors each ot 3 lovels, we have

2P x 59 treatment combinations. The combined Yates'
mathod for analysing the data of this experimant is to
carey out p cycles of operations as wo do in 22 series
and then carry out q eycles " of oporations as we do in
32 geriea to got the finsl results.

As in 28 and 3° gorlos, ths totality of treatment
combinations in mixad series can be broken into groups of
oqual sigc when the treatment combinations are large and
then kach group {s analysed through the combined Yatas®
maethod as described above. Subsequently, these results
are alao anilysed for obtaining tho final rosults. We
shall discuss this method also with reforcnce to an exomple,
General results follow from them. Lot there ba 8 factors
A, B and C at 2 levels and 3 factows D,E and P at 3 levels.
There are 2° x 3s troatment combinations. Lat us decido
to make groups of gize 2 x 32, so that theve willbe 22 x 3
groups. We can conveniently make the groups (without any
regard to blocking adopted at the timo of zonstruction of the

deaign), say, by confounding the main ¢ffscts and intore
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actions corresponding to the last 2 :{factors at 2 lavsls,
naxmxy:. B and C and the lost factor at 3 levels, namely,F.
The fivst group can be written by using the factors, A.Dand B
in systematic order. The next group then to be obtained

by multiplying each of the trestmant combinations in tha

firat group by b and writing them in the copresponding

order. Ia this way by multiplying in order by ¢, ba.d,

bf,cf, bet, £2, bE%, of and bet® we shall be getting

10 othar groups. Each of theae groups /(l taken separately
and the observation totala are writtef) ngainst the corvespond-
{ng treatmeant combinations. The cémbined Yatos! method

is carriad out iln groups separately, there bging oae cycle

of operation an in 2 series followsd by 2 cycles of operations
as in 37 gerios, Next let us consider the 12 contrasts
svailable against the treatment combination ad and those
corregponding to ad in other groups, namely, abd, aed,
abcd, af, abdl, scdf, abedf, adf?, abaf?, ncdf® and

abedf®. These 12 treatment combinstions are then written/
in a column by introducing the factors B,C and F in that
order as yequired by Yatos' method. The 12 contrasts
obtained earlier are written ngainat the corresponding
treatment combinations anda“{;wln of oporations are

carried out as in 2 sories snd then ane cycle of oparation
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is carried out os in 3% series. From this tadle we
shall get 12 contrasts appropriate for 2% x 3° design
correspanding to interactions ADy , ABD;, ACDy,
ABCD

1’ ADLFL' ABDLFL' ACD,F_, ABCD, F_,

L'y L L
ADLF'Q' ABDLFQ. ACDLFQ and ABCDLFQ. In this
way corrasponding to each intaraction in the first group,
we shall got 12 interactions of the finnd design. The
divisors of thede contrasts ore the samse as in the

23 88 design. The method is illustrated by cnnlysing o
2% x 33 exporiment breaking into groups of size 6. Tho
data used ara factitiouns

Analysia of 22 x 32 by broaking into groups of size 6

Group § SGronp 1L Group I

Treat. Oba. Treat. Obs. Treat. DOda.

comb., total 1 2 comb. tota}] 1 2 Comb. total 1 2
1 2 7 20 B s 7 2 a 1 8 18
8 5 10 -2 &b 4 6 9 ad 2 12 4
< ¥ § $ 4 b H 8 -1 ed 4 S Q
ac¢ 3 3 4 abe ] } -3 oed 8 ) | 2
@ 2 .4 .0 B 2 4 3 B 2 4 -18
acd ) § - 10 ntu.:z 6 4 -3 ac2d ] -1 -8

Group IV Group ¥ Grngg vi
bd b 9 18 4 1 wa v 8 13 28

aba 3 6 0 ad® 9 5 1 abd® 8 9 -2
bed 2 3 6 cd2 2 6 4 Bd® 3 6 7

ebed 4 -3 .4 acd® 3 8 6 abed® & .3

b3 1 2 0 22 2 1 6 bela® g 5 1

abe2s 2 1 6 acBa® ¢ 2 8 abeZ® 2 .2
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Now we form 6 groups of size 6 and analyse
them to get the final results.

Treat. Contrast Fiaal Treat, Contrast Final Troat. Cont. Pinal

Comb. Value Contrast Comb. Value Cont. Cormh. Value Cont,
- 1 2 1 2 1 2
1 20 4 126 a -2 ? 20 < & 3 20
b 21 6 8 ab 9 4 -6 e 4 6 4
d 18 % -8 ad 4 9 2 4 o u -8B
bd 18 1 -6 abd O 11 24 bed 6 8 .8
a2 2 o 18 82 N -4 8 ca2 4 & 2
bd?  za 7 8 abd2 <2 13 6 bed® 7T 3 24
ac 4 T 4 ¢ 0 -7 18 acd 1 2 a9
abe o3 -2 20 bo? 3 .08 26 abel -3 W16 .21
acd 2 g -4 e%d 18 7 .4 acdd B .3 1
abe -4 7 © be®d © 13 .18 abe2d -6 4 IS
acd 6 -4 1o 232 6 18 86 ac®d® 8 2 23
abed® .1 -7 2 be®32 1 W8 28 abc242 1 .19 27

Tha 5.5. due to any contrast, say, BCp can now be obtalned by
squaring the contrast against bed, namely, 26(as read from gecond aeries of

tables) and dividing by 722, where r is tho number of replications.

SOME REMARKS 3
1. In the method discussed above, we thought it desiradle to form
groups of amall sise, For larger experiments the number -of groups muoy
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thus be largo. In such cases the contraots againat
any tyeatmens combination may be analysed by grouping
the centrasts againgt it by following exactly the same
method.
2. Chonces of erzors through tao present
method areo likely to be amaller as wo are handiing emall
operations sach timo.
3. In some cases wo havo vaerifiod that this meothod
gives corroct reaults in less timo then the usual method
whon the numbor of factoxs are large.



3. ANALYSIS OF SYMMETRIC FRACTIONAL
FACTORIAL EXPERIMENTS

As in complate factorial experiments, the
totality of treatment combinations in fracticnal factorial
experiments can alsc be broken into groups of equal sise
when the treatmant combinations are large. But tha oaly
problem is of writiag tha treztment combinations in a
systematic order. Once the treatment combinations are
written in a systematic order, they can be broken into
groups of equal size on the basis of the existing factors
and analysed as bef ore. We are fo suppress ons or
more letters to write the treatment combinations in a
systematic order. In 27 series i can be shown that any
letter or letters which togethar do not havamm pumber

Todewhchy groh
of letters common with any interactions lﬁ(l»gronp)can
be suppressed for this purpose. This ensures that all
the treatment combinationspresent in the fraction when
written aftor suppraessing the letters will be distinct.

c.g. 1. Consider %a (28)

let 1 » ABCE = ABDF = CDEF

We can suppress any two letters except ab,
ce and df for writing treatment combinations in a systematic
order,

e.g. 2. Consider ;’-3 (38)

The defining contrasts are BCDH, BDFG, CFGH,
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ABCEF, ABEGH, ACDEG; ond ADEFH.

We caa suppress any threo lstters except
abd, ahe, afgs beg, Dde, bih, cdf, ceh, dgh, and efg ss
each one of them is having an even numbers of letters
common with each of the intorscilon inthe identity group.

In fractional replication of 3™ series we can
suppress lotter or letters which are oot contained in the
fraction a¢ trestment cambination to write treatment
combinations in s systematic order. But here we bave
two more problems, one is of finding the effect correspond~
ing to letter or letters suppressed and interactions involv.
ing that effect as aliases of components of one D, ¥. are
not well defined; the second {8 of finding the adjusted
linear, quadratic etc. components corresponding to the
interactions confounded. Both thesa probloms are

discussed in subsaquent chaptera.



4. ON LINKING DIFFERENT SETS OF CONTRASTS
¢ F OBSERVATIONS. ,

8o far we have discussed ths analysis of
factoriel designsthrough the meihod of Yates' and its

ektension. As thesc designs are ususlly constructed

’x\ through geometrical methods(Boge =0l Kishen, 194C)

%“gmﬁ geometrical components are confounded; jt is
R }

sssary to find s relationship between geometrical

and the linear, gquadratic etc. compononts

3 in Yates' method cxteuded to the case of 3™ saries.
) is particularly necessaryito adjust the lindar,
jdratic etc. compunents for block efscts and also to
lyse fractionally replicated designs through Yates!

[ Mu& when the factors are at 3 o2 moro levels,

The following theorem gives us a very useful

‘?;‘_m for establiahing such relationship.

‘ : « Let there bo N independent obsorvations
+++ 02 ¥y drawn from a population with variance,cz
ot Q10Qs0evs 0y g be (N-1) independant contraets
the observations, Now if P’ be any other contrast
the observations, then Pj can be expressed as a

fonction of Q; (4 = 1,2,....,N-1) through the following

r
Q
=B i
3 ‘cﬁd



c. ON LINKING DIFFERENTSETS OF CONTRASTS

- jpsehrmial e M

Cr OBSERVATIONS..

So far wo havo dlocussed the anslysio of
factorial dnﬂignsthrm‘lgb tho mothod of voteo® and its
extonsion. Ap thoo” designs are asually conntructed

ghrough goamotricdl mothods(Boso and Kiohen, 1940)

pocspanry to find 2 relationship botwaon goometrlcal
componants and tho inoaz, quadratic otc. compononts
wood in Yates! method cxtendal 20 the caoo of 3 gorioo.
This 1o paxticularly pacoooary to adjust tho Mnoars
quadratic etc. composenta for slock afbcts, and also to
analyse gractionally soplicated dosignd through Yotes'
techniquo when tho gactors aro at 3 oF mMOTC lovolo.

Tho following theorem gives us & vory uscful
basio fozr agtabliching guch rolattonohip.
THEOREM!: - ot thero bo N {ndepondont chsorvations
Ve V2o VN drown from & population with variance «3
and lot Q),Qgee- Oy bo (N-1} ipdopondont contrasto
among the cbacyvationd. Now if P, be any othoT contraot
among the cbsarvationd, thon P, can be exprosocd as @
{inoar fenction of Gy (4 8di20e00e ,N-1) through tho following

rolation
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where Cji va {s the covariance betwesn Pj and Qi and

d is the sum of squares cf the cootﬁchm of observations

th. ‘ oA A p Q 3 7" Si‘ CJL;
Proody - Lot Pj [ :l: cjl Qi | Whie ,,..4 o'ne :iiuau
di MO
v(Q,)
«"e V(P)-% 4::jl —!""‘
2
C
-] E j‘ . dl"z
i df

cd
QE'-L' g‘a » e 0 (1)

i (.‘.1
Also V(P )ﬂCw(P T C .._Q.i_.
i Ao

|
le
= F "2;"' Cav(P‘. ) e e (3)

Now (1) and (2) can be egual an.ly if Cov(P Ql, e C”c
Therefore, Cov(P,Q)) = Cy 2
Q.E.D. )
We ahall apply this theorem for thfo analysis
of fractionally replicated designs of the series 35,
Subsequently, the anslysis of confounded symmetrical and

asymmatrical factorial designs will bo discuassed.
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ANALYSIS OF FRACTIONALLY REPLICATED
DESIGNS OF THE SERIES 30

In fractionally replicated experimoents of 2°
sorles, application of Yates' tochhique is stratghtforward,
particularly bacause each intoraction component obtaloed
through the mothed repzesents the whole of its alias group
of interactions., But in experiments of 3P series this
advantage is not available becauco tho alias relations
connect Interacticn componants oach of two dogrees of
freedom, while through Yates' method we get interaction
components each of one degree of frecdem. Thus when
the interaction componsnts in such desigas aro obtained
by suppressing ane or more lettors through extonded
Yates® method, the main effects and intoraction components
involving the suppressed lotters can not bo directly obtained
aa in the case of 2% gerics. It thus bocomas nocessary
to estabdlish a relationship batwoen moin oftect or intor.-
action components involving at least onso of tho suppressed
lettors on the one hand and main effocts and interaction
components of the non-suppressed latters that could be
obtained through the extepdod Yatss® method,

It will be aecn that all tho main effects and
interaction components of the non-suppressed lettors

(Q, 1=21,24...,N-1) glve uo & complote et of contraat
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whilo a main offect or an intaraction contrast involving
at leaet one suppressed letter is any othar comtrast

Py. Now wa con find & linear relationship of Q,'s which
is aqual to P’ with the help of the theorem just proved.
We have established such & relajionshp 12 an actual case

as described below. Lat us take the fracticnal dealgn-%(sq)

involving the factore A,B,C and D and obtalned through the
idontity group ABCD =1. In tablof'giuen— below the troat-
ment combinations aloag with a factitlou,':: d?s'-ta have been
presented. For applying Yates' techniqe {or tho analysie
of the data tho factor A has been guppressod and in column 2
of the table, treatment combinations have been written as
required by the method, showing the level a or a2 in the
bracket wharever necassary., Through this analysis we
could get all main effects and interaction components
involving tho factors B,C and D as shown ln column 4.

Now suppose we are interested to obtain AL’
where A, denotes linear component of the main effect of A
{similarly A will denote the quadratic component of the
main effect of A). For this purpose we have to connec;
AL with all the main effecte and interaction components
of the factors B, C and D. Wo have ostablished through !

the thsorem that the coefficient of BL in this relation is

I

!
* See pagoe 27 \

I
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the coefficlont of the earror mean square in tho covariance
of Ay and BL' divided dy the diviacr of B, . Tho
covariance as obtained through the usual mothod(i. e.
sum of products of the coefficients of the commeon obsor-
vations in the two contrasts) comes out to be sero. Thus
By, bhas no. contridbution to A, . Fzrom tho alinses of A
we find that only the components of the threo factor inter-
action BCD will be related with Ay . 8o now wo taka the
component BLCL 1’
comes out to be ~30F « the divisor for BLCLDL(' ag

the covarionge of AL and BLCLDL

obtained by aum of squares of the coofficlents of tho
observations in B, C, D ) s evidently 8 ag only 8
obsorvations are involved in B, C 1) L’ each with co-
officient 41 or 1. Thus the ceoefficiont of ByCy Dy in
Apls ~ ‘% . In this way by obtaining the coefficionts

of all othor components involving all ths factors B,C and D

we got

3 3 3
A ® = -5 BrlePyt 3¢ BLfillPat 3¢ BLta®L

+ 34 BQ ID1 + 2 B CQDQ 3 BQCI Q
9
+ QCQDI - ._.. BQCQD - oo {1)

We have given bolow aome more salient rolations.



N . <L
UaP50g ..m% + ( Ta®20g - BgT50g - B405Tg) =+

S

vm m ....mon 2
(Ta*2%a-Ta®>7a+%75%) T + TaTaTe ¢ - Pa% 7z~ (/7a% +5/a™> + TaTo) 2 = YTy

(YA

Oa95%% T - (TaP5% - Oq%5% - PaP>7q -

-25-

e}
TaToTa £ +Pa% 7 -(6/7a02 +5/PaTo 4+ TaTo ) & - Tg¥y

T 0.1, 07 v _
€

(Ta™ 5% - Ta®>7q + Pa®sTa) ¢

Oa®30 %2 4 (TqP5% 4 P50 4 PqPsTg - ) mm.. + (Ta’o% -

: S +{( a
1493 7g + Oq¥57g) ...Mn. g Py fie o8 W + Pq%s % + Ta%s .mm + Bg .uuwmm.. + TqT5 wm.. - Ty
Ie /3
oncuam L2 = \MQQUO .M.WI.I..

E.. @€ b
®a"% 7 %a®%a 17~ "a%% ¢ +Ta%Ta B+ %aT5Ta By TgTaTa L - Oy



w28~
AgB, = T} €Dy - —-§£— (C,Dqg¢ CqDy) "'%a Ca”q*%ﬂz.cz,”:,
+ 3’; (B,C, Dy ¢ B, CaD, - B,C DL)............ (B;CqDg -BaCy P
- BaCoPy) * i Bafalq

3 .}. q-s.. -
AyB.C == 2Dy ‘625 Dq* 53 PPy * 3,(ByDg - BoDy)

3 3 ) 9

* o7 %P * 7 “1PL* 3 (€1Pa ~CoPL) ¢ 5 Calq

+ l B, C;D, - = (ByC Dy - ByCaD,y - BaC, Dy )
—2-(B1.CaDg + BTy Dy - BaCPy) ¢ 5% BaCaPq

The 8.5, due to the contrasts, A, etc. can bes obtained
by squaring the contrast and dividing it by its usual divisor. The

divisor can also be obtalned from ths variance of AL and fa

equal to ziﬁ-

df « d; where cji and d;'s are as axplained in the

theorem.
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Table !

Anstysts of L 9% ) axperiment. 12 ABCD

8.No. Treatment Cbhservation Final’
Combination  Total Contrast
1 1 1 101
2 (aZp 2 6
3 (a z)bz 4 2
4 (a%)e 6 -1
5 (» Joc 3 19
6 bzﬁ 8 49
7 (s o g n
8 be 15
9 (nzz}ba'cz 1 .28
10 (a®)d 4 2
n (= Jod 8 , 2
12 ] 7 20
13 (a )ed 2 , -8
14 bed 3 -7
15 (a2)b2cd 4 13
16 c2a 6 19
17 (aZ)be2d 8 -7
18 (a Jb2c2a 3 13
19 (= Y2 2 16
20 ba 9 12
2 (a® 242 1 2
22 cad 2 -7
2 (a2 Pca® 1 -1
24 (a )baacqf 4 -25
28 (a® )c“a 6 -25
26 (a Joc2al 3 3
27 bec2q2 2 .28

Note : - Tho i{ntormediate stepa for getting the final
contragts are not shown.

Thirdoro. AL a?, AQ a8 e}



Now subst ituting the valus of the componaents
of B;C,Dy, B;C;Dq0 ByCrPy + BoCpDys By CaDps
BnC LDQ' BQCQDL and BQCQDQ as obtained in the table
we got

Ag =T, similarly we got A © -}
Seum of squares dus to Ay © -g?- and sum of squazes
(-2

ﬂll.tOAQ = ';;‘ .

Adding these two sum of squares we get the aum
/
of squares due to main effact A which is identical with the
sum of squares obtained through the usual method. Similarly

the sum of squares dus to ALBL etc.’ can be obtainad.



1

5.(c) CONFOUNDED DESIGNS OF THE SERIES 3"

jo symmetrical designs of the series 3%
components like ABC, ABC? etc. are confounded either :' '
completely or partially. It becomes sometimes nscessary
to bbtain,intaraction components lko Ay B, Cy in presence :
of such confounding. If at leaat one three factor inter-
action component {nvolving the factors, say, A,Band C
be confounded, svidently the components lika ApBCy
have to be adfusted for block differences. Such an adjust-
ment is possible by utilising the theorem, For this
purpose, we define & total sat of indepbndent contrasts
as balow: 4

Ape Aqs By o By otc. for tho mein effects,
and (AB)y, (AB)Q. (ABa)L. (AB"‘)Q etc. for the interactions.

‘ (AB)L has been taken to be (AB),, - (AB),_ ‘Wwhere® ;
(AB)O denoctas, ::a usual, the aumi of tho treatment combi-
nations involving the combinations GO, 12, 21 of the factora
Aand B. Similarly (AB), = (AB), - 2(AB), + (aB),

Now, let us take ary other contrust 4;B;C, .
it can be shown that the covariance of ApBeCy with any

4

interaction componsnt involving one or two letters like |
Ay A (AB)L. (AB)Q etc. is zero. As o matter of fact \
the covariances of Ay B, C, with components involving all
the three factors A, B and C Mke (ABC)y,. (ABC)q, (ABZC2),

(AB"cz)Q etc. are non-gero while its covariance with any “\

i




«30-
other component {9 sero. Finding tho covariance of
ALBLCL with theae components which ara aot confoundod,

wo get the following relation

3 (A2B2C). + -2 (a2g2 S (a2ped
A;BC, = £(4a%B°C); + M(Anc)oc»w(a BC®)y

2 3 2.2 9 (an2-2
.pa%(A BC")Q-P -l-B(ABc )L"’ M(AB C ’Q

assuming that in tho design tho intoraction ABC 8 confoundad
and thercfore the covarionce of block adjusted(ABC);, and
A

1B, C L i{s sore. Also covariance of block adjusted

(ABC)n ond A; By Cy 10 zoro. /

;

Agala, ;B €, = = (Anc),‘-__(aac)a

3 (a%8%¢), + -2 (a2p2 __3!__'5 2ne2
+35 (A'B7C)L v 55 (a%B%Clg ¢ 755 ( A%BCT),,

9:3

3%2 ,n2~2 9=n2 2.2
* 3iaz (a%BC00 ¢ R (ABPCh 32, s

)a

when ABC and ABBI'C are partially confounded in 2 ropll~
cations. ’ )

The varlance of ALBLC;. ao obtained from tho
firat of the above two rolations i3 equal to ¢ and hance
the diviaor for the componaent obtained from tho firat design
la 6, Again tho variance of tho component AI..BL L from

tho gocond relation shove is 12 and thoxafore the divisor
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for finding irs sum of sguares from the second éeal@
{s 12,

Though we have fntroduced the mathod through
a particular czae, the method ls quite genoral and can be
applied for adjusting the interaction components of any
order in progence of either total or partinl confounding.
The results corrasponding to o 38 design with complete
canfounding of, say, ABC are identical with thoge of the
design -15 (3%) apiit into blocks confounding the interaction
component ABC. Thus the relation of ApB, C, with the
comvonenu(ABc)b etc. depends more on the total number
of observations in the deaign then on the individual
obsarvations.

Suppose we have establiehed a relationship
between & component, say, Ay By Cy with tha components
(ABC), etc. through a design 39, then the corresponding
relation for the design 3°'P can be obtained by multiplying
both numerator and denominator of the previous relation
by 3P. This ehowa that the relation romains unatfected
by increasing the oumbor of factors in tho design but tho
divisor of the contrast changes and bocomes maultiplied
by 3P where p ia the number of factors subsequeatly added.
The above result s, however, subject to the fact that
similar confounding of the iteraction components involving
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the factors A, B and C exists in both basic design 3° and
ougmentsd design 3%*P, I may be further pointed out that
instead of increaning the number of factors, the design is
roplicated » times, then also the coefficients remain
unaffoctad but the divisors get multiplied by ¥’

It may be montioned here that Kishen, K(1940,
1942 and 1950) cxpresaad any single degrac of freedom of
troatment combinations in 8™ non-confounded complote
factorials in terms of its sets of main effogts and inter-
actions and worked out such relations in séme particular
cagen. His rasults can be obtained in o etraightforward
way through tho prescnt techaiquo.

We havo fllustratod theoe: results by annlysing
the data of tho .!3. (3%) experiment splis into 3 blocks of
9 plots each, For this purpose we have utflized 3 of the
9 blocks each of the size 9 of 3¢ confounded design
adopted for an actual irrigation -com-manuring experiment
for wheat. The froction taken correspended to identity
group 1 = ACD. The interaction component ARB2D 1s
confounded with the 3 blocks. The data aro prdsented

below. .°
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-15( 3‘) experimant

1 aACD, coafounded interaction ie AszD

Block ! Block I Block 11t
Treat. Yield in Treat. Yield in Treat. Yialdin
comb. kg/plot chmb, kdﬂot comb. kdgot.
2

a 4 c 4 ana 4

5:3: 8 ab®ad 4 a 8

acd 2 a2pic 3 ad 8
abg? 4 b 4 abe? -3
abcd 3 abed Y b§d3 4
b2ca2 s liic 23 & abled 5

1 3 a 2 b 4
alc2a2 4 albc2ad ¢ albic242 ¢
alpdyg 4 acl ¢ c 3
we get,
(ABD), =5 (a2mp?), = .5, (AB%D?) = -7
L

(ABD)q = -3 (A"'m:e‘)ﬁ1 ol } (,ABzDa)Qu 5

We intanded to odtain the component ApBy Dy
by Makiag it with the contrasts (ABD);, (ABD),. (a%B%D),,
(a28%p)g, . (a28D3),, (a2BD3), , (AB2D?), and (aBZD%)g
The relaticn estabdlizhed earlier is

3 ‘ 3 2
Ay B, Dy = = (ABD)y, - .:.‘ (ABD), + ﬁ(aann )

¢ -g;w‘-anz)o . i’?-s(ABEDR)L N i?‘- (aB?0%)q

obtaining the right band componentifrom the data and
substituting their valuea in tha relation we got an estimate

- i s— - "
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5.(h) CONFOUNDED ASYMMETRICAL FACTORIAL

The came technigm can bs applied for tho
component analysis of confcnndedﬁuymmctrlcnl factorial
designa. As in many designs two {actor interaction
components can aot be wué,, tha appllt_:aﬂon of presant
technique plays & more {mpostant role 1a such designs.
For example, in the design 3% x 2 in 6 plots blocks
involving the factors A. D and C in order balanced over
two raplications, the two factor lateraction component
AB is partly affected by block differences. The experi-
menter is cfien-tlmes interested in the component Ag By I
and the present tachnique is vory helpful to obtain .A,;.B;6
from the four contrasts {AB); ,{AB)q,(AB%), and (AB%),.
The rolation coanscting A1,B, with the later contrasts

cormes out to
ARy 5 3 Bl - L an)g + i and) s B a0%)

when none of the componeants AB and A%Z are confounded,
The coefficlents of (AB); atc. in this relatios can also

bs obtained fram the correspording relation in 3? design
with two replications, by multiplying the coefficients by.;-. .

As in the present design AB i»s affected by ths

o
blocks it i» necasaary to adjuat the coeflicients _d’.:_..

—— = o ik e —wcm SE K
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of the contrasts (AB)L and (AB)n¢. It is found that such

ul}umlhuanymoctd by sanitiplyiag both the
aumerstor and desominator i.s. €;; and J; 1a the adove
relation by the relative ieformation recovered in the
destgn i.e.(by -% in the present design. For getting the
diviser for finding the 5.5. of ALB; . we have to use
tho thus adjusted coefficients. The relation actually

carmas out as
ApLBL- %‘AB’L ""5'9“ (AB), + %(Aazh,* %(ﬂz)g '
Similarly,
A Bo = (aB) + 2T (amgr i (an?) ~ Han),,
AgBy = L (aB) + LI (aB), ~J5(ABE) ¢ -:-%(Anz}g. and
AnBm = Z’N’ 4 .E'.(AB) 4"}‘6-(&33) +-3-Q(AB2)Q
Q*Q =1y 1. 84 Q" 24 L 72

The divisors for these contrasts coms out as 14,43,42 and
125 respectively and thelry 3.8. can be fozad as described

earlier.
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Similarly the components of three facter inter-
sctiondn this case can be obtained from the following

relations:

- - B
AgD,C %%— '"ig' %%— ‘%% (ABy.C
a4 3 B-d | e

e - 6
rdyel | T -h B | |@ehe
9 3 38 | 2

aPl| T W "'ﬁ__ﬁi“’nf_ |

whers (aB), € = [ (AB), (G, - €}) - (ABJy(Co-C)) ./

(AB)5C = £(AB),(Co-Cy)-2(ABR(C oy -CH(AB);(Co-Cy)
The divisors for thess contrasts co;m out as
10, 30, 30 and 90 respectively and their 8.8'. can be found.
Though this method has Boen described with a particular
' case, it is quite gensral[and csn be applied to similarly
analyse any belanced asymmetrical factorial design.
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SUMMARY

When a large number of factors is tnvolved in a factorial
sxperiment, the analysis through Yates' method becomes compli-
cated as & very large number of combinations have to be taken
and operated upon. We have given & modified methad whereby
suitable groupa of the treatment combinations are formed and then
each group e annlysed saparately. The separate anslysis of these
groups are then combined to get the final results.

Forther an investigation has been made to give specific
direction for ths suppression of factors in case of fractionally
replicated designs involving factors each at two levels.

/

I appeare that the method of analysis of fractionally
replicated designe through Yatas® technique i» not yet perfected
when factors are at niore than two levels. This is baeagn. though
the aliases of geomsetrical componsnts are availabls, such aliases
are not available for linear, quadratic etc. components and thelz
{nteractions. Wae have attempted to 2btain a soluticn of this problem.

The extended Yates' method of analysis of factorial
experiments gives directly the results of component analysia When
the dosign is constructed by adopting geomstrical techniques in
Galols fields, it bacomes difficult to have its component analysis
particularly {n respect of those interactions which are confounded.,
Similay difficultiss are encountered when the design is fractionslly
replicated. It appears that this type of difficulty can be overcome if
& Unk between the contrasts ia the two types of analyasis can bo estab-

lished. One of the main purposes of the present {nvestigation is to
establizh such a link,
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