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CHAPTER )
INTRODUCTION

From timos imm;noﬂal the concept of gonoralising from o
pars of tho population to the whole has been used moroe or 1oss subjocti-
valy {n dafly lifo. But not until the later half of tho ninctoenth contury
objective metheds of genaralising from a part to the whole acs:m
to hava received much attention . In this case twe quostions arlso,
1) how to select: the part from the whole and i) how to gensrelico from
tho selctted part to the wholo. The problem {e one of finding that combl-
aation of selection and cstimation prosssedures which would u:inim';;'o
the riok iovolved in genoralizing from the part to tho whelo per unit of
cost. Altornatively the problam may bs viewod as that of finding thas
combdination of selactton and ostimation procecodures which would minis
mize tho cost, ensuring ot the same timo & spocified precis;on for tho

inforenco from a part to the wholo.

The carlior developmants in this field rolative to the socond question
posed abovo and the resualt has bean & fa{ly well dovelopad thoory of
catimation and statistical inference based on the simplest of te!ccuag
proceedurcs, namely equal probabllity sampling with replacement.
Improvemonts in selection procesdurss may be cansidered to boave been
{nftinted by Bowly (1926) who usad stratified aimple random sampling with
praportional allocation. Noyman (1934) considerod the guestion of opti-
muam allecation in stratified sampling. During tho decade 1940+50,
considorable dovelopments in sampling theory have taken place and the

works of Mahalonobis (1940,1944 and 1946), Cochran §1942), Hanoon and

’ s v = -
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Hurwitz(1943,1946) and Madow (1944) need apecial mentica. Cochran
considered the gquestion of supplementary information at the estimation
stage by using ratio and regression cstimators. Cochran (1953}, Deming
(1950), Sukhatme (1953), Hansen, Hurwita and Madow ( 19%3) and Yateo
(1953) have coveved {n dotail the carlior devolopments in the theory of
sampling in vespoctive booke.

Simple vandom esmpling is by far the most commonly usoed method
of sampling in surveys. It is simple, opsvationally conveniont and
gives equal chance of gelection foy all the units in the populattr;z'.\. When \
howevey, the units vavy considevably in siso as is often the case, simplé
vandom sampling does not take into account tho posaidle tmpo rtance of
laxger units in the population. Under such circumstances without foregoing
the operational convenisence of simple random sampling, it e destrable
to use auxillary in¢ ormation, such as stze of unit ate v.h/a ut,lmtlon"
stage for obtaining more ¢fficlent estimators of the population value
{n the sease of giving estimators with smaller standard orrors. Two
examples of such estimation proceedures are the * Ratio end Regresaion®
methods of estimation.

The two clagsical ratio estimators are the ratio of the mean esti-

_ Yo -
mater ¥, © — X or equivalastly the weighted mean of the

ratios estimator "o R N B
-;'x [ ] -
a X
Zx
itag i

and the mean of the ratios sstimator ?r = ?;K- + where 'in end :n

are the sampls means, T'n. the mean of the individual ratlos r = (y/x)
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in the eample and X is known populaticn mean of the suxiliary variable x.
Both the estimators ere known to be binsed. Tho lutter is not even coasis-
tent. An c’l:lct exprossion for the bias in ?r is available which doea not
dspand upon the sample size n. Since the unwelghted mean ?nmay be
aerlm}ly blased if v_ teads to be larger (or smaller) for Jarge x than

for emall x, the estimator ¥, {s likely to be more biased than the estima-

tor ?ahwd on weightad mean ?w' No exact expression for the blas (n

Ta
in which the coefficient of variatica of x is noct too large, the biss in

/

7. is nogligidle. But the problem how large the umple should be to
/

is available, bat for samples of moderate site, from ‘populsticns

R
make the bias negligible has nct yet been solved aatisfactorily for all

types of populstions.

The avallable blas expressions and variance formala for both the
regression estimstor ¥, and the ratic estimator ;a are caly approxi-
mite, ths appraximations assuming the sample sise a to de sufficiently
large. For stmall samples nothing 18 known about the nature of their
biss and precision. This situation has led the research workers in the
field to oxp lore ways and means of obtaining ' Ratio and Regression *
type estimators which are sither completely free from bias or saubject
to a stmaller bies than the customary cne.

Uablased ratic type estimators have been evolved in recent .yu.ro .
Hastley and Ross (1954) bave been the plonsers in the group of authore
whi cbtaiced unbiased estimators under the commonly adopted sampling
designs. In simple random sampling without replacemsat they have
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given an elcgant expreseion for the blas in "i" and an uubissed estimntor

of tlmt biae, thereby arriving at an unbisged ratio estimator

R Y (N ‘1) o

e ey "x"‘ ¢ -
¥, 7, T A
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ao!'faéa {1957) has derived Rho exact formula for its variance and an
unbipsed estimate of the variance. In large samples , mors eimjie
estimators of the variance of ?:_ and an extensiveo discussion of the
‘rehtivo efficiencien of ?’R . ?‘, ' ?; have besn given by Goodman and
Hartloy (1938).

Cccasionally situations arise when the coaliicient of correlation
is negoative. In such cases the product ostimator (;n;n / '!;(w) proposed
by Robsca (1987) can be used with advantage. It can be soen that the
product estimator will be moro e!ﬁciem.than the simple mean estimator
;n :! lhoc;orreuuon coefficlont between x and y (p) is loss than

% "¢ Robsonkas also dorived an unblased product type osti-
= -g;gn
xu_
of the estimator by using multivariste symmstric means,

thator corresponding to

and he dorived the exnct varianco

Olkin (1958) has considered the use of multi- supplementary
varlabied in dailding up ratio estimator and this estimatoz has been
{ound to bo more :tﬂcient. However when the supplementary vartablos
ara negatively correlated with the variable under consideration, the
ratto method of sotimation cannct be efficiently used. In such caaoes,
M. P.Singh (1367k) bas considered the use of multivariate product

estimator. He has obtained the exact expressions for ths bias and tho

eAN SQuare error.
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The naxt question arises is, cAd we malks the best use of tho combina -

ab7a

tion of ratic and prodoct methods of estimation. M. P.Biag :l:u)cou!-
dared the estimation proceedare which {s the combination of ratic and
product mothoda. He hos derived the conditions for their efficiant uss
in sample surveys. |

The method of estimation uumstod by Oliin (193€) is oxtended
to’tf:a caao where some or all of tha suxiliary variables are poaitively
coryplathd and eome or all are asgatively corvejatod with y {0 deals by
§.X.Srivasthava (1963) and 8.R.5.Rao and Goviad. 5. Mudholkar (1667).
M. P, 8iagh (1587H) ha;s considered the case of Multiva risto product
estimzatoze (biased) and ho extended it to Doudle un?}ﬁ/u'.
The preacnt investigation can bp summariced as tol}bwc.
Chapter Il deals with tha unbiased multivariste ra/tlfo type estimatoz.
Exact variance cad unbisnged estimate of varlance aze ﬁvc;; by using
multivariate symunetric moans. Comparisons have boon made betwoen
differsnt type of estimators with the help of some emperical data.
+ * Chapter Il deals with the wobiased ratio - cum - product typs of estimate.
The derivations ¢f the exact variaoce and unbinged sstimate of the vari-
ance are given. ' {
Chaptor IV dezls with the multiva riate unbiased product tm estimator. |
The exact variance and onbiased ¢stimato of the variance are obtained
with the help of multivariste symmetric means.
Chapter V deals with the generalized multivariate unblased estima«:
tion where soms of the supplemenatary variables having ' + ve corre-

lation and the rest having - ve corrvelatiom with the variable under study.

S i s
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M.ln the above cases, the concept of multivariate symmetric means
are used In finding the variance and the estimate of the variance.

In Chapter VI, an emperical stydy has been made by using these

estimators and results are included as illustration.
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CHAPTER I
MULTIVARIATE UNBIAS \TIO TYPE ESTIMATO

2.1, R¥TRODUCTION

The unbinsed ratio type astimator was proposed by Hartlay and
Roas (1934) in the cose of aimple rendom sampling without repscement.
They hove givan an alegant exprossion for the bias in 'ir't and an
unbiased astimate af that blae there by arriving et an anblased ratio
estimator,

‘ N-1)
v, = T, &1 ol

- S
X o) ( o -/% =) -
Robson (1987) has derived the exact formaunla for ttq// variapge nod
unbiased estimeto: of the viciancs by using the a}z{m»varlnu eyInING -
tric moans. In lsrge samples more slmple oatimators of t\ho varlanco
of ?; and an gxtensive discussion of the rolative efficiencios of
Fpe 7, and ¥, Dave been givea by Goodman and Hastley (1958).
Clkin bao congfdored the use of melti-supplementary varizbles in
bullding op ratio estimator and this cstimator hes been found to bo moro
eliicienct

Thé present isvestigation is an extensicn of tho usual Hortley and

Roas unbiaseqd y¥atio type botimater to the multivariate caso. In socticn
2.2 oxnct axpression for the variance and an unblased estimeate of the
variance have been obtalned and then comparisans havo beon made
between differont type of astimators in Boction 2.3 with the holp of

emporieal data.
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2.2. MULTIVARIATE UNBIASED RATIO TYPE ESTIMATION.

Let there be 'p' supplementary variatiles Ry Mao Ry o o - opBp

information which is availatls for each mit of the population. Let
Yasd X, , & =1,8, . . p be the population tatals of the variakle
under study and the p supplementary variables. Let thoe population sise

be I, akd a random sample of sise a be drawa, the values of the chnc;/
ter uader study and the supllamentary variables be

‘7‘0 '“l lut .. ‘D‘.' l‘ul '31. P l'pi )(i w), 8, .. l), whare
f‘i - 'j’/ 'j‘ (i =1,2, . .8, §J=1,8, . . P ’-

-
Let 7 = (Va) T v,/ %, (Jebdooow)
» a - a J/
V= (/o) E vy, oad ¥ o« (/a) T xy  (JeLE .. p)
7/

§
. ”a" ) R i
lay 7% - 20 (575, -F). el . p (2.2.1)

J N (n-}) J g

be the Hartley and Ross's unbiased ratio type estimators.

Ia tezmse of the symmatric means ws can write,
12 el vl p
?’ IL(OOO.. 00..!0-. 0,7 (’Hl.a...p)

12 )4 pli P
" l((OOO..IO.- 00-. 0)7 (’.l.a..‘p)
12 pl - .
? ﬂ((‘OO.. 00.. 0)7

Here the first elemaent in the vector represenits the y unit, the suc«
coding p units for X, ®3s ¢ =, and the remaining p waits fox -

UR 7 IR respectively.

An angls bracket with a prime /£ ‘7' ’;l used to dencte a populaticn
symmetric mean while £ 7 without prime denctes a ssmple symmetrid
mean, Adetailed method of multiplicstion of symmetric means bas

besan given by Robson (1957).
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Ve can write (2. 2.1. ) with symmaetric mean notations bus 1%
will be tedius to write the expresalen in this form. Aleo to darive
Vu e cov y;. "y'; ) keeping V; {o eymmetric mesn notation in the
form given above will be laborious. Hance we shall derive
Vi © (,ﬁ, 7'3 ). assaming that we have two supplementary infor-
mzation X, 22 with y withous lose of generality.

In torms of symmetric meaas notation, we have,
(M-1)

N e <(01000)> /(00010) 7 ~ {z(mooo)? L(coolqb-dwooow}

y; a 4(00100)7) L(oooom-(m«l)/ui{(oomo)v L{CO001) 7~ L(loooo)7]

' 2 /
Cov(W,¥3) = B(W¥) -3 ceene 7 (B.2.2.)
Taking the expectations after maltiplylng the respective lymetrlc

moans, we have the mctaexpmaslen of Cov ( ?l. yz) as
\

c‘”(‘?n?a’ o S i £{onoo), (cool)> + /(01001), (oom)?
) N'n (n-})

+ (a-2)<(01C0), (COOID), (000CL)> + (a-2) £(OlCO1), (COIO0), (COOIO) >
+ (a-2)£(010C0),{00N0) , (000N~ + (a-2) £(01000), (0CIOT), (CCOIO) °
+ (a-2) (a-3) <(01500), {0CISO), (0OOID), (0COOY) > 3

+ .‘"_"&.i ¢ (20000)> + (a-1) 2(1000O), (100C0)7
n

« /(11000), (00100)> - £(010CO), (10010) >
- (a<2) £ (10000), (O1000), (CO01Q) 7 - L(ICI00), (00001} >
- £(00100), (10001)7\ - (s-2) £ (0000), (cC00), (00001)7‘ }



o \
R -é;i Lfoum)> + (N-) £(uo9), (coon) 7
+ (1) Z(OMO), (00007 ¢ (a-1) £(OWON), (0OCIO) S
+ (a2) (N-2) £ (OfI0D), (COOID), (CCOOL)7 + (N-1) Z{oOm), (O1000)7
v (N4) Z(OI01), (00100)7 + (N-1) (H-2) ,(OOON), (OWCO), (00100) 7'
+ ; {ael) Z(OI1010), (0OI01)7' + (n+1) L(0200D), (OONO) 7'
+ (a-1) (N-2)2(01010), (00I00), (0COO1) >
+ (a-1) (N-2) L(01001), (0OI00), (0COID) !
+ (a3} (2 -2) L{O100), (COOID), (OOI01) 5!
¢ (n-1) {N-2) £(02600), (CONO), (0OOO1) 7'
+ (a-1) (-2) (N-3) 2 (C1000), (0O100), (coyio). (00c01) 7' }

- .‘%i . (02010), (00019)7‘ * 1,(019' ) (O1010) 7

+(8-3) /(01010), (010CO), ‘ooom)/%’ + (00ZO1), (0600K) 7'

+ L(0O101), (CO01) > + (N-2) Z(COI01), {COIOO), (CO100) 7 '

+ L(Cuoog), (0DW)Y "t 1 4 L(Olozt\?). (01000) 7'

+ (1-2) £ (00020), (01000), (010C0)7 + /{00I02), (COIBO) '

+ 2{00200), (COO02)T + (N-3) ,(00002), (COKO), (00100) 7
+ (ae2) £(02000), (00100), (0CCL0)7"

+ 3 (a+3) L (01000), (01010}, (COOI0) '

+ (-3)(n-23) £(01000), (01000), (0OOIO), (OOOID) 7' ;
¢ (a-2) /(00200),{00001), (0C0O}) 7'

+ 2 (n.2) £L(00101), (GOICO), (OCOO)) >

+ (a-2) (-3) . (0OI0O), (0OID0), (COOOY), {0CO0L)7 -/(1OI0) >



; \
|
n-
- (N-1) 2 (100110), (owoo)7‘ « {(s-1) /(11000), (00010)7‘
- (a-1) Z(10000), (O1010)3 - (n-1) (N-2).(01000), (0OGOI0), (1GO00)7"
< £ (10101)7 -« (N-1) £(0O100), (10001) 7'
- (a-1){(10100), (co001)> - (a-1) 2 (10000), (ooxo;)7\
- (a-1) (N-3) 4OOI00),(10000), (0000) 7' j
/

A L(zoooo)y\- (L)
N . N

£ (10000), (10000)7  (2.2.3)

An unbiased sstimate of cov ( 'iv:l ?;) can bs obtalned by writing the
aame sxpression, replacing the population symmetric ; with the
respective sample symmaetric moans. We asgums thagy N is very large.
Then we caa omit terms of the order of (I/N). Futher we can use the
approximation /

<(m)s (a2)s o-cnee (.0)7\ » [—"1’7} Z(a3) 73 ‘.o ‘- l(ay) 7‘

Under these n!sumpum (2.2.3) becomes
y e 1 \ \ \
C'mr(?l. Vz) a e/ (20000)7 - /{1OO0O)7 L(OOOO)7

- é(uoooﬁi(oomo)‘;\ + £{10000)> (01000) 7 L{00010) 7

- Z(10100)7 400001)7 + Z(10000)3 {00100} L{000O01) 7'

- £(00100)3{O0COL)7 ﬂL(ooxox)vv\ - {00100)7 £ (00001)7 }

- £{00100)7{(00100); ﬂa(ooooan\ - /(00001)7 £(c0001)7 ;

- Z{O1000}; /{01000)> %c(ooozo)% - L(00010)7 qoomo)}ﬁ

- £{01000)5¢(00010) § L(01010)7 - £(C1000)7 (looo10)7 §
+22(01000)> 2(00001)> L {oollo)s - L(c:oxoo)?‘é(ooom)v‘zy
+ £(01000)>2(00100) 7 f L(ooON) 7 - £(00010)7 £ (00001) 7 5

+ £(00010)3 /(00001 %§ [(O1100) 7 - L(01000)7 aoo:oo)ii
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\ \ \ A \
+ <Z(00100)7 L{coaio) > { Z{oweol) 7 - L (o1000)7 L(coo0l) > j}

. nﬁiﬂomo}ﬂ(ooon))-ucuooﬁ 2{00010)7 Aoo0oL) 7!

R
\
- £{0001)7 £(01000)7 L{O0I00) 7
/

'+ £ (01000)7 2(00100)7 L{OOOI0)7 L(0GCOL) 7'

.+ L{01001)7 L(00N0); - Z(01001)7L(00100)3 L(00010) >

- £ (oono), {(01000)7 L{o0001) 7' |

+ £.(01060) } 2(00100) 7 2{00010) 7 (00001 > } ' (2.2.4)

. /
/
Expressing tho symmetric moans {ntorms of thg/usual notations,

we have \

1

— / — J—
Cov { 9 73) = (V/a) ( <opy-Biogy . |, Ty’ - X3 Rz oy

gaﬁ -Xac’

/

R’r2 * Rz xl lz?l

+ E‘ Ha iy 7 xzn"‘lfz +2% Xy ryra )

' :
vam ¢ v‘x"a c’l ey + Tuyzp Ty, )  (2.2.8)
Where the aymbols have the usual meaning. /

In general

Cov (¥, "y?r'j) s {l/n) ( Oy - B, "oy ﬁj c‘jv - Rl ﬁj c'j’j
-t

» 2
"R Ry omiry oKy Orgry t Xy Oy

+R X, exj,‘ + Xy By “rym, 22X
f-ﬁiﬁj c‘i‘j )

1 (o'“cr‘_ te o, } - (2.2.86)
+ Fal) "y 1Y) i ol s
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:

Var(yi) s (}/n) (c” - 2Ry x,y + R

1

*a(n-) ( ':‘z‘ "'i'l M

An unbiased estimate of (2.2.7) is explained in the paper by

=2

x Fj

i

L J

xxy

"j r‘

)
)

(2.2.7)

Goodman and Hartley (1958). Using the sams technique the unbiased

estimate of (2. 2. 7) can be cbtained and is omitted hers.

!

Using Clkin's method, we can define the multivariate unbiased

ratio type estimate of the population mean as

P
Yooavy - )

L LA B ]

(2.2.8)

f
where "i; is given by (2.2.1) and weights wy are cbé/on such that

their sum is equal to L. / /
&/
(2.2.8) can be written In the matrix form as Ve v. )!
r wlj 7|
wa ' i 1
where W = - and ’y‘r » Y |
w [ ] *
p
g % |

{

= W' "f'

r

aad W' is the transpose of W. Ife' 2(1,1, ., . 1)(1X p matrix)

then @' W =1,

LA N BN RN RN RN

(2.2.9)

If V is the Variance, Covariance matrix then V ia given by

vy wa -

vla * & @

\‘vp‘ sz...

cee Vip |

- & @ vzp

* a4 & va

where VU is givea by (2.2.6) amxd Vi by (2.2.7)

The weights ] (j=1, 2, . . p)are chosen so as to minimise the
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variance of V;(M.v.) .

Again follwing the algebra of Olkin, we have w, = Ry/D

where R‘itthc sum of all the slements in the ith row of the matrix

1

V-laadnlsthn sum of all the elements in the matrix V vl

being the inverse of V. The minimum variance “Y;(u v.)

equal to 1/D. For estimating the weights and the varisnce of the

O

sstimated mean using all the auxiliary variables in the multivaec
riate unbiased estimator, the estimates of Vu at (2.2.5) and (2.2.7)

are subatituted for Vu {n the matrix V. ' /

/
Q""‘E risons between Multi-variate unblasad ratio type estimators

/

with different nomber of sapplementary é riables .

Theorem. Laet ?:'q and ?:h dencte respactively iho multiva riste
uablased ratio type estimators of ¥ with optimun'x weights dased on
the supplementary variablas (x). (x3), - . . (aq’ . and (xl). (x5).
« s (’k) whore k is greater than q.

 § [ ]
Then V('y'r q) 2 V(Y‘_ k)

Proof of the theorem is similar to Olkin 2nd is omitted here.

2.3, Numerical {llustration,

The results obtained in the preceding section will now de
{llastrated with the help of data collectad from a sample survey
conducted on pepper {n the State of Korala during the years 1966-68,
The data relates to the number of pappe: standards sad area under

pepper enumarated completely in each of a random sample of 120

villages. Information on two auxiliary characters



] \
ast \

1. Googrophical arca of the village and
2. Gardon aroa of tho village,
wore availoblo for all villages in the stata.
Notations and Definitions.
N - Total aumbor of villagas in the popalatica,
n - Total nomber of villages o ths sample.
T Numboar of poppor otandards onumerated in tho ith sclocted village.
Va1~ Arca aader poppor (i hectocros) enumorated in tho ith
aclacted village.

/

Yu. YM the true values of the number of poppor stardrads. an!
/
I

/
/

aras andor popper.

?‘ ® (VH)‘ g Yn - Avorage number nf poppor standords por
villago in tho population. '

'{’3 s (1/N) ‘Q%Yzl - 'Ave:age aren under popper porc village in tho
population.

Xy - Total Goographical aron in tho population.

Xy =« Totsl Garden arca ia the population.

X, xa = the rospoctive populatica moans of xl and X2,

By ® Yi/ -il

Ry, @ ¥y / X,

Ryy " M/ %,

By & ¥,/ %
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A
¥, - Estimate of the average number of pepper standsrds based

oa the sample mmean.
%3 ~ Estimate of the ave-age area under pepper por village based
on the sample meaan.
The tables 2.1, 2.2, 2.3, 2.4 given at the and give the different
utimlto’s of the numbaer of pepper ostanda-ds and area unde r pepper,

obtained by using verious procedures.

[ LY o -
- 1. Lo
s A ¢ A A

Thas ¥yone Yimiat Yarar Yag2e
number of pepper standards and area under pepper, the eltl/téates are

A
~ !
Y are the ectlmqto}d mean

based on the blased ratlos which are indicated by the suhs/;.'ripn.

] [ ] L} L

% A N2 ¥p (21’ Vppa TOFY3sent the ostimated muean number of

pepper standarde and ares under pepper, bassd on the unbiased ;atiq
/ i

i

type estimates given by Hartley and Ross.
A A
?m(u.v.) + Yop(M.v.) 27® the estimated mean of the multive riate

blased ratio.

?lr(M. v.) ?Zr(M. v.)

unbiased catio type estimate.

ara the ¢stimated mean of the Multivariat&

From the tables it may ba seen that the tnultiyarht‘o unbissed
satio typs estimate while being unbiased ia equally efficient a3 the
multivariate bissed ratio estimate and is always more officlent than ;acb
of the single unbiased ratio estimates. It {3 always moro sfficient than

]

the estimate based on the simple mean.

L a2 3 K £ N3
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CHAPTER
UNBIASED RATIO CUM PRODUCT TYPE ESTIMATORS.

3.1, INTRODUCTION,

Use of information on ons or more auxillary vatiables at tho
eatimation stago to incroaso tho pracision of the sompls rosalts,fs
trequefnlv rasosrted to by survey proctitionorsa. Whon two ausxiliary
variobles are nvailable and {f one of thom 1o baving positive correlation
and tho othor - nogative corrolation with the variablo undor study thon
a ratic cum product estimator will be more efficieat than /

{) Simpls unbinsed estimate{ estimator with no aupplomgu;(a ry information)
{i) Estimators which atilise ono supplementary charact/ar ( ratio and product)
{ii) Estimators which atilizso more than one supplomestary
charactors( multivariste ratio and multivariate product)
hos boon dealt by M. P.8ingh (1967). In his study ho has considerad the
estimators which are all blasod. In the prosest investigation an unblased

Ratio cum product type estimator is obtained, aleng with the oxnct variancs

by using tho coacept of multivariate symmetric monno.,

3.2. Unblased Ratio cum Product type estimator,

Lot thore be two supplementary variables %, & informetion on which
is available for each unit of the population. Lot ¥, X and Z bo the unblascd
estimatosof the parametors cocrresponding to the variable undor study
and the supplementary variables x and s, and the population totals X (totol of
x), Y (total of y) be known in advance. Let the correlation botween y and x

be poaivive and that of y and = be negative.
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Let a random sample of n obaservations (=, y; . #;, ) (=1, 2,..0)

2
be obtained from a population eise N where rp, ---;3!--i (i1=1,2,..n)
let Tp = —a--hal rPy

«<l

P 1 2 x o 1 - a -y 9‘ > By
B, g% ¢ Feaiime™®T e
I

Then the ratio cum prodoct estimator will be
i _— —
?rp s P 3 where X and Z are the population means of the

variates x and a respectively.

N li
Lot B =3 2 rp; iy

S/

Whon we exprese the above expressions in terms of symmetric means,

/
¥ = ((1000) 7

¥ = £(0100) > ’

T = /{00l0) >

TP = «(oooL)>

The corresponding populations means can be expressed aa

% =((1000)>"

¥ = £(0100)>'

Z o, (0010) > y
EP s£(0001)>"

As usual an angle bracket with a prime /. 7\13 usedto denote & symmes

tric population mean whkilea / 7 without prime denctes & sample

w

symmetric mean.

1
0001 1000
Hence Vrp = £ ¢ ) Z A )7 (3.2.1)

£ (oo10) !
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!
The blas of vrp =13 obtained as
(Btnf;J a s(vrp) - Y

\ \ \ i
- Loooyy /(w00)7 - £(0160)74(0010)>
£ (oo10) >

Using the maltiplication sule of symmetric means,
i (1/N) /(1001) ’7\ + ((N-1)/N) £ (0001) | (1000)7\ f

1
(Blasy ) - , \ }
3 -(I/N) £ (0110} 7 + ((N-1)/N) £{cCl0) , (0100) 7

. ((N-1}/N) /(COO1), (1000) > i
® | -({N-1yN) £(000), (0100);
for (O110) = (1001)

(3.2.2)

\

An anblased estimate of (2.2.2) will be
Eat.(Blas vrp) 2 (b-lN—%L{ L(OOOI).(IOOO);- L(Gow).(OIOO)?j
Hence we can obtain an unblased estimate of er by subgracting the

estimated bias. Lot it be #’rp. Then

v_u 2 ¥ - (E'.'zl) { £(0001),(1000) > - L(OO!Q).(OIOO)7]
” ’ " (3.2.3)
is an unbiased estimate of V.

Hence an unbizsed ostimate {s given by

1 (N-1)n :
7:? - 3 i X R GD (% -V7® )j (3.2.4)

The variance of 7‘“, may then be calculated as & atraight forward
application of the multiplication formula for symmstric mesns.

Using (2.2,1.) and (3.2.3,) v
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¥ = 1 L(looo)7\z_(coot)7 -
v Z ((N-I)/N)[ £{o001), (1000) 7> - doom),(oxoo)?]-ﬁ

7'; a % A z.(xooow‘ L(tooow\ Z{o00)) > £ (0001)7_7

I 2
L ()

1
Nz?

2
(N-1) 1 7. (0010),{0160) 7 Z(0010)7 ,(O100) > 1/
o2 LA 7 -

/Z(0001),(I000) 7  £(0001),(1000)> _/

2 (-1 /~ 2(000)7 /{00017 £(0OO1),(1000) >/

NT
2 (N-1) - \ -
+ — / /. (1000)7Z(0001) 7 Z(0010),(0100) > /
NZ - / N

.2 gN-I]z /” Z (1c00).(0c001) 7 L(qc;lo).(omo) 7—/
?.,zz - -
N (3.2.8.)

V(Y ) = B(Y B2 - ¥ (3.2.6.)
cp p

s
r:) ran
—

2

- \ \ .
Y =_Zé§z [/~ L(o20)7 ¢+ (N-1) L{O100), (O19O)7 /.

-—

/~ L(0020)7\ + (N-1) Z_(O010), (0010) 7\-/
- (3.2.7.)

Expanding (3.2.8) and (3.2, 7.), using ‘the maultiplication rules of

symmetric mezans , and using (3.2.6.), we have after simplifications,
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V(¥,) =

\f
tp /. L(zocz)y{um"n) - N ’7?

..‘..
'2
+ L(K)OO).(OOOB):\; % (N-1)/ Nzn + (N—l)z/ n Nz(n-l)

e 2 (N-1) /o N° }

\
+ » (2001}, (0001) 7 {R (a-1)/ N - 2 (N-1)/ a N® }

+/ (looz).(zooowi 2(a-1) _ znmn ). (N .;! )Z

a N%(a-1)

(a-1) (8s2) , (N-l) tu-z)
n N% n {n-]) N2
2 (N1 an-z)ﬁ
/ an’

2
+ / (0002), (u::c:t:’).(lcuzac:\)7%‘_;‘.!('&)‘1 (N-1) (a-2)

n (n-1) N2

+ / (2000),(0001), (0001) 7 {

ammmaﬁ
n N2

-

*L(lom).(tooo).(ooou-; % 4 (N-1) (N-2) (n-1)

a (N-1) N2
a (n-z) (N“) - 4 (N-1) (a-2) ‘ . 2 (N-1) (N- 3) 5
a (n-l) N° nt ._......____n =
\ 2 2
+/_(o10), (0U0)7 i Mz .2 (N3 1) 3
8 (n-1N N

+ £ (0200),{0020) 7 5 ‘F_.La o (o) ?
n{n-1) N w3




¥

.4
*/_(0100).(0010).(0010);{ (N-1)"n-2) | gN-lzsm.z)‘j
N

NZa (n-1)
+ L(oon).(oxoo).(owo)y\-f ®8-1’(a-2) . (N-1) (N-2) 7}
NZa (a-1) - n?

2 2
+ /(ON10). (O100), (0010) 5 %2(&-1) (n-2) 4 (N-1) 3(N-z)
\ N2 n(n-l) (N-1) N

. 2(N-1)(n-2) 2}

nNz
2
+ / (0100),(0100), (0010), (CO10)> { (@) (30
N®n (n-1)
-12(n-2) (N-3) }
(N-1) N3 /

/
;

£ wo, ooy} (LGN . 205D ¢

\ 2(N-1) _ Z(ﬁ-l)a
+ Z(lon), (ODIO) > i"ﬁa—' N

2
+ L _(1010), (ol0) > ﬂ TS I Y 5 s
n N2 N2 a (n-1)

12
nN N° (@-1)

2
+ (1000), (o0W),(0100) 7 NHW-2) - Ha-2) (N ;
n N NZn(a-1)

+{L (0001),(1100), (0010) 2 &+ 1(1010).{0100).(CO01) > }

{ 2 (N-1) (a-2) . 2 (n-2) (N-1)? 5

o N2 ) NZ a (a-1)
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+ £ (1000), (0100), (0010}, (OO01) 7 { ”"";x“""“‘i’
N“n

/ (3.2.8)

2 m-n‘(n-zxn-ns
Nz n (n-1)

An cnblaped estimator of Var ( ¥’ g is therefore constructed
r
aithply by oubstituting the sample symmotrsic means for population

symmetric means {n (3.2.8).

When popualaticn sizo s very lorge thon in tho limiting cose

(3.2.8) takes the form

1
Var (V) = 2, 1 Uzooo.(ooon,(oom)?‘
/

- £(1000), (1000 ;. (000), (0CO01)>"

+ £(0020),(0100),(0100)> - [(0100),(O\00),(COI10)
/ ' {coo) >t

+£{0200),(0010),(00I0)3 » / (0100} (0100), (0010}, (6010) 7
¢ 2 L(ouo).(omo).(ooto)% -L(OIOO).(0100).(0010).(0010)7\
- 2 £(1100).(6C10),(0001) > - £(1060),(0100),(COL0), (COOo1) >

- 2(1010),(0100),(0001) > + £(1000), (0100),(COOI0 ), (COOL)>Y

et /2(2000),(0002) > -/ 200G),(010C), (CCOY) >

- 2(0002),{1000),(1000) > 4 £(1000).{1000), (COO1), (CCO1) >
+2(1001),(1001) > - 2 /(1001),(1000),(6CO1) >

+ £(1000), (10C0), (ooox).(ocox;,y\ + /(0200),(C020) > !

- 1(0020),(0100).(0100)>  -/(0200),(0010),(0010)7 |

+ /(0100),(0100),(C010).(0010) >
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-2 s(noo)(ooM)7 -  £(1000),(0160),(00N) >
- L(xmo).(omo).(ooon;} + £ (1600),(c100),(c010), (cC01) >
. 2 L(mle).(omu?\ - /_(1010),(0100),(0C001) 7

y

- /{1000),(0101),(00I0)> + £(1600),(0100),(001G), (0001} 7/

} (3.2.9.)
Now we can use the approximation
\ \
L) ) o ()P = Le)PLep)> L)
when N is very large. Expressing the s ymmetric means in terms of

the usual notations, (3.2.9.) can be simplifisd and we have,

V’(?;J = l? /- ﬁchu "-22'77 07‘720'55
a -

I's

+2%Z ¢t -2¥BP e, 20, RP27/
|
1 - /4 2 2
+ &, . & f [ 8 + {or
n(n_“-iz ..{ xR Crprp ( :rp, ( 7‘)
4 - 2 -2 7
aw L 1‘7 'B'P cn cyrp //
(3.2.10)

A proceedure for computing an unblased estimator enalogous to

f't'-‘- 1 o . _ fx gz - L ] ir *l gr

is given by .

gl xz °T xl'--l
Robson in his paper (1957), where X)» %53, . -+ %3 having negative
cosrrelation with the variable under study. He has derived the variance

in the cas€ of three variated.
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Now if situations are such that more number of supplementary in-

formeations available, say (r+s) where r of thom having +ve corrolation

and 8 of them having -ve corrolation then we can define

7‘ lu ﬂai . = ﬂei R! iz o s -ir

a
I

2., E__. +.=x
T Tt Ty 2.%2,... %
122 .

end wo can find an unblaacd estimate corresponding to this estimate and

the variance of this ostimate can also be calculated /rcceed!ng in the

exact manner as it is dono for ¢ . '(/‘
rp /
/

- f



MULTIVARIATE UNBIASED PRODUCT TYPE ESTIMATOR

4.1. INTRODUCTICN.

In sample aurvey aituations it is a falrly common occurence
that one or more auxillary variables ( x’s) are positively correlated
with y, the variable in quostion. When positive correlation occurs,
undar certain conditions all the biased and nnbial'ud ratio-type esti-
mators have boen shown to have smaller variange than the sample
meany. Situations where one or more x's auy‘n igatively correlated

with y are perbaps not very common. They dcﬂf

/
most of the consumer goods, price and quan;ity are nagatively correlated.

cur however. For
!

For families with a given level of {income, :xauany there is negative
correlation batween their savings and ?,ersonal loaép. In the field of
agriculture also cmumptl;;: and marketable surplus of food grains
are found to be negatively correlated. For a fixed holding eize, the
aumber of family membera of a cultivator and his marketable surplus
are also negatively correlated,

Olkin (1958) bas considered the use of multisupplemesntary
variables {n building up ratio estimator and this estimator has be{en
found to be more efficeent in comparison to the ratio estimate usinid
one supplementary variable. However when the supplomentary variables
aro negatively correlated with the study variable ratio method of esti-
mation cannoct be effictently ;sed. In such cases for the uae of singls
supplementary variable, Marthy (1964) has considered the complemen-

tary situation of improving upon the unbiased estimator by considering
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@ suftable prodoct estimator. M. P.Singh (1367b) hasg coasidered the
axtension of the usual bissed product estimator to the multivariate case.
Robson(1957) has considered an unbiased product type estimator in the
univariate case. The present investigation is an extension of the unbiased
product type estimator to the multivariste case. Once again the variance

)
expressions are obtained by using multivariate symmatric means.

4.2. MULTIVARIATE UNBIASED PRODUCT METHOD OF ESTIMATION.

Let there \:o k supplementary voriables (x;), (:3).1 .« oo (xy)
information on which is available for each unit of thé population. Let
Y snd u be the unbiased estimators of the pnrlmetgfn Y and X; corres-
ponding to the variable under study and the ith supplementary variable
(1=1, 2, .. k)based on any probabllity dumfph design and lot X, be

known in advance.

Lt ¥ = (l/n)“% /] and ?j 5 (l/n)h% T (=1, 2, .. %)

Let 5y

asing the jth supplementary variable.

(§=1, 2, ..%k) batho - unblased product type estimator

Then /

y,. 2 | @ma

a -
P ! N (a-1) .{. }1: w o - gjv..-/

!.
n i=

()=1,2,..%) (4.2.1.)

In torms of the symmetric means we-can write

12 Jijn k&
!’ a L(OOO- . 10.. 0)7 (ng' 3.. -k)

129 &
¥ = /(1000¢. O )=



- ol
1

128-

N

Here tho first elemaent in the yector reprosents the y unit, the cucg.f'odlng
k anits for Rye Kps o o X respectively. .
As usual an angle bracket with a prime .~ 7 {s used to dencte a
population symmetric mean whila /7 without prime denctes a sample
symmetric mean,

We can write (4. 2.1.) with symmetric means notations but it
will be tedius to write the expression in this form. Also to derive
Vpu = Cov ( Ylpl- Yp,)
kesping 7; s 1o symmoetric mean notations 17- form given above

will be laborious. Hence we shall derive v/:;’ s Cov(¥y .V, )

assuming that we have two supplementary ixformation X X, with y
/

without loss of gensrality. y

\
\In terms of aymmetric mean notatlcas after simplifications

we bave
v, - £ /.:?i (moy> +  EB o0y, 010) 5
V. ’§ [ L coonz e+ B/ goo)oon > 7
b3

cw(v;,.v'p,) « E(V, T, -?¢  (a2.2)

5(?' ’ ' ) s E A4.10) >+ (N-1)/{100), (010
ol ?98 /— ﬁz 2 7 i( ) >

£ (o)) + (N-1) £(100), (00N Z7
Multiplying the symmetric means inside the bracket and then taking
expectations, we have

-t v 1
E » =
(vpl ?Pz)

{ £(21)7" + (a-1) Z(OY, (1O1) > |
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0:;‘::{ £(200).(01)7 + £{UO),(I01)7 + (a-2) L(ZOO).(OIO)-(OO‘)?\

+ (a-3)/(100),(101),(010)> + (a-2) /(100), (110}, (001) >
+ (a-2) £(100),(200), (ON) >
+ (a-2) (2-3) £ (100),100), (c16) (001 > |
+(N-l)5l /(210),(0oN> +  A100),(1) > + (a-2)L (110), (100), (0O1) 7'
+/(201),(010)> + /(100),(M)7 ¢ (n-amno).mc).(oto);‘_'?}

2, YAX, , —z—l [7(10)7 + (¥-1) £(100),(010)5 7
b : : -y
5%, NTRE, |
L1 uo:'a%*» (N-1) £(100),(010)77

/

7
L /uem> + e 2(uod, (o) >
nglxa - ,/

+ (N-1) / (200),(01)> + Z(110), (101) >
+ (N-2) / (100),(101),(010)7 + (N-2)/(200),(010).(CO1)
+ (N-2) Z (100), (BO)K0O1) > + (N-2) 2 (100), (100), (O1) >

+ (:-2) (4-3) 2 (300),(100),{C10), (0O1) >

+ Z(a0)(00D)7 + /(100), (1) 7
+ (N-2)Z (110),(100),(CON) > + /(201),(01p) > |
+/ (100),(m) >+ (N8-2) Z(101),(100), (010) > 7

Hance (4. 2.2.) becomes after rearranging the terms,

' . —t— - AJNRE T §
CW(VPI' ?.Pl, Nz.iliz [ L= fn N?}

» L(uo).(lox)-; {(!L-.l.) ) BVl (!3_-11}
n N a{n-1) N
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N

2 2
+ L(2c0)(cn) 7 ¢ &AL _(N-) j

a{n-1) N (N-1)
2
*fL(IOO).(ow).(om)}§ ®-) (a-2) . N-)% (N-2)
a(n-1) N (N-1)

g e

+ /(100),(100).(C1)>
+  /(100),(101),(010) 7

P —

rot A(IOO).(no).(con)y‘?)
+{4(l°0).(m1).(om)7‘ YN—H;LM _ _(_r_:_n)_éy_g)J

» 10160}, (no).(oon 7|

/
+ oo, (oo foroh oo { ez ALnenl

/
+ £(210),(001) > {@—'in’f‘” - ‘ﬂ—%’-‘—’!ﬁ

+§2 L(00), (> i‘——u—“"n““‘ . ‘-—-l—“/',‘u‘“"’ﬁ V7

+  7(201),(001) 7‘9 -

!

(4.2.3.)

An undissed estimator of Cov ( V;l . Y;z) is constructed simply by
putting the = samplo symmetric means instead of the populaticn
symmetric means in the expression {(4.2.3.).

'When population sise N is very large (4.2. 3. ) becomaes

/
Cov(Vy Vha) = =xwg /LU00)@on.(010)>' |
+ £(100),(110),(0O01)7 + ¢£(200),(010),(C0OL) 7
+ £(100),(100), (OB) >
- 4 ,(100),(100).(010),(00)) > 7

¢+ =L /Ts@o)ion7 + /(200 (01) 7
f‘ x;n(ﬂ»'u =
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\
- /(200),(0101{001) > - /(100},(100),(0L)>
- /(100).001).(010)> - 7 (100),(110),(CON>"
-+ 2 /\(100),(100),(001).(0IC) 7 _ 7/ (6.2.9

Furthez we can use the approximation
\
CL(ag (e s o . () = LGS Ua)P . Lleg) 7

Expressing the above expression (4.2.8.) {n terms of usual notations

\

weo have
-l .-l " l -~
Cov(yp‘. ypz) ‘ 3!--—.-.....lg‘\?'nf_ ?21 xgy v YK, xyy
_,/
+x‘xa Yy /1? —
1 / -
" R R ) £ Tuy g ¥ Tyy mx2
. (4.2.5)
In general, , ‘
- . i - - / -
Cov Vo V) = gmn LY my *HT oy

*f‘l-ﬁj G‘W + ?avxi:j _/

)} - -

' %, X; a (a-1) L Tay Ty T vy “xixy -/

(4.2.6)
/
Cov(y 'Ypl’ s V(?;,)
2 X + ¥ 7
1 - 2 -
' xi a(a-1) — liy) xxy “yv -/
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An unblased estimate of (4.2.7) can be estimated as in the sama lines
done by Goodman and Hartley (1958), using Fisher's Bivaziate 'k’
statistics, and is omitted here.

Again using Olkin's method, we can define the multivariate

unbiased product typs estimate of the population mean as

’ k '

?p(M.V.) a | :T‘ v Yo (4.2.8.)
where 'i';j ia given by (4.2.1) and welghts wy are chosen such that
their sum &

r w = 1
§ =1 §

(4. 2.8) can be written in the matrix form as

¥ = W
T, e VP(M- Va) 7p
- "\ ]
! Y
W, y a
where w 2 . amd ?.P = ..
L] '.
L k » ,pk
and W' is ths transpose of W,
. - B /
+ ¥ vpn VPB . L] vplk
vP ve . . veP
¥ v = 21 22 . . ok
ve ve . . P
Xl k2 kk |

Where VPU is given by {8.2.6.) and VPu by (4.2.7).
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The walghts wj (j =1, 2,.-. k)aro chosen go as to minimiag the

L}
varianco of ¥ .
p(M.V.)

Ageln following the algebra of Olkin wo have w; = Rj /D

§ is the aum of all the elaments in the jth row of the matrix V-l.
and D fs tho pum of all tha elemnats in the matrix V.‘. and V‘l is the

where R

laverse o £ V. Tho minimum variance of ¥ M. V)

For estimating tho welghts and the variznce of the ocatimated

1s 1/D .

mcan using all the auxiliary variabloe in the multivariate unbissed

estimator, the estimators of VP, at (4.2.6.)and (4.2.7.) are sub-

§)
atituted for VPU in tho matrix V.

4.3. COMPARISON BETWEEN MULTIVARIATE UNBIASED PRODUCT
TYPE ESTIMATCRS WITH DIFFERENT NUMBER OF SUPPLEMENTARY
VARIA BLES.

THEOREM. Lot V;zq and ?;:k denote respoctively the multivariate
unbinsed product type estimators of ¥ with optimum welghta basod on
the sat of supplementary variadles (xl). (xz). o« (=) cnd (=g}, (x,) . -
- (xk) where k is greator than q.
’ ¥
¥ =
Thea¥(§ ) Z VUY,)

Proof of the theorem is similar to Clkin (1958) and {s omitted hera,

/
!

Applicetion of the sbove resulto can be studiod for any particulra
sompling acheme. The rasalts aro illustratod with some emperical

data in Chapter VI,

warm s



CHAPTER V

GENERAIIZED MULTIVARIATE UNBIASED ESTIMATION
FOR THE MEAN OF FINITE PCPULATICNS.

/
5.1. INTRODUCTION.

Juot as rotio estimators aro often indicated when the variable

y ia positively correlated with an auxiliary variable x so the product
astimators arec indicated when y is negatively correlated with x. The
method of estimation suggested by Olkin (1958) is extended to the case
whoro some or all of the auxilizry variables are positively correlated and
some or all are negatively correlated to the variable under study.
8. R.8.Rao and Govind §. Mudholkor (1967) bave suggested a multivariate
estimate with p+q supplementary variables where the first p of them
having positive correlntion with the variable under study and the romai.
ning q having nagative correlation with the variable under study.
Similar studies have been dane by 8. K. Srivastava {1965).

In tho present {investigation a multivariate unblased estimation
of the popualation mean Y 1o considered and tho expresalons are

obtained by using the maltivariate symmetric moans.

8.2. GENERALIZED MULTIVARIATE UNBIASED ESTIMATION,

Lot there be (ptq) supplementary variables (x)), (lz)- x (Sp)-
('pﬂ)' . . (xp,q) information on which i3 available for each unit
of the population. Let y and x, be the unbigsed estimators of tho
parameters Y and X, correspoading to tho variable under study and
the ith supplementary variable (i =1,2, . . p+k ) based onany

probability sample design and let X; bo known in advance.



35

(jﬂl.l.. . p"k)

Let a random sample of n observations (7£. xu. Byee oo x(p R

 +f_ ,. .7 ) ($8s)42,..mn)

1 2 pi
be obtained from a population of size N where tji ® yji / xji ’
(i '.l. Z... 1+ Y ’S!' 3. Y p)
1
Let?j © ;[ufvji xji (1=, 2, ..p)
v E n (N-1 - - -
Let ?.J = ?jxj - ——2 ( ﬁfj "- b 4 ) (503-10)

N (a-1) , .
‘,ﬂlo 3. . . p)

= - (N-n) % L, -
wv;j (fy/ %) Nm)guf‘“ii %)y (s.2.2)

(jodel, pt2, . . ptk)

(5.2.1.) is the Hartley and Ross unbiased ratio type eatimate and
(5.2.2.) 1s the Robson's unbiased product type estimator.
Interms of symmaetric mean we can write

1 2 P ptkl 2 g b
‘!’3“ Z{(00O0.. 0.. 0 ©0O0..10 .. 0)~

(jﬂl.z...p)
1 2 } ¢ ptk 1 P
!jﬂL(OOO..IO..OO.‘O)P(IGI.Z...p*k_)

P
§ = <000 .. 0 0.. 0)>
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o

Here the firat elemest in the vactor represents the y uanit, the

succedding (p*k) units for (xl. Xas o and the remaining

=
p onits for rl. rz. . o xp respectively. An angle bracket with a prime
£ 7\ is used to dencto a population symmetric mean while < -~
without prime denctes a sample symmetric mean. We can write (5.2.1.)
and (5.2.2. ) in symmetric msan notations but it will be tedins to write

it 1 this form. Algso to derive

] ' ¢ )
\ V’Pq B cov ‘V.-v ij) kacpingyj '?;:j in symmatric

mean notations will be laboriocus. Hence we shall derive
V'Plz « Cov ( ?:l ' V;z ) assumning that we have two supplemen-~
tary information x;, x, (x| baviag +ve correlation with y and x,
having negative correlation with y ) without loas of generality.
In terms of symmetric mean notations we have

Ve © £ (0100)>£(0001) > + @%11 /~ £(1000) > -4(ozoo),(ooonj

(5.2.3.)

| and - -

Vo * g L WN) L0010)7 s ﬂ%-‘l- £(1000),(c010) > _7
(5.2.4.)

COV('V";I. V'p?.) = B (9-;' V;a) *~¥ (5.2.5.)

Multiplying ( 5.2.1.) with {8.2.4.), taking expectations, ( 5.2.8.)
/

becomes after groupl] ng the terma ,

-t -t
CW( yl'l. sz ) s

= [ L(my)> + (N-1) Z{olo0),(108) >
N nxz

¢(a-1) Z.(110),(0001) > + (a-1) Z(1010), (O1O1) >
+ (a-1) (N-2) / (0100),(1010),(0001) >' 7
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+‘“T"’)_-_ [~ z(u00).(com) > + /£(1000),(on) 7
N3a %
%2, (n-2) sqc00)(ci0)loom>' 7

+ (-13-}_,-1-)-!3-'-—2-) / /(1100), (0010), (0CC1) > * +

N n 3‘{3 -
Z.(0110),(1000), (0o 0l) > £{0101), (1000), (0010) ~ ‘

+ (N-3) /(1000).{0100),(0010), {0001)7\ ™/

+(Ngu-_* /"4(2000).(00&0)7\ + L(IOOO).(IOIO)7\
NanX, -

2 +(a-2) /(1000),(1000),(c010) 7' 7/

- NN quoo)com)S ¢ Z(1001). (ONO) 7
N%a (n-1) X, ~
t(a-2) /(100),(CO10), (0C01) >
+ ¢ (OLO),(COO01), (I0C0)>" -
/(oon), (1000). (0100) > +
/(1061) , (0100),{0010) > +

(@-3) ¢ (1000),{0C10).(CI00), (000> _ 7

- _;'@ /7 /42010)> + (N-1) L(zooo).(loloP\ _/
2

. 9"‘7:‘_).. /~ £(2000),(0010)> + /(16€0),(1010) 7"

N°K, - | -
+ (N-2} £ (1000).(10G0),(0010)> _/
o (8.2.6.)
An unblaged estimate of Cov ( "f:_‘ . ?;z ) is constructed simply
by subatituting the sample symmetric meon for population symmetric
means in (8.2.6.)

When the population eize N te vary large, (5.2.6.) can be

written sfter rearranging the terms aa



siy "‘j's Tyr, "xx, !
(8.2.9.)

(l 31! 3: » p. j Gp*l.pi-z. . . p*k)
] _l
C°V(?‘.iv7,j ) (ig‘. 2, -:P-]“lazo-op) and
'
Cov (?P" ?'Pj ) ( i ‘P’f‘ll pt2, . . ptk, } =& l”'lo pt-a. .. p*k)

are already defined in 2.2.7. and 2.2.8, and ¢.2.7. and 4.2.8. res-
pectively.
¥ollowing Olkin's method, we can dafine the generalided

multivarial e unbiased ratio type estimate of the population mean as

) P wv., o+« BF (5.2.10.)
= w 'y -1 .
VG '131 "." ?l’l iﬂpf'l t 'pt
where Vri ’ T;i are given by 5.2.1. and 5.2.2. respectivsly,
+k
and weights w, ava chosen aguch that their sum pi.‘. w, @ 1.
i=]
[ch Voiz ' * Yap Vaipn) - le(p*k)\
szl v . . P » » sz(pfk)
u VG a - & . - P} L] - - [3 [ *
vG(p&k)l. .o . \'4
G(p+k){p+k)
where veuij (tel, 2, . . p, jul, 2, . . p )are given by

(2.2.7) ond (2.2.8.)
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VGU (i QP*‘]- p"'av L p"h. j‘ p"ln p.zt LI P*k) '
are given by (4.2.7o0nd 4.2.8.). |
Vcij (i E‘. 2, + . P j ﬂb-}l. p+2. . . P*k) l
are given by { 5.2.9.)

]
The weights w, are chogsen 90 25 to minimiase the variance of Y6 *

Again following the algebra of Olkin, wo have w, = R/D whese
. 1
R; is the sum of all olemonts in the ith row of the: matrix VG

-}
and D is the sum of all the elaments in the matrix VG .

-1
Vg 18 the inverse of V G The minimum varlance of ?‘G is /D,

For estimating the weights and the variance of the estimated
mean using al} she suxiliary variable in the multivariate anblased

estimator, the astimatas of Ve o (5.2.9.). (2.2.72.), (2.2.8.),

4

(€.2.7.) and (4.2.8.) ave gubstituted for vmj

When wo have supplemontary variablos with only positive correlation

in the motrix VG.

L
or with only negative correlation then ?G will bo reduced to a
multivariate unblagsed ratio type estimate or 4 multivariate unblased

product type estimate.

5. 3. COMPARISON BETWEEN GENERALIZED UNBIASED ESTIMATE
WITH DIFFERENT NUMBER OF SUPPLEMENTARY VARIABLES,

THEOREM

3 L]

Let .?G(p#h) and ?G( r+a) dencte reapectively tho
generalizad multivariate unbiased estimators of ¥ with optimum
whkights based on the set of sypplementary variables
(x)), (uz) .. (!p) ‘ ("pﬂ)' .. ("pﬂ:) { where the firsd p variablos
having positive corralation with y and the remaining k having nagstive

correlation with y ) and (=) . (z2): « - (), ('r-l-l)’ - ('ﬂa}

( whare the firet r variables having positive correlation with y and
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the remaining s having negative correlstion with y) whase ¢ >

ands 7 %k then

Proff Preof ef the thoorem Ls similar to Clkin (1958) and ts omitted
here.

Application of the abeve results can be studied for sny
particalar sampling schema. The results are illustrated with the

help of seme emperical data in chapter VL.

A A r 2 3 1T K 3
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CHAPTER'VI
ILLUSTRATION

6.1. INTRODUCTION.

Marketable surplus represents the surplus availabdle for dispo-
sal with the producer, after the requiremsnts of family consumption,
feod, ssed and wastage have bsen met. By consumption of the cultivator
we mean the following.

(a) Quantity set apart for seed.

(b) Quantity consumed or set apart for later consumption.

For marketable surplus we consider the following types of disposals.

(s} Quantity sold during the season for cash.

(b) Quantity stored for later disposal.

(c) Quantity paid te land owner as rent.

(d) Loans returned. ' :

(e) Quantity of other disposals.

It has been observed that marketadle surplus of a par rticular

crop is highly correlated with the volums of omt-put, and holding sise
of the cultivator. When we fix the holding sisd, then marketable surplus
is negatively correlated with the number of family member. Alao mar- ‘
ketable surplus is observed to be having negative correlation with con-
sumption.

The results which we have obtained tn Chapters III,IV, V will
now be illustrated with the help of the data collected in the Beach-Mark
and Assesment Survey under Intensive Agricultural Development Prog-
ramme (IADP) conducted by Institute of Agricultural Research Statistics,

{(1.C.A.R.) ln Tanjore district in the year 1967-68.
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The sampling plan for the survey wae one of the stratified multistage,
the blocks being the stratas, villages and cultivators ag first and second
stage units repectively. From each stratum about 5 villages were seolected
at random and from each village a sample of 8 cultivators was selected
for collacting information on production, consumption and dispoaal of
crops produced of each of the uitimate stage units of gelection, vis the
cultivators. The following iterns of information from the survey were
utilised for the anclyaia.

i.) Number of blocks.

ii. ) Number of villages aelected from each block.

iil. ) Number of cultivatore sslected from edch village.

iv. ) Number of family members in the houashold of each of the
sclected cultivators.

v.) Holding sizse of each of the sampled cultivator.

vi.) Production of paddy obtained by enquiry metbod of each of the
selected cultivator.

vii.) Surplus reported to be availalie for marketing by each of the
cultivator.

The complete information on items mentioned above were
availbble for 529 cultivators in '* S8amba’’ geason and 693 cultivators in
Rabi *! Kuruvai'' geason, in the year 1967-68. The 529 cultivators in
"Samba'' season and 693 cultivators in '*‘Kuruval'’ season were considered
as forming two populations for purposes of the study. A random sample
( withomt replacemaent) of 100 cultivators from Samba season and ancthey
100 cultivators from Kuaruvai seasen were taken and the following obser-

vations were made.
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1. Marketable surplus of paddy per cultivator in kilograms (y).
2. Holding sise of the cultivator {x]) (in acres)
3. Number of family mem:Dere (‘l) in the cultivators family,

4. Consumgption of the cultivator (‘3)

6.2. Notations and definitions.

N  « m aumber of cultivators ia the population.

n - numbey of cultivators in the sample.

¥ - Average marketable surplus of paddy per cultivator ( in kg:.)
Rl - Average hdiing sese of cultivator ( in acres) par cultivaor.
22 - Average number of family members per cultivator.

p 4 - Average quantity of paddy consumption psr cultivator (in kg. )
Y: X3 Xy, ¥y are the unblased estimates of Y. 'x", ' 3?.3. ffs based on
a random sample of 10O observaticas.

Vﬂ - the estimated average marketable surpias based cu the biased ratio
1 oo
- the estimated average marketable surplus based on the

unbiased Hartley and Rose unbiased ratic using the supblemen-
tary variable 2.

vrl

b4 P the estimated average markdable surplus based on the blased
P product estimate.

Y

X

!

2

'?' = the sstimated average marketable surplus based on the unbiased
pZ product type estimate using the supplementary variable x;.
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v - ths estimated average markotable surplus baged on the blased
P product.

s | | Vgg / xs
?' s - the estimated average marketable surplus based on the
P unbiased product type estimate using the supplemcntary
variable Xg.

A4 o2 " the estimated average marketable surplus based on the biased
e ratio-cum-product estimate. -

o YiE2
1 5 3 ..g_l.
A=l X R

'i"'l 2 - the estimated average marketabls surplus based on the unbiased
wip ratio-cum-product estimate suggested in chapter 3, using the
supplementary variable Xy and Xye

y - the estimated average marketable surplus based on the
PM.V.}  mulivariate blased product estimate using the supplemantary
variables x,, and ®qe

v - the estimated averags markotable surpus based on the unbiased
PM.V.)  muitivariate product type estimats using the same supplo-
mentary variables x,, and X .

Y MY} the estimated average marketable surpus based on the generall-
G(m.¥.) sed binsed multivariate estimate using the supplementary

variables X and Xy

V. M - the estimated average marketable surpus based on the genera-
G(M.V.) lised unbiased multivariate estimate using the supplementary
variables X and x,.

6.3. Discussion of the resulta. )

Tables 6.1 and 6.2 given at the end of the chapter gives the
various estimates suggasted above with their variances.The rosulte show

that the unbiased estimates arce closer to the true value than the biased
estimates. The results indicate . . that the unbiased ratio and ratio~

cume-product estimates are superior to the blased estimates in all cases
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because the former estimates are not.'inccom'pan!od by significantly lar-
ger errors in comparison to the lattey, while being unbiased. The p::odnct
eastimate and tho ratio-cum-product ;utmte! { both biased and unbiased)
are lass effictent than the stmnple mﬁm estimate and this is due to veyy
small negative correlations l:nmnehi the variables y and x; and also
between y and xg.

In the data considered for this illustration, the coefficients of
corrclatlt;n between the character studied and various supplementary
variables were of low magnitude. Better results should be expacted for
cases where stronger correlations ( positive and negative ) exist. For
such cases the estimators discussed in this dissertation could be more

advantageocusly used.



Table - 2.1.

Estimate of average number of pepper standsrds per village in Kerala State

during 1966-67 obtained by various estimation procedures along with their

variances and blases.

------------------------------------- LR N L I R I I RN R R I A -

serial satimator, estimate of sverage  varlance. percentage gein percen.
aumber. aumber of penper in precision over tage bias.
stancarde per village. simple rean.
UL SO ¢ SOOI £ NSNS () MRS | : SR () I
2
lo Yl (S.M.) lg)qq \ qg]'l.}-%o‘ - - - -
N
2. ?1 28737 10638999 83.4 0. 7301
®n
A
3. Yir 21787 11060294 7.4 1.2938
12
4. 29242 1197372¢ 62. - -
5. A 21002 14873373 3.2 --
1r
12
A
6. Y1R(M.V.) 28096 9534271 104.6 (©. 7304)
1. VA 30195 11942238 63.4 .-

1r(M.V.)
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Tabdle - 2.2.

Entimate of average number of pepper standards per village in Korala State during

1967-¢8 obtained by various estimation procedures along with their variances and
‘biones,

el R . I I R

serfal  estumnator. estimate of average variance. percentage gain percentag

numbgy, number of pepper in precision over bias.
standarde por village. simple mean.
L) IR + DERRRSRE ¢ MEOURRUSRRDIY ¢ SORSRRNARY |-+ ARERSUNIN } SO
A
2 ¥ (5.M.) 16384 6975448 -- -
I
2. ?m 26868 45953802 51. 8 4023
1
A
3. ?m 23194 2161201 227. 7 -. 4013
12
‘. %, 27978 4327874 44.5 -~
1
5. “i; 23324 2150683 224.3 .-
4
12
6 A
. Ym(m. v.) 23194 2122858 228.2 -. 4122
7. v 32586 2099836 232.23 .-

12(M.V.)

bl R L L Y e R T R e A N N Y T L T T T L
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Estimates of average arca under peppor per village in Kerala State during lﬁ6~6'f

obtalned bx various astimation proceduren nlong with theri variances and bianéa.

SN PP B Sl S BN PRSP pE s TR s P o om B e TEMRREB R R TRBMTITREES e L R K R

gexial estimator. ecstimate of average variance. percentags gaia percentage

sumber. arco {srea in acros) in precleion over bias.
par village. simplo mean.
L) M ¢) RN ¢ ) SOOI C) JONUSRS |- MRS ) M
A
1. ‘?a(s.m.) 632.01 14598 .- - -
Fal .
2. -‘?za 720.73 3980 266.7 - 1767
21
A
3. Yr 846. 44 3507 " 316.1 . 2538
22 .
u ;
4. vam 79.94 401'3 263.8 . -
8, ! 543, 31 3598 305.6 --
z:zz
A
. g .7 3373 307. .-
7 Vzr(M.v.) 574.72 O1.9
/

L LR E B A S X X F 3 F N N X L EIF X F¥ X DL AR A LA LE LY L EXLELREEERLEERERSEERENTEEERELY TR T WY X ¥ LY X BN F N Y Y
3
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Table - 2.4,

Ketimates of sverage area undey peppes per village in Kerala State during 1967-68 obtain-
ed by various estimation procedures alang with theiy variances and biases.

LI R L Ly R o P Y P T Y P Y R LT L R LR L L R P Ty LY T

astimator. estimated average veriance, percenatage gain percen-
number. area (arealin acres) in precision over tage biaa.
per village. simple mean.
SO £\ IO ¢ ) OODRRON &) ORURNNEN ¢ ) IR ) MR (1 1
A
1. ¥, (5.M.) 376. 81 2862 .- ..
A
2. Yz 617.94 - 2122 34.8 . 6655
R
21
A
3, Y £33, 44 687 316,85 - 8127
2333
4, A ) 628.01 2187 30.8 - -
2ry /
5, ?; 525,54 76 299. 7 .-
*22
A
6. Y 515. 55 647 342.3 -. 3986
2R(M.V.) v
¥
7. 499.18 632 338,

LR X 2 L B N K B B B B 3 AN 2 L % E K B X N E KX L L 2 N B & L F E BB K R _E X L R N 1 L A & X X N B JCN B LR T KR N N N T3 W Wk R Ry g § e




Table 6.1,

Various estimates of the average marketadble surplus of Paddy in kilograma per
cultivator in Tanjore District {Tamil MNadu) io the year 1967-63 under the 1AD
Programme duoring ‘Samba‘ Season.

T e S e S M e M U GRG0 SR R R e R N IR A P B AR A W b b e e e g e TR T S NS TP M A AR R R M S T T T W R

serial estimator. eatinate of average variance,
number. marketable surplusof
paddy ner cultivator.
IO ) DDA ¢.) NI RSSRSSRRENN - NSO ) N
1. Simple mean. ( ¥) 1594 488C0C
2. Biased ratio tyre (‘ir"ﬂ ) 1496 42023
3. Unbiased ratio type (7;1)_ 1458 42095
4. Biased prdduct (vpz) 1751 55416
.
8, Unbiased product type (?‘pz } 1788 56507
6. Binaed product ( ?;,3 ) 1136 163625
7. Unbiassd product type { 7;3} 138 105188
8. Biased ratio-cum-product { V:-lpl ) 1650 54019
9. Unbiazed ratio<um-product (?:'lpl ) 1649 54135
10. Biased multivariate product ( 1767 56346
L]
n. Unbiased multivarlate product ) 1762 55435
P ¢ ?p(M.V. )
12. Biased multivariate generalised ( YG(M. V.)) 1548 41483
]
13. Unbiased multivariate genralised ( ?G(M.V. )) 1512 41536
Trus vatue(¥) 7 1287 Correlation between y and x; -~ +.3975
Sample size a 100 Correlation between y and x, - -. 0523
Population sise = 529 Correlation between y and x - - .O223

3




Tabxe - 60 3.
r—-—-——-—n———

Various estimates of the average marketable gsarplus of Paddy in hilograms per
cultivator in Tanjore District(Tamil Nadu) in the year 1967-68 ander IAD Programme
during ' Kyruval ' Season.

L L B R R R A R L Y N N N NN RN YN R - e A e L X N B R X ] WE RSP PE At m e S -

dorial estimator. estimate of average variance.
aumber. markatable surplus of
paddy per cultivator.

U000 O 3 RO ¢ ) MRS ()

- (O L A B T X B L N X ¥ N S hoeddveoewvndaP el PR ®e e L

1. Simple mean. (7)) 467 85742
2. Biased ratio type ( f'r ) ) 763 52630
3. Unblased ratio type { 7;1 ) 639 56106
4. Biased product, ( sz ) 412 103326
5. Unbiased product typa. ( v;z ) 14 106420
6. Bissed product. ‘?;:3 ) 404 106911
7. Unblased product type ( 7;3 ) 409 1177
8. Blesed ratio-cum-product { yﬂpa) 632 102836
% Unbiased ratio-cum-product type. (7;-1;:?.’ 708 17206
10. Bissed maltivariate product type (yp(M.V.) 415 95478
1. Unbiased multivariate product type { V;(M-v. ) ) s22 97284
12. Bissed multivariate generalised ( YG(M.V.) ) 802 47870
18. Unbiased multivariate generalised ( y; (4. v. )) 734 scz:s
Troevelue (¥) = 672 Correlation batween yend x; = +.4173
Sample sise e 100 Correlation between yand x; = - .0128

Population sixe = 693 Correlatian between yand xy s - .0097



. SUMMARY,

In the present study the question of devel oping the unbiased
ratio type,product type, and ratio cum product type estimators bas been
taken up and appropriate estimators along with their variances bave
been worked out. The following estimates, the variances of the astimates
and the estimates of these variances are ochtained by using the concept of
multivariate symmetric means.

1. Multivariate unhin;d ratio type estimator of the pophilation

mean using data on two or more supplementary variablas.

2. MultiVariate unbissed product type estimator.

3. Generalised multivariate undbiased estimate where p of the
aupplamenugy variabl es having positive correlation and q of
them having negative correlation with the variable under stydy.

4. Unbiased ratio cum product type estimator.

. An emperical study haz been made by uaing these estimators

and results are included as {llustraticn.

W gk W R RS
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