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Oheptor I 

:rntrduc¥ion 

A vory cow::on oitootion in tho Analysis of Vari::utco is that one J:lakes a 

nu~~,r of testa of onvoral roLtod or unrelated hypotheses. The 'simultaneous test' 

n 'coaJnry in such casas io ono wt.ich Sl'ecifieo \lhich of ths ooverc.l hypotheses should be 

ac· or•o'' or rojoctod, ut a •;o.rticulur chooen level of o:ignifictlllce. Very I:!Blly t:iJ:leg it 

• ~ • .. iotod in ouch taoto that tho ootimto:J of par!llloters corresponding to various 

I J JOt JBO~ o!1ould bo uncorrelatoJ uith ono another. Thio is tho uell knom critd.rion 

urt ... o Qnulity of do tu. \Jhen tho o:x:;Joriront is woll planned in advance, the theory 

u! fu.,i: n of ox9Qriwonto aJloun us to have cuch orthogonality in genorol, but in caoo 

• S·•rvoy d~tc tor oxw. .• ,lo, u ch plnnnin(; io not poso;t'!llo and the ootinatoa of various 

. ., ., . .otu a bocr".o corrolutod in various 't:lJYO• Even for oxperinonts put in the frOJ!le• 

~r£ nl n a;Jcifio r~sicn ouch a cituation o.risoo uhen the coll frequencies are unequal 
tr. 

v1: ·'· tc r.o '0 nishop Bu~~ ;>art of data cannot be uood or io unovia,_blo. Thio oort of 

.hil'3 ... v"ry cow •n in anh1al oxj'orments uhoro thoro io a paucity of eat~sfaotory 

rx. ri ''ltnl uni to ond tho experioantor hao to usa dlntever matorialo are oade available 

. "'· t •·m. Su·•pnuo for .i:r~tunco,t:O h<ivo to toet throo hypothooee eimultQlle;mslys 

'lilero e' ~ may be voo{or-valuod f>aramatara. 

D ""hoy hrvo to bo to!Jtod free the so.mo 'body of dnia, uoually tho orror variance tr.l.ll 

ua c .. ,n, so that JVan if tho o atimatos of e' J are uncorroluted the throe tome trl.ll not 

'-{) ... ..ao·>Ond nt. Thio shot/a the illlj,dqquacy of ort~onality as tho prerequisite of 

l 
jrdu~·ond mt to~ts. llut inde;·ondonce io too severo a restriction in viou of the f'act 

I oh.. t thJ bj 'eta ctf our intorost aro only thd :f'irot and socond kindo of orrofs of tha 

c ,:~·J(mont tosto. If' tb:l so orroro of ono teat do not depend on the parameters of' the 

ot !1or h;n•othooo s, it tlllY be sufi'iciont for our pur poco. In :f'act • it mll be aeon 

... utor th. t fro::t t'lo .,dnt of viou of decision theory, if \'IC take certain typos of loao 

functiono, thio proport; ulono io sUfficient to provo many optimum properties of 

tho o~ultuno~uo docioion procoduro Cheroevor tho individual deoiaion procedures 

• 



have such optimum proportioa. Gl:loah (1955) has called this lliOdified criterion ns 

'quaai :lndo].)Ondanco' and bno d a fined qua.ai -indelJandlilnt; teat of ll!Ult:l:plo hypotheses 

ns given bolot7, 

Quasi indgMndant tests! Oonsiclor the bypothe cas Jlit 1 6.; " 0 f and suppose for 

ouch i (i : 1,213) the tost T1 o£ Hi :to auoh that the first and second kind1.1 ~ error 

for it do not involve· OP."f parl.l)llatoro other tllall e, ; then Ti !•11 O.l"<'l supposQd i;O pro'l(idEJ 

cpo.si indopondent testa oi' Hj_ 'a. Mathamat:i.cally, for each :i. 

Pr LAccopt IV B~t> 0 1 6,· ·ate J :::: PrLAcoapt HJ &.; i- 0, e, ~ 0 . . . . etc J 
and Pr["Rojoct HJ &.- =- o,e, .. ate J = PrC Reject H/ 8; = o, 11-, ~ o · ·-- etc J 
hold for all valuoa of the oth:Jr xuramators e, etc ita~ whether H:t ate are true or 

no· ... • 

On the other hand, tho orlitorion of indopendenca of'. tests Of H1 and H
2 

say, 

roquirao trot for tho critical regiQil.a a1, c2 for R:t • H
2 
raspeetive~ we should ha.voa 

Pr["xcc1 , xccf e,,e,J = PrLXcGJ e,J, PrLXc~.j (J,J 
for all e, and e~ , X reppesenting the smnplo observed. _ 

Control of Errors in tw simu_ltaP,oGUs tgoto of hyp;ltheaes : 

Thone ·a<ro different po:Wts of vie-u oi' asaign:i.nf!: eignii'icance leyolo in 

the co.se or simuHanaouo tosta o£ hn'othoses depondi!l£> on tile conviCtions at' the 
' . 

oxporilllontor, conoideratiQils at' coot etc. In some cases when the daoisions rag!l,l'ding 

tho hy;,othosod H
1 
,~ ..... otc are unrelated it is proper to conaidsl' the eignifica.nco 

lovol or oa.oh hypothesio individually at 5% or 1% {say), But this ia posa;i.bla only 

;1hon tho tootc aro mdapend,nt oi' enoh other. As seen earlillr this is not usually 

oo, Conoidor for example 2 tests oi' ~ and H2, which ~oyide 2 sUlll of squares a1 

and s2 ail.cmg '111th en independont estilnate of error, s~ ~'~ElY! I£ s
1 

and S2 aro 

distributed independently as ~, ... ,.• and -x...'<r"under the null hypotheseo, as :l.o the case 

in orthogonal data o.nd -J.1 S~ :ls diatributed as r, .. ·~ore 'X!. denotes -i~distributiQil' 
?(' • 

then G1 = ~· ~ c1F and G2 ~ ~ ,..... c# '\'lharo F denotes F"'<listribut;ton, When one bas 

l:lado o. toot on ~ by ?<t fa! , the ~st of ~ should be (ltriotly spea.)dn-g, a oonditiona.l. 

teet on obeorving certain value of -x,• /s~ ::. -;~, say. att 1:11:1 sbP-Ald CG'i! below that 'j;hie 



conditional tost of H2 doos not provide a quasi-illdopelldent tost. li'or, under the null 

by ,>othoooo. 

• •• (1 .... ) 

<' icrtri.bution. 

• •• (2 ) 

has n• d.£'. 
El 

. _,_ t:.+ ,~ ot b. 2.. 
~ .. ;\, ) -;:- ••• ( 3 ) 

tllo eignifico.nco. level :l'or tho conditional 

to at of II2 io 5~ , thon tho l:!nit ~l w.Ul bo obtained frO!:! 

hj, .. a,"'"!(_/tr .... n F 95k k n -.y··. 0 • ' 2' 1 0 .... (4) 

noans tho upper o1 ~ poin of a F"'Clistribution \"4th degrees 
I 

o£ froJdOD (n1t ~), Banco, 

nrJK~ · ~. = nrf~· KdK1 ... no (i + 111 ) F .95,k2,k&+no 

=no/Is.+ no L 1+Kj/ne· F1,obo• J F,95,k2,k1+~a 

i • .:~. F2,oondl,= no.,. k1 F1,obo /lne+ k1) • F'95 1k2,k1 no 

•· •• (s) 

'" •• (6) 

"tlhoro F1,obs donotea tm observed F value for Hj, and F , eondl. denotes th.a required 
2 

5% point of tho conditional teat of H2o 



'1'he uae of F2condl w:Ul g:tvo fll1 exa.Ct a,: level for 1I2 ~ s1 is diat.l':l.llutod 

on tho mll eypothesis e,~ Q t But it: 6,1 o,, s1 givep a.Jlon (:an'!:ra.l :>~."- QXld so the- dist."'" 

ribution of ?C,'fs! baco:m~WJ 

i'l ( -x,• /s~ ) :: 0 f_ cr/ +! 
v-.:4 

l!J. -+Y-1 <>. • • 
('+(:,,) H,•:.e.-+ y' 

"I"Iboro v:io a function of tho veotO)."' 9) vmich iii non null~ The joint distrilmtion of 

?t,•;s! ll1ld -x~;s; }o ot the form -. 

' 00 

c[(~"/{ 
1=0 ~.,.(a) 

heneo from (31 '\1'0 O!Ul rio more got a ~~ which is fre6 of v'-so that \VI!s:tever JJJ:nit \11!1 

choose far th« conditional that tl'l§..ea:ignific!lllce laval iP not fro.e of tl1a para!l!8tors 

~-
of tbe othar hypotilesia n

1 
i.a.·not quasi..Wapellliem .. 

Thin shows thrt it ia not Jw.-S~.ble tJl fix the aignifio!lllce .lsvela individually 
~ -· 

nt soma preconceiv<:~d value if w vnnt to have quas;l.,o;.ihdependent t~st. But :l.f we eonsid.oJ' 

the first kind of orror of the aili!Ulta.llaOUs teat above • e. a tho re.taotiOJ:l ot at least 
' ' . . 

ono of the hypotheses, '~!ben both oi' tbllm are in fact trile; than thill can ba ~ad a.t . 
nome particular valuo and <$!asi-indepelllient "j;e_sts obtained as sbotin bY Ghoab 11955-) • 

Ao /-<a shnll sea th_ie is proper .specially an irba decisions about the 2 hypotbas.ea haVe' 

joint import.; 

S!Jnultwoua l9vol of siml.ifig.p,rtAA i It is defined .s.s the P\"O'\lability o.t rej~<rhing 

at least one of tho se"Veral hypotheses considQl'ed·, when all of them are -true. 

Suppose the alU'Or:lme¢ has not been planned in ·adv!lrlca and the ~est!gator 

:fnoerts eevoral puraJ!!Eltore in the modal to i':!l'ld wether 91J.Y o£ them is :Lmportant .. 

I:ll tho number of p ra;:Dters so inoe:rtod io high, it io quite likely that soma of them 

trill oh0\7 signj,ficanca if te11ted individuolly on sO!liO fixed laval o£ significall!le 

oven though it wra not truot boonuoa the sil!!Ultaneous s:!gnificanca level 1norea.sos llS 

mttbor o£ ~roups in,crao.aos. Suc:h o. aituntiot1 occurs often when Survey data :from 



• 
l!odioinal, Sociological or OV$n .Biological fieldo is taken tlhere the investigator l!l!l.ll 

not oblJ!'to put the Qc.ta in the frEIIlll!mrk Of SOllle dea!gn. Jh fact the Day not be 

oven oloat abcut 12hat ete:tietical hypo~heoeo ho 'is going to test• unleeD he bo.o a look 

ail tho 4o.ta it.soli'.. Sinqa ii; te !)!Ore J.ikaly in the eo ens eo to ascribe signific!Ulce 

to ono or other group of ~llllleterst w ehould proceed to fix the o:!:l!lultaneous 

s~ific!Ulce level of the varioun hypotbe_soe instead of conducting eo.oh to!ft. in 

isolo.tion '11ith· o. fixed" leVel of significanco. 

That the above considorations neod not apply only to unplamled experiment$ 

io clao.r frO!:) the e.xa.mple of ~lity control for accept!U'lCe of material, HerEJ one may 

liko t.o reject the material if it flllltl abort of etiiX!dard :in !Illy of the oeveral characters 

in llbicb the invest:lga.tor is interested. It.lll!lY be usei'ul thsn, to determine the 

L'dticulal' deficiency in orq of thBse characters and so w l!!Ust uso a simultaneoull teat 
• I 

tdth tho Binlultanoouo l.(Jvel of eim)ilicaxlC:G ~o ineure against too frequent rejectiona. 
. _.......- ... 

A .aimilar situation aris~a in ogri.cultural i':l.e·.~.d trials. A new variety 

boforo it io introduoa4 is compared '11ith the oxisting variotieo and uill be recommended 
., 

if it is superior in any of the cliar8.17tarlf, for oxnmplo, Strength a:Jd Langth~f a 

eotton fibro. Sinco one troUl.d be intrestad to knoo the ~;nrtieular charactQr :l.n 

'll!libh the ruw var:t,oty is euperior, a eilnuli;aneoua teat of the hypotbaeao con¢erning -

V!ll'iouo characters sbould bo done. In this case the signifib!Ulce level of thie teet 

ohould bo na.turally be tbs simultaneous s:!;gnificnnce level, as a caution against 

h:lBtaly intrOducing ·the nat! variety. Ttlis conearvatism ia na.tural for one wuld not 

.like to deolaro the nou VOl:'iaty superior ~ fact it is not. 

Tbo nocoseity of ua:l..bg a aafaty device, like joint s:lgnifica:Jca 1evel1 . . 

as it io abOve, '170uld be oven more apparent wbon the J1Uillber of oharaotere is large• 

in dlich caso t)¥i clulnce of declaring a ·ruw variety di£farent f'ram the common variety 

cay be mch larger tban s;t or 11(.. 

Tile common eituut:!.otl of tasting for di£forancos of moano in the Ane.lysis 



.. 

,oi' Variance .Pfov!dea another ex®lPle of muJ.tiple tests. The e:l;perime-,;iter 111ay lika 

to uce ropee.ted tvt;esta on the differenc11 of l'llll!l.he in dlioh he b :lntercrsted, I.t' his 

teste relate strictly ~o What he bad or~ine.lly planned o~to obviously ~tural 

conpari:J'tPSt he ll~Sy· tnake the different tests independently· of co.ch other at so~ fixed 

indiVidual +evel say s:t : But; as ~ baPllena in genorul, soma oOll!!;lariaon.s fll'& 

ouggested by the aata. thelllaelves (Uid EJO !!Olllll deVice liko -/;~ S:l.multaneoue Significance 

lovol again _bei:omo~cessaey £or not arriv:lng at too l!lal'lY a:!.Gtlifi(l!U'lt 1'1!Slllta, uhich 

m:ty o.otua.Uy be due to ohsrlce• !l'or \Utall!Ple, it :t.a '\lSU krllra1 (riaher• 1llesigll. of 

E:tpor:lmants') that if one does 20 tests independently ~ eaoh other, ·one aigni£:lcant 
I 

raoul t .from this aet me.y bo attributed to cl1e.!:l® alone, 

In Statiettce.l lttaro.tura, though !t ill mentiQMd llla'!lY tinttie that llt\Ch 

a false c;onclueion r:ay arise but the uoo o:i.' ~v:l.dual lavela oi' signi!ice.nco ft11' 

various testa derived from the same sample ie as troquem. In the stMdard 4Ualyo!s 
/ . 

of Variance ease of manifold olaesii'~i;ion a. ntllllbe:r of tests are lllade using the 

sam error Variance in the denomina:tor. As ts oontio.ne.t \)y Kendall ( 1449 ) • ~ 

ordimry s.teat (or :&'test) givea the the probabilitioe thlt the ratio of 2 Vo.;i.ances 

cboaen !!.]. mndom does not o<tceod e. givon value. 1 If too·.nUlll'be:r o£ Vario.nce ratioa 
'· 

~ largo 1 a.nd ~ ~e delivar!i\taly· pick 011t the large at to test i'or--sie:nti'icenoe t!ut 

olla.nco that this is ohOlm s:lgn:l.fic$t at the '-<"'lovel • is a good deal ,srl'le.~~ tha%1 

an:J ue run imo the dSflgOr oi attributing Si~¢ificance to what 'f:laY be puxoa SB.l!IPling 

of'fect. But' the probletll of actual dvaluatiO!l of the sii!IUltanaoua a;l.gnii'icanc!l .level 

is quite intricate, solllStilllas defying SJtPlicit solution and this llla1 'be one raaaon 

'rley thore is a disoroJlt)ncy ba=en the demands of statistAcal theory ang current 

practice of tboso teats, 

However, the control. of Iqt ld.t1d of error i,n a s:!Jnultaneoua test is 

a.ohiovad at tho coG!: of ilioroetling the I!nd kin(1 of errol' for ~vidual h:ypotneses.,. 

In nny particular problem, whE!ther-the point ~ view oi' individual o~ simultaneous 

sienif'ico.nce laval should be s,4opted depend a. roughly, on b0\7 ll!Ucll a pri<!d. wigltG 



one nttaobea to the al.terll3.tive hypotbeseo, uithe:r from thooret:teal. expootntions or 

fr~ oonaiderationa at' coot. Thus :in oaeo oi' the eXllll!ple of ;mm variety ::2§. a cOllll!On 

vorie~y, i.t' the co,ut is small e.g. if' 'Varieties are grown only on nn experimental 

scale one uould be relntivaly :free to deoide on any of the varieties as aupariof and 

so tho individual aignif'icnnoe levels Sft:l{ 5)': eaqh, w.tll be Proper. But, Vlith an 

olltabliohod w,r:tety the eosts of replaee!ll<lnt by a nowr one 'Will bo 1lllOrlllous o:nd so 
" 

tho Gt~;~tiatio:tan should tttka an atti'budo of caution. It i.e eaaentis.lly this c.onserva .... 

tivo n~tituda that roqui~es tho use of simultaneous signifioanqe lawl say s;.t !li!:a:in• - . 
We III!!.Y alao ll!ention the lltando.rd case of i'e.ctorial set of treatmerits 

in n atandard deaign. It the decisions have jo:int import e.s :!.a li!<;qly here, the simul.• 

tallllouo. Dignificance· level should be projorril4. But no w shall oee in tho sequel• 

tbe iotual computation of this is not oa.ay; tbe tabloa 11Alan formed, il:IV'olvoa n
6

, 

tho o~or deg:roos o£ fraedom along with k1rk2 ~ •• k8 the d.f. 'a £or tha s hypothaaaa 

H1 ••• H11 !ll1d ao a. (a+ 1) VAY tabla _is neodet'f. 

For the case of non orthogonal data, ue knou tint it is di.ff:l.cult to 

fix ovon tho individual levels o£ o~nii'icance exactly and so tha eval.uation o:t 

a:ll::ultoneous a~n;ificanoe laval is still more difficult. Wo s®l be qonce:rnad hall'ew 

' t::Unly tr.l.th this f-!'Obletn uhere w can oeparate out some groupo of paratOOters represent-~ 

inz di£ferent a.apaots of the problam. 



Reytmz of vadoug mthode for sirquitaneoua tostq•-

lz1 rooent ~e.r!l a variety of methOde have been P1'4POoed by nmw e.uthoro 

notably Schoffe, 'l'ukey & Jhmcan fQr the spacial case of oimul;llaneouu t,esto cd 

difforencos botween l!Xll)]lll of the so.me an. '!.'hey relate lllDntly to ra:nki!lg. of U)all!l 

tdth respect to one enother and oCIIIfJ'timee coJ!ti,donce :Intervals fa:' !:Urtioul!U' contra'lrttt 

of mane. In IIIUIY oituaUona it may be ot ~ator :!ntoreat to get ·<!onridoneo bo1)nde tor 
' ' 

oot11 :Interesting oonttasts of I!IOO!lll l'athry'i!ban tllotii!g mrely the' equality ot l!lf.lf.\lliJ 

e.a iG poaeiblo by en otdimry li' te!Jt in t,be standard Analysis of variancElt A 

oonfidonca interval. al:tmYO &volves a ~cenoo S'f;o.tement dlile the rovotoedla 

not truo. &me it 'Cia'} bo lU'ofal"'ablo ~o dor:l.vo ilha eonfidenee int!rrvalo first llll<l 

' ooopnro various mthode 'Ci th l'espeot to them .. 

In 195'1 I.:!bma.nn devoi~d n thoor? ot multiple dooia:lqp. problel!l!l but. 
\ 

the or:lsinnl idea or converting a PJ;'oblom of rntlk1ng of lle!lllo into n ll!l.t' of 2oodllc1D:lan . ' 
problcl!la me givon earlier in 1950 (Lel:mlalm). Dunco.n in his 1955 I:BPE!l' •'utilbas thj,ll 

)' •. ,l 

.~'· 
opproooh to collplll'o l:lll.llY current llll.th.bde cif ranking of means, by tbo,h~p of •t 

ho cnllo 'p-!!!Oon protection levelo' i)>(p::2,a ••• k) ll!!loro 
' 1 ., 1/' : H;_,..- [ 1ut' ~,..,. l{...t- I'• ~ .. •)lp I )J.i:.J.12t-... -·=Jit.J .,,, 

~hio bo dooo by tn.ki:llg toots on different hypotheses Qne llf'~9s>·1l,\'lotho'l", 'l'hu11 be deflna!i 
' 

2-man protection lovol, 3-menn p:rotaot:l.on levo,l ..... k"'ttilan protoot:I.<!Xl lovdl; - . ,. 

' 'I 

vhoro tho fit: at :I.D UDually fuo4 at .. "'1• . .{ 1, the cO!!Ulon level Qf siSniflcal'lllO and tha { 
~~ ~·. 

root o.re aithcr kopt oonatant or nro in dewea.ein,g, .order, In i'~ ~t only means - . , 
t\nt first '1:0 ~ toating variOUlil bJPotbosos c!llncar~ns tho di.f'f!lrenees bettleon 

pniro of lliOil!lO 'Cith o. joint lovel oi\ .< ,next \7o are 'feat~g tor equality of 

coo.no tQ)con 3 per oat, and co on upto tti'e,final teet ot~quality Of k means with 
'\ \ 

a differ om joint or individual (hare) levtlf'l9~, lligJUfi~~-• 'l'his ~e the approach 

'N • "" ~"' ......... of tho tecto of Ikmoan, omn..XOul.s ond Ol).!l teet or- ·~GYi. 'l<>-., 
\1e ohllll rofar to Duncanfo teats after and a~~:l.al~._ftl..s ~stillrQ papar 

in BioootrioD 1955. Of couroa, in a.ll ~ell tssto eomo roet~l~ ·~~~UmptiOM 
. . ' 

o.ro involvod for Oxni!plo, equality of the V!U'ianco ot dit!o\Ollt ~~·"' :l%JJ:IepondQJ2CO 
'\ '\:> ' 

• 'p t \ , \ .-

•l 



o.nd equal no. of observations per mean._ Dlin~an'a. method fer ranking cennot directly 

bo usod for catting confidence limite for differences of pairs or tria!o ••• eto 1 

for his cain concern is testing for the ra.l'lks of' 2 or more meano <;~hen they have already 

boon IU'l'tlllgod in an asoond~ ordGr, oey. That io partly 'Why the reasons aavanQed 

by hie for using lroer protection lcvolo for hi$h.er order ranking of ll!ea.f!O do not 

bOld for getting donf':!.dcnc:o interVale for the OQ!lnO and e~ relovan\ Qontraets Of tbaln.. 

'l"WIBt ho cayo on the bnoio or tUl analogy with independe!rl; 'tout!J'Of .several. 

b;Jpothesoa, that ao thore so in the cn.oe of koomeana the h~er order prot«.lction l!)VI'l1 

may bo scallor o.e;. Tnko k-noano p,-·· t'~ and daffne the ll"''lloan protection :l-evel 
g .. l 2 

i (1,2,3l= umll (docit:l:on p,ojJ.=P, I~'·=Pl'}'~ ). Tllio he fixed a.t (1 ..... } :; (1•o<) 

..mareao the pr.otootion lovol for 2 means- io ~ust (1 ... .t ). 'rho oxpOl'lent. 2 r.11pronents 

the number of independent oompcriaons possible 'ilith'll • moons hero • for 9!16 can fofl!l 

l . 
2 independent X of 1 d.r. oa.ch for theca 2 comparisons and tho ~o3.nt laval ~~ 

d&~liticance tor the ainllta,noouo hypothaooo [" fA• 'JA• , ff, -2ff, + f"J' 0 :J, orq ., 
2 

shall bo (1• ..1) if each toot io individually on ' .: ' lovol. art t!Wre, QX'O tlSllY 

oaseo whore the sa two component teota should no'fl be nnda on individua:!, J.evols '-<. t 

wt on the ad.multaneouo level ' .1. '. Uo should keop thio dif'f.'oroncl') Ulltlind 

11!-'..ile comparing too methodn '17hich r.o ara going to precent vr.l:l:h the meth6.d& ad'~e4· 

b7 IluM::~n, Newnan-Keul and othoro, as aloo tho rostriotiVI! as~pt,ions. under t~hich 
• 

the .. e cethodo work, thoush in some rocent oo~itiu'l[iono. to this topio by O .. Y. Kra~~~w 

(1956 t. 1'357) sons of thoc h:lvq boon r?ll!bVad.. Tbuo t!JQ lll!lrmo from the aample ·lleod 

not be basad on equalnumbor of cbservutiona and they .111!!3 pa ~orrolated as wll 

llut tha lll8thc¢1 advanced fer the oxtonpion eutfal' f~Oil\ the lleltdiQaPt tba.t though 

they aro hoped to be coneerva.tivo,. tho o:mct eval,v.n~n Qf apocific signif¢.ca.nQe · 

lovslo io found to bo oxtroma1y ditticu;l,t• Only t\ia- lO'fllll' bounds for the levels 

can bo oaaily obtained. '\ 

For finding the. confidencE! #tterva1s for oonti¥f;s ot a eat of l:l3ano 

the oldest methode is probably fiohoJ<•s 'loa~ oigni~ant dif:t'erenoe' methOd., 

ThoUgh it Ina boon oho'Ql by )lla;I1Y vzri~ere like Dunoan, t~t -tbip js not satisfactory 



for it givoa too 1011 proteeti.on lovols, its uso ia co!lmlon. Of course, if one con 

op cify tho contrnot of' intoroet 'beroro data b collo<tted, too lli:Jth.od gives' the 

optir:nlm confidence intervals. But in gonoral llla.Tly coiiJPl,risona ins:!.de the set aro 

ouggontod 'b1 tho dntn ther.nol'\loa and then taet1ng tw clifi'orencs betwen the highest 

DJ!Ul a%ld tho lovoot, for oxanplo, 'ilill bo fnulty for ita lovel of s:l.gnii'ioanco l:lill 

not bo .( b.Jt n:ucll hll>hor, only a. Uppor bound for tlbioh 6a.n be spocii'iod. Another 

va.rio.tion of thia tll3thod is uaing it in co®imtion <;rith ~ba {;U'i!ral 'Ji' telrt. of 

o~'llity of tho k ooall!f. Tba only <Jffoot of tlde ia tfm.t thq b,igheet ).>roteotion 

lovol viz. bot!o;m,lovol is raised to 1~ o< rnrl,lo other6 even ncrt7 relllt1,in too l017o 

' 
Varioua otho~·multiplo F toots ~ve beon'proposod using the above idee~ 

notably the 'oultipla-oorn~ioons' toot of Duncan (1952)• 4ccording to it, the 

ei.t'i'oronco bottXlen ony t\:10 o<tans in n aot of k meo.no io oigni.t.!ce.nt provided ·tb:! 

vr..rianco o£ each and ovary !!tlbaet ~:!.oh conta.ino the givon l!IOt\llD is lil~~t 

o.ccordil'l6 to o(p .. lovol F-to:rt tlharo -<p-= 1- 1p e 1•(1~ .< )P.1 , This enn be g&~orol*,;ed 

to tout for a contrast f /1..·;; baing dii'forellt fron zoro mere thQ "t tost~t for all 

aub::oto contnillil'l6 r::av.ns J.li hnVil'l8 fl :l t 0 along l:litb a 't~e:rt Olli\·fli ie done. 

~ncun cuggooted a cacproclso botwen tho i'irot and its 'ool:15el"Vat:l.ve' SEIMro.liznti<m 

but +l'o !><MOl' !'l'ot>ol"tioll o! tho tent mo still obscure• th~h ao~ ~a Call ~ 

,>ut fO'l' thn Vr'!'iouo protection levola. Asnint :l.t ui.ll be foun,d tbe.'t 'those teota 

do not lo::l.d thot!Sillvao to con:r.idoneo stc:t.omants e.baut dii'forolU:es of truo maarta, 

bafnc pr~rily for detecting oignific~eo. 

lTIU!di {195$) b:>.o cc:naidor«i What he c.alls D-rte&t '11hicb is in fact 

rnn:~atod twtoato but tho notual go.in in uoitlg J:t<vteQ't for slllall orror dograea of' 

·i'roodoo ht!a not boon caloulntod. Furthor bo ouggo ate v.nothar l!lUl tiple !Jio.te ot 

but \1itb tho difference tlult t.-.teotr~ aro to· oo ln!l.da :fir:rtly atd tban ths non-signi

ticnnt t•a oro to be coolrl,nod to yield a F~st about thoilo IIIJana. fut agail:l the 

povor proportios of tbio'ttcdifiad D-to!!t' are loft il'l obscurity and U!lleso that is 

dono tb:l toot hna llttlo to 1"1lOQI11llO!ld itneli'. Actually thoao te~!l suggested,do not 



concern thecsolves '11ith ranking of moans only and lllllY bo expected to throw more 

lieht on the possible souroee of ciisorepar~ey from tl:c b;vliotheais of hOlllogOlleity of 

k 1ll3l\llll tho.n in possible by tbe COlllpl'ohenaive li'-test. 

The toot proposed by Schefi'e (1953} euentially starts frOlll confidence 

into:rvnlo i'Or all posaibla linollJ' contr¢o of msano. This ogain,llla$' UBE! li'-toet 

of hOI:Iogonoi ty of moons as a til' at step to fillding tho confidence interveJ.s. U 

F-toot sh011s hOI:Ioganeity, all tiD subsequent confidence intervale are not found• 

&t ll.D ~in:lt othor ll!lll.tipl.e li' and 't' teoto • thoro ia flO complication ll'l pot~er 

preport:l.a a harof for it 11appeno 11omet1mes in other teats t!D.t though the overtlllL ... 
toot aho;J homogeneity, tho teet for' eomo comparison shows significance, l!any tlmoo 

it h:ls boon objected tbnt the confidence intervals given by Sohafi'e ' 0 approach 

tU"e too 'Wide to bo of erfi ueas bUt except for ono mothod of 'fukay (1951lt no 'O_thor 

mothod Gives confidence 1xxtervo.ls for t:Jany complax contro.llts. !!olwfi'e bas sxtonsive~ 

considered hia ccnfidonca intervals againot Tukey'a Or repeated t.test lll&thOd and 

'· hn.s oho1111 t'll:!,t tiD inoroaoo in length is not so largo tl1at one Y:JaY ~e1:sJI a b~llf!d 

mot hod to tho exnct one. 

Booe & Roy in tlleir extensive (1953) paper have g1.ve.n e. dtft'erf)trlj 

1111thod of arriving at t]l) rooult of Scheff a 1 for confide:~~ce intel'Vals.. This 

approach essentially derives from Roy's Union-lntOJIB&ction pr;l.noiple of toa,t 

eonrtruotion.lilmlltaneouoly l1itll tho tnot-. of· bypotlica;i.s thia a,pproach d!roctl.J .. 
givea tbo 'f!lrious o:!mult!ll'loOII.!I eoni':!.danco intorvelo.. .~s Tukevts ll!llthod to:r 

finding confidence intervals fOl' all pe.iroodifferen(los ot ( 1 ) pairs of true 

IIIOII.Illlt can bo <~aoil)' dorived by c.oosidering the. Con~P.onent bypotbeo6o .U:1. =~ 

(i,j: 1, •••• k) and uaing tho knoan OJltilm.nn toot. 'l'his gives 

P. [ ~.., I f;- ilj I I~!! < Q ] :0 1-.,( 

woro PQ io tho .l. % point of Student.isoct.:renge fQI' k<?lllllBt ~ this pape:r 

Boao and Roy bnvo goneralizo<t tho. UJii~!lato ii.PPt.onch 'li~ that .of :finding the 

oonfidonco bounda of all 'dOuble lir.\aai! CoppOUllds o~ the p s~.a ot I!!O~a•.. \'Ww 
' . 

in caea of 2 correlated c~actors tor a Cotton varioty colill~~~~d earlier, this 

nethod givoo a oll!loorv11t1vo J!l)thod of thldiAg botlfidenoe·.int~~s ;or dift'orencoo 



a =no of tho vcriotioo of tbo a o'bo.rOAtoro tOl'lo.idorod. 'Mdo 1o ll t~D.ttoi'Ul 

t:lY f~,r, mo c:ey nood ora.y th:l CIJI1.t'idanco Am~ £Qf! tlal:UIO oi ono va.rie,bla and 

z, ~ t".o cthor Vllrio.blo OO!)C1'1ltoly blt nona tor tho 3 oin!l clUforc1lelOD of t!o llD.MU · 

ot too a Val'iaeoo.. T?.~uy b:lvo alao crotl!1idWocl ® C!ltonaion cf i'uk(l1•o Zll!/thod of 

' .... '.ru tbo oonfl.donco hlto1":11llo mo o..U ( ~ ) Plir M.f£Ol'£lllCOIJ to cu!ti!l!vnril:!.to 

... ul.cr., tm tllooo problQilo aro trw too dif'!'YJult to l?llw oxa.~ ~~ozl of lcivola,. 

Oc!".afi'o !n bin PllP<..17 fllvoo o. coth04 ot 'i.'u!:o1130l'o SlllllOl"ol tl1nn ~t of 

u: ln-~r...~cr foV pedro ot ceo.rta• olr.lnot ~ a.o nbwot Uora al.oo ~cy"a' ~. f\i 

f ./:r:..M;iva Sn tho COD::O tmt t\Jo.l'J:J. aro 11Ul:,PO!!Oll to bnvo t!xt OCIC!O Vtd~ una 
..... ~ il r. ·o au,r..ocod to lnvo oqual uom:r~oa ( tf not ~llt'O no aaCltll:l04 tn tb(J taet 

. K 
f a.' ... an ... "' a ror p:liro of l!lJilll:j). 1'hurJ tor 0; oontraot [ C;\Pt '11itll "[ <=1 = o, 

• 0 

\{ ~ i) = ll rr 2 
CCV (,4 i o f. 3} = o4l o2 fez. all !•j ; 1t •nkf th1.cr COlWl'tiU~ !!!Othod 

~ ~ ~ A 

,• t J c--~om:o illt.oll"9llls [C~f'-1 ~rrl{ :Lctf<l ~ IO!f'i, + !fer 'llMl'o 

= .s L l-':l[ qA frJllo · Ja•"tJ- d~Jro Q-'lft,t~o = Qppol' o( ~ po:lttt 0$ otudo:ntl~ 

• ~ (: •!!u>• ... 
'ilia r..orr< Jvo:ndil:Jn to at o: a~&QllCO tor: tflQ !11P~:ioo J.f l = · ~. 

f~ t ciVIl~ 1:1¢ '3VOU 

= bOi/.a 'allan k odd 

t!;..•n c:..,lJ.cnblo Tul:ey'o ®avo 2 Ml'rodo hn'o ~ Sood IJJ'O~S• 

In fr.ct '".::t"ol10Jlllra::n (100611;\} batt ohOt:¢ll tba ~ tta'tnro of tho ~oat of oo!ra 

a --'• r...t o.otil!ll ~i!Xla bi tort~o oi ~~~em :1.o voey canplu llli4 ho.O 

tvoo lurdly o.~tod. In fno'bt it Cj.'l)l ba t;otm toot thOQah sthoffo'o A ~·o 

CWXJrtW.cod to:lto ln\'o tbo nOtiQ lovalll!J;l to~ tho QQll!O ~t¥ ~Qf.ll' thO 

po::-.u- ft.mction of SobQffo'o tent~ ro=tntD won a1torzlt:~.Uwa foro n ooll dofUala 

-



olnos ao chOilll by Hau (1941) and Hartley, ~o tlu!t of Tukey's let nsthod is high 

for altornativeo ouch tbat ( /0 m -_))- ) is the only roleVe.nt 
< (I!Blt. A > <lllilfl A. > > 

tb1ng. Tho OOI!IParison of 2 tlothods thus boco1110s very ctllllbersome and BOllia prior Jttdgo .. 

=t of pot~ld.ble alternativeo is very noceos!U7 to choose betooen the ttJO., 

~r approa.ch bolov concerno mainly with caoas thoro 'troa.tnldnts ar 

P!ll'aJ:IOters involved 1n tho Analyais ot w.rianoe fa.ll !nto certain natural groups 

aru ~ a o:IJ:IultoneoWJ test of tho vnrious component eypothases so formodt '11ith 

a givon aimultaneoUll oignii'iconoe level! Ao io wall knwn1 l£ tho varioue testa for 

individual bypothesoo ue~f:!l-1 1J!ilopond'ilnt. tho Joint level -< will be o.~tainod U 

each individual level io fixed at (1 .. -<f/k.. But 1n praCtice the taste are J;).ot 

inlepondent both due to tho usa of oa.ne error s.s. in ths Jr-ro.tio, io 11011 due to 

nc:a•ortbogonality of tho vnrious groups of Para.moters, In case of orthogon.ality 

•ome results are avnilo.blot due to Hartley (1938) as approxilllailiono and Ooohre:l 

(1941) and J'innsy (1'341) o.s omot oxprossions. It is ouggostod that it the error 

degrees of freedOl:l aro sufficiently lo.rga, tho diffal'Ont ro.tios UtJ.Y be treated as 

independent. 

ihon the IIU!!Ibor of degrees of froodom in tho rnnnera.tor are all equal; 

tbll eveluat.ion of eimultnnooue lovel of eignifioenco involvqp onlYt $at &z:ll!anh@drazi 

bu tel'lll8d ':Le.rgeut Studontisad x 2• (1956, d) 9ll t$ d.f_, say it Ramaobandran (1956}b)~ 
2· 

has given 101118 celculationo also for tho above special Qo.so but tor 2 X 's·onlY• 

101110 other results :In this comleoticn are available in P1.uai lb llamachandrel11s lll)per· 

ot 1954. 

Tho vary spooio.l onse of k teats in the ANOVA tmsn each baa only 1 dofof 

has bosn aolvad by NaJr (1948) uho has ~ven elttendve calculations sJld lliEithOd of 

cOIIII8tat10!liJ. Though a special cane this may be vo'f'!/ WJeful in t1fl factarial 

experinento whore, o.s frequently happenet ea.oh main offoot is broken uP into (t•1) 

ccn~ riaono of 1 d.f. oacb. Ra.mo.ohandran (1956 t c) has solved n sindlur problem 

in smultaneoua toots by a differcmt S.PPl'Qo.Olu 



But, in all trot Ins been done in rcQent yllars there is an ~ restriotiPllor 

that of orthogonality, tm :lndopandenco of tho estilllates of one gl.'OU:V of l'tlJ"aJ!ietero 

of those of otb.or groups. In praQtice non•orthogonalit.y llll.y be illhercnt in tho 

deldgn as in caae of Survey dnta from tlcdioal or Sooiol9Sieol .t;ields or it 1J1a¥ tlJ"isa .I 

'I 
due to tdlt• in a planned oxP~ritlent, like mosing obse)."W.tions or it may arise bacauoo 

'WI ~ to utilize whatevor lllateriala ore avnilnblo QO in Oaao Of almost all ElllirtJM 

"''""'''-Mld•, with feeds, t:!:lll!lSetxJmol conditione etc. Ghosh (1955) baa oxtenaivel)' 

hlt wi'\ob this problen and eugeoated S oothods which may ba useful \llldor different 

eaaditiou. The tests of eypotheeeo may bs inverted to give canfidol!Ce imervale 

lllld noe-Tnrsa. But tbeoe testa are not strictl;v independent, boillg only q,uas:t.~" 

ia4epeDL'ct. We shall briefly give in the foUOtling chaptoro tba mothodi g:l.ven 

til•, and llake compar:l.oons 8]]10ng tb.omoolveo and 'aitb a mw mothodo 11Urth11r tXI s!:lall 

lin eo.,. practical s:l.tua.tione ublre these mthods are naoaellfll'Y alongwi:t.h 2 acrtuallv 

111Wked ·JUt eXIIl!IPleBo 



' 
§1mJ]trmaoua tggtatof llitgQ£ b.w9*§$D 

Connicl or tho Hneal' iiiOdol 

E(J-1 )-= Pi2. Pi+··· +O:bn 11m (i,:1•S ····~R.) 

J'i be:!ng independent normal variables with un!:nowa veriana& ":a lind P1bJ .,•HPm 

are Ullknov.D Jnromotore! Let raJ!k (\L~) ~No q;nd let n1 1 .... 'IoTTa bo llst:lruab1o 1~ 

tunotianu of tb:J PQ.rol:latero Jl1t. u••Ptl• 

... (tl) .. 

11.1ch tlnt tho oooft1oionb 'l&ot<n'a (1J.1• ••••t•l1!'4) i'DJIJII 11 vactor s~co ot raJ!k 

a ~ Do• Supposo 'CO arc ittterested in tho lll\1lt1pls (JJ.ne.ar) hypo-ijlsso!lt 

• 
• • • • • • • • • • •• • • •• .. 

I:ts. = R 
' 

For the oimul:tanoouo tost of thsoo 'a.'" byp'Ot!:teoos ~ \'JIU'Jt to. sot soma 

tut procedure «Uch t.ho.t tho Ist k;l.nd a! error i.e. tba 'limiUtantfOuB levol of 

d~11ticanoe is ~-< and tbnt the test bas good properties against ~ertll:tn Ql.ntJs Df · 

..ael'JI&thn which depend on the exporionco and imorea!al Of tho 'expor~nter:~ · . . 
Let T1 ••••tk1 I yk1 .. 1 .... Yk1 .. k2 I •••.Yk1+ ••••ka :be tba be.Qt• 

lJ.Mil'a .. tba"\81 Qf tbaee parametera 1obtained by the method of lea~Jt IJQ'UIU'Blil• 

We llhall ., .. tills• dene"\e the coofficiont vogtore of· thaoe 1~ ~ti.on~J. :b1' ~ 

.... lfllbol, 110 that we· lave tha alternative ~non ~ tlfe lJn;IU" fu!i.ctiOtl ' 

Ti = (~ tJ') 'IIbera (!'ttJ') is the DOo.l!U" ~.odUdfi pt t~~ Wotor 11. l'lJld the obsavvuU.Cll:l+ 

YHtor J'• J'r011 "'-.rkof'f1a theorem 'I1Q ha~o e.n ·~(Iepehdent dirtbata o-r errOl" ~o:O 
' . 

I&J' II~ with 118 (d.t.) w!deh ie indep!llldent of thtl pntmuotors Pt H•;i Pili ·• 'l'lie~ 
i~ iJt obrious tint j! the teat at the J11Pothesis ~!a-based on tl:e llne!U" ftmoti1llllit+ 

(Y'bn-{ l, y) •••• •• •••• .(Ybn t f) 

·' i 



vhooo axpoctationo. aro no,~ .. , · · · fib, rospodUvely, then it vUllie quae1110 

illdopGIIdont of the root of the ~othelleot 

, ~ • • • U ~ ~ 'btl orthoh01"ttllll Vo~oro tormiilg a ba.ois ot tho . ' 
vootor space formed by Y ,_ .. , 

.... ""Tl-1 
.. .,,v~, .. t;hsn (U,uJ) Li ~Uriller tOl;'lll ~ 

b., 

L o{j E(Yj- y) :: L ot.i 17; 
b,.,+l 

1Jj SaY 

Ql the b;nlatheais lfn ., "'~! rr• = ci=' I L l 0, aJ - E ( v; '~J.J .._ baa a 

'X 
2 .. diGtribution uith 'k~ d.tf• lin!1 eo ?( ~ "a&;, bs;s ~;~. F ;;6l~J'ibU1;!an ~th 

dof• (kzt• Zl
11
). '1'lw ~ ldl'ld of en-or fOil' tbla tetrlo of lin dopendo Oil the pal'BJlletsrs 

n . " . iTbn onJ.r•· b ....... I 

Wo shall Jl<n7 g\'oup_ths fo• ~GSBB a1 ....... tfe il'ItO r goups suoh 

that the vaotOII's !lorteQponding to the ~,lll'P iztvolvod ~ eaoh oet Ql'e suoh that ... ~ 
any vector ft:rr one se-f: 1s orthogonal to exry wctol:' i<l! the Elm' of ~ other oets11 

'lUlls if hypathaae11 1\ &H.$ are auoh tblt ('i~, ... .,. , 

gonal to the wctoro rel.Q.ting to H, (Y w· .,., .. 
tl , ... 

uill: bo groutJod_ togathet ill o. sot eq !.fs. 

\ ...... 
. ··~ 

y I(· 
' 

} 

y ltj ), thon they 

•' 
different oats arG ol'thogp!llll IIJld ViteWE!l'I!Ai 'nleae &!Ito e.re to~d as ~r1;h0gcmal 

Cpl!o-X .. 
oo:m!eto ot only que ~thesis, 6Jld conoider methodp '?f ~ ev~ti9n ot the 

D!muJ.tQllOO]l£1 ~VOl Of ~ficanCS in. the Sllll6l'll.l 9a~fl' Lot 'f11 -···- UJf, J tJI{, + 1 ,. , 

(ii) 



'X :nor "' ft6 s! / rra ~ Qllll ibdinG 'the Jofm 4!atl'l~iQtl ot 01,,. 'X,/n~fl! - ..•. 
' 

G0 "' 'X~ /n6S: , J\<0!!1 ~o dlntnbut1~ 'W .m~- &4 'Oliri~t t-, · · ·' ?_. 
' }. • t • • ' 

llUQh tbl.t tho ,ioint level 'o~• ls att'ldnedc ~.Ot 

iTfG1</\1 ....... G8 <'11<~/eJ.ilt'aezett'Qa J"=ti-< 
Which DSC!l2U ' 

' ~~ />A 

1· -< " C(ks_k'2 tatk8 J tt.;_)_ j · · · j 
' 0 

a.uA.i&) 

Cbwid.er QllW tlt4 "a:~ 4ei:'inlt4 ~ ., GJ < ?., ,,,.,ell. < :?>.s-{ , 

'14tiQh.bQ,& tbq .-pro'flG'bUftr ?( >., ·- · :A£ lceay4 l.llld.~ -~ a~tnl.IM\18 ~helleil 

n1., •• R8 • When ~ · · · ;>.,~ e.rs t!xed w~eltt. to L~)11 
' 

VR1 irzllne4lsto::l.f set a s:vllttnn ot a•ltl.l1l.S®s ~dQ.!JQ$· J'eSiOnll ct1•• o.Q'11 

BI1Y• for the Qats. of ~ora 1dth a ~- cod'ti4!11lit r, .. '< .t fll1 

C ' 1T • • • • · fT Kl I . I 

' .. 

' 

.. · 

theoe resions put to~ Ill ~ q. Gbe$ Jlu4 ~~Y~ ~ut8.4 · .:!,- ~ ·~ , 
• 

tl!q ~·i'• LateJ' ~~ (t9t\!S{b) itl:thel-- ·l!t~~~ t~·J)VO!l~ IUld &~ flOll$ 

ein;llitt!id f~ tq -!!Valuati;! ;!:be ~eSfal fPlii. h~ ~ .>.!•tJ 

»u<1 t.o:.exont ~OIIqll<t1dty o~ ~UO:zl: 9t ~at!on o6· ~t<l~ ~~)j 
'I ~ 1 I 

it is fe.l.t :fi~ li'qmo a~t®"S l1!1 .~sll4' 0~11 !1M su-~4 i~ ~~~ of ~11 ~-Ji 

inequnlity (1Sl5i), ~).~ !JS,~ llZl ~~ .~ ~~ tbo 4.w.at ~~$!.!;$ -~;, 

Thus U' tho numorator X 2 \ i ez.& "'ilepl!~ <Of oqh., ot~t ~ . ~O~lf.r, •~~ ~e 
" . ~~ ,. . 

-x a, thall 

Pl' It' 'X~ l~e~ < A 1 ,.-.,_ X~ /r:,~ ( >.J ~ i? J;1.~f4l?~ ,;_ ~~ :A·~If. 
• Til' £-x;t~ < ).'4 !!-·~· 

Tha l"$ght band' dde Q.omp~lltit Pr«lba'WJ;flios. rtnY l)o t~ '® 119 e;U 4.~ . 



• 

-.-a-.~ 

·~ 

.. 

individual e~· lmel.. ~~am -o.t ~lltiD~ ~~lit. " ma.Y. bQ ~011 aJ14 uo 

tba ~ •a ·foX' t!ltt ~$dml ~oth.nneo -m.Il .ha~ tQ 'bQ .f"o.ttl'liS f:r~ Ol'd~ Malll~ts . . . 

'bJ' interpolation f'l'QIIl ~ * $1( and a1 ~ ltM~llr G'IIC~~o 

Ve Dball, f~ tbat tM 4tliquqli~ ·ts c*orvtlUVJl, .;IJ:Ipl~ :toss OR PPWUV 

and inorQaBa ill -th() ~~011ca l'GSionsil Inattla.d 'Oe tt1 b4Qw to ~ally '11V!l,luate 

the ~toSI,"Ol (13) tw· the apoaia:l. .f$1;le of 2 greups a~t Xn Wa .calie it ".llill: ~ 

noted tint U both 1;. !!lUi ka arll ~!In lllzt;Qgo:rilt t'be intGIP'~ (1.s) ·qen be e&p;Ltcf,tlf 

put in tho torm Qt a ·PU111 dt IIC'llara:L Ic.t~o:GlPlll'to &-fuMtiOZ2:1 C~utSDPn 

'l'hull 1 G ~.

1
ilz tta.d'.a kz,.-/2 

Cl· · )1 ~~ . ~ . _. 
" • (1. ... f:a..,. G~ ) ·fjO+k2& he /a dOl art2 = l P• ~f·) f1lt3 

' '• 

.. 

' 
,..; Ol\ integre.t~ott by pa1te , 

'flhOn G.,~'f V$11Dhed "WS gqt tman l!.ke j~'--=6t....__'Y_. v 
.. t I+ II,"' .,, ) 

~ f ~ :·:;)vtl~, Wloh ·are ·u!mp~ In~lo~ '.BUte~s lUto 
• .-

, ~11 u~ ~ * 
Oi' courlla; aotuali3'Valaatim 'v4ten Oli.O ot th!J 2 ~agora kt e.2 ts Me! .1'\miJ 

ide '''",a': lilies ~ _tbat ot odd' ~ !! -rt~_l!i .hot a,1lllma'ble .Co this tree.tmmrt.• ll@.O't' 

• e.ll OJ!ly try f.ntorpOlsbioa 'bet1nrett tlw e~ value& to !;at that tor odd paiJ! 

(kt,ka>• R&nac:b8ndrr:illis ta'ble (t95Gtb~ tft1:/ bO aonwlted tb:r the spar;Sal oase of 

., ' .. 



v 

CMe 13 All thiu Obri.O\Ielf tails U a set ~ GSYt c.ont~ ve¢to:r11 ot mol'S t~ 

ono bypotbads.. '107 co!t'len!.lm.ce ·~ eba,U Hfof; cot!!l!dest thl! case 'l!lhere ' o911t$ins 
' t 

voot~e ot ~ 2 ~hase1.1 ~A ~ 881• !;1.. ~ PFe.Qt1c:u;l dtuati?DS ot .nop-o~hclgJ>ot 

nality, tl1al'G ebell \4 ~7 011fJ set J.\ ~~ !lll 'tliQ bypotha.wu., 

.~ tti!.s cane GhOsh bas .obotm ·tba~ tl'lflm exists no non•o~lal' tranot~ 

tion ~ 'llhic1i tle 1~ ~ti<ms .cax~ 'IXl tinn~tfo~ into mttually orth"osbllAl 11ot~ 

oonooopon41ng to !J1pothesea' and tia ret~pc!Jt!ve~ .. 
Let 01 · ·•• 'U !<• J '11,,., ·. · · U><,+t<, W s,t1 0!1thonon\le,l basiO ?f the 

vector-apo.co f'qrmet! 'by '2\ .__. • .t,.,,' J Y~,., .,..1"',•'<• llll't.ba1i U, · · · U~, :\S 

a. bnois of tho Vll.OtOl' spaee formed by Y, ., i ~<, •· Ae bo~re l~ til (V1, f) = <P,· , 
,.._ 

.tl:mn cf.- 1JJ Ql'G 1J.naal> tuncti0l1B of IT,. . . ''I(, ; fi"',•' · · · fT .,.~r.,_ ~~: Lot Yt, li!l. the 

n01'llllllizod voo.tol' OOl'l'eepoDiil!s to Yt l.!.l. Yt," Ys./ '1t1 where . I v,_, lll tlul: 

ll01'1l of tho ,:s-ectoll Yt BlJ4 let 11; ::- rr,· /1 y,-1 t~n th$ rel:lflion l<e~E!tl U.VSotor.s ~ 

Y-voctoro is axproosed bY 

-

is escontinlly tho GllliiO as that ot f!ohllffe'' ~ RO!"Boso, DIBthod b) giveQ. c~~pl!Qa 

rogiono for'tr, . .. . rr~, ll%ld rrk,+l . - · · rT~ •••• oeparatety alii! mthod 9) ell!plo;ya ~ 

oingulo.r tl'Ql1Bfol'!lntion ot { ~ ;s J to nrrl.ve at_ st~to of ltlle~ iU!:1Cti011fJ \'lhillh .. 

tJ 
aro lllltUillly orthogono.~ \Vo shall bl'!stly doocribe thosa rllrllhods belOW Ql'l6 proQeed t.~ 



their rela~ive compar!sanv~ 

.WJ~ Elha.ll. tir.et M~ sQII!S ~~ct1 woPI:Jriios 'bf t3lllf)ct i • "fWe 

cozwide:r an <IX'thosona:l tr.nnutornw.tiots vi t~-lOl't!l ·t; · :a } 'llllpro..,. A .c2 _ava 

orthogone.l ma~ices llf cl"der Ita cuu\ ,k
2 
ro~tt!velJrt Supl!Jlbo . tl:il Ol'lgbuU. o\!t11~~ 

oyato!:1 of vec~s 11:; fiJx t.s ~.f!1rtlla4 'b1 thig., 

Then '1:0 lihnll gf1(;. 

(\)= (~ ~)(~) 

- ( ;: ~) ( ~ . :.) ( ~) 
( .t<:, :J (g~) :: 

ll" t; 

.tot ... -- ' 
ol'?: a( .:: .{ ,. 

~ ... ~ .. 
= ~ o' ' ~ = ~ X 

1 = 1~ t"" : y (t' 
2 

. 
'nmet swu r!Ulk or {!> rlllllaine ~<f. Ql1 nultipl!<;a'\11!U. \)y \l.liOlX'fS~ 

matrix, f>"" lla.s tll4 aame tank as ~ 1. librtht!l' u "'- ~ !lXI cn!JPS<maJ. ~u,. ~ 

tro ahall get llelrnr,. t~ ./''is ~ D9• .l\lleo, -1" at1ll t~m~A'I!!n a. 1tllJl l)~r ~~ 

o.l Ujrtholl o; ll~li£1llt.tqle9Jla p9l¢44WD,mtR~! IZi' ,A3rlj Mkl• ~~ , ,· 

.Uo~ 17ith the 5o:lin tlld l'if ~~~ to~ Bj, and. Rat .!\t ~sO" ~v~ ~· 

confidonco ilru!J;"'I'e.ls far all 14'ea:t ~~iOllll of ~11t\ ~Gl'~ n
1 

.•• .,,...ff,, J rr'\fl'•: TT14,"~ 

' .. 
So far • w do. .not know '\'lhothlll' J 1 ~tl'!it t ~ 1 ~il: ~l;y -<2;1~ Olr tfl't•r 

lor convon1enoo w shell tlOW b.S$U111,6 *bat thtt ~ell ~ ~~ ~) l rr,'" o, · · · 17 ~. " o 

haD boon tortll1latQd tn suCh a. '!IllY that ~Sll l.Uio~ t\:alotJ.~s Y 1 •••· tK, bli®lild 

orthogonal and s1mU~ly thj:1J!o 91 othet< bn>~sis vid l~, ...... · · · Y~t,...., 



• · . 
•. 

Y 1 u '-. i'ki ) are !1qual to ze~ so 'r.U'o rr 1 • • • • rr I( 1 

Bo\7 fl'Q!!r ralAtJ.on (~) 'IW! ba'Vo •. ~ 

~ ..(.,; "' l (~ ::i.'·~kt) 
1(... kL 1 

a11a 1 p~, -t-~ Y.,.,,-:1 (n•1•u.•ka) 
.. ,.(1,7) 

Aotua.ll7 Ulldar the refol'IUillatiC!n 
• 

be taken as t1J11 t 111atlix 

li'tlttlwr (~11 11) 

fk1* 

= 
,., 
~ o!.,,. (Ds.t J) 

•• b =4••.k1 

t rs ... , (tlto v> + r t ·Wk. • · ,. > 
' .,., ... + "'' .. 

n = 11 •• ,k2 

• .. ,,(18) 

!llld oimil of oque.ti.Dns bOld betceen rr; a%1!1 cp•s .. 

~ (17) aM {~8) if'\111' application Of So~a'o inllqa~t)' 'WI! set4 
• Kot... 2 

,. (v y ) .. 'ii .. .f'~ L. 4'11~,. ) •<f'~ n "1, e •• ,. , it .. k., 
f... -n, . ~ •• . -. . l· .. 

L lfJJa. ~, .. & 8J 
n Pr [ t'<us,r>. <t~J ~ s ... J 1s ~~ "t ,.;.. -<, than_vr.l.th ~~ 
eoetficient .t.or-< 1 we get tl$ soil of s11nult~OUI;I 11J1!!Q.r inter:&.~ 

q ~~:V) ..,; S.._ ~ Tin < (Ta.:V ) _,_ o.., toi a.U q, =it • ••~ .kt + ~S! ) , ..... .,,20 
For to~illg' ~ and ~ w 1'10\7 use tho. ;x1..

11 -= (/::1 £(f14 q) .;;., <f}j 8Jtd • 
. . ., .,,, 2 
tm a~ nl}i;/ o-a J 'ilhencll .. s2 '171U 'be) tOlUld to be equal to tkt + k2):t ~ ... , ~ + k2;ns~q ,. 

In tact, 1£ w ~ to specif1 also ~ to 'Wbiqh b¥Potha~s, ~t ot Ji. & 1\ 
' . "• ~ tl! l 2 

il &eoeptod (ro3act$d)~ ~ ll!lly \ISO t'm1 ~ost stat~~~~ ~1 :: r tiatJ I lfle SliJ , and 
-~l:z. 

T2 : 't (Yn,'1)2 / »esf • ll'rom (tB) 'b1 taJdng liboe,v ~qns ot th!l tirst ~ 
Y'a aXId second ka 'ii.o sap~ly L'IJld ~ams OV&f the ooeti'toietlte of ~al" 

ttmotions w shall tJ.nd t)tat U rr 1 ~ o , . TT ~<,+1(.. " o 



~'- / 

-
k',t"'- ~ 

'f1 (nerfd ) ~ 4= (l1,ft;)fl l' ., e ' t . 
T
2
(n sll .!fr'~· 2 

,,..{21) o%ld ) ~ ),. (U s,jl , 
0 Q 

'.i.bostt atat!trtioa ft e.na ~ 't!Ul Ptan4e ~ati! bsdopencl~t· testa ~i' byp~ba!Uie 

Its, o%ld.-\ respeotively e11d t~ \tPPm> ~ d sirll)ll. tal:leOW 1a:vel qf s1¢tlca%1®. 111ll 
1<1-fl<s. - 2 

'!xl provided b1 tho ~'-st:ribvtlOll_ ot I_ (V4,1) so t~t. thE! ~ts.oal liRAte 
' 

far 11 and "a bl)\h ~e ~hs !Ia$ t.e.. 

?I = kr ~ /J'l.Q l's,,o( • k~ + li:2'Jlfo 

If -r
1 

(l=1t2) > 1\ i '1m mrq ~0110ltlde tbat !fa ~~ • tiS) ' lll .a3ectad 111'14 vlql)..Yo:rs_. 

\'his l!lethOd besldes st vt11a thG cohf:IA:enQe ragto.n trolll ~ !:lt.ttfi\li~ r· t (\l3tJ ) .. <fi _)'"3 .5 3 a t oleo ~!!vas t}le o:em.tlde~ .~~' ~~ fi1111 

l:lnelll' flmoUC)> of n •e • with tbe s• o.enitd(l%1Ce ~~ ~-<+ f~Wt. 
)Cj+ka. f'J 

oono1dol' ~ « • rr; · t~~> ocm:t;nwt; ~l~ \lat'€lll!et!ll"~ ~ boi;,b ot,'l!G.;t WQ baV& 

V( Ys. 1y) = o-2., fop aU-~"' A, t•w'1;kz• "'""' 
VttP ('L.. o(; {"fifl') .ft.= L.Jt · cr'- + W~~ (c<<·o<i) C.:V f. (Y;.'J)(Y;.:'IJf 

tbllll blJ 
~ ' ' -~··"< ~· ' - ('It} L .(;(?~ ::v) - 6 fi< ~ r o/; n; ~ J .(;(f;l.f y) . r g J IC' . . 

It tiQ Q~ ol'll¥ to oont~s b oitber n,' ' ' ' n v. or: ill rr.,..,'.' 
t!ll ozprea~ion s~u c.orulidel\\'blf givU)s't!ls l:!Ont.!.dE!tlce hltllrVal fO'ti 

•IIY ao 

L:\(Ys.,r )-li.Jflt ~ r' ~- ll,· < I~(iut,} + li JrJ:' 
. ....cas) 

<:>-... ·-;~; .. ;;:~;·;t;;;~;;~;h~&·t::r~;t~;·t~~~;;~~<t~;~;~iiar;;rA:::·;\ 
not vork for tho ~l"al lliinl!.th!on ~ tmpU.I4d ttl; t~e PaJ>ei't tt ma,y b!l ll.OtEI~ \lnt ~411 

ot tho ouppPetJd aimplf.Qlty ·ot math!'~ ll) i;S tak(Jn aVJr113 b1 this, qorr>ectio~t 



l!otho4, b) • l'or ~e «m k 
1 
~tera, tha Qo!lfid!J!!JJo raglan, end llel!Oa 

the cOI'lfidenoe intel'Vllls is stvon ·by 

i; /(vf!,y) ... cpn ;! ~ 111 
fol' tho lind group <Of parUI:~etars m have 

1' u=P vx+"~ tJ 
- II ..£. .-,. "' -;,;1 

HallOo l1Y. "·~., ,y> • ff., ... :.1 ~ ~ 4<v,, 1> .,. <rj f!:i, .,~ 
vhich s1ves rflbe ao~:nce intel"VQls fOl' tlte PIU'8,llll1terll n .,., , · - - -· rr ~-'""• 

,--J '<t, ,.._, 

Tak~ a linQ!1.1' )1ornsalhod ~at! on ot ""··· ... •• i "·• ~, • ~ tft '¥.',,,.; , 

lillY• 
I I . 1 I 

-= .(3, u~ • •. • +~ •• n..1 -~- -r. u,., + -. . .. 1,. n.1~,.,A .. -a: "'1., ·'11:~~4 

Ao Y d ia,nol'lllaluod U .• ~t. I42= i) • m ~st tutW f.'~\ + 

a1ld npplication ot Soh=tlt's ino~t}l shes 

[ ~41 (Y.,,; . y) :t ~ f;_""f<u1,y)l> _ )'4 

1 
i,o • 

....... (M) 
Jc, ' ,, 
L '>:· =. l 

I 

...... (25) 

.......... -....................... -.... -,., ............................. -~ ................... ~.····-
(•) Ghosb bad aot~ given a m.o~e' coneel"vattva inequality ~ (26), b)' st~s 

tron -11 Yn ond r101:t~Bllz1ng tha 1tz; Ul4ivi.4Ua.l cOIIII)onanta. 4s is oleu, 'fihat 

t1'tl111lformnuon 1s totally Q~meoaolltU'Y• In t~Wt the insqtto,lity, gi'96,l'l t}lero fey J'1'.t1d 

groap Of ~IIP3tan ia so CQJl(lel'Vativo that mathod b) 'tllltild til.'tl'e;Ys. bo far iliforlOJ to 

llOthod a) opooilllly tor the oontf!lllts ot Jl'JI:il· gxtoup of parfll!lllilel'S o.nt'l thEI Q:OrresponcU ~ 

toot of bypothosis. 

'• 



Instead of sol~ 11bill «.nt•al• ~osh baa attggrultQtl ~o UBs,.,p.f' \I» $oilii 

diotributi® Of t t(finit) • 11~1' - t au,. ' )• fO "fK,+ .~ 
' .. ' .. , .. !!, 1il 

i.odho,se ¢! e,_ end Gti t.J.n fVI!luat~ ~I llllft' 'tl,_!IA!i the~ prt~ il,=01 e,tl~ 

ill+::\, = ea·· 
;tt 'tAll \1e Jltllte4 that ~~a g!V<ea an ll'Pl)el' 'bolll'lll ~tho~~ sigpUlc~ 

lovol. ~her, IW hEt stJsgSlltod, !t ~ ~se ~l.'s -~qUe.;J.i:tf, o, • C:2 

trill IliON~ "eoQlliO •· 

oi ~ !tis~. "1:""<>~.'•k1Jut._ 
' . 

'dlcro (1• o~' ) (~'' ) = 1w o~ ; o~' aild ./' Jlll!,1 ,be talteti to ba e¢• 

As' 1n llll1thod a) \'lO CO\tld have si;Ell'ted with an 'ori_bogo~ aot'- ~ei.G'!Iing .01 

3 hypathosaa H1~~ .SrRf• 'rho oqulUI~pn (2't) '4-J.:!. l.mrlladUtol,y ~ ~'~c! tot. 

Pr fttt~ ,~.<f"y £a,, ~~·o/.J s; ~-·· i;'"4fsa,y~<f;i!t:J=hl 
~ •••. ,(t9) 

Further, u ao ~cted b7 GhoBh w usQ tba 3o~ dietrl~(IJ!.. Qf \'G~ $4, (,lS 

Ol1 k1tk~ 8%1d fcS ~f .. •s VsSptiCt~~~- 11'.'0 $bnl1 gat. . • 

01:: k1S~ li'~-...t~~ C~e r~ r~~~lfA_o + lfa Ji'~"fkat.'lt4 ./ 
and 0~ = a: 4\ li'1~.(~~1Zle -t lee ~~'tkgtlllt+ ~. Ji'bo«tk~ J 

· ·~ .... tso) . 
(1 1) ~~· 1\ II') 

'llhoru w.£ '"1"« }(h< =l ... " 

wo shall ,ba've ~~ t911.0';1bg u~ide~a re_siQna -f9'1 the a ~• ~ ~~ 
(rr, .... · ».,) • I; t'!.%.,Jl • ij,f, ~ f'tv41) ,.cp/ ~ ~i 

( n~, '... Jf·~) J f flt)l + ll ~.J ~ ~~l.vt.rl ;.~ ~ j· 
("~·.;~-- rr~····•J • f C (jl'1 + );w-'"1) .,P., • .,j /~gut)k/{ C's . 

•Hi-n(W 
; 



• 

rr, .... t1 oso rr · · · · cr o.. n: . . . . rr '~lith tho ~oint. d0nfid4nqo 
~e:,_ Kt•l t,1k'.& k,t~j:fl IC,'tle,_t¥.3 ~ . 

coefficient t,.. <(~ 'l:gt cnm1:ltl give a'1J'3 C:Olif1de:lc\l interval. ~oi' a U)la8:r· COI!Il;d".oiot 

sorlouo for ill practico '\'Ill ra.rl3ly require ll c~fideJ;lce ttatement ~c~ more 

than 1 sr~ of pa.nu!la~r.a,. 

A.I!!Ad.iticdion of (S1-l ~ POll.Sf.'b+G it tb.e l)~e-.oillll~elt ~~ that '4CJ;ttasta 

invol¢~g Par!Ulletlll'll Qf SJ'O\lll ..r elld U $'7 be bttllrerstbJ:t, ~ ~p. bVQlv~ t.hose 
' ~ . . ' . 

of group J1l vz;llh tltPse of .l 01'.}1., -~tho.4 ~··lllal ~hem 'b$ tiPJ.ll1.a4 to ~O\If?3 

J Wid U ~· tmm th3-s oan 1x1 noinad to group Ul b'J ~ane o:t a. Qi.lllp;te 4!1Plili'fl.UOII 

of meth0\1 b) t, '.l,'tllll:l !tho ·G4':!1l~i<:n (51,) u1,11 C~EI t~t• 

t IT.. . . . . . fT~·k·) : E c<Us.; .,, ~ cp,.j ~ Q~ 
I 

~/T(,tkL.-, · ·· fT., .. ~+K) : £:_ .c,t~~.r>~:A,,J< fJ<tt,.,J)..f.:/. ~ 0~ 
....... (sa) 

tlhor!J Oa' ~~lad 0~~ ~ be t'*en eJ} .. (oOl'I.Be~;l.ve) f 

o2 • = <tt 11~> ~ ,,~, ll:tr~~ o.l = ( C(ks.+tsal r~~ •• ~k21 flO-~- ~sF'~Jt3ttte i 
.... ~tss) 

\'lhore (i,..l,) ('1<"'"'2)-= 1 •« • 

For tho tosil of the ~sos w .Call prb4et:ld tram (l31), 

tb cODllidor F.·, 'X,'fk:./'_ 
j, ·~ 

.,~ ~ $2 
·a 2 11 

F3• ?<~/ks 81 



ainco f.: (:1.::.1t••••ks,-tk
2
-.-k3 ) = o on tba given bypothases.. 

Z I(' 1(,-tk,_ ~ L lc,t"K..+k.,) 2 
If w use- ·x.: = ~ (Y

1
,v)2 x/ =- {., {yt_·1 y~ and ~·:: ~)'ii• y) 

at1 tho three test :stabistios, thon \!ltl shall rojoot tbe h~~ses l!i -(i ~ 1,21 ~) 
'f. . 

dlon 'X,- :::> C • 
1 

'i'ho fust ldnd of error ot this simultaneous toQt VJ:I.Jl. fiot 'be e~3.1 ''~ t 

but losa1 boca.uso of tb!l izlequalit1es (81) as also due t.o apnrox:llilate soluUon of m

togrel (29l. :&!t1 all te lllaa.r bom the dei'Ud,tion of to.st-statilrt!Cs x;', 'X/ and 'x; 2 

tho 3 oO!ilponont tests will be quaai-l.udopend~ 

!;%1thod gl! tn this case if k1 and k
2 

are unequal, say k2 )'ki.\!ltl can find 

orthogonal sots of k1 linear fUnotiona from lst sot and (~1) lin~r ft>P..Otiono flrQn 

tho oelland oat tor tm respootivo hypotheses ~ and Sa· Then, wo can eitllt3r 

oxnctly ovulunto tho simultaneous level bom the joint diatribut.ion of G1 and Ga 010 I • 

olso uoo KiMball's ltnaquality to get an Upper bound of the simultaneous leVolw 

I.et u, ••••••• uf( • u I • ., .... 

bavo ll'llll!o 1!19ani!lg as before. Sinco the r!Ulk of (3 is at most kt 1 we can opo:rato 

in · euoh a VJsY that the matrix f3 is reduced to a ~J.e.r 

D:l.trix vith ito 10111lr (k2"" k1) row contai!Wig all taros, This will bo done- by 

linoar transformations on the vectors of Y;q; and w shall get like• 
,.. I I I I I 

\1+1 :: P,, u1 +I-!,, l1a •• ,.~k,~1r 1,, tTtt1 .... i •••• 

~~1-. 2 =1f!, 0 ~i. Ua . ••• !,.'.yk1 -~:r~, ' 1 ~ ~'!' ......... ·~ ~ .................... , .... . 
••••• 

············· ......... _.. ..... , .. , ....... . 
' +- ~k, Uttka 

••••••••(M) 



I I 
Let th11 01-tho~ llaois of/tho vaotol"JS~O' iotm!d by 'i'RK, .. , ••., Y~, .. ,., t 

' 
thll vll~ f;:ee _ _of fboet ka_ l1'$ , 'be i;t. H•d W~c ~"'"'* 'l.lwn wta b!Jit!g . 2,. . 

linQa.r fUil.c:Uotlil ot Y~ .... , •••• 'l:.~... Vito ot 1~a or~~ i ~,.,. .,., Y"1 '""~ 't 

. ' 
~L ~ 

E(W11 y) = ::L ~;i n .... j sfl.Yj t"-t, .,., k.•k ., 
• I ""1:1. :1 

k,-1<. £ '":-i .. 1:.l;-· ... / ... ,.';. ; ~~ ~ ! 

Now ;:;. 2;: ~~· y) "''1-;.] 1lall a -x>- ~!ltl'fbttt* '1m"'{ -t.2"'k.l1 lli£'• !InA· 

is indap~atrt of that of Ycr- t 4EtJs.q) .,.q~,J arising fro1ll tM Hr!li k
1 

. 

Pal'~te!s, Than thl;t COl'lf'idGI\(lq r<3giana fOJI the. lJ Qgte .~f J}Pt~GX'EI. 'llf.ll ~ 

g:l.von by~ 
' 

rr, . . . . .. 17
"• > • .t .C<Y .. •i} ... fi,..J i:-C<'«ur> ~<fl,j .~ 11~ 

...... • . ..Jl 
rr~ .... } ' ·fr, ~J'~) ~ -+:iw, f fa. !l)'ld ( rr14., .. . .. 

tlboro o1 e.lld. J'~ SJ'G so d.l!tmn:i.u~ ttat 'l;b,& p:rofla'W,J.:l~y,. 

Pr ( x~. /n4S: ~ "'·· • . :x~ ..... ~~ l> t.,_J , = . ~.(. ~® . 

Kiln'ball'~'d i\Uiquali't1" 

o1 ~ ~a: ft"'<''li:1tl'le _era= '(ka~i>~ :r~.l~awkt,ne . . 
note that- · '~-'< 's bav$ ~ lass ~llZlJl ka ~~ ~hu!l do Ill~ t:P.Pl'il~ f.\l-1 .Uzulaz' 

fUnctionP oft~. nl{,._i, (~ ·=-.... ·~,; ~~( ~~~- er~ iS~fo;e·:o~.:~~(t~lol.'op~f'J.4&1)ll~." 
i!rtOl'VnJ.s tm:J.y £0'/t Co~ l41\ll!lt• CQ~l!~~~~~ 0~· n ~·"' · · · · 0 ~ ....... t th~t 11,Ulllbexo 

ot independ!Jltt COlllb:blat:lon&· 'balng- $ue,. !JI,a"'ki ).~ Tbi& maJ s.er:ve: f.:or o~~-

typee of expefinlelltst ~ tllara ts a sdious <h'aliba.Qk'i.U ~hat, t~ il.~ coJ•fll'hlll¥ 

tio!UI eennoil ba Qhosen by tl!Q O%!;l;fll.'~t«r 'but de~ 41JGm~J.1 QU 'Sb,& 'Jlla1rioes 
• 

ll !Lil.d 1' ll· 

As tor tho test of the ,8oil1t b~heitoG Ht. & \• WI) soo ·that it 



l 
• 

I 
I 
\ 
l 

• 

~·· "~ = 0 * ••••••• , n.,...~ = 0 

Hence rejoction of ~' • implies that of 11
2 

and so the power of the test is 

roducod at tho coat ot illoroased stringondJ in the :Ist kind of enor. 5\!rf;hor 
1<, 2 

tho pa;rer of the oimultanoius teSt, i.e. ua!ns tho test statist.ics T <u
1
_.v) 

and r ('iit,l y)2 t 'ld.ll bo SUo}l tmt it ill histmsitf.ve to COrta.in ~S o.J 

altornaUvoo vb1 Those "11bich 1:1am1ot be expressed as lirtear comb:l.nat1-ons of 

'lj · · · · 'h .... , • But 'it may be hoped that· to' Cfc2"k ) not i;oo ~~~~~an, the above 
1 . 

tooto can bQ. used for thq aro bettor ~or oerta.hl class of fl).tsrpat!:vost 'Chose 

rank ill (~·k1) !nstead ot tha full ~· 

Rolattve mgritg A!)d sg£te1p pcmpariu~ng of the B mgthods 

Ttzo mathods of COlliParison immediately puggeat thamaelvos 

1) In tal'DIS of'volUlll'lj. of tbe oonf!danco regions d.n rr,. .. rr ,,f n~,.., · · .. IT "·"'• 

----li) In tOl'liiS of lellgth of oonfidsnoo interv!:ll of n •a or llllY standard tunoti~ 

of tbom. 

In :l) w shall find tho Cllllp{Joids of {k
1

..- k2) dilllensi6na ln 111Bth04 

n) and pro~ct of 2 enlpsoids of d:lmonsions k1 ll ka :ln lllathod b), M thQ 

ratio of tho so a .Plumas do91l· not gtvs a valid QOII!Pill':lson tal', .as w bow ~ case -

ot 2 d1Dansions tho area of a circle is slllaller than that of a OqUars of a a:ldQ 

ocpal to tba d:lsmetorti- Volumo b a overall11111aSUre o$ a. ponfidonce region 'l'lllill.l 

w nood comparison m p!l)'ts• tor group I paral!l!lters al.ons $II for gr.oup :U parp 

motors alano but not togeilber~ 'l'hus it seolllll' desirable to compare cnlY ~ ts1'11!11 

of confidonce :l.ntana:ll.o ~or e. lfUQ!l~ iUnaf;!,® Qf either .of' thl! grqupa of Pa.tallo' 

CXJtora aoparatoly but not togotbQtr• 

a) Conoider n lipep tuneticm of rr !" • · · 

lllthod a) gives 'ld.th (1•.1. ) -contide.Me ttl$ int91"Val.G 

lt , r> • s. ~ i'i~ ~ (Yn ,r) ... b" 
n 



3/.P. longth 

...... ($9) 

o.ni tint ot a nonualized oor:~traot of IT 'sl say • ( 1: -l; = 1) is 

tho BllllO o 

rrao mthoo bl, equation (27) yields the confilienca region ~·c <in 1> .. fi,.j~ c
1 

'Clbanco tho oanf:l.denea interval tor 'ii., or exq nol'l!!aliBed contrast of n 'a is 

knOI:Il to havo tho 1/2 length , 

Jo1 = J k1 F1-.~', k
1
,no ~ (:l.f' Gbollh.11l ouggeotion ill followed ), 

.;~ ••• (40) 

Tho lo~ as obta,inod in ll¥1thod o) is exo.ctl¥ ae il1 mothoQ. b) oxcopt that • 

QIJ' chenso. Suppo11o 1• o< • =J ~...._ llXIfl lot o< = o. os, then 

b" /.P1 = J ¥k.f k1 • Ji'.;s, kr-k2-, "j F~975,k1,Zle 
.•••••• (41) 

m nro giving BOJIIS roprosentativ!l values of this ntio :1!1 tabl6 X bel~ 

Tnblo 1 a Vo.luos of 1i~jc1 for difteront triadc· of (k11kg,h
0

) and o( = .os 
•••••p•w•••••••••••••·--~·--~·-~·····~-~~·· 
Conatnnto 

2 2 

2 2 

2 

2 

3 

5 

5 

5 

5 

1 

4 

8 

6 8 

6 2 

a 

4 

95~853"~ 

3 1 2 4 .5 2 5 

n0 12 s 2 12 12 El' 20 30 12 30 so <tC co "" ""' "! ~ 
·I·R~ / ,' 

F. 95A!ik2, s.2s 9~12 19.25 2.as 2~'16 4.o?a are 2.09 2.'» 2.00 2.09 2.03 ~.~s:l..'IS,z~-~-~~-- ·.: 

'i 5,10 11.04. 39.00 4,4'1 3.89 5.99 3.51 2.8'7 8.512.6~ 2.57 2,.60 1.:19 2.19 2·61 g~g s.t 
.975·~· 

no 
.. - • -1. ..... - -.- - - - -.- - ••• - - - - -. -- ... ~-- - .... 1' -·Jill.··-· .. - .... - """ til ..... --.: 

Ro.tio ~ 1.22 1.12 o,99 1.7o 1.42 .a.s6 1.113 1.ss 1.00 :1. 118 ;~..o9 o.cn. LM ,._20 ' 1-2 1.28 ~ 
c1 . . . • . - . • . - - - . - - - -

Thu:J wo ooo that llllthod n)- is nl:ca.yo :inforior to b) or c) except for cnaeo like 

(5,1). "nlo auporiority cf b) or o) :lnoreaJleS as k2 inorea.sae taster than k1• but 

w ohall coo later tlllt 'Clbon ka ) ~ .. Plb' ndvantsgo in using tho d) is reduced in 
~ .~.~ .... • .. .,#.". ~ • ' • 

ovoro.ll monDuro. Furtlwr tho ratio depends on n6 ratller heavily wllich "is not'v~· 



good, specially fol' emal.lel' k1 end 1t
2 

but is etabUized after n
6 

is moderately largo 

o.g. :> 30. 

b) Connider a linear fUnction which can be eatiated by conf:l.dance intervals by 

nll 3 I:Xltboda. Obviously 'l'le should take 'f;'s of equation (91). Conetdering a 

no:nnalbed linoar function of 'f;·' o vir. 

''f~ -v-.. .( Dt " t) • 
' 

oq.~Ation (36) givos tiD balJ:, lOl'lltl!lt..Oi"" confitlonco interval as 

vmro o
2

• may be taken £\'om equation (3'7) or (sa) t.e~ 

o2•" ::~~(k1?tta·k1). n0S~ or "'(k:rk1) F _. -
. J~._k:rk1ane. 

•••• ~{42) 

. ....... (48) 

Aa ~, •• • • W ~•-"• can be exprael!ed ae linol:ll' f."unetione of 'i",.., ••. • 
oo also k+""' '7- ~ w1 corresponding to (42). :.Ott• a.o :. ~ w

1 
ill a norr,lali;~ed 

vootor, tho corroaponding linear function in Y.c,,; · · Y ;, .• ~. will alaa be . 
1('2. I 2 kt. I c-- k'a.--4<, 

n0l'l:!a.l1.llad i.o. 4= lj of .f-13. Xlt
1 
.. 3 = ~li w,_, should be e~al tQ ~. 

'l'lluo ft'Oll ~mthod a) tlxl half length of confidonce miorvB.l. for· ('1.2) bhlUl bo" • • .. 

aiq;lly s~ • Wilo from mathod b) ueillg equations (27) end (28) tli9' 'lm;!.f'l~h 'Shall 

bo J Ca , dloro foll'Citling Ghosh's auggolltion 

Oa::Iparing ~ with o~ ::. s! /:(k ;k2) F J ~ find that 
. 1 1•-<rk1 .. ka,ne . .. 

02 ill ol~o -7 :s::ro.- tm F-tablo ~oo increaa(l po1h.ao ~it t~ ~·:·~~~- o~ . 
... " ... 

m:;:crator dccroo.oo and porccntnge point (o(} fallo; Henao mathod bh:liU al\'l!cy'S • 

~vo highar hali'•longtba tbnn txlthod a) and ·ao· it tillY .00 dodrable.. ~ ~. C.!J.S,!IB. 

to kocp k1 al~o .>,. k:3 oo ~hat at l.a[lllt for tho bigger group oi' parametors• th11 

t::~thod b) bo cuporiof to nh 

Oa::!pal'ison of t::~thoda a) and c) means oom;parioon oi' 15~ u:Ltll c2' -= il~ n., s; (L><4 <4t) 

F s.! ~ (Jl'l-1<,) \;.. 
Jl...t l(;z .. I<,,Y)< 



' ....... 
-S!.'f" 

~ . ~isngf;h fOr ~hOd a 
t Balf•lonSth tor zmithod c 

~-.c,»r-lta, "! 
'~:,~-k~, uo 
.. , •••• ;(45) 

' . 
'tablQ S: shllVl8 tha, ~o of this rn·u.o ~o., pol!IO ~~~~~ (k1,k~1-.s0 )~ \l.'heeo 

r;,;q bo o~ed 'Wi~h thOse of ~le S t!hel'e tl%a~ val.ua ot ~~is USed• , 
L t 

T@l.o. 2 1 Vq,lwls of 'SA /a.;_ o1 = :~05 
•I•• ~-'~""' ......... , •• ~..,, 

. ' 
• - ......... - ., .. .. ~ .......... '"' ... .,. .......................... "" ........ ,. ... )IlL ... 

Constanta •· ·· ·· .. ,.,. .,. ~ ··· ~ .. "" .... · .... ... "' - ... .... ~- .... ... - "'· ··· - - ...;.. - · - .... · 
-- .. - .... .,"' ........... •<!I ··-- ... .., .................................... ,.\ljt ........................ .... . - . 

kt: • e 4 s s a 1 1 1 1 a ·• a . a 4 $' 
I ~ 

Ita "10 a G5t.ouu a 71B'lo 6 a$ . ·, ~ 

'so ao 1212 ~f-2 so so t4 &a ·•"' 
t, • ,• 

~, •• t· ., .. i r~95,k1"'kg,no'r9 ~,aa ~t80 ~t85 ~~91 ~·69~~20192 2~'/Q~~&.t ~7!$ ~~9$,.~~ 
.9'15,k2·~·n0~,as s~51 4,.4'1 s~1o s.~s .. st~~g _s!s!f a.~o sat& f!19 ~·~- 2.,19 ·s.69 

ill'~ 
1 

I i ·• .... - - .... ~·.· .. ~ ........... ~ ........... "! ~ ,... !",.."! ·~ ~ .• * ~,. :i~ ..... ;.._. ! .,._,. ...... .., ..... 
' ~ _, '• ,.._ ~. ' ~· " . 

aauo'i~/o2 a.47 l•9n .• as·ll~2 t.oO·Qt~~ t.oo-~,sa 1,~os ~·o1 ·ti&O &;e11~as li.to· · · 
,. • 00 00 • .. • .. • .................. ,.. •• 111 •••• ~ .. ~ .......... ~ ........ " ..... ·"'~,lillf·~·'1"-•·•·"!;c*'j>l<- .... 

Wam. this ta~ i.t lxlqQlllea ole!l.l' tllat. I!BthOd c) is rruporior to a) 
· · ~ :--..., cc!.:.~ ..., Ci ... N • to 

PrOVidm:t w coni~ oniii; to. thoas ~ado ~:tions '\Mi$ {'~ bQ oqt!ma.tod \>y 
·' 

o). Binofl a.) 1s Shawn to be lletwr tauln 'b) i't·lme(l):io o) t,e th,o best .~el.' .t)leee 

oirCUI:IIlta,nQfJs.. furtbtlr ae 1a <fl:llllll' t:FOl'J. 'lib& ent4;1ti~ \0 a(J ""ca f 11hl;l s~ 
in tle'thod o) moroaaos Wiilb inortnaiJIS 7J.

0
;: . 

If w U!!e 6¥ll.o1l 1aluoa of . .ca •, ol:lteJ.ne« ~ tho ~uti~ <1Wi~ ol 

01 (k1) eJl4 G2(lt~k1) the advl:lntage ia fWtber inoroal!'lll• ~~~tho .~til tdl" 

a1 and Ga bo the sll,t!lo, tlum t~s ·eing.'I.Q ~-tl J 'l:!htll:l C'.Qll!Par.od \11-lih .~11 ,. o;, 

w:tU siva tho OVIll'all ~d11a of tho stiperiortw Qt o) over 11) v.hQl1ev~ botli IU'Q· 

~Ucable in a pro\lJ.CIJil• 



' j 
I 

I 
l 

. . 
~ I~' " <k( ~ea} 'i~,.lfr kz~ ·~i / i\ · ~ce~::. 111+k.{at,ef1i'~ ... k{k'~.ho 

" . 
-= :.\ j/... flllft u., •.• (~§) 

fable S) sives the Valuoa Of 'A./ ,A0 for BU¢)1 Vtl.l.Uep Of k1 .J.t lea 1.91' tlhicb 

CO!liPU'tation Qf ~< ~B fillS¥ vU• '!~hera- k1 and ~ Ql'IJ llVQn Ant!i!gera~ ' 

. ' ~ ...................................... ·~- ......... -... -....... "" ............. "'-"~·"'·•· .... ,.······-..:.. 
Constanta - : - - · - - · - - - - · - - · • - · · • .. · · · · · · · • · 
• ,.. ......... ~,.., ................. _.,., ... ..,.,_., ____ ........................ JIIi<;._ .... +o-i!flil ... "!''r···,lf.···· 

lQ to 10 10 10 10 10 i,O' a e a e 
6 '6 6 6 4 4r 4r 4 £1 9 6 . .a 
8 12 20 o( 8 !2 2(); <>( 6 e ~ "" .. 

' . ' '3,.22 St El5 ,. OS . ' '6-Jr1 Sa47 S..'l4 g. as S;PS 1•55 -
~s.so 2~69. 2S.S9 

a.-98 t.ea a.as a.ga t;6a ~s · · 4.40 am s..sa 
"'e »c • • ta.m. · ; -· 1So21 · . .~"74 -
..... - - .... - • .;. ... 4 .......................................... .., ............ lir 
'>.c..h, " 2d.$ 2il~ a.~ ~$9, .... !JO·· .... ~0 ~- ·~ ~~$) JMII't ·2t02- -4,jt.s6 -.. • 
·····~·•·~•••-••~ .. ••w•••••••~••••••-•••~ qontintloo ....... 

. , . ~- ::,. ,., .,.,, 

-·~··~·~••·~••••••r••~·••···~·~~•+~4-~•••~ - -
s 8 8 6 6 6 " 4 4 

.a 2 ~ 2 2 4 4 2 2 

a 12 o( 12 0( t2 0( 12 "( 

4t1.11 a.29 .t.90 231 . 150 ' 
ll.lM~1 1.5t51 ~ . S.StSi ~ 1,2,5~ 

21'1'5 t~o52 t.15 t,as o.B! 
12toc'l4 ·'9.I1f - 9t8'1 .. ' ''lt!Ill ' - -.- ..... ii'-····~· ................ ,... ...... --. • ..,_.,.__., ~ ..; ....... ...., .. -.lilt ...... '~ 

~/?., ~sa~ -~ ~a- ~ t~sa a:~,. ,;~o£1 ~V# ~'* 
II ., • • l'l ,. .......... 'II! ... \'0 1'! • 'Of :"" "' .,. ... "':; \'!' '!!'. +' "!"' ..... ~ '!It ¥ ~ -"'!"' «!' +. 'f' '11> ff '11'' 'it '!!!'· <!0 '!' 

'l'ho r11tio n<!Qhar9 falls below t.GO and ls mfaot IJIIll11 ':!mas as h1sh 

o.s a.o. But tbia ia not the optiraum wa:y Of ccmpu·\1!18 .?G r fqr fJ1J S'uggoflt¢ 'by 

Ghoob (:1955). .?, rJJa1 be taken to be proportilma1 to k1 ~d /I; }l):'Cpc*'io%1Bl tO' 



(k2-k 
1 
)f ~ then some li'Dthod bar# to be found t9r c0111~ tbs a rai!oo >-• b, 

and ~!!\, tUld gat,ting an overall piqtluoe~ 1'his suggests '~;hat exact qC!lllpUtatiOJUI • 

in oaae ot l!lethott b) may also s~ve go9d re~lts oq4lla.r"'d to a) an., ws Pl'Oelled to 

give belotT a modification Q£ b}., 

Uodifiootlo.110 :l) We bad the equation (2'T)t 

~ :f t C<\..-s> • n.,j ::. fCtu
1
,y). tf',.j ~ ot, f_(1~ri'Jt:<t:/~ tJa J = ~-< 

nlong with i:!Qquality. 

t lli · 1 J -$r,,rt,f_(tll1a). 'f.j = 
k1~n,r 

'tlhoro x•K, = .~.t~Vii.Y) ~tp,.j 
a,., ?I~ !nos; Oa ~ ' 

, ~ t:}lll 8olbl:t d!stl'il.!uti on 

ot G1 o.nd ~ is 
w,-a ~ 

O(kJ.,k2tDa ) -..!':G,!L,_:t~l<-_r.._,_;+~"-;L-J-;;-~•""•·--:c~n;;c;-• 

and w neod constants /\, ~ A.~. such tl'liitt e.aoo:rdins -to ~q,uaiiton <47)' 

. f'l r ~ <ll, •Za < ;.2. J " 1;0-o<. Wh!.ch gives .. 

Fr [ ~-l1~J} .. iT" J ~ 7>,~4• t fli1C1 ~ '4'1~~.J~~nai! J ~1~o( 
..... '(49) 

~11 even the e.JtfiQ't oval~t1on of (481 gives o:nly• $J!.J.1Pper ~IJ of 

tho ei!mJltoneoua s~i'icance le'Vel and chance of improvemrrt still re~• 

'l'be lengtlls Qf oon:fidenoe t¢ervale ~~ e. nof'lllali¢6d. H.»ear iflnct~Qtl 0.1 r,, · · · 

roopectivelyo· ~ .ll8J11 caaee .. VQ. do ~.~ .t~ tla~ il, Q.lld ii211Eln. W~~gud. (<ill 

tbo d.tstmotian bet\'l$en ~t:l.rst.' grouP of pe.~~er.Q ~d ,:the •~eqg~ •.s,s ~ 

ll!'bitrary, li'rom tbe J~ dillt'ribbtion it 111a1 be 11h<mt1 tl1at as 71, ihpx<easea 

>.,, ns a 1'JJ].ct.:l.on of A,f doCJ~sasee f<l• -conat~ 1•-< • fn ~ .aaoee t.t 't!'ll!! 

bo poasib~ to spaoUy tho relative. J'lltio of .a, ond il• ~~.) ,del'E!ll4ins on 1!l1o 



pr:or knowledge the e:cpsrilllontar bas about the tw groupo, Thus let 

j~, ~· q j /1, (I\, ;q>), t Vrom the _point of vieW of optimality of the 2 lQ!lgtha 
l 

it fJ8.'1 be usefUl -to fix 'q' at kJk,_+k2 , boning a:ny pr:Lol' knowledge about . 

tbo 2 grwpa. lt 'l'lill be eaen thnt fixh1g tq't in tbo beg!Mbg helps ease thj 

I!Go.vy COI:lputationa, !tow consider the equationt ' ' r·; )z ~... """' 1 .. <~ ::; o(k1•lra•t1e~ <, -r v•.-<, J ..- 4.~11 d82 
' "'~"J .... ,.ot' 

D <, lJ ..-:l,) --,--

Limite of Z:a baing boon z1 to il, tor ~ "l ~1 e;iways. 

li'Ol! oonvl!llience we 11hnll :~tlko )l:i 'lll1d :1>2 both IJ.ll ovDn :l,ntegere• In this 
' kz-2/2· 

case (~--~) can be eXlnllded t.o ~e~d {(2/'3 tel'lllllt oach of ~c~ !lJ.(ll)g. k, .. a /a/, ··~,. 
1lith 3,_ / u+z, j .. 1;11U give .~ lnQ.OIQPl.ete ~t#-on • 'lalctng a 

typical term, A 

f( ~. il~ , ::; c}~. :<, ... 1 , zVu+z.t'"·r·· 
. "· 

.. 

•' 
-r f1" 1 B( ~•/1•~. ,r•Jlolo21 u.~s·2 ) 

.. 
Note that Sf !1, ~ ?>," ?> 'llhich appaar!'J to bo optill~Um tor ·tha eo.ae of k1 : k2 

tho first tol'lll f.n ·~he ora,eltet.e r.'t>oVe ~hea giviJls only .Q.B(Y\•~.tk1+S?j.a,nofa ) 

f(ll' I'+~ "' k!•rV2 +k2"'2/2• ~ca in tb:ls \'l.!U'ti®li;!r Ca!lq ~. ~9~ thll ~J.IG 



Thus 

~'f11l \ tsat 
Ttrtia ~ha a mthod.s a.) and M bO• tdenof<tcal, show:tng that t~ av.penortt1' 

ot mthod b) ~es tll1l.y 'in using la d:l.i'f(it'dnt ilfoque.lttle.s·llnsf;ee,d at OM and liP 

it ifl upectaet tlle.t when '\and ~<diifel" >~, ~Jill: be ~1et< theJ1 tl:io • 1\ i Vsl'U~t @11 

~ ~ blt!)l,el' + tho O'ol!ll1Utatioua gi.ven in 'J:Q;blp ' bse.r Q:U.'II th:\.s · fllWlil~lont. li'<!t 

(\onvllb!axtee o;1e flhall O<!lllPai'fl' Jl1e:lod A~ m.th • ,1 • instead <it: If 
~1k1+t8•u~ • .:~ 

'lo eee how ~ this mathod 61;1 ~'l'tor t~ that Wi!lt;S .K+lllha.ll. 'a; ~q\laltty "ii'Q. 
I _..-" I ~ 

shall btl gi"'ing cleo thG "'alue& A,=& /11fJ i' · dW ~:: 'V.;. 'F {'\i f 
. . t tit;< !'klt1le .. ~·-~._·t~tJI.8 

mol' a· (~o(· )(»k''l.: 1~" a,nii ( .~,·, -<" l tl,l'G.' so t.1Mst1n ~'l; 

i-
t .. ~'tks,l~~t f . r -

. 1 .. ~,\f~t»ll 

It lliS¥ 'be noMd that U A, c< 1t1 and 1\ <><.. (k1 .. 2~ as suggee'l:e~ bOfOl'fj 

the ~t1o ot h, to ~. is B~(l 11s ~. to A~ .and is shown !,n ~- '.l.}l.'hl& "' ~her 
w art~ g1~ i;he bOtresp onding 'lle.llle to-e 11. "'"" • 'Wi"bh /ofo baitlg replaQ~!i 

. ' . 8 

by n
0 

;\ .,. 



' tablo 4 1 V:a!uoo of t\ h ... :11:..: Af;,o... 
I I . 

and A,/~,"'>,/ il. 
... "\, ' -... ., . -.. ·J- ....... .,.. ....... •· 4p ...... -- ........................ )91,.;jll. ....................... ., ~ 

Ct!llstont·a -·--·-· ···- ---·-··--·· 
.......... "-.- ...... --- ............ - •'it ...... - ...................................... •.'!'! ·"' .. 

I \ 

I 

• 
I 

I 

"2 

2 

2 

' ~.5 ' . 
M .. o ' . 

2 

2 

... 081 

2 

4 

4 

9o21 

1.426 t0.4S 

1.500 lo90 

o.s9'1 s..ts 

2,091 2oll0 . . 

4 

2 

B. 

Sol'l 

~~ · S9.o o.sse 5.1& o.'T9 t.fff 2.86 ' .. 
(~') <: .oe)(.oas) ( oCI269)(.o32s)(.025).( .. osos) . . . . . . ' 

I 

~. va.o- t.~o 15,54 2,111 a.'l'4 
' 

(<"J (.o25) (.oas) (,oasr:)(.o17S~(.Q25) (.0197) 

I 

•• 
• 
' 
I 

• 
2 

2 

4 

4 

4 

; 9o49 f2f59 15o51 12t59 

·~ &~25 &.19 a.9s 9.67 

t &2o50 f.So57 19a8l' $.4~1 . . . " 

' '1eSS 6•51 11•14 1So02 
I 

: 14•76 , lll.~s 2a.sa t9.ss 
(.oas) (.ol1a) (.Q2P) (.Qlls) 

••••~'••••••••••••••··~--~-~M•••··~·-4~~-·~-·--
t . ..__ • .. - • • ' ·- .. ·- • 

Oo62 ' . 
' . -

~ p,,y ~1 !...625 
' . 

1 ~/M. 1.01 

I ~ /J;t;. ~~ o~ 
' 

1•193 t,S60 

Oo'l9 0.56 

t.s'l t•69 

o.46 o.st 

t.sa 1.21 
• 

taUS t~ 19t 

O.SB 0 • '12 

1.58 1M 
-· 

o-.'19 
~16 . 

• 01146 ' . 
! .. ~!12 
~t!t81 

:o~v! 
1-60 1 1.56 

- . - . . 

o,49 o~ o.YB 

loJ'1 f.o28 1.17 

lo052 1.~ 1oS1~ 

Oo52 Oo72 l.os 

1.55 1M t.:;s 

...... - ............. -if" ............................ .:.. .. ···~ ..................... 4ft ..... -· ... . 

From tho abovo it :b olear tmt 4.n lDel'l1 cases Of practical ~tic!ll'lce 11, am- A,_ 

lilt together t4ll give ·batter rosults than method a). Thoro ill a i!Gildll!loy that 101 lllll8,l.lozo 

degrooo of freedom the adventase' in uaizlg above modUioafion !if b) maq bo oonaiclorablVt 

apooie.lly when ka) kt• Also tor tha case of oq.tal ki; t2~ tho m!ltho(l d.s generally bettQ;t 

'l'he rrw >.: / f. 1 ah®s tbl ~o'Ul%t 0£ l¢lss lncurre4 in uahlg 1111 approximation 'l'.ibiQh 

!J quito high ln case of al!lall errov d.£, ,.If '\htls thl'O'¢~:~g e:m::~ a lal>ge Q1Jiount of gain tlhiob 

toUld e.cour ln uaitlg b) over aJ in g~mersl~ Qnly wan ka>kb this e.pgroxilllaUon etta. holds 
I 



' 
•'31-

ito utility Ol'ldmay be used in practice for tho salta of convenience, It m:ll. ~ 

noted in this COD!l!lC"tion tmt tMa ccmiPa:r!;,cm 'ia" \l~ ~ballad' Ol1 'atrict" praotiic8J:' • 

considorati~s for t~n it may b;' f~· m"or~ 'conv~nlint aim'' log~:f.c~- t·o us~ "e<iUa'l .. 
1 I II 

levels "' = " intttead or tho above BO~l~S'tlbat o.rtU:f.o1al cri ter:f.on used :l.n 

(54) fCJr com;uting ~: and ~~~ • 

"llor the special case of n8 8llfi'io:I.!Jntly large • erq > 60 t the 

oQDPUtat:l.ons of il, • ~~ or :>,; , :>,~ run :1.1!. a •IJini:Uar tash:f.on ucepb, that some 

conven:l.enoe is brought in due to Inoompls te rf.• •intesrals 'l'ltiich :involves only 
• 

1 parameter instead of t'l10. As is shOt!Jn by the extension of the 'ra"ble t the gain . . 
:in USing method b) or bt) elOiiJ.y redUceD as error d.f'. :incro'a.soa to 12 and then 

more or leas :I.e stabiliBed • As it. is dealrablo to ha:ve a't loas~ 12 d.f. for 

error '601\ ~ specify this gain 'Which may serve as a "l.0t1er bound for tho gain 

obtoined in sxq casso 

d) ·6, nan 1!!9thOd I 

tlbare E(Yi) :: n; 
We had the 2 sets of vecto;o Y1 • .".~ik1 J. fkt'; ... ;· Yk~ ..... ~·· 
~ where Y1 • • • 'fk1 aro nll t!UtUa.lly orthogoruu ae alae 

If i io Ql"tltogonal matrix• it means f:: 0: 't7h:.l.c;h is a degenerate caso• 

'l'he relation {55) gives, 

c yk1~i -n., •• J~ ~\f'(uJ, ~) w<P~ for all a.= '-•·--ka 
Obviously w are cot&orvat:f.vo ho~t for w are not using tho fa,ot tbe,t the 

' -

rank of (! may not be kt but less. In fa.ot if k1> ~l l;'all1t ~ (t is $_ k2 
• 

and oo it may be possiblo to got a botto~:~ :l.nsqua»t.J from Qqttation ~)w 

Suppoo:ing than• k1 ::> k2 ,. VIS bavo t 

' 



• 
... • • • • ' I!' • ·- ! .. ~ ! .•• t ••• I!· ~ ... -: .... 9. '•'~ •••••• ,• .. 

yk1+k2 = f. •.. v. ':._ •••••• r.,. .• ,T1~-;t i .... Vzt,..s.+ •·.~·-· -~ •. "iuk.r-k~ . . 
..... (};&) 

"' i'he ka vect ora ~ ~ .... ; u1 1 11 ~ ll-·• .H• •• 11:2 .will fofl!l a vector apaoo 

'llhose rank ,; 11:2• We ahall tran~. _u1 ··~· ~1. to fll'lotl!o:r orh~ormal 

syotam u1 • , ••• .... ,uk2 J Uk2+1 ..... lJit suM t!lat tha fl.ro_t ·~~ veotors 

fQl'lll "bsaia of tha vector space of I. (>.,,; U.., n =- 1t. •••.•• k
2 

• \lWr 

aosumee that !Ill r<JmJ of (!> e.l'G lU!earl.-sr irl.dopet;\dent fll'ld \1IQ {!a:n, ,in .sonoralt 
• 

use ' 1' 1 as the ~bar of vootore in tho ba,s!S e%lUII!erated as· 1 .. : 

uJ.~···..u; • 4o . r..Pn,j U!,, ll-=1· ... ,tt~2 Ca!l bQ oxPr&BJit;ld as J4ll.ear 

functions of U! u .,.:u; 1 llqllationG (56) ,lli&Y be re'!l'l'll'itten .as a 
,._ ., I k:a. 

tt1+1"' J;P.il1J + ~ i.,;~i· a 
,, . ' .......... ~ ~ .. ~ 

• •••• ,.(s'l) 

Since ell Ul , •• ,U; J "U_t1,..,_ • .. • •l1ttt ~ "a aro lllllWally or~hogOllalt 

oe.ch of unit longth, tbl reotr~t10lls on (i ''e and lf01J tU"Ilf 
'Y :1. t ~ L f\i + 'Y;i :: 1 tor all i !!' 1; ••• .11 
, '· · a 

Ap plying Sc'lltmri!J}II q inequa:L~ty on relatiOns (57) tnt geiiJ 

·L <ik1+n•7> .:. n~~,+b f_:, ~ £1v~; r~ ifJ:;/+ fL"t\t'~ y) ~; ·cp~.~/:l ...... "' 

••••• (sa) 

for nll nst,._. • .,~ t 'llhere cf; = E.((tq_ t ¥):/ a 11neo.r t\lzultiOZI: of n 1 'a 

(1 !f kr 1. ,.,k1•k2) • For tbo fir~ k1 parametors, tba ~quo,lity is tho 

BllllO fl.a il method b) A.ee.. 

Crjn,Y> ~n.,fs, f C<ui•Y> • c;j = t C~uJ,,l· .. <t>}f ~1, .... k1 
•. ··~_,(s9) 

I 
is 

s~e. ~ of aquQl'es 4 :Ulva.riant under orthogonal tl'atllli'OJ'l!Qtio:l flo <liD 
• u1 .... u~. to tiT -. ••• v:, . 

.. 



• 

Xn generf4t !:~¢thing ma.y be ~ a.bo'lrll the eJ!nOt .,r:;nk ot f3 bl 4 

:UXX praotical ca.s~ 1!11d GO '1111 shall ita~i:l:!EI uppe_l" l?o11.1!d 4# V Y,ta, lk2f ~ ~ 

11.1'0 i!lde pendent f. 

'1bl ,4Mqualttio a (.ss) and (~}: ~UaY be _ra"' v:ritten !llfJ 

C<~!vl :rr..,j ::; !a1 _~ a2) n;~_ n-'.!'"l•·~t~.t,. 
IUld C'f"~~ 11) ~n~,.,:f ~ <a1 • Gs) lie~ ~ lt, •u~•~, 

Wo -roqaire 2 constants ~~ and ) 1 such that . -
'ht'G;,+~G2 < ~~ ,,, Gt• G3 < il~ .. j:::. ~ -<. 

~~~~(61), 
- ! , ; " ., 

'lhen tho lensths ot 100 (t¥ .,( >% oonfidence Uttem.J,a fat· il1t! ~iaed 
linell.l' i'lltlction ~ n: · -· · no, 011 Of n "·•• · · · · n ~.+X, Q'.<t 1'QIIp&<;ttve1y 

proportional ~ J.>o 1 si:tdhl.t • Since tho.-distril)\tt:l.on bOttle en :tat S1'9Qll o~ 
' . 

p!LI'!l.ll8tore and nhc! sroup may be Bl'bitr!U"Vt it Ill!!$' be de's~.s,bllJ to ~ A,~· 11. " ;:\ . . 

' ' 

BaY• 'l.'bie bas t~nother advantage in ·the:t tho ~Olll!llP'ii!Qn '1111;)1 Jllllt)lt:ltl a} 1\S at~ ~~ 

.. 

-

c( k2' k1 .. lr.a'- ~~~~) 

Tronoto~ to 't '"' Glt -Ze ;;;. Gi.,. G~t' ~ ~ $- G~ >fi.; Ggt &ill~& ~aco'Q~ 1.& 

1• '17!1 have tho 4obrt diatributilll'l Of Zta~.:.S au. · 

C(k2, k1•~2,~J ne ~ a,_~>:f (Ztf~)~~ (zs4z1fP /fl~g <11!~~~~~1. f 'tlh,atq 

. ' 
' ' 

u • k1 ..- k2 "' no 1 a an4 ~~ ~ at111 ~3 'l z1~ lllquut'ion \&1) th~ ~elli11t 



·.· .;.• 

tn general the integral 1.( A, •kttka) on tha lett hand side of (Ga) 

can bo e'lfaluated by succosoiv.e iteration· 8.lld <I,Ul\dJ!8.ture'":£'ol'l!llllael but if t 1 

and k3 both are ·even integers,, tbe integrand can be expa%\ded in p0t111rs ojt ~tZs 

and ~ and oach tem can be turther reduced on ~grdiCll by parts to a. dou.blo 

:l.ntogral._ 

let a typical tl!rlll ot the QXPe.nsion abOV(l be • 
< • 

;tt to kn'om tl!P.:t undw cortail1 mUd l'flstricti0%l.s ovar tba f\Uu:t1on g(X) f 

llbich are satisfied hot-e, '110 have t 

q:I•J . 

i j g(X)dX "' cp'(z) B 
ft•J 

f:r ~z).J- ,• (z> s (r<z>i 
I ~· 

Wdng zlt (~)v e.s tho til'et funQt101l and tbe double integral dn 

ZziZ3 arl'thD lind i'UnctiCllt 'l'lll integl'n.ta the tx1ple ~egr~ b1. 1'¢!JI 

Now, f~. [_ £:~:· ir~:~·~ -fl) (i.t.y)U. dXdYJ 



( 

'l'h1a w.Ui be cO!'lvarted into a fliW• lnCDlllplote 13-i'uru;rt:l.ons, by t~il!g 

~ j(1. .. ~1)w as the first i'Unet:l.on and integl'l)tj.ng by parte~ 
It '\'1:1.11 bo noted that the lll8thod is !tome ilnProvement O'tll:r tho p:rovioua 

t10difi~ation of b) only mtm ~> k~ As ~Joon all k.t, \".' ka! 'thp a.'QDV.a l!IOdU':l.cat~ 

fails, ll%1d vm toeEtCh the previOJIS tll)thol4 I%t t1Qrtt11 it 11111.1 ~ pqss!ble to get all 

idaa ot the s.otual rank e0t ~ 'altd then again tm 1!101lhod ~) can «m>k,· :we ~w 

bel0!7 a l!llllllla to show tint the value of /\ .afr4llg (~) ~ee~ensee wit~ {iedl'a~El 
' ' ' 

in tbo rank of ~ and o.t,tu!ne tho l!linillmlll ~. ~l' , ~ = ~ 
Imp ! Lot x,', ?<; and 'X~ be S independently q!str:l.butad X.~ables· \\lith 

respeot,.ve dagroas of fz.''eedom 1't v1'*'1.' ll%1d v2 'f then _it r ts ttllO>lfl'd ~o "VIli'Y,). tlla 

probl.bU:l.ty of the event .{:x~+'X~ < .:1 , ':\'>)~ < !l :J ~eS.SEI9 as•·~t~' d~tere~ae~!'-
Pr$1(2• S1nee 81!'/ X~.,J can be expressed as the sum of a<auat"flS of· 1n' at.andilrd 

no:rmal117ar1ates., the event .t"'J.~+'X~ < !\ , 'li,'+'X~ < ?o .J ~~ bo 'r{r:l.'l;ten Mt 
ra v, 2 ~.~+~-2 .£ ~ ~l.,.. J;, Xi < i\. • ~"i 7 "'i < ~ ,..7_ ~~ldmpUell'th!llW~tt 

C I xz .... f_ x.';, < ~ , t~ + £:: •~, < ?. ,J U a~ J,t. 
s.. 1 ' ·a. ~ .. -

Tho qlllall.est value of :r bo!t!a •o•, the maxiuxnm pxo'ba'I?3.1J,W• ma bil given- by 

t '""' o'v......... r v, 2 "•''• a. '7 "" .,......, L 2._ "· < ~ I_ :a < 'A ,..;t 
, -:1. 1 v1+1 1 ~ 

IJa,nc~ tba :rasul, t .. 

It ~ div!ds cra.ch .j by a non: zrn-o pos;ttiw ~ant:l.~t oey (a 'f!hq teoult 

ot1ll holds and it a~ bao a. probo.billty dts~iwti.<n;, the re~lt tlill ho~d ,o.,. 
'X~/82 , ·'J.l;rJ & "'?jfil!. on intograt~ thlt p:roba~i'bfl.la with J'aG,!lEiat to-Sl'J 

q e . o .· · · G 

ovo:r its '!Obole ~&.. . . 

~· ·!Iince fl\lJ~:_i)',; ~ j,ra ~ X~,J l ~/{u~·t .. t} ~cf{j2 /cr?. = 'X~K,_,.1 GiltS 

L { (u;, y) .. 4';] jr?}: x( •• ) have tho rsqU:I.\'ed d;tst.r:l.butions, we h!lve 
"•"" ~ 

.. 

' ' 



t>.o. ,...,~ 'V2 < ~ ._,L .j. 'XL <">..,./.,_I* .,.1 ~ 'X1 < )\ ')(' -t ?('( <( ~ 7 
"~ ~ ~'7' -t ''~'""' ~' • ~,,, I•<~ /l,;f.::::: •-•'4 ""J ~ Ckr•J ' '" ">J ",.! .S <:I' 

..... (eq,) 

and CD divi4ing by ~~~r.,_ aJlll mt~grai!ing over s! \'lG gat the Slll'lle ineq~itl'; 
- i'hlln• corresponding to equation (~) '1111 111/;\Y" ~y that fz.(G• "' Gt <lh<i' • ~ <?.:/ 

1 3 1 9 
inorea.seo ~e lr~ dacreasaa1 wllere drulhal! donote tint tbs axa~ rank '~'-' :lS Ul!Qc! 
tnlltee.d' ~ ~2• 

6~ both sides of (&t.) ilmree.se as lt 

value of A ~soary to !!lake both rides aq.t!U, to 

~ree.sast it_ ta Cleat! t!w,t tbs 

~" , will :00 such that 

_A (l'allk :~ 11
3

) ~ ~ (r~U~k ~ rlt 'lbe all~ t)llllllt'llataly apJ;!llso to tbll s:P!!Oi!ll 

~e ... e 0 • \2hen w get two indepandettt ., .. (j -for fixed s~ e.nd this gi'Veo t!KI 

lllit4mum value of A tor attain:!ng a oontidar.tco_ l.Qvel 2.•" .. 

'leb1e 5 be leu gives soma CQIIIPI!tq.tions of • A' l:I,OO<\Od :!.1:\ method d) 

~the ~ or ~is full, a "llnlll o.s '\:~hen f,t ls minilnum i.s~ aero., Xn any 

~ical aituation tba actual VJI,lue is expected to be be~en tba'sa 2 ~q"'-

~ • A f for orthog012al case bs.D again bean chosen- to bo tho same to" both eots 

ct parBl!IOtars for the QB.ke ot oon~ce in c-omparisons, thoUgh thoro ~ 

reasons aa given eer~tll' tbat f.t llho'Uld ooJ:Taspond s.ol!lm'Jbat to ~e degree!! of 

freedOI!l on 'Q'hicll Gl(ki) e,nd ~kz} tll'e balled" ~asa eo!IIPIItationa arD _based afl tha 

itltegralt: 

1)1~ O(k1, kgf n6 ) J rJi4 

'l'lbioh yi\llds simple :t®Oli!Pleh ~tiona on integration~ parls• h t~ 

epoQial ca.so k1..tt2 a ~ lll;lthod d) fails, we g:l.1fo t'\10 valuos o.f .~ floom Tabla. 4). 

a:Lcnm '17ith the s~le •11• value• frQ!!l (B!i) for each k
1 
~ 'k:~-=~ 

As in TabJ,a 4 '00 ahal:L t!lko ~j, Qlld k
2 

to bfi Q'illlll mt&gor~ '1be '\f!llUer:l 

• of Odd k1 or k3 can 'bl! obtained bi ~la int~la:tio;l ~m Table o) ·* 
' . . ' . .... ~ . 

~ . . ~ 

U k2 1a avon 'but not ku tlle integJ'Q]..a (63) l!%1-d (1!5) can I\IW.1 liS ~otl¥ 

evaluatod by first intesrat.btg out Gs in (62} Glld G2 LJl. (&511Q:td then ~ollri:IS. thq 

rosultizlg dou'ble integral ~ i!i~ls imegre;l_., ;In III!Q1y Clll!a 1\ ma.y ba fO'Illl6 otWiel' 

to start directly trith (62) ~ of \l.11:1.1Jg f4l:lpli#o!tUm'l UkO (63) 



' 
Table '' ~ uppel' and l,ow!);r bo~ of !\. as COlllPal'8d 'ld.tb ?.<~ 

---·------·-----------·~--~-------------
4 

2 

A (ort.tro-7.00 
gcmal) 

-
8 

-6--6--422; 

.. a--4--4ll2 4 

1a 6 e ta a ta lO t6 a u. 12 
a.69 1 .so '·" 3.44 1.90 4 .19 aae t.fl t .8t 3$ J t .cs., t .90 

a.26 1.28 z..,-; .a.~n t.J13.J9t.91HXH44f24.o ~"'! t.ts 
1$.0 f~6 2•$0 

2.06 t.tJ 4.40 2.7J t.52 2.98 1.62 .. t.32$.8 ·43'1 1.)6 

.. --- .. -.. - ....... -... -.. - .. -- .... --- .... -................ ·~ ·-- ... -
'>...f~ .. t.19 1.19 1.17 t.22't.221.at 1.t7 t.17t.tJt.26(1.60 t.JO 1.6, 

~ aso o.,TJ ·o.S) 

lao./J.tJ<'In. 1.32 1 • .31 1.30 1.26 1.as 1.24 t.4t 1-" 1.421.381 .:tH .;;o 1.40 ·-------- ... -... -...... ·---- ..... ----· ---·---··-··- .. 
While obse~g tbl above \able one ol' tw powts stri:ko oao. F.bst~ 

tbe advantage w using met.hod \\) U neu~ ~ amaU funle$6 we have SQme knCI!f'" 

ledge of the actual rank of/'> ) coming to near~ tf$ decrease in ~hs of 

eontidenoe int.ensllh 

hl'ther, when ratlkf" 0 i.e. ort.h6gonal, the advant.ll&e 1n using metbo4 

b) as compared to mehho4 a) is quite toneideralil.' and 1.s nearq ~~tected b.r 

4hanges ill tbe d.t. 1s of orror 'Variance. This i& impol'hnt, for tiUm wo Cat\. 

spec:lf.r the gain JJ.ke~ to acorue by using method ·b). This 1s eo GVen tor kt=- "3 
vhen met.hod d) ci>moides lllitb modification b 1). Also the last two ft/We between 

them.selves give tlul Upper and l.owel' ~unds of the goS.n by u811ig met.hod dh 

J.aug §GlQ 11JSszl;lf lt De is quite lal'ge, $: 11Jiq be takep &S & eonstanl; fixed SC 

ttlat w gn tbe joint di.stribut.ion of two ?(~ • It :I'Ul'ther tb\J 1\Vpotbeses ue 

1J)l'thog6Dal1 (F=- 0) • this iid.mp~ lllealiS cambina.tion at ~ iJ!depent\ent t$st.s,. ea 

mentioneli by Maney (1'~41 ). In gerteral, we bave to st8.l't. td.tb the joint 



' 
'~a .. · .. a 

d.illtribUtion of . Vt, = 'Xt/fl 
0 

t ·V1l = 'X,' /.S! e11d V:s ~ 'X. lSI) 

d.illtr:l.butiC%1 O$ 3 hldePI)ndertt 9('1 ll;fl ClZl ks' k111!k2 ana· ~ IUft.''s reaPo~ti'lelfl~~ 

eo..vt. :e ¥! <Y1) "-"'.e~{v2) «•::"""" e ~·<"~s-l ~ d'lt.dV2~V-a ·· 
Nw •!dns ~be transformation V$ 1t ~M- '1• '!a ~ Za l;llld V 

1 
• V'Se:-~ .~ 

notblg tba.'fi ~ a:M .3a both ? ~~.e .'<lllll'lt to. act Qna a~ ~;,t au.~~-

Pr C 1>
2 

< ) ·;ii3 "" II.]' -=- 1-- ..( t.o .. 

- J ~ [ 1 ~ 1 ~ -t(z...:Z3-'l,) , K.!:&:._. . ~ 
s.-.<=Q -e fll,._a ) ~ .(z., ... a.) .. 

' 2, . "'.2 .. " • ' . 
f.;.'¥ 4B'a<i\] 4~ 

• ..... (Gal 

Au bofore ll't k
1 

end ka ere both avon !.1ltoso.rll., tho .11bove QIUll>e oasUy Dval\lll.ted 
Kt-C<,z~ ·~ 

by OJ!:P~ins E3a•Z2:)-.. - e,tld (BS"'Zi) ._ e.J1d f,utograti.l:lg. tetlll ey term, ot;he~ 

moo ~ ean trartaftl'l'lll to z~ai:. '~ Z' • z~ -:: v in the ~ li.nt.agrsl t.o gq1i 10: 
3 ~ ' 

sirlplo product of t\'10 tn\teeWte int~all), viM•• 

. . 
lt k1 is odd but ksl even integer;. Vlfl Qa1\ ot:W. e~qato ~6~_j ton1 

typic:a.l te~ of doubla integral (ai'ter :l.ntt~sratfJ\g <lU't tv•)ie Uka, 

1
)1}1..2, =< J.l Ill Y-.t 

:;/ e.t (~111- f(~)~ u:r- ctwtt 
0 0 ... , •••• -.i~) 

~ 

vbsre f{zt) comes :f.'r(ll;l ~ part o:t (e'l)'!l. l'llf) ~tesrlll168)~ ,qaJ'l ~. redueod M 

llirlgls lqtegralo ey ~nUns e ~ < t(;1} flO the fiffl flltlc+.49~t Qi ~AA ;tJ!b 

inde~te !#tSSJ,'al ~~btl GXp~()~~;1,~~~nJ ~~ " "t-'(, e,~ p ~ :Y~/l" •• ~\J 
11.11 the second i'Unet!Qn ene .#Jltesrat!.M b1 parttr. 'l:hia yiolda fi, t~ p.hoQ1!1pJ.,EitE!. 

' ~ . •. . 
Gal!ll1a t:uncticma ,. 

' 
- i\;J'tholl trom { &) 1t !.9 olee.l- -.lil.:t tlls valUe ot· · ~I!;Us,fy;\nt; CoG) d~!lfeil4el'l 

I 

11.11 r~ at ~ '(assUmed ilia :in ·as ~· d¥t&J:!!ell e.l3d 'a.tttiil.w Q. )nin~ 'llll'ore 0 ~ QJ 

l'lhen l'le st/Jiply get 2 indQPondtm:fl ~ tor '1'/M.ch tha Ol'di.nary 'A'.,__ ta,bJ.eo fll:r - . . 



-
~ $%1. ~.toaQh FJlndJar to t~:ll ot (~h and (~a) \'ltJ can redu~s (&!~ 

• 
als.O ~~ a'P!n$ dOil~e ~e~1s it Ita t:s ~!ten and k~ odd~ BlriL ~ so!)n au kt i.l;! 

odct ( 42) cannot be aolved exPlicitly l!lld V1fl have to at!QP't q\liulfa~a ll!lltholis 

CznmJari.CaJ. hrtegtatioll)¥ 'l'.bs most difficult ease ls of to\ll'OGi tt2 IX!d ~. ll=t 

o'V'111'1t dmn the lte~tod l.tltogl'al!f ot Srd bl'dGl' bave to ba d.ealil wHh hr (~) $14 

(66}t Ulltortunato~ 'l;h!J pli'Otedbre bocomos very lengl;~ ~ ~in'vol"loll in thll 

®mel'ical CODIPUtnt!ons. 

arlit e<ven if w IU'll no-b '9lltlJ.tng io hlterpolate batwelin the valUes ot 
ks, tatd k2t both event 'VID c811 ut!J,l get uppel' and lll"Wel' 'boUnds b.t ?o • OOXI.siaav 

tbl CJventa m1 ~E2t· 

-,.._ ~ ,2 ~ X' 'X" < ;\ ft ma • 4 XoL_,, .... 'X,(~-4-~)<. J ICKl.-IJ+ .lc~-!) il 

Hence the values <:~f .:\ tor lili tatd lil2t subh tba-6 r(mi) • f¢il2) tt15 san 

era stlllh that /\~) ~ :\ <Ea).i ~~~ tor 64d k;. l:llld k2rw can se1 the ll;IViGl' 

botUld of :X $81>. u n!! f.e not l.atge1 the ~r mod!dcjatton \"1$.11 be thlt the 

~ boUlld et ~ (ln'i) '\dll twdolll(j ~'m2l• 
'nle umei' bound bt ~ (Et.l 4ali bd tofUi~ frlllllf 

. -,..'XL 'X'.. ~ ' X < ~ ~ ---"-.. Es J "' ''kJ.'f1) T J(t,+~-~J.( 1\ , xl("1_ .. ,..... .2lk'21-1) ../.. ---/ lilt 

~ ~<ms) • BenA~~ 

~ ?.!si) ~ ~ ~$' 
i!l llliU1Y cases anothetl uppel' boUnd ~ be oiJtaj.nijd toll' A :(lll1.)• troirs: 

anotbol' corm!.d9l'ation. V/(1 <~11o balCJi:l the releVtlllC l~• 

~ ,U U »r.'l/ #< ar<t lnde{!Gndll'tl.t va.dablep Which i;il.l'tl Ollly Values -7 0 

e.na U a • ts Ldent1on.lly ~ indepf!l\dent~ d:f.stri~etl ~ " ; then ~ ba"VIl # 
-~ ~· .. - .. .. - ,_ 

f/: XII f < '). f, ~.., I< j] .)- ~£ ~ <). a'·,._ J < .ll .; 



l!roo.fi L•H.side = P lxq-j). P(~o/a: < ~...,) 

a.H.sido = P ( X< ,HI,) .. i'(x-J ·._ !A ) 

Wo shall COIJIParo only P{x.r<. !\ /x < hlf) arxi P{x.y < J1 ). 

li'ind tlw conditional probabilities for above 2 expressions dian 1 end z are i'ixedr 

~oro aries two casao according as y < 11 c:r y > a 

1) Let 'I< a, then 

PUt< 71--y/x < .A-8) ~ :P(x <)-'It X < ~ ... )/ P(x <~""a)~ !!(x < !l•s)/p{x < 71•&:) = 1 

:r i'(x < 71""1 ) for ;~ •z < ~ ""1 

U) Let y ~ a, thon, 

P(x <:>.."7/x < ;~ 6u) - P{x < ~ •r )/ P(x < ~ -z) as be foro 

? P{x < 71 -r) for any Y• 

Hance for fixed (y,z) we have 

P(x < ~ •r/x < " •s) ;;;, i'(x < 11 ..,.) 

!rnltiPly1ng by .P(x < ~ •~r) on bO\h sides, we get for gi;nd (y, ;t) t 

P ('""l' o ,x-a <!I ) -7 P.(x.y <.:1 ,x•.._ < .:\ ). 

NOVJ lllllltiplying by tho probability oi' etry Pair (y,a} and s•mvu'ng over 

nll the e.dtxl.esiblo pairs ( i.e. vhere Ya.B <A ), w shall get thO' Be.J!Ie inoCJUall.ty 

tor tho unconditio:no.l probabilitiePo li'or oontisluoue variables sUlll '17ill be replaced 

by intograle, Hanco tho roeult (70). 

8 indepondent xl. 1 o is again a 'X~ i\Jrthar o.e the probabilities on bath sides 

go on !noroasing as ?> !nersaaae1 f.t ~:~eana that for somo f!xlld 'tior -< 1 to. be 

e~d by both sides w aha.l1 ha.va 

\-~ (L.H.DS.do) 1 ~ ?1,""' (a.H..s1de) 

S:l.nca R,H.sido Pl can be easily oaloul8.1;od this providoo en upper bound 



' .,,..,.,..,. 

I, - --.. ' 

• 
frn:- A (lilt) ot ~quation ( &9) • Ma :flJIJ:I or ~ ~o'li ~ ~~" thlal;.. W:s} 'of 

o.qua~~qn t~) d&Pl!Jlilil18 ~ il~ -~~DB ot :ki, EiM ~· 

Table ai ~Q~oU of Table 5 tw 'ho oue "f4l~6 ~ b lel'O - . . 

~·-··•~•·••w••••~•·P~-·~~•••·~-···~·~•·•• 
Qoz~stQJJts- •- -- ------7-- -----------------
• .. .;, ... ..,. J .... ..,, .......... '!!'""'-""'-~..if.~ ......... ,._.~ .. -~"'"*·~ ... -

t - -

~ 4 & ~ ~ &. 1\ 
t 2 2 4 4 2 ·J.i, ' . . 

?.a_ : u~s~ t»~1 t~,n 1'.1~! ,, 9;-$, ·' •r 
'-tt .,. to..D .Jlhl9Q. ~~- 1ft~ t· tl;Jti " ~9'1J 
.. ~ . . /~~t> 19!6-'71 

11C~ho.l· -• 9,J!l -12 • .,41- - 1$-.m. · 112."rs / "taa · u.,i-4 · -- -
...... "' ....... ~ ... : ......... ., ,. "!" ... + ..,. .. ., .. + .... .e.r' ..... .................. """ .. <iii!~ .... 

• . l• • ~ 

! 1.4'1 1.ao td.4 ~112., h .• &2 
• ;-· (0.'14 . __:.:-/' ' ' 

~/trihoJ ; .Q...2& ~ t;Bt 
1 

_ •• '-•~ • t' .. av , tt:~ 
1 

• 

It "'r II" ..... "" ....... II' l'r • .,. 'f·'~" 1f .. '!"' .. - ...... .,: "' "'' .......... ~ ............... ~ -"'\~' .. ... ilil 
' • - I . • !' ~ ~ I' 

~at.i.a~ ~ill To.blq ~ euasi~ that a4 h,~t ~aas the gam ~ usUI8 ' 1' l • ' . 

~~ 4) over ~ dedtaq.qe.s at , hr11t ~~ ill sQ1l)1 st~P f\19~ 
. ' 

. .\ I 
OsmoWtze,«Jrm. ~f mO,bSd d.rip PJJ.~ p~ 22~aJ Jt1G'9!!k«l,9~ r, ., h~ 

! I . "' 
' . . Wq -~V$ 8 gl'o,Jlll, Dt p!u'QIItr~tr tr,:. :: rr .... 1f"·"! .. " ... rrK, ... ~ t rr~, •• ,., ... f ~-.• ~ •• ~. ' 

to.Y l!lhom -the uth!atos ars P~ .. J~ 'tt\ti vo.~oru y-, h .. I;,, .. t l,;;· I .... J l!,.,.,_.,•• .f., . .,., 
W}e1'8 the t1 sets o~ veo,tors !ll:l1. 11UJt tbat 'VIithln. ep.o.h ~~,~ \he 'kj. (~t~.fi) tt~o~~s 
f.U'6 mu~~- Orthogonal ~~-- ~i;· bt'-ean dtle sEI't $1111 e,iloiib.er;~> FtOlll tia \'1& affi'VB . t~- ·. ,. 
at the orthpno~ ~!!- ~ .,.,.v., • v.,,., .. ~:.d\· '"·••· i 'P ....... i · · · l(.,_v •·•K•••• f' / '111' ,, ~ ' 4 •• , " ~ 

~oh e.rQ. au~ t~t Uj fQ%'1lls. tho b;4i.tlf,!\ of vaq\otf IIP~t.C~ ~s:Oetl _ \?f '0:· pa 11; ~ 
~~r fo~ ~-l¥! lladB .of tba V.64, tQr /nlalte .. sttti.ID\e,"od "a'j t f. •·~ 'J ....... _. .. .., 

.. fhe ~o~t$.QZ1 v6'* to rPrp .14~- 'tllil 1~4-
j ~- .. "' 

I 
' "\ " 



/ 

" .. 
~: 

·t l:r i 
~ll Jts I . Vx ~ 1 ol. 0 Q 

t'x:t J = lea f3 y 0 

. S' E: ~ Ym) 

. ! ~ 
ks J ~~ 

Vz~) ••• ,..('11~ 

~t "s ~ . .t2 ~ ka J tilt! matrtO'es a~,~~ ar!t Q1l ztOl'l.,.s:ingular • flt 0 l!lld at 

ll!IIJI\' one of ' a%16 f- ill 110l1"11.1¥lt A11 be'tOl'e· !.n de'VeloPillg thll' metho~ 1n tlball 
i I • • 

allll\IDlO that fl to and ~ havo thab fuU. rsnlls .viz. k2t k~ and k
3 

reapootlve).y., 

U QJIY 'thhlg be !mown w ca.n ut!lbe 1bs 8 nDlts Pur
2 

and r 3 as in method d) 

befqrQ . By t!Jp mthod empl<w4d in reaohins {Go>~ ohall torm 
~ .. . .. ~ . 

Gt='K -~~ -~ :.{(U!tt) -~<~>:/ Ga = i;, L<vl,r) ,.q /ne~! 
a8~{<"tM• <~>i ? 1 n1iS: o~=-~c~,_,.4_ ·•vl ~ ~~~;. 
~~14\1~~;.. fft~J/110S! G4 ". f C<trif"la~i·i~ c;~.-.~:fi~s~ 

· ~.n-.{72)' . 
' . 

Whsril U ~ ~. • • U t, nrD en ortbDnoromal t-ranstOl'lll ol "'U , ; • ill~<, ~ 

~ ~ '1\'SY tbht uf u f ~-":~ , fan ~ 'baei!J of the kfa l'ot<IJ of the ma~:ttb [3 'Oil; ·•, 

~~).' u/ ·~· tJ-I'K. ,hf£V0 bee!l OEJleotQd in OUCh a fashion (f.~e~ by OrthOgonal 
- . ' 

tr!lllDforJDa"tion) tbat Uf ;. ~~ '0!.. (tirst k3) tom a basis Of thfl va~tot ilpace-
' I ' 

~~rs.tQd Jr.i.·. 1Jt.._/ _J:ows of {:~ • _ibe.t thiS ;to al111cys PQooibl!l JllBY be se~- by .. 
•• • j 

tlt4J"t~ trDm the wet~ spacs of the ~otora of 'b UJl than of. ~ \ ~of. ~-
~ I ' ' • ' 

u:,.. .... ttt.~..._ l'lliPrel!~ an orthogonal tre.ztl!tOl:'lil ot v.... _.,.u .:·"'~ llll9h that 
I ,- I 

\T~., ~ .... ntk; (tir'at ks) totil! e. 'basi& 'ot 'fiha wqtqr ~paci g~EIJ'~od by. ~ 

1'0\Vll ol tlUI ·(1(~ * 1.) llltltl'h .. 6'un.; ·· 'l4q ~~ ts· al~. Jllibslblef> ~ ·- .f:1) io.t ~ ) 

~ a1 'tlill ~ mor~od 1:11th CJa to :to1'1!1 G{ say, and it '1'411 not OQ~ til the; i.M~ties 

in tii~ 
· Ueillg tlcshmt't~ ;tneqUalt:ty 4.n S nt®s ~ ohiall got S l1ot~ ~ ~deliCti 

resio;lll(and tnterials )l~et m ,... 2. ' ~ 
(1} rr

1 
..... rrl< ~ .f L(f, tJ) • f1; ] ~{G, .... G.._ 11'~ >. ~e .Be 

I I \ ' 

~ .. .. 

. -, 



I .. 
~ 

! Cittl') • n; /a ~ ·w1 • Ga •.Gs) ~~~ 

~t"<vkii>tt¥; • ..r<~; j ~ (Gf"Ga~~a)~s: 
Inennle bebis • Hik .;tlJ) • n.,+; )'1. ~ .(G~5)~ .. $! ::· 

1 . ,. 

(lli) rr .. .., ....... If "''""'l .: . ~ CttkJ.:~·,. rJ ;,;; ...... / ~ (a,i. Got~s}n.s: 

fbtmta].o beina / (Yk,_.. kit" I tT~·,;n~<.•"•ttf ~ .{~~~6 )lJeai. • 

--~·.rq-('7$) 

Fw 1""-<4~d1Ulco level·~~ -to·tJnd $ o,~~ !!,,~4 ~J wob, thn'f! 

l"t ,Cr;~ fa• ~~·< A,J. 0Jf1ttG~G5 < ~. iq~t: < :\3 .J = • "' . 
. • .. ,., •• ('1~ 

$1nile tba numaratonJ of o1,.u•fGa . .tP'o izldepeJldimt -:t':io Uit'b 

' ~~2~8,.k1...t2~ ~.,, ktl'3l k3 d.t~•s rllsp~#\ivoly tUld ~mtql! ill IUS J,ndopendozit 

on li
0 

d.:r.., ('14) baoOI!IIIa , 

........ .... , .,.,($) 

:IJ~it tbe SJ"otlPi!lg ot parameter~~ 4nt9 ·I~~t, Pl:rd anc1 lttt4 ~ be ai'bit~arr 

'll'lf ll!aY take. ;), , ~ • ~ ~. " .:1 which io· al ao oo.de7 to deal 'l:li th tJ.rld. ess!et to compare 
" . . 

~d it Q11»' be d~a'blo to malta so~ ~proxina~cma~ ~a if ~ ~.d 'G3' .. ill ~.. , 

UJ Of rolatioits ('1Jl and !lz • Gg,·.,·au in Psl"ff W.)' on ~be right balri s$-deJ '® IIJ:Ia.U 

get l\11 uppe;r bound of joiJ'lt llie;nif~C@ce leV~¥~ -< t t9"t we shall l!,aW Obl.Y. S 

illdqpfiXIdent ?t •a to ®fll. td.tll. (CJtleG~s) q.~ k1 !l.,t.. (G(..pG5) o.t k2,1ht.. 111\d 

G4 til ka dot. ~ ~ ~au r~ to lliO~hPd b) siven ~JIO"»er !Uld till'~ ffJ11J:1 

the a4vantages of lllrrthol} d)., ~ili't 1n l'ra.attco, llllch a eit~JaUon 1!1t1J :b(t f;o~~ 

on us it ~-= ka~ kat ~en ':n tha ,.absoDcQ or, ~ kn.~~~~ ~~ $~, t~ o.t .. _ 
' 

mai:tices ~ t ~ and E w have t9 Wilt. tbs 1nequalt.tiea suggeatedi Q.O approldxnat;l.onof 
, ·~ ,··· " ' .. 

\-



,,, ~ ~ 

elld 11so "· ., it1, A, "' :()c~ • .k;l Md )_, D(' (kt"¥k3h 'b ~~1t2 lllld t
8 
~ 

Brfl evan 11\tegetf! 'the ,lmel?'al 'fa) '91l11 ~:l~ QEI l!'V!llll,a1)(!d I'JCPlld.tly o!?l'nal-ly fW 

~ pro.~ical caaeo 'Whero tt~t. Q.l'e ~.. \'10 givo bel011 t1n !I.U'IIIP'O· tq OhOW how 1t 

i~ oat! be d~. 
li!PmRlP P ~ tr1 = I· fie"' 2 k-8 = B &lch a Cllll(l mq .¢~? S:~ a -#. tp.Gto~ · 

~~~ !Ji· ~hogollal 4ata .,. . . .. 
Wo get. ODJ.y a ~plEJ !Q'"tllgr.>n'l' 

.. .;,_. ~ ~J-,;j G
1
°. ~ 0~ C): / ·~t~!!"G441G.G l~a~~·~·~ 

... 
' z4 "' o~6 .c:A .,&3 a<J,_.a4~~ f ~=·a~•& <.A 

-z .. ~ !0 .< ~ , e.tx1 tMil n,. i: 16. 
~- t . . . '< 

" f1 tf {(it (l,..~·ia~f 4B'e ~ ~2 <W' :le.oo'Q1all boillg lt. 

·= o/u / { i,f tlr.t-zj&a:.Z~~~~- ,. ; tAt~; ~~ai)'' J <1t1s ~~ dZt. / 

• • •• 1 

'l'lhc,re< a'• (> - · l Wpresante "t;etual value of inaci!llplet« S.. hit~el. J1cit 
the r~;~.tiD of' the e.~.~ ~9Sl'.e.llo ~.\2r13). ). 

-= ·st >./~"' ·,2t.8 l .... 4/a_ V<1.., >q • ..s/1~ A'/t~-~ )···~?-O ~/(-iw.J~> 2 
•• 

- o - ) - I• ., I 8 .: , ' 
_.,. 1/9~ (,._~). 8 

.. B'' t: ~/ii;.a~ "t_.$~ ... vie .. ~~~~~ at{~ ... ~.s~ . . . . - . 
::B~ A/14t)•2t6) ifl-'i/10.-{~+.) l

8 
Bt ').~~ •2tl3)•l/20 l!~A.•~ >"•V«tV.U.•) )1 

• J/9.(1•) )9 B <.)J1..2~ ,1,8~ s tt.e) 1 ~(2,6) ldhertt fC•,BJ/rsc~.sJ = 9 

' 
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Valuea #Jf B(x,a,a} eM' 1lb,1,S) 1llllY be obtdnod from Pears~"& ~OIIIP.lete 

Bl! ~ tablosl" 

A qpggW MilOt ~s owa ha1ie to. ~ tl!sts o~ oigJiiticance tor a «l',,lllber of .. 
Plil1ei:!Bt1»'11 f.Jlaivt&'Flll,y, mak1Dg all. kf_;s ~ to Lt ThlaAthe oa® of li'a9tor1Q;L 

O%Per!monts,. VJhero a twmber"Of 0!1¢ruttl 01f ll • .t .. 1 ®ell. !U'B :lsolatod ~ toott'ld 
.. . 

!llcU.ridlutlly1 thOUgh in gellerai i;lw ll,ypot&Asqo ha.va a 4o~ f.mport!ll1D4, 'II V18 . 
4ooido'on a !f.1Dit.II~e~ level. of ~a21Q:Q1 ahd'it.tho !1&,tt1 ~·nomoorihogoJ~U, 

the mathOd b) 4an bll ~tali' oltt~JMQd llXII.'I pveo.f; 

flo; (a~ < Jl, •Gt'+CJa <A., ,.,.. .. ..,,~ , ~\ < ~t J = 1W" 
1f qowlodgo of tba rll%lke of llla'triceq like , ~ b' • UB'I:cs is ava:llabla 

' 
implyba tbJ knoWilldso about tbl ori~QgQllality ot oo~:~o of too wctore Y~ Yu ,.~Y'II 

tb!.s inQqualitJ- 'be sbip1:lt:f.edt 

1'!)o apcc1al ~Q \1ho}1 all lil'O orthog(lllal is Ol.lsontial.Iy 4 sfi.Wallzcd;iob 

og tho c:nDo s:tudicd 'bofl2rU blrt b etmplor~ lls$,1' (19'qs) Gtud1od tb;ts ·ca.ao Q.Jld 
. - - . 

prOvided tableoa TJb1lo t~ o-ther l'll)ecW. oase of 'tt q;othogo~ Jlipo;t~es (If ttt• 
\ 

lttl1p:!l&~a oach tiM ~died by ~ ~ot:rz4 J4~61\tiJ04 'X'"" ,!ltl,d sqpx~ 
tabl.OD fat> 't -!!!' 2 11Q1'0 p:r<M.,de~ 

Tggts 9# bYP9$bQPQP• 

tz1 ma11hod d} tfO Call Wmediately· 1'0:0!1 tho CCU'l'?!lpon~ W&ts 9~ 

hypotlwseo B
1 

and B., frail the OCDfidlltlOG lt¢ervalo (6P) lte~ 
~ . 0 ~ 2 
~C (in1r) •"" -1 ~ t~aeJ nl'o · 

•• 
2;-J: &kt4<1,'t) .$r.,..J !! (dt.es )· ne~ 

' 
li'Ol' toot~ fis.: u• rr,:: o, ,. .. t rr.,=o and H t rr.,.,=o t•o.tf' ir ••••• = b 

"' ' 2 2 2 •• .. i2 
ve eball wit t'oo tegt utatistlol'l 'f1= 1;(\;11} 1/rJ~Sa ll%lc'f rr2~~(~k~+it '111 /tt.. a: 
Q%lii $all set tbe odt:I.QQ:I.l.11:4ts fol" 'l!, !1114 '1' :t from tm distribution qt G,~ G.t 

G I .. a,. Tablo 11 ot ApPJllldii PJ'Ovides tb'l limit ~. ... fo%' T I a,nd 'l .. tot' 



' I 

' 
' 

matr:~ ttQlU'tlaantaUve vEl.llte11 9£ (Jc1,t:trnf) ~ -<~ .os.. 'tho cd,il:ultal'l01!11a '\eri ti 

the h1Prilioses U1 & Se·tf.WA l1f (J:'% > il ;t'l'J > ? ) \'d,ll haV'fl JJ. ~~tltY· 

J.iMil. 'bol!n4a<l abov4 b1 ',;. ~- tbWsb th!!J il~ tl!ll bll %111~ flo !k «< ., tll@. m 
~tbod a) ot b) ... \be two wElts l!t'~$1' ~~~oPSnlont 't!ll'.l.tl? Qf il:!. - Hz· 
tor the ~~ri::but!Ol'l.s o.( t 1 @!! 'J.i Jnvof~$. o:Ql.y 1he. ~1!i:r!f .of ~¢1 • ~a 

sr~o NDPBC!tiVOlft. wbu the l\\'Potbaatpo ~ an<l ~ .IU'lJ; ~ ~<~,,. 'fhGo -~ 

tuwtiona (tf t(!IIts~\ ~11 '12 tu'G ~ fl~ thlls~· o£ qeiho~ ~J Olr tl) -tt · 
~ 'ltl:ln1 ~iolf. tnd~ 'testa to'l' ~ l:lll4 Uat-

'lhe s~ba\ial:l t,o. 1be case ol s ~.se!J IJP.ads tlle. (14dltiotla,l. 

oollll'Qtrxu.Ol'l. o~ -rf fr iks·k~;/ l•t)~" ~ tq -ro.llle-a tQl' ,f.bi:s ~- 1111:4-

rot to be );lreplu!.qd, 

!7Jm$lrt,.tUpp. !P Pr~Oo 'i'be ~ $<thod ~) ~sf not; .-~~~ a.'!.rl l$J'tl QJll!I.W:taU~ 
t~ twedod b) IIIIJtbod ~) .!)~ 'b,.,,., ~ ~~."{$ ~ is47 1illo o~a,'ll~ ~-

,... ~ 

orth,ogo~ 'ltectotos 1r, ''""'<!: 'tk, 1 j •..•. fn 1t.;;..bD1ib o®a bM ~Iii~ 
~/ 

lJl wthod d) t thQ~agb. in ma't,h<>d a) ~11 .~~o 01llJ a.voi4 ilh(! c~~ ot ¢1$' . . 1 

ot tho B sets ot vaoto;o& ab<IVG• ~ for ~~ tlonti:'denQ(J ~'te~J:f ~~ 'TT f17 

4:11 io fiJGrf dml'IJ %111~s{l.fJ tO: 0~ all ttlA Tt~ ellil ~ ~¢tOI'!.If. 

tf c1, ! -<.t t-•• ot !>. ~0 ~ sri of ~~l'llt ~!ll:l )I. ik:~dt. l!1lrl!bQd sil'EIQ ~ 

"ill!-Y to ~· llJl O'l."\b.02:~ on utlP't~ t'ralll. -<1 mttl• 'i.'h$se ~· 
J I {<,.J,) I_ cf., [ol,.-1,) _' .1' . l<t~; ) 

oe,·:: .t, J ~ -;: eJl- o(, • (K, . .C:,) I oCJ- 3- II(,. lo<,·#ll) ' t,(11,J~'J 

and ao on utdo ,(~ " flb~thw ·ao G'IJ ne~td' ,, o~; · .~; h { ,~.; · .~; 1 ·~~·-• U vr:U:\ biJ 

t'OWld pte!ol'llblo to ~ ~llllil'Uoall.r ,b<l\ll·{ •··•, t fllld got all t1m ~(pl-1)/a 

sealer products ~ 
l•··•·J. (./, .•• ) . (., .• ,) .. -. ; ( .f,.o~.) . - .. (<,·-<~) ; - - - • 

~1 fill. Qf' thlnla e1G ~oitoi.l ~ f;$!:@~g all o~~~ sys:t.om.~-llrl4 >R bavG t'O 



• 

Qhm;rter XV: 

Sf!!!A nwUaat;iong of th!l lll@hods ,dq.Ypl9p1!4 

Here tl9 give aome actual situaticna aria~ 1n coUl'se <Jf .lr.lvest!gat:l.ons 

lJ1 Agr~tlll'll Ol' A!!1mgl tnUI'bandl7 fialdsp wbi.Cb ftallllBOit_ato the UBQ Of motbOdiJ 

a) ~--· to d), Both, brthogonal and ncm-ortbo~oll!ll oases aro oonsidlll'ed• 

i) : X# a Ban4otliood block 4esigrl, IUl GPGI'illlant 'Ql1Jl oonduoted at IU.ce B.ellelll'ch1 

station, Ttrut• \.Thee VJare B tr.eatlnents o,nd the idea mo to study the Offset oi' 

direct app~ention of ~osphatic 1!11U1)1re• to Pilddy and through green lllllhure-cup 

procedlng the f'e.ddf CJ'OP• They 't1(l1'e • 

A~ No lllaJillro B) 45 lb/acte of i'aOf, aPPlied at the time of tranepl@t.ina t:eddf• 

0) Stmoiohemp grO\'Il:l ~thcu't .P a'\; but 45 ;Lb/ ""re of P 295 ; • ~ • • •, transplantation 

D) Sun-hemp 81'0\'JD with 45 l~e.cte of Pa%• 

E) Dlla1noba grOt:n wttb<lllt P2ofl 1m 45 lb/aore ot P20a .... ,tronspls.ntatitn~ 
.rr) l>hoiucba gJ'Om '1\dth 45 lb/aol'l!l.--l'a%• 

G) Bnu'llal'ta gom 1111thcut P~5 but 4_5 lb/aore pf t>2o5 •••• ,.tro,nsplftlltation• 

B) . Se.ab~ grom 'tlith 45 l'ti/a:ct~:~ Pa<>a• 
Clem'l1 therQ ara tt1o ua.tll7al groupillgst ono Of A & .Bt 'Oith _<U.rect 

a;pplf.cation ~ Pa0
0

' _the othnr of o, •• ,,u, where phospho:!;~ is given thl'~ gl'ae!1 
. - . 

tmll111roo 'l'he cxpGrimallt131'S' intar6st is confined to comparioone 'llitll1n eaob_group 

(1 ~ ~ dofo 1e V13spoctivelt) Q%ld fiJia.ll1 02lQ bl!tWen tho &VOl"~ Of the 2 

gtoups,. 'Lbus t1G hnvo a groupe of parell!Qterl!, 

1) 11Q,ill\b 

U.) 5 QQWe.ato 'botWGn Q ...... JI. 

Ul) & contn.at of group c~iGoa• S(ta+tb) .. (t0+ .•• ··~· '%)• tlhera "o.·•·~ 

l'QPrtl~atl!i tha offec:t oi' that treatment a1ld -fihll1 bavq a f(llltl'ic:tiOl\ f'b61 "!! o. 
Tbio io 0. ~e oi' a 'orlhogonal.-hypo_thssos' ¢th respective cl,f.., 18 

s.s 1t1 ;;; 5 ,. ka• '' Ita • 1. Tlul An$lye1s of Vtll'Linoo model #.sl 

' 1 !!0 ,.u+ c1, (~a-t\'i) + f '"' (5 ortbosol3Q.l contt'Bsto ixt. to••·~) 

+,(7£ifn(~ • t.,) .. J/6 (,e ....... t. >.J + e t Vlhoro e A.a tl'ifl oiTCtf 



'.. 
t8l'C, !1111opelldsntl1 and normally distribu~, JA. is tb.e general effect and 

aro luumn oonata.ntll tQ)d.ng 'ITI:Iluee 1,2 • •• • etc. according as the obsel'"<ation 

oOlllBs fl'om one troatln$1:11 <:11 nnotha\'• 'lhe 5 orthogonal ~ontrllSto llla.Y be formed 

fl'om i'!sh~r•o Ort~gonol Folynomiellil fOf n ~ 6 at oqual steps or tbf!y ma:y ~ 

to..t4.t: to-tt• ilg...tht to«ficrotg--4h• ~d!!'2to•2ttA~}l • '\'l'bi$lh &,fe pli'O~bly Of 

more :!Jimldiate J.ntoresfl, 

1.\1thod a) would mw us uaitlg a F.test at V d.t. to~ tooting th11 

hDJ:!Ogeni&ty of tba 8 treatmem:s, Slid can provid$ Ulil Confidence intervals fi'J't 8J31 

other contl'a.ot !n il11 • .,. •• •• , apart i'l'OI!I tJ!Ooq conaidQl'ad 11bovo, Bat mthod b) 

tlDUld give uu subo't!ultially 1011'1'lenthe f;lt tho ccntratrt.s of particulnr in;tere~. 
-

It aomo oboet'Vatione wero !ld.eoing w '116uld \los O!Jthod ¢) t!M.Oh would etill bB 

eupwior to ll!Gthod a) considerably, 

In tbio plll'tiaular 9'111111 a nmthlld of '1\lkey, as given. by Scbe~to t1ay also 
' ~ ~ 

lxl uoed, it all i.'s ba-te equal ve,rienco !lZld convnrtat~co. Far tn.-\hogonal date. 
---

this oWously holds troe and so the confidOl'lco interval tor tho eontre,st I.:\. t, V.Ul be 
' . . . 

~ 

'5:: \."'a."' 'rSa ~ I ~ .. ta ~ 

T ~ V2 L I ~I· q ·"' . ,~ ... ,~ 
eov.(ta ib) !!- ·vu rre.~ 

mwrQ fo:r(t .. ) ~· v11 ·ai 
is tho llPPoi' " 'f. point of 

etude ntis ed 'ta.nge ( Y 1 li;J ~· 
Since tho e¥Pet1Jnentoi''s interest is moetl}f ~ oontra.otll Uke (te.db), 

(td~d)~···••·•~• ~uy•Q ~hod may be slightly bettor than SQboffd 1S tor thes~ 

Clmf:i.dohce bltowe.la •• 

!1.) JtAt#ng t:z&Al.OJ Wa l'laVG fl. @l'toin %11IC1'ber Of foedD disti.ngu113hsd by OontGil'fl 

Qf C.D.P• (crude· digQetiblo PJ:.otOi:D) sto. ~r 'l'1e have :1;~ ll1fll!l!lJs, CW BaY ~ 

cU.tferent la.Ctat1on stases .. , 'J.'be 'breed may form one repUcation b ~ioh .leads 

an4 le.cta:Uon lltQgOtJ fO'nll a two' vey c1e.os:l.fica.ti0nt but '11itb. uneqUal nlmlbe.r of 

obe~ons ..m 6Q.Ch CQllt'lll!d;ulY due to lack Of tont'rol: ou ~eotatlon stages ~or 

a given liaU7 tamt bu1l also dll.e to abn.Ormalities 1n tho indivfd)lals llko sicknnss 

QtCJ. U 'Ill! IU'e inter~ in &; a1lllllltaneo\t$ test of the ~fere'nces in feeds 

ol-J I 

•'!:'~· 



• • 

as wU 4s tn lactation .stages,. both· ot .~ch are BUl',POSdd to affect tl1ll milk 

y1Ql.a, 110 shall be using, l!ltl'!;llod d) fOll 110 are sure that ooWa»ts ~Jlvel~ 

Plll'ameters of 1teella f and 'Ieotation filtages' both are not ilrtel'6st3J:lg. 'l'b~ 

ab~enoe o~ 'interaction A.a realistic tn "'lery lli!I.I1Y' c~ea and we can af;ford to Ul?e 

m6th.o<r cJ) inrlQad of a) 'll!ld ~s l'6dllos -tha lell8'th!l· of CPl'lfi.d~oQ illtl!~ .. 

W.) QueH;bilm crnm !!bQltit!l'tiy9 ,tJi%s «,J?d V'lm,r fh~orilll AAPllM&¢9 

SUppOde we- have 8 ~ d nitrogen • Ut"oa, Allml.cmitllll ph9liJ'hata 

Ol1d Alm:tP2dll!D ni~rato t9ach at 8 doll/Is a., ~~na 1~/ acre. ThQ <I'C.POt'izmtlt is 

laid out as a.n llt'dinznoy i'~totor&al 'lxpell'iment. /&n r r~ed blocks• the cl!ly 

dU~noe in the amlysis being that eOll/fl !lll!re tm'OF 4.f.,.p ol'll1 be- obtninelft 
. "" t«ls of ..... •ffeC. "f ""t~,.. -

The oxps:r!mallter :J.o intereatocl in simultafleOttaA qUimfli"Yt qualiUos ns elqo their 

!Dtraotion, &r!l in general only the teats of Que.U.ty and Qt.I!UltUly have Joirrfl . . 
lmportlll':IC4 t'Jhile intl"a.otion is dft'fLcult to. tnteppret.. i\ctt!flUY the l!IOdel, 

lillBQr or proportional, to be uedd here, should bo one that m!nim.1see the ·~ 

tion'i bacaJ.tse by ccmnon senifo cons:lderat1.q:la there should .not be :l.l'ltrs.oticl.n and 

in fact, if sC!:!a tell't oh!IWS it1 st:lll S.t ltill be difficult to tnt.el'p:l'ett 

Vlo lw.ve H1 !ll1d ~ aach havlns a. Plll'8lll6tors were H,_l· E.ft'eot of 

~tillQ o~ !li~iJ e,ro sore \' Qualitioll' o.re the ~e.I!IG~ f(l)." tb.o B.\!!iUt~wa 

level '!'able lJ ~ btl UBOd to giVll 8 sLui!Jl~e.naous £d.gni£ic11J1C(J level Of .._()Sf 

'J.'be. gain in using llbthod b) ovov ~thod a) '\'IUl 'be considal'ablet f071 tho ~,s. 

t~ NitrogQn elld Que.littoe 8l'e orthogol'lal elld cur o~ interest I.e in tl1a 

2 oontraato of 11 al¥l Q Jepnrately~ In ta.et trom Tabli'! 5 tllo ~dueti.Ol). in tho 

lBI)Sth of a. u6rma:Lf.ged contruat ·w,ll ~ naarly1S Pel' «Jnt if' error d..t- ere 'l 11ft. 

In mif1r1 other !iaotoria,lexpor:Smnte 1:/d tellt tor c. !11Potma~s hll'1ina 

•v• pa.r~etoret but U tb.a OVIlr allli'--ra.Uo io tofllld s~tico.ni• the 'v-1J 
' . 

degreoa of tresdQJII nre brokQn ~P ·&nto t~t orthogonal tests ot 1 d•f• OQ.Qh• 

'l'be properties ot such a p~t;eliUre o.ro stUl Ul'll!:noan C>VIIn though it 1llof bll ersued 

to usb • " 1 f. level tor each of the 'v .. 1t t.IJil'tl! 111!1de lo.to:rJ toY these o.ro 

conditional on the f:!.J'st homoganiaty tsl!'ll. ~! ~stead ein;ultonooua lo<:ol ot ,. 



• 

oigniflcarlc(l is doSll\84 t~.ecosii!I.J7 for tha oecond pe.l"t 1 we shOUld- use Nair's 'l'p]ll.es, 

It 1llq bo snggostec\. hoJoO" tf!at it tho '1'-1' oantra!lto of i!JteJ"oot can be owcifiod 

d.Urlng' Ohe p'l(ll'!l1fng of oxperf.liiOzrb, tll6 Nah'o Tablno should be usoct to give a.n 

• overall lovel of 5~ o,r 1,C and not. uoe th& F--te at at 'v--1' d.f • ai oll• 'l'l!io wU1 

~ Ollly be valid from tb& li.'robabUity vie:vr poiJxtt but elso tdll not :Increase tho 

'. 

' 

oomputatiOllS tor the tetrll, Such situutions 8.1'(1 vo~ ~Pilllllon in lib.oto%'1\U tyPQ 

of ~~im@te and attenilion !lllede be pa14 to t!ul uue of oimultnnoous Afg)lU'ioance . . 

tv) ·In taotorial.expet'iments, 11111%11 Ur$o .epxarimatitor'e interest is in reePQnoo 

at e. PQ.r'tloulAr 4ooo loVIll a!ld bo \'1111 be grGaUY helped if hQ ~an get oonU&!noo 

interveJ,o for- G' series ot Respanooo ~h a givl!ll coni'idenco. S.l!ppose 1 tor :lnet!!.nce 1 

't10 !;ave S le'Vl!ls of Nitrogen l®t~ :aa and tl'ls expoJ'i!oonte ~o d~ i:a ~ple 

nmdmdzocl blocktt~ file eetim!.ttae r~t too 3 effqqts (at .tJQtnt•lla} 'Ciill be obteined 

QIJ Umilll' t\l!lctions ol oboorvntimie. --Let n" a .... bn- on a;;: a .. ~ (fM~o) ~(1'1~).2• 
bo tho reaponao Olil:'Ve where •m~ re{lresonile tbo moan of o'bei!!'Vatione 1 at dose 'll'• 
flle estitllatQs of Ch b alXI c • bO obta:!nod .&.om 

a..,~ m11ot1Q ; b(n1~) ~,·c(~1-Zfo)a 
~ ~ ~.o) ..,. c<ug"'tto-> 2 

TJ and o wlll also be tC!Ulld M l~lll' .t'tmctiono of m0, lllj, end m2 1 But tho 

estmatos, a, etc BJ'O lilloa7 turiotions ot obsel"!!lltiOil!l, md tht.w tho tl'lr'ee 

6st1mates nt b• .. lllJd o t111l a.J.eo m UnellJ' f'Unotiolls af o'beervatiO~ • 'l'hus 
I 

the eaUI!hto of the l!lEnll1 ( or :reqponse) at 8%11 level 'n • 'l:lill ol'l:la.ye bo n. litlan.t 
• 

f'tinction of given o~ti01111. 

Hsnco '1711 can find tho cotlfidanco interv,nle of ~hQ been s.1l ~ Ofl'J/ 
l.sVOl •n"t of hi:trQien v,l.th the Jomt confidenoe oooffioiaat obtnined by ths 
F.- toot .ot homosenqity of tm S nti;'OgQn levols.- And m.th the s8,1W oonfidQllcQ 
;:: 

lovel w can glvo tho oont.tctnllllB Lntorval for tbo respOnse for· atJt lovel r4 



., 

I 

o£ l'lit2'pge~• ancl."tb:1,6 i& ct ~lo¥d:late utiUty to the ~en! ~ 
' 

1t tb'e -EJXP~ent ho.d levels both of nit:rQgOU lind -l'haapJtol'l.l\1 ~ . 
Qlleation t:la;V be J'Qisedf _li0\7 lilUC~ the yj.eld 'dll ii:I.Ct'eaf!Q by • <:o~ ~ of 

td:qogan and h.otv ll!Ych by $110thlt:r !llliOUl1"ll of phogph¢tua. 'J)a11 Tll.l ha"{{l two :rtillp0l1ae ,, 
curvo&~t. the on;Unxat~s of rnaD%11) Sii' alld 'if ' raspactive~ \V!U ~-.Yo ):Ia lll.neal' . . 

tunctiOllll o£ obsel'VP.~ons end '1;/J.U bll IIIJ!tually ol'flhogoll$1 as TJqll, &nco ~ llboUld 

UQS method b) to haVO a joint CO~fld0l1otl !l.evol Of ~5~ 1laf; '\'lith kt"'2ir ~a t 
. • , . 

' . 
w shall gqt a :respcnse s!ll'iUce l)f the tom {~p~os\lll quotll'ati.::) 

,.. "" a 1L .....,. m ·~ f.\'l'>~tnli"~1n: ~ ~ -v 

'Rhe estilllatsa of a,. tH•••d 4U rU"q 11ns!ll' ~ctioti,S ot o.bsOJ"''llti.O:tsJ 

. in ~o:t, of the a n:l.trogeft ~ti'AI'ltlif1 2 pbosp'h9;us ~lti<r•a Sn4 ant ~J'Iit!' 

otlon botwen Jl,i', We Jnvp to Ulro method a) hel'<l ~th totl.l.l, lfU!!I\Io¥1 d pllJ.'al!IOta't1f 

5, ft:/1: the roopon.ae. is a l.~ oO!'Il'dmtton of tbl ~:t:.~t!tklS. ot aU the ;thl:ne 

i) fila <lata r:etEil"B to 'tllo tny Ol&sus.t!oatilm with une®,al ~~bsv 9f 

obsovva.tloi!S in e~qb oou. 'l'tlG o~e:rvati.o'IUS Q,l'O total tllil.k ~~lde of a» ·th& 

Beotal gOats (ttom lndis101oua Goat llfoetling Schame• $-!Uia!') ~$.1:'1g the tlret 
-

lao\ation~ Goato Ill'& ~4 ~ ~ QblUll.l:ls~ ~ to fifth ~tme:ra.Uo%1'• JP!d· 

5 PotiU c01'l'c:l.Sponding to til& \QW.l.. 'potioll of 15 ~ (19413 'llr t9$9} div!d~(l ill.t9 

vmll dai'hmd 'pariotia' on the basts of ~4tmtio and ~l:lG!ltal e~t:t.ono 

prevoU1ns an ~ ~~ 

,• 



Table '1t · sivirls t!YJ total Isfl la-otation yieldq (l'bs) for GllOh a,ll' 

end 1tt3• tho J:Nll\bor of'dws1' !:11 ~cl1 cell• tJJ given in bJ"ackatiu 

----ilonOra.tiouo · 
J'ui043·------- • IX ~ IV V ' !t.., • .. ... • "' ....... -... -.. • • .,. ........ +-. ·-,. ....... _ ................... 1<~ $ ............ "!'" - . . 
Apri,l'4~h.,4-7 !8$<J'" us<~•>2!i .. . • ;· 

,. _ 4) (o) .(o) • so 

April'4t~Qb•50 !4168t'15 22~ .. 75 U07.VS :;. ( ·· " 
(UI ~) b) ~) ~ ~ • • 

Aprill50-Uerob'~~ ·lr·69 U9o.~ 1'1S7 .65 ta.eo- • 
t 6) (1~) (11) (1) • 34 • t 

ApJ'U'5a..llQroh"S4 'f.G'75.19 .382'7.69 2863.00 543.50 '· • { 4) (10~ . (~) (1) • 23, • • ,. ,. 
~F1J. 1 54<olllroh1 57 • ... Sli42,1la 6i69.o5 49'17.00 : 

, {o) (a) (19) , (1&) ·· , 42 ·· .,. , 

·~-···---~ .. ~«-~~·-··-~·~---····~.··~~·~·-· ' . 
N,tj • so 48 43 1'1 .. 15'1 

t' -· :' .--, 
• . . l 

--·~~~··~~··-······,~·-~-······~---~~-~·~ 
'l!otal CQrrected s.,s.. ~ 5215'S1ll .. o (lb) '2 ., 

. -- . 
' B?-,.-Ti~IU 1zl genora.'l. . tor ~P' 'l'CIIl7 otteots ri. and • q' col.ul!!l) otteots· 

'Q.i' eM ueins_ t)1o atandllrd ~lfBio of ~ madol. oa.ttbout Intor!IJI'tion as• 

~~~ ':!! f< .. r 1 • ·03 • .eijk t :t.S. ._.. • .p, J ·tt 'l·•••,li-• k "' 1h • .ni$ ) 

we s,et tho- rilifl!lal $quaUona f~ ,« ,r1 ana o; a as t CRelltl'lct1ons. tD".e t JY; = fS· ' 
~ "" S..P ... f. 11'- t,. ~H.: ~a ~ r·r: '-u .. ~ t •• •IU!1. litJ.o~. ~ qe).3. t.o:tol. 

1 J 

n~...,M .. llt. "1 • r ~o3 1!' 5:' y~ ':! Yf. DQY 
i J .. •• 

li.j f" "' ~~ "'t.,. s.~ q~ !: rr ,·~ yi(J,aztf 
' < 1.1. 

........... 0}('10) 

su,mnatirls ,M OJid ri 1 Oq\!lltiona i'or o3 arat 

(N.3 ... J:;-·~.1 Jit~., 63"' ~ •. { f.J!tj ~Ni,) ~ '!! Q3 '!! t.3 .... 
., .... ('1'1) 



\ ' 

' • 

6!®11· Qf s aN ~·or.tbosotll'll :Jii'!Gill' ttal¢t1ons ws bav<e to gat q+1, 

orlhQSonali.atld tul1Ctiahll 'fly tluJ hctlp Of Gl'~h1!lt1d:b Jli'OOQSSo But 1t n1~s 
Wl'l) Qll erautl.l that!& {q~-$.) l.l.nflar ~UoJ!.Y! lll!ly have WeJ;~ ~~d from 

Q.1~J1 = <t.:1, ,. Vq t"f! >..,. {t;~~.;. 1fq: t~•·•> ::. li • .r .. ..,. :t.1~ h 8' = 1'-~•<t 
e,.g. ·~~~ Ql'thogo~ oontYa!ft d~J•V<Id. 1'>:'®1 Fh}ler•s ori~on~ Po~s.;. 

,, 

· i'Ol'' me"}lo.d d) ~·1ul.yj! 'o- tir%4 ~ !ltlali!IJ' pl'Oducts Uke < o~;'·.ii) ld ~ ~!H·~ 
in ta'Clt., this l!i! .ailey fftl 

(length)~ o~ ieotor.w-~~ att'l"i -t -t:llil -~~)2 +~ f,ii4 ~. ~54' 

-~ t~2 t ,fli,! "! ~ nt. ~ ~ fnt /Nt ~(1ft~~) 
- 11., ~ f.~~., :: !~£!1~~~~~ ~f' __ o8.~ o!~~o.a~~! 

Silld.larly aOli).!IJ' PPo®c:rt of w6toi'e t:IOl'T(Isp<ll'ld£l1g to Qd tutd \ 1'4 t k) oan btl 

8~ to-~ cad:¥~~ ~t ~- ~ .f:~= 9~~on_~1'-~J ~ ·~TlJ o.~ 'd:q~ 11!l-'Sil<• 
,-

lilb '!lEI bn.Ve to '\!11'1~ bOth ~<ltf!· ~f ~ eqtmtioua for··r~ ·end o
8

t &d tha 

qt!J'l"'spon4S.rlg ot\hogopal~aed t~.,~•lr ~ thf \Tp.luep ~- ~~~~e orll~one.if.sCid line~.r 

tuu<tU.ons. 'l'ho s,s, to bo \UI'&c'r in ~~~~s ~ mOi}.lod 4-} l& 

. " ... 

'!'his s•s•·ll¥1.Y be tfe$11 to qdM!Qo tiith tb$ ~.lusted s.s., t~ i;1~1!.: 
· Ill" c~a bY' · 2;: G3QJ ·@om eq)iatti'/2!.IJ ('nheilllil{uolf"fl'r ·~ 1'W8• : 

• a • • 
'ibll on-OJ !l.S '11111 have to bD Jibtait!.ell '01-11 ~~ 'b7 111:1b'~ti~ from 'l®ol "J> · 

• • 
tlxl ~4d coltuul\ a;~ .. Qlld. ~~uetlld ~0\7 s.a•· obt~ tptmJ, tho .4' p.,t. * 
0"tliosCUll)l ~1lt ~QtS;Ql1s of {i~._f5;...,) i t j.' -.1,~»• tlhe~1'$ ff,"1'"' 2/N4- ta.w• 

~1111e ii.}>Plf mo\hod ~) tva ba.ve to get t))ll norma;~, Q<;('.ta:bionll ~1'· 0%10 '(If 

the ~ !lilts Of JW~vfle1'!Jt Grq C?ltilt!nll !U'Id furllulr il~ 6:~J;pqQtGI1 Va.~~B& of 0~ 

gottal ~ f\Ulctions fil'l!l!3d 01lt JJf tr" .~.<· • t ....:'.~Jij..;~~l vh!C!t qn, 

• 



' \ 

I ' 

' 
lWOGlliiJar1 fof' fim:b!s conftdence ir.\to1'W,lo for co:rl:re.rrto Qf tntetcia:h '.rlru11 ~ 

ln.lxlt\l" Of ClllllptJta,ti,o~s 1s nri. utuch !noreao!!d in ma~lio~ 4). 4l~ed· t9 nJ-.· 

&mao4 A.l ;estg p' ~l!,!su , 

i'S Sin b(llow tlil1 2 !!.eta o£ ~~ oquat~~~~ il:l· s.•s alld, p!ftt'· ·Xi tn a 
' ~ ' • ,. 1. ~ ' I ,,' ' " • ' ·' ~ " 

sim,l.S.V CMI7 ~Q?.'f,lct;o!l 'll!D'O lt%e:t.h tbat PO!®, b., t~ aQ ~d SJ'®P ot·pa;oa• 
., ' 

ll~Stbrl! and CC%1m:altlllid .lll&tJ\od d) ~Plied~ ~ ~o':' $.s .. !.a hero ba.so.<t o.n:u~ 
. "' l - ~ 

<!of •. ~h is Vot'i l-Q ~ 1m l.Qte;o sampJ.tJ 'theory qt 1110'bb0d d} ,VJ1ll '1)1.1 ~pl)'l!Oqf 
'l'tJ.o blpltes tbo ae~l!IPU~ t.Mt MtuaJI. PQpuJ.a'ticn OI'l:'o\" var.iahc., to knO$.: 

Sizlc~ ll'f!! 4 1 fca '!! $ Wil b;tve oitbeF to ~te~olate ~s.n.-Mia A-valtl~ 

-. .. fOJ' (4~) aDil {4t2l or- ~~~• ,_o 1oo.te at s~'ius tbuss t-wo .. bt'l'lil\lis fl!~>,· .:\ • ·1ha · !nte:ror-
, . . " " ... 

i'tDfll Mtual cOniputa~iOMJ i6J'· ·,~. '!!' oOS, ~ bavti ~ ~l~ li' . · 
., .. .. ,, "'" . -~ ... ,, ~ 

1Va1S 

~ •. 'TS ~ ~ .. ~1.5.s~ ahd ao Ad = 'SiiZ ~Pl'~.• 

s! = U: = 212.,311.2 , ~PJ tbaj !l31Jlr ~ J~s:· ~· 9~~% _ .. 
/' 

~ 

•Jit.e~. 

25~. 

~17 

~~ 

.S~i2 

, ~llS 

. ' 

•14.01 ' ~6'. ~ .. 

.. -'!~ ...... ~~e 
.a,sa 111- 4~,t 

~t~' . :ta~~4' .. 

tEI+£13- ' 21~6 ., '. 
- .. ., •• .-i' .... ........... ... 

............ ..,...,, ...... '• ........ ~-, ....... _..,lfil -...+~··~ ~~~....-• ......... ~-?.;-~~ ..... .,,,..,# 
' " -~ 

"' ~ 2. Tl~ lhS' [ (Y; , Sf ) = 1,25St.ll2i.t> 
• 



... I 

v 
I .. \ 

U) Pm-emml"e s1 .... ~ • Notmal eqmtiolll! arel 
' 

.. - - .. - ... - - ~ ... - - - ~ .. + .... !s .......... !4. .... ,. .. !s. ........ "" . ' ' 

•20"420 •1S.!3~ -~.w .. o.S4 392.88 

ao.99 <tfl.~ll6 ... s .. 7e ~~~ae: 

~ll/1$ .. v.4s ..489t95 

u..sv .... as9 o79 
~"!441! • .,....... ,.. 

Values 01 ~bogomJ.iaed l~ lbtlctiotw and lo!ll;ths f'llC• ara# 

·--~····~······-····-~··~····~-~-. . . 

G! ~ G
1 

.sgaa ao;ao 4~494 

'*; 6~6o4S 211.48 4tfi35 

s~ t~.v1 a.o~a1 a.2Ba • 
/ . 

~- .. .. • .. .. • ... .. • .. .... ., ... .,.....,....;;: •. .,. :lp .. ~ ... ., ..... '!!' ...... *, "' .. 

": 2 . 
'1!\e s~a. 4= ~· v> ... ~-~94~'1 

Tvotq ~ S~IP'tfMn'(AA•., .We • to bi!t sil;lbl~ousl;v '!:be ~ot~se~;~ . 

Hat ( f'onod el'fllots a:r& .e~~ ~ _8> ~.I { G<utli~l;\ti~ !Jt'fe~ts US'~ zeifq_ }_. 

'l1le 'll'o.lllEIQ of 'It ·~ ia~i~N 2~l~ ~ 4't6~ an4 ot \ ~ .~~·'1/26~-.,2 =' -os 
' Q:l the 9iii!Ult.a.tlPOI.ls GisnUi!ll!ln¢& level ot ,o~,;., tbo orl:\ic!l.l l~ ~ ... ie auoh . ~ . .. 

I 

thai 1()•'11:; ft4:; 1$.51 '· 
-Q(t -t;)J, hfpQt~ses1/h&'b ~od ofls#tp ar/1 l!Ol'o !e reJooteil, 11~ 

tbQ ~bss.ls tat S'O.~GJ'Itt~; 6tfefltl ts acP~Jptod. t,. tollot'll11 that thE! -~Ol!f!denc(l 

~l"V'a4l t<>r ~ ~h.st of' 4fi•thit!J4 '!)Ul. .nl'llll.71i ~de tot be.:li'tl9~ ~ 

t'l/0 ~ qt tba ~J.'\"a:!-st ~ ~-s S.t Jise.y not 1:hen ee<jt:t ~o~~rt to slve 

tho"M·~ont.td.QJ'I.Qlt tat11~e but At ~sst to~ the !luke ot t~lttlltrat!qn • Si'V'o. 

thelll alsot, 

QRn.fMensm tntn:n~' 'i01I 'hu ll\1$, , 



' •''' ' 

tallle 8 below g!ve$, th.EI '(lDI'l'tifUt bf p'~ alO~ with tltJ valUQ. of J.1$al't 

ftn!otJ.(Qi Os1i11!1!1.~bi:J it' BS alno tl!G dl'ri.SPl' for tlotma.Uaifls each lpdl$rf.Wh•t 

" 
caatran ' P l>s ~. '\;. Eni!Dat6 NormaJ.id.llS ra.~cno .......... ~ a •. *' ... .a ..... -""~ ... _··...,..,:._·~ .. ...:~;"'"" .. '""·· .............. • .,. • ~ * 

l rt .. 'nf •G~S9 .... ~ :~i'l ., 'ft;.01 ·- :s.3B~~o •• su 
3 0 t,y:.9tl .-&.~ -~.sa ..,..~~~ ...... 84.~~ 4•201 

a (1\, 0 19.80 ..,.os Plo.n "'l'/OIM~"· 4,4Sp . 

e (> .0 () .;,.u*oa J.a..na 1<445•J, " $MS 

For 0113 '~fted oontrast ot pia; '11hiob cjl,l\ always be oli:prossed e.Q 

e. ~e~ fll~ti~~ oi·ti$ 4-. ;cn#ra~t~ d.ve~ ~bdv;, -~ ~~; bs.;9 ·~no lenESth as" 
• •, r '- I 

tisi• 3 < V13 lelJSth <. (IW,tl 
I , ' ' 

Frrt ~~&I ~$d/S.o468.:. i ~. t2,03/$•46tl (p4 ~· p~) ~ 'to445d./s~68 + \ 

tihere·<1'uay btl obt~Ued t:rom ht~W'ta:U.C!ti t.n 1·~ }1,So1.2 z 162•20 .t 587.4 
• r " , " •• ..,.. " ' •I •• '' " o. -·• ;; '• -~ t: "' ·~ ' ·. ,, 

.. ' ~ . 
fta.gla$ ~~· 

Co:iirli$t 3t · · . ~ s3 & Evtima.ta . N01'nlallaing fe;c'f;oJ< 
"'.li. ........... -~ ...... ••.~.;-... -· ........... ~ ........ , ............. illi'<-~--· ...... "' 

;- - . . . -

i 2()•20 .. ,.:£Sf~' :fl'li41'11 ' ·:t,Otl!IS lllla.BB ·~~ 
... 

• ' . . 

2t 9 ~da --i'T.-4.5, ..... na 636~1 ~.ass. ',. 

B· 0· 0 iOoEl!. •io.Bi 134i!l9 s,ZIS 

As batoto. tot nny. Htliai~J' 4bntt'aat of 6'"• 'VI'he.b JloJ'PIIU!zed \'!a -han. tltiit ,, 

same, O.'PPr~!matEI-1/t. :ttmlttb Wtt,4 :'t4th, a ..;~;~~UJdence of !15~ 1lw :tnpte,noa, . :. . . - . 

i~ .. 9~/St2!3S 11!' iS't ;4 ~ Wt81/3+288 W!1'84,) ::; i~.9~/S~>288· ~ ~" 

For t~ ®-lte flf l.Utlstrati~ ~-~v<l mst.ho4 a) alli)ow 

'·· 
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MgthotJ nl 1 Ta!Jtg pf h:v'Pcrtbase a 

.For iesthlg the ~hesse X,. and H oiJ:lUl:taneoualy w need th!l a.fa. 
~.t••. 2 a. . . 
~ (Ui t J") • 'nli11 t1Y 'bs obtainOd from the tAd,jUsted s.s.' of pi ••••ii) 1 ~ 

11) is callod in ANOVA litfll'ntU!'et ,mich h siven l!Y. ~he 4 ~hOf?Ollal voct.dl'll 

a.lroaciy obtai:led ~metho-d d) above ~.ibs s.s. duo to VQatots f., f• ,f3 uhioh 

are orthogOJ1al to «'e. This se\ of veators may ba taken. to bo tint 'l:!bich gites 

:riso to wbat' is callt:~d .. ~uw~u1' s.s •. f'Ol' s•s•. 'l'h1a tsBt will on.l7 ~~ ... 

t.her the joint ~pothssiai pi" p2 • .-. ...... p5
·, o.s

1 
'If s2 !!' e3 

.'.:! s4 , o tp aocoptQd 

or Jtot but if \'10' also ~ quaBi-independeut testn of tlla 2 QPil!PoMXlt bfpothsaea 
~.· .... 2 I. 2 

w ha~ to usa ~J;~ in tbir previous oase tm Bl'IM sta~s ~1 !!'~(~f7) tS 
0 
~d 

!'4 . 2 ,_a 
ora • ~ (fk

1
..,11,v> /~>0 • 'rh:e pn'l.y diff~rBJIQe hu»s tttu 'ba. t.ha.t ihu Cl'itical lildta 

of 'l's_.'tliU. be tolUld frOiil the distrib:l.rU.on of ~·{u1.y)2/&! tlbiph in ganornl is 

F- 'Ui~h (k1+kg't' n
8

) d.t. %n cluJ' ca.se n0 lm!l.s large r:(tJ1,,>2/B! ~ a -*• 

distribution on 7 d.:r •. and eo the lil!lit is l.~.,ov c-11 5% lowl of o3gni~callce.. 

i) JFQr· "' 1 s tile s.s. from Pfi11l{iiue met.b.Od t.s ~· 1,2~~1>. tM s.~\ tor 

~ '..s as .obtai.%tad t'rOI!I.tho totalo of the-4 ~Oll.lllllis of''l'able 7 Vizi1M33e3Sa 

13'123.86• US\1'1~!1, 5$3$.30 based on ~Dr 48; 42 'IIUl 17 obtarvatio~ respeotivoly '-o' 

~ S&.671~2 . 

~(~it)~-=- i 1293,99M! Bl'1<l rat!<~ 2:: (u,;,r}/s! • 49.14 > 14.0'7 

So tha ~thtlnin 1lhn:ll both gQllernUOl\ etfeots end ljl(!Jiod otflfota e1\t 

o:l.u!plt!i1:116oUsl.y aawo is ro~ootea Ed! G% l.sveJ.~: 

SJ.) Fqp quas~indaJ,lll~o::dl ~o ot ~ alld Hat..W haVe 

-r1 ~ i,2!Ul1 S21.B/a6B1l.2 g 4'1•7 e;n<l '1'2 : 2'1r594•7/2fl,~.2 ~ '-"05, 11.0 obt&Jna4 

bai'ore and o.gain H
1 

is rejeoto4 tl!ut ~ aoeal'to~ 

Q~'mxP ,f.atennlfll ~ a.lnatty bnve '4 contraats iJS. p'll :fl'om pre,vt.ouq t!Btb.od. 

and w roq~~-1ro 'S m~rQ p.:p. o,Ud (!3 \?hioh VJfi:t izt'Volvs bath gts end p'rr• Theoe !h 

tacit can ba 3 ol'flhosonc.l oontl'n~J'\e from th& 4' geMro.UDll moe;na F•1• ... i4 @d tlup 

gran~! monn 'i , ..... 

'te.kins f,;; j.1 .. ; •. -.. f~ ..,: v•:·· ~.3, f, ~ j.4 • '¥~.-
: 
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\10 OSn flnd t\'Oif GraJit i3chf.mid't Pl'O®BS 3 Qrt}!ogonalJ.eed f\ltlctions \ 

f,' -= f• f."., ~"- fJ' -= f3 - p, \~~,.~~ tor · 

fl:z. ie criho$0ZIQ1 to lloth ~. al'ltr ~3 f but ~. ts. n~ orthogo~ to f.; t. ~ 

lflllgths' '~'. ~· ), ( (!.,.. (!. ) • ( ~j •· ~3) end ( ($,. fl J ) ~ tp be fO\Ult\ by 

aotuaUy tn'1:tiug de$ tho lll%1Citions 1n ilerllls ot l~ QXpl:l,d~ll(,. 

Table 10 gi~a the 'I' orthogoilal ~~~ of p3 •• :p0,~~-·•s4, alot13 '14th 

tha!J.' ~s O)l4 I!Oma,1.1l!ing fs.Qt,I!&'S' 

M~i9· 4 ' . 

:Ontrari ' ~ri!IP.li.d.lls 
Bo. P p Ps p~ Pa St s g ~4 Efltimat$ factor 

' .. .....,. • '411: ·'- .. - ! .... .,.._.'It'"!'' ........... •·*' , • ..., :a ... ~ ............ ~'II. .......... "" ... . . 

1 0 

a ··~---·--~----~·~~-------•·-·-·····-·~--. . 
0 0 0 ... ~03 IS.2<!0& . . . . 0 0 0 (} 1 ~5o1 

1'i ,.2889 ,:tss~ ·~®o<lo ·~~®1 .. ~t6Ts .~ "'t~$'{ .... ~~6 ... ,_10SS U~!$ ·;t011!63 -6 - • ,121)a.. a04.7Y '.~.()714 '!QU6 .,..~28U/ 0 ~~0 +tOOOQ Q, •• 2.62!1- ~69 

'I ,1~11& .~9o '!'•1'703 ··0981 ,0198 .sar~ -.,Mail ... S92S ,a084 84.571 ,~948 

••••••~••••·-····,.&·~···~~·-·~·•·•~••••'••--••• 
'l'he ~~~e110e ·rosiot ~at i;l" <v,,y)•(/>,.j ~ s.4.0'7 s a6m~a end 

tho 1/2 l~h oi·ani_-tJPrDnl.iaad o~l'llSt oi llt~~ts..· ~'.+'•lli4 is . . _.. 

Ja.~O?lt a&sll,.a = 60G.U 

for ~ CO!ltrwt4 ·1mtol:~t.lng Onl.f. p' q ,(It> g 's ve ll!ay ose tho Tal)los already 

givqn f'or ~" lll8tbod, ~ for 4 oontr~ tnvo~vlzlg both gro~pp of ~btet• 

w have to take a auitable linetn' ~~Ol'l Oi' tb4 y O<?ntrllll~ giYGnoa.bov~'!- CODIP!lJ'ed . ~ .. ~ . 

. \!lith tbn previous oet)lod th!l ro}a'ti~ leng!;h of Q. ~rl:lqlipod c~t:r:ast in. pf.o Ol" gle 

alone f.-at 

608~5~~ ~ ,1,0:11 ~iot;'the tu.w-ea.so h blmily 4f.. 'l'!lis ls 

so becauoa kt. .. t2, io 1, ~ry Ull!il4ll bU~ if thQ <U$forMQO. wrc M~ tlls lQUII 

in uo~ ~ lll!lthod ·\"lCRW} al~ ba hishat• 
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EJBDmla at With the. o'bjeot· of evolvlng sn efficient method of selllpllng wo~l f'l'Qll 

the body of sheep• (loU expe:r:lnlont 'lirul Cond,uct_ed at Poo,ua. '171~h 6 al'oepl)rad .stf.tnala, 

The data bol.o'\7 refer -«> ll'lEHlCo.daJ!Sity, lll'r!Ulgad fol' tl!'J'h llhcGP o,ccor~.iM ~o. 2 

dle.IU}eel ~bodS ~.. Regiona on ~he bOd1 oi a s)lcsp., 'l'hota IU'e I!· methods tela.. 

t:tng 't-o SelL\plee Of ~ze 50~® e.n4 150 fibJ'I'i9o 'rhl) bod:f Qf tm ehoep proyidetl. 5 

regiDl'llll llo4kr. 'lllthu, sh~eft Bide ~d backf on on.oh of whic)11 f!q.- ~ ~'lrll 

as wll ao a. 4 eq.Clllt '!laD lllado, 'll:!e dAta ro.tonl to Ollly 1 eq11 om. ctJ1:. 

Rl!gia!W 
She® rm.. B R., . f!s ~ B.. 
-·~·-··~·~i···--·~~~··-~·-·~·~~·--·~·~~·~ 

'l'bo 6 ohooP fori!! G rePQii1tiono of tho J!ati!Q.da t RegioUll cla.saiticati,Qil 

ASl therq Q.PPQIU'B to. bG a lot ·or varW.ion trom ehQEIP t9 GhQOP t:b to ~~tera'blEf to 

first tostl for haterQgenM,b 6f enor Vl!l'~s. ~ intarost is -t;c) test tor 

ditfeMJ~Co$ ft.rl.. rgg!.onG tuJ wll e,11 ~ mathocfe !llld w shall liko t9 4w .oon(idlllll18 

:I.Jltervala lrotli types ot Pl:ll"allletel'a ~Pafllteq• lt 'tlma rol.Atell to GPPlbti~ 

ot IDOthod b) to1 lt~- Q%1d ka .. a, but the. p:ypottweea are1Cl.J'thogone.i'· ... 



• 
... 

"' .eu.m gr sUI!arPQ 
Sh!lep EIOt 

bol0'111 

Vartntion <hle to 'd.f" 1 J '4 III JV V 'll·-
"' ... - ........ - .. " .. ·~'· ................... :'!!'. ~· ....... .,. .. "'' ..... .,. ................ .,._ ~ ' ' .. 

• 4 .,l}Wi.s wss~t .sQ!vac.o utsse.e 19~:»r.a 17am.s . . . . " ' ~ 

., 

lletl:lodl< : a ~ es~a 5.3~_6. ~!9 -ta.s ~as.'/ tl6~.a 

~t 0: ' 8 '; SM,~ M._,,V 1519._8 f.V91.l.a 9052.;9 ;.IU6Se9 
-~·--~-~·4·-····~·~·.~~·-~·¥·~-~-···~·-~··~--• • 

oB = S/6 l: sf = fie'IJ,'I'!"l 

~nlet 'o isldHtf, ~14RiW' :X~ =- J r~il.l!:IJ59 :s6 
• no: -t l.os t> fll /r: 

·Wet'$' C1!' s..-1/?U:-w-l' 1:Vu.., •·.i/DJJ. .1". ~tl~ x ~/48, t~~
lWI.aors. =B1.a 'Which u bigb;l.y t!).sl)Ut.P!U11!. ot. ~ :toveJ.. 

<rbwl tbll nscossity ~ ~~~pattrl;p.--topt~, l)f e~e fo~ ee.oh !fueop l.o ti).Q!l,l'" 

l)!:rlaq~cs 1iW tii8t111S ~J(Rt!sio1!; effeQts ~ zetot ~ ~l (Ll'o~~ offeets Bl'll 

-C0\"0) ·nil!!Dl:tanecu.ol:V td:th the .. ~tfl#egu~ ¢¢,f~qa%l~e lavol d tO!l1 wq uso 

'14b.l.Q Q (QJ' '1. ,·· 4, ~a~ a ll%U1 J~ ?.J~ }_ ~ ;,09 ~ _li'topdbe ·arm-s ~le l 

·111 1a clr~,':-"'_ t~ ~b.Q® ~ver ne.oll ~,gapg~t tho\lgh :r.agiona d.o oo f.tn" sl~ 

sheeP. ax~pll IX•. 

~gnsm ·in,ter;za;!;p -: . .. Sinq~ toll' !!Mop :U ~o s" of ~en ebD'VIIl s~• 

canQO 'l'lll need uot. ~ o~t confidaDPo, ~vale tor QOJ\tr~a in Pan.m&'hl'S fw 

·· tl'ds GMOP!' Now Ins, (effect o,f f. t~ I!W-'\Iio.d) =. ~5 _, y,.flr, for eaoh. obeq._ We 

10181 t~e tho tYJO ~bo~~ ·Qon,~llts t.n. ~ •s Q6 {m1~2) ~ tlllt~a·2!a s), W'l

gi-von '?Yi'ieh()l"t, .9\ltbogollal P6J.)'J'l~ll Q.!lil e1raU nrlf fO't r-s., .. , •. 
- -



\ 
• 

Table be:J,ow nh!n'Js i!b!lfle coxrtl'aetnc along witt. 'the nJ;~~ing tactor1to 

no.. Colltraet lol'mal~sillg tariot.' ' 
-.- .. ,. ...... .., ·~ """" ·~ '*.;'f'"' ......... '!t ....... ., ....... ., ... '1 • "'" ......... ~ .,, i' 

lil1 •llla 

mt~ ~ 2ms 
... ¥ .... .,. ........... -.... - •••• * .... ·~ ..... "t ~ .,, , -· ....... ~- ............ -

' l . ' 

& ) "'~1 .. il1! ,. r~ ... ~5 dto(a 
J1 ) · 2ra "" t~ "'"21's ~4 •~s 4~4/3-

3, ) ""%' .. -~ ~a- 1J .. ~, .. ~, Jtof~ 
•' 

4 ) 1'1 .-$f 2' ~~~'4 "' "" ,, "'l.0/8 ' ' ' " . 
- ................. + .. ._ .......... ,. • "· ..... "it ffl> 1ft"!!' Ill'*""·"',., ....... -It""" .................. . 

~ \ - .. 

. . 

Jlel,OW YJe ai"'G ,;tl:!la ef!1;1!!la;t.G,fl 9_f, ;J,l), 21
} ft•.-4) from ~}\e El!l.ll!PlOll 

'" ., " .... 
ilake:ll along with the ~l,ongth ot 4onfWM~ ~lrteltVels tor eaoll .11hMp .1.141P(lf'ately. 

li'br; 1/2. l.anphli- f?..f4
6
G! :tJ,Q® ~-)'£'pot- s.~.• ..- a,~sp ~ J~j , ., .. , 

i!I.Qlij) t:I.Ot. 

$olttl'al!:h l n:t - 't'/. V tt · 
····•*~, ... 1 ............. ~~-~~~-·~·····p·-~·~~ 

I " 

1 t), .-(1.94.9· -4•!Ml &l.Ga •ss.us ... a'T,lt$. 
Iilot~u :. , . . 

at),.u .. eM 1f!!1•1)D1 ~~ ··1:0 iM39 ~~.Q9~ , . 
... .. : •• ~;-¥ ......... tf ... ..,. ··~. ~ ;1'>., .... -~~ .................... ,... ..... --- .. - ... -

t hN3a.9sa QaJ328 ·~i29f! ""!'4a.a5~ ss.:z.9a 
I --. . .. "' 

2 ); 11!1 .. ~~3 S&.414 G"5•* ·~s.stG $51.491? 
I • 

~ )•t'll..Si& 3,2~($9 ~:10~ 
' ' ,, 

' ''• 

'· ...... 
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' Qp multin1 a•dAg3Pto; ;er?Jlln~g tg£ maans or np1xcda%1 6 mnUiXnd#tQ »2twel diP$. 

Sqc.! i tn recam J.OOrtl ~ authors be.ve considorod tl¥3 theoey ot IISll~iplf) 

c!ec!,s!on Pl"Obl:etUJ, both fA tm moat general form as a.n oxtl!ndon p( Wald~s theOJ'Y' 

of decision ftmoUons Q!ld the rcurtrictod f'orll1 of tho teats of Qovoral hYJjlot~ellOI! 

uimultaneouoly~ let X bO a rSlld<ll!l variables with n ooordinatqo '\t!looe pro'ba,W,.. 

lity denaitya rl 2r/ t.l•· ••• ~) 't,nvolveb k pa.ramat\ll'll, & .. S11p;po!!a a numbet 

of' diftor®t hypothesoo concel'Jli!ls e a.ro Q~ intel'()ot lillY ~ .. tJ £. "'' l' f."· '1'hG 

olass ot oltaz:nativel.l .k,;. to. Hr. !$ tllllt 8 lioo in too eQliiPJ.otlllnt of Ylrl Sa'f 
•1 " ,. . .. 

\Yr • 'rbio la the 111Qot gt1!!!Jrq,l lo:cuJ,D.tS»n. dtJa to Lebmann b.95'i), 'i'tiaugh in 

cany Pl'aotioal ctll:IO~ Ylr "tlill be bypel""Qubes ln k diJDeluiions. li'ollowirls N::uld.i (195'1) 

Gl,ll)po~ tba.t the ed:niosibJ.e Va!'UQU ...fl.; Of each B i O,O~ise a.tl i.zli;arval Ol the 

8; o.xis and divide lt 1ntCI m ocmni9qt1vo intervals ..a;; ( 3 fl. 1,2 ...... mh 
i-t • 

..Jl.;; : tJ, "e.-!- tl/ euoh t!IQ.t [ Jt;j e -'l; ·'&11th oaob -ll;; h assPO!tited -a t~ 
I 

decision di""3• 'fbs prob18lll1s to ~o ta;r'l!lirlnl deois~o:n l:ikB l1;1.HH'it·~~q El!JOP 

CO!lilQ%lllut dt Q.flll take va:tuef! i'rol'l! 1 t"o t~~. '.ni.esQ· ll1kY \la ca,llod cOI!IpOlmd decision 

problel!lll (Henll$11 & !lOb'b!Uls 1 19.q!l) ,_ 'rhll tOl'WJ.ut~c:n of luflluann stll.l't.~ 'df?h tho 

or~ N~P(loracm totniulat~on. df 2 d!iiCioions but is utructtu-~ a llttlo 

t.o be el~f.ld &rt... 

I.ot thP dooisiQ%1 .~~on bl) &,(cltrd~··• d]/x ) tl'ld.C!h ~V,Qs the 

pro babilJ.ty Qf cemd.n!J -lo Iii deo~flion d1dz.u <tk on the baa is a£ SallJplo obriilrva.t!~ 

X. fa~ ~~~ B.Qb~ and ~ let ~ looetall ll& addiili.vo tbat ;l,s _the 

loeo ~!on ~dJ. .. ~ f), ~ f!K ) io ouoh t~ 
t 

L(~ •• -aJ/ () } ~ ~t(l!V e.-) 

' 
Suoh additive lone flmotiOllll may ill fact 'ba ,1uatit1611 U'" we een Q!l'$'1llltl 

that the total 'loes b teJ.'llln of ooat or Error 'IT!ll'iance .or Ptro\:abUi~i<Js 1>t ~;i'.ot 

. ' 



• 
• 

is aft'oated bf tbl indi.'V'.tdual 4eo1sione llldopendently of eaoh o:tller, But :1f the 

dadbion dt '"' r a.tte1tt!J ~ lOSQils in deciaiou 4.t • 1, - mt e,dditiv3.ty ooo11 

not hold and (•fa) ~ c!JaMg to aome rtmotion of ds'a end e Yq not ~cc~Sl.;oily 
l1mmt, Such a ~.e rl41 QJ"ioe .tor example, if ~. Sl2d 8zrelate -to two dUtorQnt 

~el.Q.tcd Qllara.ahre a%ld 'l!bs total I.Qss 111.ay hot ba the dnple G1l!!l hit s®lllthing 

looo or ~.. Bo:t ~ ~ important ~eD tba lasses are a.ddl,tivG Or< ail most a 

't'dght!ld aum, trbich '-.11 clearly illQl\!4.135J J.!1 thO fOl'llllllntiO!l ~76) !teel.fo 'J.'be 

dQSl'oe Q! ~e of-,S:e:t~ CIGoisS.Otlll lo tbUS te.lten !nto aC!Joun:fi• . 
4t bal1 been ahOI'm by l:ialld1 .thai; llllder ~ho .Md:l.'lli~y eseumP'tiotl9 '1'10 

:t10ed j10llaf.dqr .da,c:f,d_o~ fl.lnct\OU9 vbioh \U'O- oiJilple Ill'Oduats Of itllllividua;\ dooiG'lon 

_ .. , .,("19) 

Navorthelose1 the risk fUliotion r( &-/~ ) 'I'Jl'itten 611 the ljUJ!!. of . . 
oova2'al OUZJPOZla!lto r 1 ( g / f; ) villi zl( e h ) ::: ~ r1 ( e /s.-) io enqh that tliB -CCJllPOMnts may eon~ o.lJ. tbe l>SJ'allle't(,q'e otl!eu then. 6; Q,loo.. ~o it does· 

not follow tblt • gooO comppuud dGo1$iCb funot3.on e}lo~ be marQ.ly tbs prodUo~ of 

tho k good indiv~dunl deoi~ion Pl'O<;ed.tu·os &; about IJ; ,(i-1 .. k) der~vo4. 

illdQlllnldeJ+tlf Of a.l:l the re at.f 
-

U the individual loss f'm!ctiono take only contrl;a.nt V~D the!i-t 

jl.ODl.lllliug \Ulntillllity of Elo 4'r (x) .... , th~ Pll'COII' t\lneticm tot a.,. {l-4)~!s 
formulatiOl:l) ... Lo~rm has ~ven a p<metfbl rlloult ·<4bo:ut tlls ut!llioaed~!ll! DUd 

nDil'Ol'fll BlOJD.llnosa of risk._ ~ ralateo ·111 tm Ql.a.aa of toot11 whioh a.rG rrlmt<Q.I' 
•t I . on tbe ·~e.s of 'il., IUid '1'1., with a CDTtain level b., a.,..,. 11-r.- '11u:!us)l 

tho J.Qss flmatiClla·are f!Sao:cUclly disgontinuouo tbie reoU;I.~iOllo 4.s ~ropriatG' 
' 

~ec;rson tcn:•n;uls:Uon. Nandi ho.a also givon !1 s!mllar reault. tot' dl:dleJP 

loss flmatiotw t.hougllit is ll!Gll gmeral tor it l)tll'U!etne 'lrl..tb Cll1l.y 2 dPOieions 

for aach xw-ll!lllrl;erc LG~s 1'eoults ease~l:ltislly o.Olll!i ttom tba :re.sulte aboat 



tho tmb:lai'Uidmca e.bd !.111i}~ .-unes!l <If ri$lr .tlme'biO!:lrl o t cac,lt com,poniJl:lt ~ 

thoy leo.ve o1,1t ~he m~.da (l't Ut~ ~oh fll,div,idiltl].. tbP.t9;. ~. ~ ~.V!IP. 

SOII8 :teaultEJ :l.tl- tbia diro~nt nota.'bl'Y it tor ~tach PIU'alllete1;' there md.f.l'fis a 

auffic:Lor¢ etatietio OEJPI1mtdy, thB'Il the oO!liPOll.ont de.c~id.o!UI depend only em that

~1 bo hao .abotn:l (1960) that U}ldor soma reotrieti¢ns a'bo'lrb a.vaila.bil1tlr of 

e!m'lal' • Ult!> tQJ'Ita, G1l4 tor the olalla of f~WQ'Uons illl' '\'lhioh r'-slt :tunc:Uona 

'1 ( 6 I Oi) aro Contirll.IO!ltlf tho above tllelltionetl '8,e41ol~ f!mottotul base(l Pn 

separate snEticiarlt atat3.st1c:s .fbl'lll a11 essont1ally qCzaplatrs !flc.!>B'I 

' ' lbt haro, tba rostrictiot~ of cotlf;j,nu1tyt for the type ot loos flm.etl.onp 

l3 considEml(lt is quite b:lg. Actually tha woQf fl:!r e.on~OUliJ loll$. f~t;l.ons 

( ovor tbo boundary of lit and H,. ; Sf!Y I breaks <lo111ll bqoa\UfG the o~ltiUon ct 

continll'-'tv io t10 moro n lfflstJ'iot1Qt4 '1'b oVeP<:o~ tllis 5:t lll.a.Y 'l:l!l auggaateq to 

col:WJ.dor only tlnt claao of dec;lis!on i\lnat$-ons tor $tl:b PO\llponant risk i\;nct!ml 

•a.( 9 IF,·) onlY iuvoJ.veiJ f}; (iRi••• k )... but this relltf'lctlon ls quite big 

end corresponds to tha oonditioltG ot •atnilari:G;rt ill tho Ne~earaon f'~ 

lation,. 

In titt e;otu~rel ca,ee ;:;her(} ~(di/tv,·)•e el'e llO'II oonlltan.ts but flmCctiOU!l 

ot e; •it 1& dii'£$oul1> to itiPOse aomet ~ll rllcoe;r.P.sed restJ'iQtio» l~ tu1., 

'b1eeedll.ealJ. In faot Lebl!lann (i951) shOI'TEI tha-fl i~ Lis ot tm fwm L(d,tl )=t{e) VltA.J) 

Wl.o1'o d J repr11GMG \l'le '.oQl"ra~ t ded.llitm fQ7 let , then .exce_pit fill' t.J.?ivi~ 
JA"Oc&dureo like tttose wb$rs It: e 1,7( f(2t)J tf') ;o 0 tilt eoi!ICl <t' e.nd GOI!Ie valtiQ of 

8 • no u:nWo.sad PJ'OC8dllt'<1 can uist tmlt:tsa tf~) !11 a Coi1Jita.tlt on ~'h part 1:4 

paralMh1' apace BQllt!l"atQly., :&: the p)'oblemo exl~bits r.:ertain symtnQtry• crttl!:rian .. . 
ot l':l.YfUO'!.onco lliEit ~Gad be tnred to t'!l,duce the nlll!l'ber ot decia;L~m,· flmf:tions· 

oonoidorod.-

so!!l!k& In tho sequal. ~ shan ba ~~~ing a oqntlinuoua l.Qs11 f\IXICtion.JJul~ll ol 
' ths tu.o'llOlllal'Y aiooontiuuous ful;otionall lt llao l!eqn fo(logn;l.zo\1, l!iJJo~ lona t~ 

looaep l:iko 0~1, o~ ~~lJ dl) l!O"t :rqtlrGll®\1 '!lP.o tt\jo lt~~<sa11 ~<rr ~~ re$\U~ ,a.oua 

' ' l 

\ 
,J 

! i 

I 
I 

I ' 

say• f'l'om !nQo~ri adoe~q of. the hyPotllcsis ¢~ ~ be ~he ~ lOll' a;tl l 
l 



alterntltivcta• Fot Ul:lt~Of ~ ~ C:Olllpal'fil the mean Qt a na'IT~ioty 'With rc:rsN~ 

tq a etantfard one. the !I.O"Bo ~ tq;oms <1£ cost involv.ed in wrotlg replaCalll\lilt 'Will 

Ve:Ji7 cont~o~,tslt as ~al'lll.• ·~~ mcrl!£!jfes in tl:!o posit be direotii!Jl., :tn a 

certain oenao a lose tunctton PJ'OPOJ"tional to this dUterenoa 't11U rspr()se.ll1 the 

Gituatiot~ bottov Qlid in ~el'tl). n 1l!QnQ'6onio hcn~e,aixlg loao futlo'tion el;lould b& 

UDod.. TliQ ~:~~ ~me hold far the oth,or wong r:l<JCisiont ~t 1\f aon. .. n,PlaQIW' 
< 

II!Gm of tt»isting otandard variet,:v 11M bal!o o.gai11 a monof!Q!Ij.ti inc;reaeing loss ~ 

tion will be generally dosir~~· 

Ill stuthUoal ltteratul'e a que.dl'at,io loss fUnction le often ua$1 in 

comlllotion witb tl.u!or:v oi' esti.tllation. Even !.ll the Ana;l.ysia til VIU'ilil1cll' thQ.Ol'lft 

the 'distance lllbaaure• ia a ~aUc function pf tie'IIGn.l 11111ana.t in i'a.ct simply 

'" 2/l'/ rr ,_ • The same is true of '4iatanco in the theory of Qlaaoifiqo.toey. a!11llyrd.ll.. 

Wo shall be using below ouo.h a quadratic leas !'unatlon ft~l' teet of l't;vpotlroeia .. 

B, !i 0 agl).inst e, > o and shOtt how to dal'ive a coa~Plate a~ of doll1aion i'unoti$11 

and mhl1tmx procedllres, for -tho aake of e1mplici~y '11!19 tirJ;rt consi-der the a~leat 

ease. ot 1 bypothoda end ~y two deoiaionll• 
-

~uppoe11 we l'la.'9'6 " observntton8 ~i••o.•~ &om a. Normal P.OPVlaticn 

vith !lrilen FJ tQ14 Varinrlo& cr' (ltnOVJn) • For ail!lpl!clity we llla1 tak!f . <r'=- 1 • Tho 

two poaaible decbiona a'bout the lllle.n ~ al'11l fl.~ 0 s~ and 9' :> 0 ~ IU.noe the 

lOss of \'ll.'OllS rejection Of hy.pothssis 0 !0 0 ma;!J be 11191'0 btporiant than that frir 
t 

wong fJ.CCGpt!Ul4et Vlll ta.lte the pdratio !loss t\lnetion aa a () tor the lef'!; .. 
(i.e.- Reject wl:!en e~ o ) and b ~l. on 1he right. 

Th11l rill~ function bas oqrreepmldi!lgly t1JO fol'l!lll' 

r( ~ /'ii ) " a f Fr. (R!Jjeot tl = of B <:: o ) tor e"" G 

" b e 2 l"t U.ccell:h .% of e.> o ) tCTt 8 , o 
··~·········(80) 

The decieio?:t W.On e=- o is ~terial, as also a!lown by loso anll ru). tunctiOl':IB., 

We EOmll find all Ba1en "tlolutions !)f tb& px<oblem (SO) nnd th\lse tlill 

prOVide a col!iplete class <tf da-ci11lon tunotions~. lS! furib.ar 'WO otm g~ an a 

; 

j 

l 
I 

I 

I 

llJ:'iori distl'ibu_tion,. saY 5 ( e ) auph that tha B~s- solqt:l.on '1"4'th rdaP';l~ 1 



to this, esy r~ is ouch tl'lat 

s-w r( & , Ss. > " a{ r , £~ ) 
••••• f;, ••• (a~) 

'O!Iaro a ( 3 • s~ ) io tho average rtsk of ~ 111ith roePQot to tho a P.ri0$'1 di~ 

bution ~ f~)l thOll b'~ 1D also p, rt\nimax sollli:iell1 tor the probl4ll!• 

Col\111.detillg the~nn o.~iori diS,tributiol'l d f (8 ). - bave 
• /" 2 .. 

R( 1 • 'ii ) =f p, c2 Pr (l\a.1ect 11/H ) II T (9 } • J b 9 PI: (&ocopt lfH false) 9! ( B ) - . 
J..~ 92 {.Lt.:S~1.~>)~{lt)!!lt d1(6-) *{'b$ s(x1,-Xn)f(X) )dXd.f(o) . 

• 
~ ......... ,(aal. 

t'lllare ~~hltn) :I(X) tnkoe the valtuJ 1 fZ His ~e3catod !Wd 0 otherw:l.sew and 

t'1X :. ~1 • ~ c1xn. .• 
Interchallg~ the order of :f.ntograti~ 'l'lhich is po~fllliblo !ll'lil integJ"ating o~ 

a t7Q got, 

a( ~ • s > = J J'l~) C't· r (x>J a .. J s(x) (X) dX 
x v 

.. 

J,,,.. ... .._(ss} 

'rbis tlill be Jnilli:rd Wed' (for Eflt1 given ~ ) it s- (X) b ouch tbat tt 

ta,kee vnlueo o & 1 aS' 

'b (X) = l '17l.$l'l !I (X) > g ~.) 

= 0 when h(X) ~ s~Xl 

tl'hare h00 -:.j0 
" t' f(xj 9 ) d r ( 8 ) ... 

.. 
, s(X) ·=j bt} f(X/ 1}- ) 4 !~ e l 

" ··~__. ........ ,(~5) 

Now (84) lln4 (65) yield in Cf4!!0 of NOl'llnl dlstl'i'liuUOJtt wheJ'o 
. the 

t.(X/ e ) =. o(X) exp -(•1/2 tu2 -.. IIi 9 hftol.JatliDg sq\latiomH 
0 

b (X)= t u [be2 dXPtl'lie •l/2 rrf .> dt(e) <-j ~~ oxp(ftio• j/2 nl- ) d s( B), 

=0 

Instead of W:fki:J6 with d~( e ) e.a it :La• wa can work '1711;~ 1' ( & ) Wztir& 

~· ( ~) '!: a He)/ CaJ.dr(e) .. ti r d)(O) J ~a+ tl,; Q 

; b r (8)/ C afd1t&) • 'b/ dg(o) :J ~ 8 >, o 

'l'hon 'a" and l'bt (86) '1:411 \taJliali,. 



.Fr~ (86) .i,t ctm 'be VQr~ ~Ff; ,there q;,eists fil oons!i~ cJ:J t dspe~ 

ol'l ~ E end n) such thnt. tho ·1! iue~itieQ f!.bo\'e !llrB. 9(ll,d.V~!!® to , 

i' <.a and i > Cl ·J'ospactivaly (•c.• ~dfb' are po(liti'Vll >.. Cl 1DtG' tlloltl'l ,_rzoe,.. 
0 - ' • ~ 

gulat val.U'Ils -eo and ..,in BOI!liJ OQ.II-GB e.g.~ J d~(&,), Q tll\4 /d~(9)::- 0 J"llfll'!,l011i-
-«:o 

2 
0 -'"'" I 

vely • Exactly tbi;J ll8J!lo prod 'Dill l11DJ'k U 1nst;oad 11,~ a 9 l1)ld 'b 1 w bad 1 ( fr) 

o.l1d ~(&) vboro t(~} !J.' tumo'ton1o tnc;r~ibg tn ~o and s ~e) ll!0~91Wo ift<!rWliW 

in 6>0 • 

. let l)0(~) denote tlla decillion funQ'tion f01' any eonst~ o giwh at 

~ 0 ~ 1 'l'lhol! i < tt llll4 e~l io 0 , othoNill~· 

'nloZJ fl'om i7al'ti '·a rGBUl t it fall~ tbat 4l'l1 Bqo1 o eoltrU.~ wet be tdll!lti.oo,l '<: - . 
'17ith ~9 (X) tor <!OI:IO 

1o' * fhe o~'Jo:r;ne io alpo 't.rl.ID,r 14> that tor ~PlY t;~i'VO$\ 'c't 

tbere e,l~ exiatB 6ll a-.-priori d3.t1~1'ri'bution5 (e) lll,\ch that S" (K) ·5.o o. l!afOt1 
• 

solution llli tb l'48ptl.ltt to ~ {~) • Since tm risk f'ttnc;t~n te l!ounde<J tbougl'l tho 
' ' 

lose function is !!~, '\70 ollll say, ~Qlll (121 ~ension of We.ldla rell\llt ·ot ·qQlllill.eto 

4lass of doois10Jl t'tnotiono abd\lt .fle:1i\tJ. solut.i,onfl, that 0 0 tor ~l: o f;fves a 

oomplote olalla.~~> 

QIS' main'. il:rtore11t thlm, ill t9, find a l!dn''llaX t!olt.ltion of thQ 

problett, bolongillg ~o the cOillploto olli>es 0 • \Ve shall eho\1 'll$1Qil1 that, eQ.Clh 
a 

risk t'tmct'!on CCII'l'(lllpo.ud~,g to ~ ~c fWJ 9ne eillGJ,o ma.x!mum end thl!h·prcCQ.e4 to 

get eo'lliO b 00 for wbioh tbig t~~o;til:rum iP nfir!miteq-. 

~nnido~ a ~unqtion ;!(e): e2(c• pxp (.j/~ (x..e}2 } cbt > El ~0 
' 

= $a f o' exp H/2 .,S) ~y . ... 
.p'te}" 2e j o • oxp C-1/a y2) Cly "' ~"'c' eJW ~-i/a (eee)

3
) 

• HU~ •• i(l}'l) 

Since I" cxp(•1/2·i> dy=Jilr•t exp (-1/3 ·i> rlY::: (-1/~"'f'l .. ·~ J 1/l'e~j. rlY 
N9 N 

:: 1/c • 6·exp ( .. ~ (o•e)2 ) ., 'a qUalltity esnentiall7·poeitiv9f 
2 . . ' . 

:. 29 j oxp (2,/ey2) a,< 2!3/~ exp ~•1/2}0"1'6~ ) = 2/~l!)t ~~ exp(-2/3<o...a)'2 ) ••••••• , .. ,(aeJ 
Honoe as & -?"" (or ;mom :v'!i(<1'1'6) < 1 ), too valUe of q,l(O) bec()l)ISS 

4\'Vt\ i•fl• ~he f'unctiow value of <Pto> deDreapea ll!l'-tol"'l!l,- e.tter a oor'tllitl valuG 



' Si,nd.lal'lr ~t:r# e, ~ ,-<>o 1 . \'ltl ollll show that there ew-ta at'leaat 

O:lle J!lax1nnm o:f! tie con-osponding flml:ticm, 
' -

'H-e)=- e2j a''oXP(•:I/2 (%-6)
2

) <lx+ _., 

ibrther clifi'oramia.'f!ing q, {e) v.e bavo 

'1"' (e) =a loa-:. ext~.-l'/a] ey..4e -s -exp~·l/2 (~e)2 ) ... 
Ct-9 

•• ··~··~·(alll 
Al co i'l'O'CI ( 87 ) 'Oil get 

<P' (e) t C:?/et01'6)'.-1 j. e2 
c QXp(..,:t/2(C'I'e)

2
) 'l1hen e ~ o ,. 

'l'hio ohowai t~ ¢' (e} can Vlmish ollly ~ pq~o •e' \1hicb. eat.ieif 

Supposo 6::. 6j, is BUt;:h a point, thel:l, 

2 1 -o ~ exp <-/'/2l dY.:: & o oxp ~•1/2(coo&)2 ) lllhich in con,1unct1o~ vd.th ($4) 
;:~g. 

givos•<f>"(ei) "' C .. sa • &2(~&) .J oxp P.3/2{cwe) 2.J-,.:. ·.ut ',6 ; a1· dnco e ~ o 

( ) 2 3 ( " aZld since from 90 ce • a ~ 26 e~ Q ) -:a find tmtcp (e1) te ...... a. 

Thus at anr point 'l'dlote 4>
1 (e) '/JJ8;'J Vllllillht tllQ socond dorivdivo ~ 

nognti va \'lbich J:ISe.!lS that t hero oe» exist at m~ot O:lle statip:lary ~int fCU' t}ll) 

function ¢'(e), 
., 

Sinoo our risk tlmctiott fo:r b,(X) 1s oseot.tie.lly eimiln:--to. 4' {e) 

w -concl\lde ttnt there io o~ctly OtlG etatio~ point ,and ~h:.t is a me)::l"!bo 'ibli 

IJ1'SUI:l0Il~ for the dsk fUnction tof! (:! ! 0 ill exactly M.m~lar l!lld a~ tllo existiU!Ce 

-of~ .. ~~ 

Consider r( ef$) ::. a.e2 J."' qxp <.....,Z/2) d1 = se (c) ~61, e s o~ 
C+~ 

'l'ha tuncti~ gG(o) c18ln'Bali6S ll!OIUttonicaJ.ly llD 0 incr~SJ1Sl, Ho'ilc'$ tlJG I!!IUCilllQ!Q of 

Se(o) ever 6 g;l.von 'MY c lll0l10tot4-cnlly goee on decrotul~ as i~' :lndr-oasost 

ConverstllJt for r(e/ o) ';:. bQ2 1..,'-e oxp (..,-2/2) dy:~6~o)l sq, 6>""6" 

fe(c) goes on lneroasi!!S all Q lnoreaooo 8lld SO the ~\'lith ietJpliiO'\.tO 6. 

aloe increases, 'ibis li: ·'!'o' inol'~Jaoa.o the~~ r~ on (!M ai~-.i. '• 

I 
,! 

·I ,. 
'I 
'i 

Jl 
11 

ll ' I 

.1 ; 

1 

I 



'• 

i.e Uax9 , 0 C g9(o) J t'alls monotonlotllly 'Oflilo t~ on the othe.- side 

vis. Bax9 ;:.o /: t9~c) J dsas monotonically.; DonsidoPing tho 

~ ~ mu9 C sa,{ c), t 9(o) J, '170 thul tlnt the ndn1mun of this ~ v.tJ.l bQ 

attn1llad t1hon the 2 componanto aro eqUD.l i.q ... 

~ fo) 
B!f'o 

t (o) 
llWt e.,.. ••••••• (91) 

'lbio e~ll.tion dota:rm;ines •c4• 'O'bic;h will thus provide ue tbp rron1max solu. 

tion ~. • 

So = 1 ~0 RQ.1ect o= o 11 it > v 
0 

: 0 t,o, MQWt <() !: 6 if il < 01) 
••••• .-,~92) 

liUrther s!nct~ (91) prOVidol'l ~eso~ially1 poittl; where ~ . ~ 8t'llil.3 

beCOIIIS equal, the solution _s-
0 

'I:I'Ul 'll,e unique and eQ will 1,\lso bo ad$eibla. 

Tb.ose r{IJllllte oan be etactod 1n the fol'l!l of a i'hoe~om, 

(80) the rn1~max adl:tl.eoible deoS.Ilion 1\motion tot: l!lllkillg OJl1 oil the t'I10 d$oieione 

o ~ o , ~ ~ o trom t(x, e> "'o exp (-V2U...Ol2 ) 1a r;ivon w (92) 'l:lhoro 

o
0 

1o d~ormizlod from orpation (91)t.. lb ~be not&d that if 0.: bS •s• Glld 'f' 
beillg &yllllotrionl tuncUo:rw tho eqqa:~on (91) llill give the eiulple ool1,rtion o0 "' o, 

tlU1! to c;orte,in 'llel'f big c0lllpl1.Catione it is not poaeiblo to ganel'tl11ze 

this rqsul t for the caBEI ot No:$nl pQpulnUon Uitb tlllka0\14 poPQ,lation Vll.l'iauDa . . 
but_it is hoped tbat student's t.V1Ul provide ouch a procedure, 

Soq, l! lf w coneidflk' ll!OI'B than one Ptlfallletcr, say lliOOllD r>f a I!IUJ:ti Vll.l'ia.te 

nol'tlal population tlith 90~~~~ matriX lQ.tDWD1 t® raoult obttlined Wore ~ be 

genoJ'Illizod 'I.IZlder certam l'(lstr!otiOlll!• i'heso roltl-h to tho qbOOllOII oJ other 

paramoters trOll! the ri.slt tlmct!Oll of e1 oey 1'1 (ei/>;) '11hore -S dapendO o~ 

all :tho obsal'Vtl.tiO»ll of all the varlatoo. So th<lt 

r(e/s ) = L r.· (9/lii) =- ;::r,. (e; /F,·) 



• 
T}luo "WO conaidor dnl'; tm claaa of doo:l.sion tunabion D{.; '\7o givo 'be~ow a o:l.mple 

reoul:6 for ouch decision prcceduree. 

TQeo;;um a• 4.) It ~he looo ,funot'ion tB o.dcUt:l.vo~ aq.y 'l'lith rcspoot ~0 -only a p~ 

tliOtOJ"II e1 tP24 9 8l1d 'aO COnaidor <}etioion funct.f,on of ll tb.Gnt tho ®lllpotmli decir 
3 . l 

• 0 ' 
iaion ( S. J ~. ) lo ndn1Vl!ii:J if o/ a.J'C Jdtdln9JI' Pl'QC;OdUl'C!S fqr COI.lpO%Ulnt problOilUlt 

. 
i'he rooult may 'btl oasily Sxtelldsd til Tl!Dre thatl a p~re.-

U) ~rt&r, with the s8lll& lolllf itln.Qtion Blld c.e;am dantiniDa to the 
, 0 

class of doc:l.oion fwwtions »1, 1.t ~he solnt.t.llna ;, a:uS ~ ~f the cCilllVOllllll"b pro'Jl-

lqrw a.r'!l 'a.dm1s.s~ble1 ,_ the compound dec;i.Bioh Pl'Ol:Eidure ·( ~·, ~·) ,is ~o albllissi

ble for the general pro'ble~ 

Prpott l) ADGUDa the Elldstnnco of l~st tavo'Ul'able distributions f 1 (61) atilt,_ 

t
3

(6
2

) for tbo 2 o~ problsmQ reDPeotivol.y-t Then oons14srihs the ~p!\J"nll' 

l:lOtOl'o a•pr!on dhtribu'b!onl't1<e-
1

) t 2(e'*'t] -= .A(e ~e2 ) oq t Vlll ~to 
- . 61,68 1 

got a ~Ye's oolution i.a, tl.' tdntmhe the riok of the pJ'bduqt procedure (_ b, ~ J 

'l"lbio h is ' 

a(~,>.) 

Sinco the ftrat term on the Jlight of (93) is lllfll,tn!lod lot' . a, ~ s; • and' 

the sooond terll! toll' ~. = f,_ 0 
' ( 6,'1. ~/ l rnin1mhe a( r' /) ) t.e. ( a,• ~· ) is. 

n l'l~s aoluUon fo'll the conpOillld dtJ0104lll1 pl'o'tllolll., ~OWl 

R1 
( ~·rs> "'j / Cr1 (e-J!s,•) "" r2(&.j~·)J s{e1,~) d61 dfla• • .for: f1!11' fl.ooprio~ 

distl".ibutian. s(e1 e2) 

= jCJ!i_(&j/5,•) f fgt'h e3} d6~1 •/r2(e.js,.•) .. Ds<e162)Mt,_Jde2 

a( 'D
0

.-g) "J r 1(e1htl ll1(t~t) dQl • J :r2te:A">l1a(Oa)de
2
, ae:y 

* ...... (95}, 

To III!IX:Inbe (9:;) vith l.'aepsot to '~' il._.~;~~ Tt.l.tb respect to 'h:~.(6iJ'a1ld 11a<e2) 



' 

'170 notn t!nil b1(e1) 17l2Gt be squal to ·t1(e1) ~ as eleo ba €e
2

) =t
2
(e

2
1 .. /;;Inca 

g :: t 1.t2 
~··and oo tho B!qoe soluUol; o.bovo ( r,', s,') , corroaponds to ttm e. 

loa.et fnvourqbla distribution s ~ is thr!ro~oro a tdnill};lJC oolution. 

U.) Consider o1rJ ather docl.s1on prooe41li-<J ( c~;·, ,q 11!11 ~ auppoCQ it :I.e unifo~ 

bsttazt than ( J;~ () viz aver the '17bolo 4omain of 0 and e • W& Will ebw that this 
- 1 2 

loads .tl! ~ contradict:l.on proving tho adl:tl.s111bility of ( ,r,',.s;'}. 

Since s I to ~t lll'lifol'l!lly 'batter than a'/to'/l the COlll~ent prol.llGlll; thoro 

exists at leaot 1 J,10inb oa the e1 axio tlMre tho riM tor s,' Vial t:'1( e• I ,r,') iS 
l 

l.oaa thq.n • 1<a;. /3, ),. ( In tho othar caoe the 2 procedUres J, Ql1d .J;'OI,ln bel,-~ 

esstmti4l]:y tho s~j .. Sim:Pe.rli oOlU!ider1-tlg $,a ther!l exists a~ lw.at one point, 

'llaY ea on the 62 a.xill auohtbat l'a(e!/ S..
0 

) " r 2( e~ I~ h Now aozud,dGl' ~ 

point (ei • ~~ ) for the aOI'J.poiUid deoildon problom. <h aliding up \YO. gat, 

~:1 (!1'/s,') ..,. r2(e~ Is{> < r 1(allo,) +- r;2(e1j a.} 
1 . 

Or r(a'IS") < r(e•h ) 

fut this contrcdicto thb asstiiJiP'bion t~ S" I.e unitolU11 batter tb® $' , 

leading to the result, ~e before tl).o ,l'Olml"!o qan be ~odiataly ~C~;tonded to tb<t 

case of k par~era. 
.-

' . 
gonero.l case of •m• docioiollD to:= oaoh P!ll"01lllltllr. liUrlhol' the rast.-J.Qtiot1 to doQioion 

t\tnotiono oai;ia.t'ying tbtl conditio~ r(e Is ) = r.-:t (fl,/ Oi) iG loaa reriri¢Uvo tlwl 

mo)r1vs lhdspondtmh to-uta of' b.ypothosea for each ~te-e 0, 'tihiOb:,i?J aOtlatimes 

stJsgOuted. At!tually the dEJIIl8nd of obta~ ~epOlldent te-llts 1~ Qnn&OO.:Joary tor tll.o 

qbove oondt.Uon le l!!Uoh ~or and can btl oatloUOii by o. 'llil1altor eoneopt ~.~ QQaei

indepen,d!JtlQ!J.• For exall!Ple ill the ~apdn.rd Anelpia of VIU'ianoe caos, thOU$b the 

~i'torenb totto o.re not independent they satisfY tho abow 8lftllllil'P'Ii$.9n and thus tr:m 

s.dditiw loso f'IJtrotion,quad ... indopendonce Qhould bO at. l.oaat e11 good ae lJ!dqpendeneb 

oi' toots., HooeVOl't nqthillg can be aaid about ~he opt~:l.i;1 of tho eOlllpound deaiidOII. 

procedures it the tlooisiol2 i'lmDtiOl!S c;ro pot rostr1oi;(Jc1 to tho a:Lass P,.• 



' 

1e found tlm'fl tho BD;Ves solution CIJ'e very dlliicult to fi1ld eJQ>llc.i:~:cy. For ~"t 

connider the 2 Pal"~r cas$ t1f 2 t~eena 9f BiVI.\liste n~ 41stribrrtion !s+ e,_ ~- Of 

~1 ::t 0 ond ~a ~ Q 1 e2 or o, the V!O:iallces and q~':!U'ituloe bohlg lfnoun. Here, since 

(i, V) thQ aample II!OBJlO provi4e II. 11Uffidi011t otatistio fOr (6
1

t. Q
2

}, "JG ~lld Conoid~ 

dac1s1on 'tu:t1qUoru~ bzwed on tlulm ~llfh ~e losa ~cU.ons o.J'O aqt 
a 

·~ aei tlbon e1 ~ o and 'bB
1 

'l'lha11 e1 ~ o d!Jl ce~ ~ e2 ~ o Dlld. dtl~ t!htm e
2

>-- o 

tfla!l risk ttmc:f:i0%1 :tst 

~ e~ Pr (RaJ oct a1 that e 
1 
~ o) .. o a: Pr ·(no.t~ alt~ e~ !i o) : (e1~ o• fl;a s o) 

!Uld oiJnillll' ot.1urr 3 tOl'llo for the oihw !I paramaterio reg.\Ol:IIJ •. 

O~or!z:U Q1l ll'"prt0%"1 df.otnb!lt.f.Oll a § ~S,tf';a) ail boforet it vdll~ 

f~ thnt lhyo • o ool,utiOJUJ r • li,. F._ arq such that i 

b, (i1y)" 1 if [~bai J.:tt(x11) dr;(e1e2
} <'£~e~, 1~kf(i,ylo'r,.(e1e2) 

=o otbnl'uiee 

~.1. (i,y} : 1 it (ae"a r kt(2t)t) d~(616..,) ~ r;a;., f kt(i,f) c1 ~(0 e ) 
-~ ~1:2- 12 

=0 ot~msjil .. 

Froa ~ue it e.pPoal'D tlat Soya's sol'\ltiOlt~ IU'O such tint F, 1nvol.vos · 

both x end 1 in ganera;t. In taet if d ~(o1e2) be a ll:i!llple 2•po~ ~!1lor~~ion 

d.th probability t/ll:'Pb tor tn(l point (p1q) end b/~b tor {,.J?,.q) ~ 15flt' 

'ii,-=-1 tt Exp~~p)2/cr~..,2 f {X""P)(rq)/o;o; + {<i"'Jl)2,/cr;~•a F (i--p)(f-q,)/o;<!t]::.t 
• 

ieOtr 4p Ci/rr;~ • ~q)/ITioJ < 0 

01' i- f~ (y...q) ~ 0 !t I? ;o ~ 

It ia V8fY 4Uffioult to proqeed wtth tle.ye 'a eolut.'-ona in ·general;, l)lld 

it cllllllOt bo sa.!,d that m'f.)1it!olt ·n:nd adt!ieoible B\llut:l.ona '111.11 il\volve tbQ ~'hal' lie:\ 

of obaQll1lo.tiOl'.lll OJ' 110~. 

~ of tnlns lleye•s solutionn !ll'ld ~!n1ma1 qomplota class of deoisiQn 

fUnQtionQ w Pl'ooaaa· bolow to Elbow that 1lll®l" certain rorrtrictiPI)fl tlith lqsa twsat.ians 



• of the type 0 or 1. tlul i;'QO coll!po~E!ll11 problems v.!.ll :l.n'!folvo tho QOl'l'aspondin~ variate 
'· 

only in the decision. fUnctions., 

We eholl use the language of teottQg of hypothonae instead of _the mora 

general decision tunctione. Buppone·x and¥ come tromtho Bivariate normal diatribu• 

tion v.!.th know. cbvariance matrix and suppose the hypo"llheeee to be tested jointly 

arot &1 ~ 0 a.l1d e2~ O. Since (x,y) form a eu,fticient otatistic. for (&1 e2
} 'ilhe 

'boat • oriticol ttmotion v.d.ll be of the form .P(i;y) '1'/hich ~or may not be randor4• 

ied critical functlona, 

lll the Neyoan,.Peareon tormulntion tJQ may like to impose the condition 

of e1miJarity on the 2 co~nents tests of e1 and e
2
• But this is a bis restriction 

C0%1Y timaa and it is more realistic to impooe the lessor rQstriotion that the :Cot 

kind of Ql'rOJ' bo boUlldod o.bove by a fixed quantity, say "' • Wq then consider Ilnd 

k:l.ndo of OX'l'Ol' only, to t!nd 1good' teeth 

We have the distributio~ of sample as 1 
o/ n . 2 2 ,.., 

f txal-= { /•rT<r;.-;JJ-P•) oxp -1/2o-f'JLL~·e1) /ri/'..,(i'-&2} ljo;~•2f(x-+-& )(i'-e }/15l<r...,;. 
n ·· 1 2 

=- f(x,y,e1,e2) • '1-~i"":ln; j 1u-y ) +tree of e and e2) W!ero 
n 2 1 

t(:x,y}:.const. mxp 1o rV11li..P1JC"c:x•e,;> 2/cr,' ... {y.e2) ;rr; .. 2 (x.e1H~e:/o;"i J 

::. conoto E:lp- rV :J. .['(i..e,/frr,•-+ '-/r¢(1-P')' {'1-62" f':;, (i..e1}r J 
2 2 

Or :r1<x~a) = o. Exp C ""-8-(x-&1) /a •b (s-s2 .. pe
1

) /2 J 
•••••• (96) 

tlbare lt :: i t 1::. Y. f :;- ii. J a,b, p are conetame. 
I 

'lb.e tro.noiti'rmed vnria.tos x, s of ( 96} are independent. Cons :!.daring :first 

the tact of hypothesis relating to e1 ua find that the i'irot rastr,ioticn ;l.s' 

Hake the toot for H1 t e1~ 0 ouch that, _ 

Oonst. J j <l' (x,z) exp C-a(x-&1)2/2 "'b(z·&~ pe, >~J dx dll $ -< 

for all e, ~ 0 IUld !lll 0~ • 

•••••••• (.k_/) 
I 

' • I 
l 
1 

I 
\ 

·i 

i 
I 
l 

I 
1 
• 



1iUrther w tmnt ~Q ch®se the oriticnl fUnction <P (x,z) au¢h that the PO~r' 

!o ~zed for all e1 > ~ (and' all ea>• 
. '" .. '. {B) 

OonlJidor ll part:l,al.l,l~ tC"'!il:lflO altentatiVO I (a1,e
2

) :a;l.tb t}i ~ .0~ egq,llct 

fhe fl,Ull O<!ll!PO!!ita .hYPQthe~!' -e1 :> () .·• .f9l'lll q,n (~,<!~<priori- dio~ion 9Vlll' (~1,e2Ja,ro 
suc;h B.ll 1:fl B.ll~ proba,bill't¥_1 to, the Sitlgllf Ptlrfll!letsr point <e;:, .e~) •re 

e;,::: o , .!);= e2 .-. J!Eil ·~· 

Let t!).e averaged !lllll. bwotheais (simple) be 1 

o~• '+" (~'r) 1 oxp f:.a(x..e!)2/a "'b(s-e~"' pe~ >'la J d A(~'J e=(e S~ ) 
~ ll + ' 12 

Constt 't (xtY) Exp c~ /~b(J~-6 ~ )2/a J 
. ~ 1 •••••• .,(9'1,) 

It ~ I 

.whf.lq t~ oimple e;LtemaU.VG- lot , 
- r 2 2 ,ft., 
l:1 • Conot. 'f (x1Y), ~ J,. ;,a(~..e ~. (2 •b.(s..e2•pe1) !&~ 

1 ••••••• (98) 

From Neyman-Pearaon l~ the moBil pO\VerfUl level -< • test of (97) 8811,inst 
I . ' . 

(98) ia'i R11Joo\ e
1 
~ 0 ift .. X/ :i"' , ~ 1iib.ere Z., r~pl's!lents thlf ol. ,C ~ight ba)li 

'· 
ta,U point of the' nohnal diotribut'io)'i. ?.'bus wo have; 

q/(x,·a) = 3. ' U a ) ~" 

= o .. otberviil!e:o 
•••••••••• (99) 

'rb,o critical. i'unci1on (9.9) s«Ustiee the ~ondition (A) for the test of -

\ and is altJO the uni<ne teat (with respsot to ;\(e) ), By Theorem V oi t.elm!e,tln 

( ~''fostillg of' ll'l;ato hypotb,Eiseo I' p.91) • it foll.D'Il'U them. tbat (9t) a:Leo givea tbo 1119st 

POI:lllrfUl teot for H. (compoaite' Jlnlotbes!a) ega:l.nst the simplQ a:LtatnaUve (e
1
,e..,) 

.., , 111 B,>o 

li'uriher, this Uli1<1Ue teet ia the B!lll!e for any such simplo alt!'lrnativo 

(e1~-e2 ) Olld ao it muat a).ao 'bo the llllique admissible toat for Q1 ~ 0 against 

a, / 0 ' tor our problem .. 

Wo shall giv~ a lal;ll:!a to show tint tbs above IU!ito:rmly mol!i pQt10'l'fUl 

tori provides thO o!lly adlll1ssibla aolution tor OUJI decision problem, 



... ~ ... 
' 

altQr!lativo Pe rtlt1• 

Eo ( 'Po ) = « e:nd 

l.e.t· </19 b:l t):te cr:lil:l.cal fun~:l.an of the I'!IQst pPwel'ful ilost i.e. 

Ee ( ¢{; ) is ~ll!Wllt . \11her9 20 denote!! q;~tpeo'tlaUon '14th 

rospecrt to p0 and E6 that with respect to Pa• 

toil ~ (e) be a t'l7l) point a•prS.ol.'i distribution, fllv wbj.ch Pr(&,_) ~ "i 1 

~ Pr(e2)= Y.,_ • 7/ • Y,. = 1 • We bav11 to find a critical tunotion q euch all 

lil0 (<I') "'"' and E ,.~ ( 4> ) is Uaxilnunl, 'l'lbere E ~ d,anotes expectailon 

¢th rospeoil to p~ = j Pe 4 il ~e). 

No.v ~~~ ( ct > =- ~ !Ses. < <P ) .,.,. a
62 

t 4' l 

l.f not~ <1>,, ' 4'., tthtiA pl)t11.na 4' =<to, w get m0( .P) ="' llll~ 

~ E6 ( <Pe, > ... i,. m,.. (<P6o)? r, m9 ' "') +- ~ E6 < 4') = ~ ;>, ( <P ) 
1 "a 1 a 

ltanoe E ( ) ia ll!altimized for cp ~ 4'e, = <Pe, = 4'8 

Slm5lo.rly this "Wili bold fo~ aey I1:1'Pl'iori d!s'6ribution aasignlng pOs;l.Uve 

Pl"'babilities to a finite nU!libal' ot points. a1t...IU!d oo in tb:l limit; for all a"'Pl'iod 

distl'ibutiona which are Borel - ~asurablo. 

CorolJnrx• , · 'llhen \'111 have a QOlllpOsite null hypothee1e \'111 replace the Qquallt.J 

so t4'~=o~ by $e• (¢.) ~" 

eypothasio is U a (a• £ w' ),
1 

Tho above procc:ll1l.lre of proof holds exactly as it ist U a ~a lll91!t 

pcl\'lln"i'ul test exi~s aoCOrdi.tlf3 'to X.,tun~.am'e mothod of J.eaat .f~J.'VO~ra,ble distti'lnltion 

rotorrod tp be(fo~~ 

li'rom tho above corollarY "Oo sea that the tasl:. x > ~ dom~cl 'betore is 

the only adJD:is~ble oolutiott fpr 0\ll' rq'Stl\'i.~ad decision \!l'o~m (ail la~l -< ) ' ~ 

proof l'Wlll parallel;{ t91' tho test ~~ 001'1'1liiPOrldit!g b:ypothaaia H2~ ea ~ !'r whaJ'Ii''\"l!l 

got the aolution 1:: i > Z" ,
1

, ~ 

Honoo it lollovs 1;hat u11der the tllld not~iq'tiona i!JipOasq on the riltll 

.flmoUons, the o~y adlllissi'blfil tolut~an of- the multiple' decision pro'blllm f'o;- e, and El~ 



is simply the Prod®~ of the tv;o stanaard proc.odu:res x ;> ·z "r ;( and y :> z,._. f. vihk 
.. , nlld "•11-J'G suita'bly ohosa:n., llo that thQ Is-b k!n4 Qf Ql'T01' f~ thE! C,OiliPO\Ihd proPJ.qlll 

3.8 ~ .,( a pl'e-asaigneo ~tty-: 

!nc~eil.tally the tetJtil o'bteilled. above. e.ro 'tsitllhe.r• on tb& l!~ary and 

are rdmflaJ! to -dto:b Mandt o'l:4a:lnq by placi!.'IS the oonditiOZI. of contillui~y on the !;'isk 

.flmoti emu.. . 

aenerpl h$o;tl Xu co.eo ot p !I'Uoh correlated cbarac~ero of a liW.'!;~""'(!U"iatl! nol'l!al 

popUlatS.qn ~om 'llhich t/fJ ba.w tak!lll flo o!llliPlc ot n observatiolJ.SJ 'I1CI lmposo t!Jtl J:pt 

rOstrictiotllil on ~he that ki!lds of eri'ors of the p cQtlpQ!JQr.rl;. ,hypot~ast lo1!1• 

!(f); E .(¢:$. tx
1 
•• ~) j So<; fOr G4 ~ 0 t.-:: 1, ~~P mtdf 

'B') lil ~1tx1.••.Xp) .7 , ~~~ llWdJ~IUm, fo%' 6':1.> 0. {.and J,ll~ pthor e+o) t 

:(f the CQ"1Jl.J'ie;l!IS l!lat)':b; to ~l!lnplatsl1 ~'l!Jtl ~he ,PN.'lio\lS )ilJ'OOjf Of 

B' ~ IU3airlllt a. G3Jnple .~tet11ative jlold11 .W.th I!OJ!lq obvtQilS ~h .I,nstead ot x and Z 

'lie ohall ge'b tho 1 and P"1. 'Vlltiables- like '· ... ; .. 
x = x1 

~ = '(z1,.zi.•1• ~ .. v . ., .• ·,\} vl>ar~t 

lil3 ·o:< ~~ .., f i; .ii ru, fJ; 'a ~~g. the' ll$'gl'()seio:u, e,ooffic:l.ant of ·~3 on .q .aM ls 

kno.\'m for .fl.l.l 3 =t ••·" !otil.J•i•-.·~·· ~ ; J.;;1 , .... p .. 

'l'bio trah!lfot'll!Lt!on \1Ul~eld thll ltt~rd test for ~· et ~ 0 and so 

in ':P' Siops the final ~esul'!; omlll)s. ~a the ~ly ll.lbnis!l1ble-aolu;ti~ 't-0 !'he. 

problGm undel' \'Qs'\d.ctions A 1 ) t1.ll<\ :Q '). ~o tho ~;I.e pro4,uot,"Of iflhfl~ ~ lft~d 

~oco~Ul'l!ll Via~ 

~ :> z~, 1 iw1 , • ·•» ~ ~era ot; '·e am Qd ~>hosen 'that tlls .;tail kiM 

of Ql'VOr to:- .c:ompound problem ill ~ « • 

Ii',. oovnriance matrix :I.e part1f4Uy or co~lotely ~0'11/,l'l." tJul. #.8Vict14 

method fails to give any 1:4out" p01mri'ul teat against a tdJliPle ul~e.l'l!ll.~iv!l• ~t ~t .~s .. 
hopei! tbv.t tho beat tept will, ~ <'Olllll out a/1 'tl1a ltJ'9\lU~ 0~ B$re,J, ~est~ .li 

should 'bfl noted in this co~ot!Oll thai! te~ h?4Sl ~ .. o)lQW.A ~t t~ tb$- ~!P"' ' 



varia:to ~uqerrb.t a hypathe~a ( <r \Uilmp\lip) 'the most l?Q'I1EIX'flll -tofl't fOi' a eimple aloboJi"i' 

nnt.ivo (& ,v,) is ~tudcn~•,l1 •t• Q.llly it « :r 1/2~ Iiut t)ltp reault c~ot .bt.i uo:l.l1 
1· 
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l1imultantJo"Oa tests of aigl'lificanco IU'O of VOJ.'7 comon OCCllrronoa espcoio.ll;y 

in the Anal. yo is of VrU-iaJ1co., i'or p<¢forcl,ng ouqh testa l!laJlY t.im3 s orthogol:4\lity of 

tho estimo.tQs correaponding to tha hypo'thQseQ ls delll!l.!ldod~ But this being 111aufi'i ... 

oianfl for the criterion of indQp~e Qf various teste, 'Qhich itself is too strict, 

a:ootbllr notion of quaoi•:!.ndepandel\Ce :I.e preoetlted. :W. l:l!UlY a:l.1uations 'tilbero ortbo• 

goll!llity io an exception rathe,- tban, a rule, such quasi•indepelldent tests Qan atUl 

be constructed o.nd have boon presented by Ghosh (1955}. In ca.rcying out such toots 

simulta:osouoly on the same dnta ue ~ oonoidor only tho individual levole ot 

oigtlificance if the deoiaiono are more or leao unrelated, In the other oo.sq we bnve 

to cm:ibine such levels of o!gnificanoe in BOlle aeaningful ~,. On<:~ of these motho,do 

is taood on the notion of sicult~ous level of significance. Several examples 

have bean diacuaoad to ehov the necessity of using simultaneous level of ai&zl'-ti•· 

canoe under difforont conditione• 

'fteating tbe tests of several hypotheses 1n ths i'rlllllo 'l'o'Ork o1 IIUltiplB

decision theory of statistical deciQion functions, additive loop tun~ions have boon 

used. For conVeJiience, cinill!Oll and l!Qyes solutions haw been obt~d tor Nol'lllll 

distribution. Under certain conditions, the op::Umum propsrties of thQ product 

decision procedure can be derived from those of individual procedures, These 

oond41tions are satisfied it we consider que.si•illdependont toot o a})otli:lg that in such 

oaaea quaaiooindapondence ill nt least as goo,d a criterion for optimality as iD'IOI" -

pendonce. Oontinuoua loos functions lll'O BOUght to be. Used tor 'tohtty aro tiO:re, l!,&al .. 

istic. Under certain leas strict conditione produot procoduros tor teat~ the 

lll:)ans of n Bi'Var:l.o.te normal dlatri'bution aro obtainsd e.%111 !'an be gensralbod f01' th(l 

~tivarinte case. 

Various metfiods proposed by several anthore for orthogo;nl case haYs 

been diacuaoed but tho main atte~$on io glvan to ~osh'amsthod tor t~e,qaso of 

non-orthogonality. Tho S mthoda propooed by Ghosh have been discussed ®d QOl!lPai'Od 



' 
on the be,siq ot ~el'ical c<mputations because 1iheol"litioa;t. Qdi!Ip!ll'iSt.rn is ~:tot polliJLblEi• 

It lnf! 'beqn !!how tul;'ther tbo.'bt. it "thero are only ;a 1\VpOtllase!! w:!.th ki and. k Pf!.Fa• 
. 2 

met9,ra 'IIi th k1 ., 11:2 , than a new method can be evoln<l 'Which :I.e alvmya tx~tte.r 'th{m 
><Joe~~< ., 

the e:.ttene:\.on of!,~.mathod a) of co!Ul'l;rueU~ col!f:1dence- intorv~a tor ~11 eontv!l~l'lt-

'l'ables and Jil!lthO<la <>f QOillPI,ltation are g;l.ven 'to d&ta~ne QXG.O~ n;llrl1.1.1~ane~~ Jl~..,· 

ficfll!Qa l.GYI).l• These inVDlve· izl!lom,pleta B ~ o~ 1- il;rtem-ale and (1. ta.bli'J i£1 pr(l .. -

vicle<l to u.eo tW,e method in P~.o'ti<!EI~ 'l'be approach i'o.- l.lWril t}lon 2 ~l/llhosae- -baa 

been !Q<licated but it oaa~ to ~a va*y cumbers~ and oo turthar ~rk :I.e ~ea<led in 

-this fiold, 

A num~r of .fli.tl.\atS.ons ada~ o\lt o£ ,Aericllltur!IJ. ani\ ~l Wsba.ndry 

.tmdl'l bavs boon diaoul!eod ~ th(lee methode ~be fo~ 'l,sQful and tho ~eeqsllfty 

of usine a:l.!ll'.:ltansoue latel of l!igni~t:W'l.<:.o ahoyJn, :tiho:rthot' tho ®,t~ b!). orthogona;l, 

or not. li'or tho oake of _ill\ult.l'ation of tha mothods Pl'oiilente<l UO· llX~lQB ha.V4 'been 

actually \10rke<l out, gi~ det,Uled l,la,1Qulation:> a»-d motho'ds tor 1il:ilnplU)l1na thalli ~

Theoa azamplap haw been ta.kfln ~otn daii11. eollec.ted in v.e.riou1il l.•C•/t..o!!.tSehol!ll'!~b• 
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1•11 ,,oo 2~26 1.6)0 ••275 0•41J 
(31.08 )(~1.60_) (tP'~"'ll) (t6.j0) (1J.30) (J·2~Jj ) 

. s.ss 4.003 . a:.S3 . 1-Atfl '·4' J . 0~ CM·40 >ca.•a> c20~~> cul.f6> n6.93 > ,,,.26 >. 

9.$'7 4oS3 2.83 2e040 1oJ?4 Oe49S 
(39.49 )(2fo1S) '(22o64) (20.40) {J~o84) '14o94) 

n .1 s. tf s • f 4 a.26S t •1'37 o;.rtt 
(44.1, .) .(Jo.66) .(25.28) {~.(IS) (Z>•Sit) (J'l .. U}. 

12.4 . s.64 . ).JO, a. so• t.9Z~ o.6H 
(49.6) ()3.96) (al.OO) (25.01) (2).15) (18.))) 

t~l. 1.62 ,.49 a.489. 1.~24 . Q.6t6 
(49.2 .) (31·1'2) (2'1.92) !24.89) (23.09 ). (t8.oi!B). 

t :M J.aa 3.59 a.~t hcrlS o.6.~ 
(Sl .6 ) (34.92) (21M2) (2,.6t) (2S.'t0l (ttU/J) 

1, • ., 6.oa ,.;s a.666 ~o66 o.~6 
. .("uS) (36.48) {30.00) (26.661 (tJ.."/9} (19,38) 

14.1 6.)3 ).~ 2~ 2•160 0•6?4 
(.54.4) (37.98) (3t ·f2) (2tt.o4) (4S.92) (20.22) 

t7.s s.u. s.oJ 3.S41 ~.70s o.~ 
(7t.a> (48.84) u..o.os.) (3S·M) (-'2·46> (~.,ax 

-- ..... ---- -· --- ..,. __ ......... -.-- ...... ~--

!ma For interpolating \xrt.WeQJl ~YO fle~,a .fo!! &[q pair (kt,~) it itt 

preferable, to use n((t ~re;t.hep 1;han /\ .,.yaJ.u~. 
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