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Abstract

The calibration approach is a popular technique for incorporating auxiliary
information for estimation of population parameters in survey sampling. In general, the
Calibration Approach assumes the availability of population-level auxiliary information. On
the contrary, in large scale surveys, it is often the case that population-level data on auxiliary
variable is not available, but it is relatively inexpensive to collect. In the present article, in
case of non-availability of population-level relatively inexpensive data on auxiliary variable
under two stage sampling, we developed product type calibration estimator of the finite
population total using double sampling approach along with the sampling variance and
variance estimator. The study variable is assumed to be inversely related with the auxiliary
variable. Proposed product type calibration estimator was evaluated through a simulation
study which showed that the proposed product type calibration estimator was performing
efficiently over traditional Narain-Horvitz-Thompson type expansion estimator as well as
product estimator of the finite population total in case of two stage sampling involving two
phases at both the stages.

Key words: Auxiliary information; Calibration; Design weights; Product estimator;
Simulation; Double sampling.

1. Introduction

The calibration approach was originally suggested by Deville and Sarndal (1992). It is
a most widely used techniques combining auxiliary information for estimation of unknown
finite population parameters of the character under study efficiently. In calibration approach,
initial design weights would be converted to calibrated weights which is product of a
calibration factor with the initial design weight. Following Deville and Sarndal (1992), plenty
of work has been carried out in the calibration estimation i.e. Singh et al. (1998, 1999), Wu
and Sitter (2001), Sitter and Wu (2002), Kott (2006), Estevao and Sarndal (2006), etc. (see
Kim and Park (2010) and Sarndal (2007) for comprehensive review of calibration approach).

In various medium to large scale surveys, two stage sampling is followed since at
most situations it is very often the case that the sampling frame is often unavailable or it
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could be too expensive to construct one. Under this sampling design, first, groups of elements
are selected which are called as primary stage units (PSU) and, then, a sample of basic
elements which are called as secondary stage units (SSU) are selected from each selected
PSU. For example, in agricultural surveys, villages can be selected as PSU and farmers can
be selected as SSU. Sukhatme et al. (1984) suggested several estimators of the finite
population parameters using auxiliary information in two stage sampling. Sarndal et al.
(1992) considered three different situations concerning availability of complex auxiliary
information under two stage sampling and discussed extensively on ratio and regression
estimators under such situations. The calibration estimation under availability of complex
auxiliary information under two stage sampling has been discussed by several authors such as
Aditya et al. (2016a, 2016b), Mourya et al. (2016), Aditya et al. (2017), Basak et al. (2017),
Salinas et al. (2018) and Biswas et al. (2020) etc.

In surveys, it is often the case that there exist certain auxiliary variables which are
inversely related to the character under study. For example, in household based surveys, the
marketable surplus is inversely related to family consumption of seed, feed etc. In the past,
the product estimator (Murthy, 1964) was used as an efficient alternative to the traditional
estimators. In such a situation, the usual methodology for calibration estimation may not fit
in. Sud et al. (2014 a, b) and Biswas et al. (2020) proposed calibration estimation procedures
for finite population total under uni-stage equal probability sampling and two stage sampling
respectively, when a character under study is inversely related to the available auxiliary
variable.

Generally, in calibration approach, it is assumed that population-level auxiliary
information is available. On the contrary, population-level data on auxiliary variable is not
available in practice, but relatively inexpensive to collect. Under this scenario, double
sampling approach serves as a feasible solution for the estimation of finite population
parameters. Double sampling has generated extensive research interests. For example Rao
(1973), Hidiroglou et al. (2009), Haziza et al. (2011), Sinha et al. (2016), Arnab (2017), etc.
In this present study, in case of non-availability of population-level relatively inexpensive
data on auxiliary variable under two stage sampling, an attempt has been made to develop
calibration estimation procedure for estimation of finite population total using double
sampling approach when character under study is inversely related to the available auxiliary
variable. In Section 2, we give a brief of the product type calibration estimators of finite
population total under two stage sampling as proposed by Biswas et al. (2020). In Section 3,
calibration estimators have been proposed in case of two stage sampling using double
sampling approach when there was unavailability of population level auxiliary information at
the SSU level and the character under study is inversely related to auxiliary variable. The
statistical properties of the proposed estimators are studied empirically through a simulation
study. Section 4 provides the technical details of the simulation study and simulation results.
Concluding remarks are given in Section 5.

2. Calibration estimators under two stage sampling when character under study is
inversely related to available auxiliary information

In this section, first, we briefly describe two stage sampling design along with two
different calibration estimators under two stage sampling under the assumption that the
character under study is inversely related to available auxiliary information as proposed by
Biswas et al. (2020).
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Let, the finite population under consideration and the corresponding character under
study is denoted by U and Y. Population U is grouped into N different PSUs such that

Uy ={L...i,....N} and i" PSU consists of Mi SSUs such that Uj ={1,....k,..., M}, ieU,.

Thus, we have U :Uililui and total number of SSUs in U is Mg = zi’ilMi . Under two

stage sampling, a sample of n PSUs (s;) is drawn from U, at stage one. First and second
order inclusion probabilities at the PSU level are 7); =P(ies)) and z);; =P(i, jes|). A

second stage sample (s;) of mj SSUs is drawn from U; provided, at the first stage, the i PSU

(Uj) is selected. First and second order inclusion probabilities at the SSU level are

)i =Pkesj/ies)) and mg,i =P(k I esj/ies)). In the second stage of sampling,

invariance and independence property is followed. The final sample of SSUs is denoted as,
S|

s=|Js;- Let, yj denotes the observation of the study variable from k'™ SSU in i" PSU and
i=1

it is observed for all the sampled SSUs. The parameter of interest is the population total
N Mi N Mi

ty=) ) Vik=)ti, where t;=>yj = i" PSU total. Usual Narain-Horvitz-Thompson

i=1k=1 i=1 k=1
estimator for population total is given by
R n m; n m
tyn = 2 i 2 (asiVik) = 2. 2 @ik Vi 1
i=1 k=1 i=1k=1

where, the design weights are given as
dik =aji-A /i Qji :1/Tc|i , Vi S and ay /i :1/Tfk/i , vk € Sj and i€S| .

Biswas et al. (2020) proposed product type calibration estimators of population total
for two situations under two stage sampling design as per Sarndal et al. (1992) as mentioned
below:

Case 1: Population level complete auxiliary information is available at the SSU level.
Case 2: Population level auxiliary information is available only for the selected Primary
Stage Units (PSU).

The product type calibration estimators of population total (Biswas et al., 2020) under
these two cases of two stage sampling as stated above were given by

fycp1 = Zn: % Wik Yik = {i % ajk Yik J{% %: X&l]/(zn: % ajk X&lJ and

i=1k=1 i=1k=1 i=1k=1 i=1k=1

n n m; n m; MI 1 m; 1

tycp2 =D a1 D WaikVik = | @i | D a/iVik || 2. Xik DA /i%ik
i=1 k=1 i=1 k=1 i=1 i=1

where,

N M; 1 n m 1
Wik = aik| D XXk / DD aikXik |» Yk =1,2,..,m; and

i=1k=1 i=1k=1
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M; m
-1 -1 _
W2ik—ak/i[zxik /Zak/ixikj,Vk—l,Z,---,mi-
k=1

k=1

3. Proposed calibration estimator using double sampling approach in both stages of
two stage sampling

The double sampling was first given by Neyman (1938) which is generally used when
the information on auxiliary variable is lacking, but comparatively low-cost to obtain.
Information on auxiliary variable shall be obtained by selecting a larger preliminary sample.
Further, sub-sample is taken to observe the charater under study. In the present study, we
have developed calibration estimators using double sampling approach in two stage sampling
for the situations when of population level auxiliary information (xik) was unavailabile at SSU
level.

Biswas et al. (2020) developed product type calibration estimator under two stage
sampling assuming the SSU level auxiliary variable is inversely related to the characteristics

N M;
under study and Zz xiT(l is already known. Under the present situation, it is assumed that a
i=1k=1
N M;
correct value of ZZXJ} is unavailable since there was there was unavailability of
i=1k=1

population level auxiliary information (xi). We consider double sampling approach under
this scenario. First, a large first phase sample (S;) of n" PSUs is selected from the population

of N PSUs (U, ) following a sampling design p; (.). The design weight for i"" PSU is given
by ajj=1/7xj;, where m)j=P(i€s|) is the known first phase first order inclusion
probability of i PSU. Under SRSWOR, 7zj; =n'/N . In the second stage of the first phase
sampling, from each of the i" selected PSU, i esj, a sub-sample (/) of m SSUs is selected
from M population SSUs (Ui) by a sampling design Pk/s; (.). The design weight for ki SSU
provided i" PSU is already selected can be given as ayj=1/7i, where
7y =P(k esj /ies)) is first phase inclusion probability of k™ SSU and under SRSWOR it

is given by 7z /i =mj / M; . The observation on auxiliary variable xix is taken from the k™ SSU
ini"PSU.

In the second phase, a smaller sub-sample (S,) of n PSUs is drawn from S, by a
sampling design p;(.). The design weight of the i PSU is i/ :1/7r|i/si, where
miiss; =P(i€s) /s)) is the second phase conditional inclusion probability of i"" PSU, given

s, , and under SRSWOR, Tiifs; = n/n’. In the second stage of second phase sampling, from

the i selected PSU, i es;, a smaller sub-sample s; of size m; SSUs is selected from m/ first
phase SSUs by a sampling design Pk/s, (.). The sampling weight for k™ SSU is given by
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By /s | :1/7[k/si',i’ where 7 /s j =P(k esj/k esj,ies|) is the second phase conditional
inclusion probability of k™ SSU and under SRSWOR it is given by 7/ ; =m;/mj. The

observations on the character under study, yik, and auxiliary variable, xix, are taken from the
ki sampled SSUs in i" selected PSU.

In this study, an attempt has been made to improve the traditional design weighted
Narain-Horvitz-Thompson (NHT) (Narain, 1951; Horvitz and Thompson, 1952) type
expansion estimator for population total (ty) under two stage sampling following double
sampling at both the stages which is given by

n m
Zallzak/|Y|k Zza|kY|k 2)
i=1 i=1k=1
where, aj =a,j a /i :(a’” aj/s )(ak/i ak/s{i) is the total sampling weight of k™ SSU in i™
selected PSU in the second phase sample, which reduces to aj, _(En—j(&"ﬂj _ NM;
nn m; m; nm;

under SRSWOR at all stages and phases.

Proposed calibration estimator of the population total (t,) in case of two stage
sampling following double sampling approach is given by
n m

fycpd =D D Wikd Yik ©)
i=1k=1
where w4 is the calibration weight under double sampling corresponding to the total

sampling weight a;y, .

We obtained calibration weights w4 by minimizing the Chi-square type distance

) nm| n’ m|

n_m Wiy —

function ZZ("‘d—subJect to the constraint > > Wig Xt = D > alk Xik
izik=1  %ikCik i—1k=1 i=1k=1

where, aj) =ajjag,j. Using Lagrangian multiplier technique, the new calibrated weight is

given by

[ n’ m] L 1_
DD Ak Xik — D D ik Xik
_l -: = .= = — -
Wikg = @ik + ik Gk Xk | == — =lk=1 Vk=1,2,.,m,lies.
Zzale|kxlk
i=1k=1 i (4)

Using the results of the Equation (4) in (3) and considering ¢, = Xjx, we have,
therefore, proved the following result.

Theorem 1: Following double sampling approach under two stage sampling, the proposed
product type calibration estimator of population total is given as
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n-m n' m .
nm ZZaik Yik Zza{k Xik
fycpa = D D Wik Vik =~ =k

i—1k=1 n 1 1 ©)
Z Z ik Xik

i=1k=1
where, proposed calibration weights corresponding to respective design weights are

n m n m

—— -1 _ -

Wikd = ik ZZaik Xik ZZaik Xik | Vk= 1,2,...,mi, €S| .
i=1k=1 i=1k=1

Corollary 1: Under SRSWOR at both the stages of two stage sampling, the proposed product

type calibration estimator reduces to

yCPd—[ Zimlkzluk]( Z_:lmlkzl J/{ %mlkzl J (6)

Usual product estimator of two stage sampling using double sampling approach is

given by
ypd-[ zmlkz kj( zksz/[ z kz} -

The approximate sampling variance of the proposed estimator fycpd is given by

t
AV(tyCPd) ZZA“J Ejl Z ZZAk |Ek/I EI/I

i=1j=1 ”Il T =1 i k=11=1 i /i
5 N N t, Xk Xll
' X | |
+RE| 20 2 i 2 Z ZZAk./. @)
i=1j=1 i i 171'I| k=11=1 T /i 7/
! ! ! ! I _1
where, A = (7iij —mimyj) Ad /i =7 /i ~ 7k /i i ton =D Xik and

Under SRSWOR design at all the stages and phases, approximate variance of the
proposed product type calibration estimator reduces to

c el e (1t
AV (f,cpg) =N Kn N]sby ( j{sby RES? 2Rlsbyx_1}

N
s iympl Lt szt e g2 aps 9)
NS m v Y e UY i iyx

where,
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M;

_ 2 _
s% = (Xiil—x(—l)i.) and S; -1 =_—12(y|k -Y; )(Xlk X(—l)i.)-
i i—1

wn
o
=
AR
Il
(BN Z‘
| H
H
M=z
—~
=<
=S|
|
= |
N —
—_
=
Y
&
|
2
&
2
~
wn
<
|
_§
|
H
—~
<
x~
|
=<
N—
. N

Following Sarndal et al. (1992), the estimator of variance of proposed product type
calibration estimator can be Written as

V(tycpq) = ZZdIUA_ Z—sz Sk G

i=1j=1 T 7y =17 k=11=1 ”k/l 0 1i
n n' { t 4 m; m;
52 P Xlk X|I
+ diii (10)
! ZZ_: Wi Z7T| K 1§ 7 7
i=1j=1 ! J i=17"1 k=11=1 ! I

il k=l
_ (riij — i) _ I~ Tk
7lij T 1

noom nom ) . m; X'T<1
where, R; = Zanzak/.y.k Zalizak/ixik ' tx—1i=Z I !
i=1 k=1

Under SRSWOR design at all the stages and phases, it reduces to

Aa 2 1 1 ) 1 1 A A
vV (tycpd) =N |:(n— _Nj Sby (———j{Sby + R]_ Sb - 2R1 Sbyx_l}
1 1 1 22 1 1 29 29482 A A j
= |v| = |824| 22 |[§2 1R282 0@ S 11
N 2 {”h Mij Y [”i mi'j( TR T et ¢y

where, Rl—[ Z Z k]/{ Z ZX j =%1i(lvlivi.—7n.)2,

n=1i>

1 &, _ 2 . 1 &, - = - -
_]_Z(Mix(—l)i._x(—l)n.) , Sbyx—lZEZ(Miyi.—Yn.)(MiX(—l)i.—X(—1)n.),

_ 22 1 m -1 2
|y = m-15 (Vik _YI) , Six‘l z—mi —lé(xik _X(—l)i.) 1

-1 :—Z(Y|k Yi. (Xik —X- 1)I) : Zylk’ Yn. =7 ZM'y"

mi—1i3 M k=1

X(-)i. =_lek’ X(—pn. = ZMiY(—l)i.-
Mi 2 Nia
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4. Simulation study

In order to evaluate the statistical performance of proposed product type calibration
estimators, a simulation study was carried out following double sampling approach in two
stage sampling. SRSWOR is used for sample selection at both stages and the size of the PSU
and the corresponding SSUs were assumed to be fixed. First, a finite population of 5000 units
were generated in the similar way of Biswas et al. (2020). Let, number of PSU, N=50 and
PSU size, M;=100. The finite population was generated from the following model as

(12)
Y, = px +e,k=1..,M,

where, Mg = ililMi .

The distribution of auxiliary variable was considered as normal distribution as
X ~ N(5, 1) and the random errors, ex, kK = 1,...,M,, are taken from normal distribution as

ex ~ N (O, o-zxgl). The value of B has been fixed as 20. Four different values for o2 as 0.25,

1.0, 2.0 and 5.0 are taken. In this way, four sets of population have been generated denoted
by Set 1, 2, 3 and 4, with different values of correlation coefficient between Y and X as -0.91,
-0.85, -0.78 and -0.64 respectively. Then, from each of the study population sets, we have
selected a total of 10000 different samples of different sizes of double samples under two
stage sampling were drawn from the populations sets as given below

n' =10, m'i=20, n =4, m; =6 n'=10, m'i=25, n =4, m; =8
n' =15, m'i=25, n =6, m; =8 n'=15, m'i=30, n =6, m; =10
n' =20, m'i=30, n =8, m; =10 n' =20, m'i=40, n =8, m; =12
n' =25, m'i=40, n =10, m; =12 n'=25, m'i=50, n =10, mi=15

Developed product type calibration estimators as well as all other usual estimators of
population total using double sampling approach under two stage sampling were evaluated
based on two measures viz. percentage Relative Bias (%RB) and percentage Relative Root
Mean Squared Error (%RRMSE) of any estimator of the population parameter 0 as given by

~ A 2
A S | — A s | —
RB(Q):éZ(H'egjxlOO and RRMSE(H)\/%Z(%J x100.

i=1 i=1

where, 6?, are the estimates of population parameter € for the character under study obtained
at i sample in the simulation study.

Table 1, 2, 3 and 4 present the results of the simulation study under population Set 1,
2, 3 & 4 in terms of %RB and %RRMSE of the proposed product type calibration estimator

(fycpg ) and usual NHT estimator (f,;) and product estimator (typq ) of the population total

under two stage sampling design using double sampling approach. These estimators have
been calculated assuming that the complete auxiliary information (xik) was not available at the
SSU level in the population and auxiliary variable is inversely related to the character under
study.
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Table 1: Comparison of all the estimators with respect to %RB and %RRMSE under
two stage sampling in case of population Set 1 having correlation coefficient (p) as -0.91
using double sampling approach

Sample size % RB % RRMSE

(n ~Mi —n—mi) tynd tyCPd tde tynd tyCPd tde
10 20 4 6 0.014 -0.010 -0.152 4.896 1.963 2.559
10 25 4 8 0.052 0.001 -0.092 4.261 1.723 2.256
1525 6_8 0.011 0.004 -0.083 3.532 1.402 1.839
15 30_6_10 -0.005 -0.003  -0.058 3.101 1.248 1.639
20_30_8 10 -0.005 0.007  -0.039 2.676 1.083 1.432
20 40 8 12 0.019 0.009 -0.037 2.434 0.933 1.258
2540 10 12 -0.004 0.003 -0.027 2178 0811 1117
25 50 10 15 -0.022 -0.004 -0.033 1.950 0.716 0.996

Table 2: Comparison of all the estimators with respect to %RB and %RRMSE under
two stage sampling in case of population Set 2 having correlation coefficient (p) as -0.85
using double sampling approach

Sample size % RB % RRMSE
(n ~mi_n —mi) tynd tyCPd tde tynd tyCPd tde
10 20 4 6 0.058 0.026 -0.123 5.286 2.756 3.195
10 25 4 8 0.109 0.048 -0.056 4,499 2.406 2.785
15 25 6.8 0.046 -0.047 -0.122 3694 1939 2248
15 30 6 10 -0.030 -0.011 -0.081 3.297 1.730 2.014
20 30 _8 10 0003 -0.027 -0.061 2847 1490  1.739
20 40 8 12 0.021 0.035 -0.005 2.585 1.346 1.570
25 40 10 12 -0.008 0.016 -0.017 2.313 1.173 1.386
25 50 10 15 -0.041  -0.021  -0.045 2.065 1.040 1.219

Table 3: Comparison of all the estimators with respect to %RB and %RRMSE under
two stage sampling in case of population Set 3 having correlation coefficient (p) as -0.78
using double sampling approach

Sample size % RB % RRMSE

(n —Mi —n—mi) tynd tyCPd tde tynd tyCPd tde
10_20 4 6 -0.095 -0.008 -0.167 5.699 3.569 3.892
10 25 4 8 -0.018 -0.002 -0.135 4.952 3.127 3.410
15 25 6.8 0.002 -0.013 -0.087 4012 2506 2743
15 30_6_10 -0.020 0.021  -0.047 3.612 2.231 2.448
20_30_8 10 0.025 -0.002 -0.042 3.095 1.945 2.137
20 40 8 12 -0.031 -0.001 -0.054 2.853 1.762 1.930
25 40 10 12 -0.016 0.001 -0.040 2.537 1.543 1.687
25 50 10 15 0.012 0.006  -0.020 2.243 1.359 1.509
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Table 4: Comparison of all the estimators with respect to %RB and %RRMSE under
two stage sampling in case of population Set 4 having correlation coefficient (p) as -0.64
using double sampling approach

Sample size % RB % RRMSE
(n ~mi N —mi) tynd tyCPd tde tynd tyCPd tde
10_20 4 6 0.048 0.080 -0.094 6.791  5.230 5.425
10 25 4 8 -0.015 0.052 -0.083 5.971 4.612 4.791
1525 6_8 -0.019 -0.012 -0.100 4786  3.679 3.804
15 30_6_10 0.003 0.032 -0.030 4.228 3.293 3.422
20_30_8 10 -0.020 -0.020 -0.083 3.745 2.884 2.988
20 40 8 12 -0.031 0.001 -0.056 3.372 2.565 2.671
25 40 10 12 0.001 -0.016 -0.049 2.991 2.275 2.367
25 50 10 15 0.005 -0.009 -0.035 2.694 2.051 2.129

From Table 1 it is notable that the proposed product type calibration estimator of the
finite population total was giving consistently least amount %RB compared to their usual
NHT and product estimator using double sampling approach for the Poulation Set 1 where
correlation coefficient (p) was -0.91. Here, it is assumed that the auxiliary information was
unavailable at SSU level and auxiliary variable is inversely related with the character under
study. It was also seen that the proposed product type calibration estimator of the population
total is always more efficient than the NHT and product estimators, since %RRMSE of the
proposed product type calibration estimator is always least at different sample size
combinations. It can also be seen that the %RRMSE of the proposed product type calibration
estimator was decreasing with increase of sample sizes, thus, it provides a consistent
estimator of the finite population total. Similar trend in simulation results can be observed in
Table 2, 3 and 4, where Population Set 2, 3 and 4 are considered for simulation in which
correlation coefficient (p) were -0.85, -0.78 and -0.64 respectively. Close look of Table 2, 3
and 4 reveals that %RRMSE of the proposed product type calibration estimator was
decreasing with the increase in the amount of negative correlation.

5. Conclusions and way forward

In general, the Calibration Approach assumes the availability of population-level
auxiliary information. On the contrary, in large scale surveys involving two stage sampling, it
is often the case that population-level data on auxiliary variable is not available in practice,
but relatively inexpensive to collect. In the present article, in case of non-availability of
population-level relatively inexpensive data on auxiliary variable in two stage sampling,
product type calibration estimator (Equation 5) of the finite population total has been
proposed using double sampling approach when there exist inverse relation between auxiliary
variable and chracter under study. In order to study the statistical performance of proposed
product type calibration estimator as compared to existing estimators of population total of
character under study, a simulation study was conducted. The simulation results also suggests
that the proposed product type calibration estimators using double sampling approach in two
stage sampling, performs better than usual Narain-Horvitz-Thompson estimator (Equation 2)
and product estimator (Equation 7) of the finite population total with respect to %RB and
%RRMSE. In future, investigation may be carried out to extent the work in case of different
type of varying probability sampling schemes in oder to improve several well-known
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estimators viz. Narain-Horvitz-Thompson estimator, Rao, Hartley and Cochran (1962)
estimator etc.
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