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iNTRODUCTION: • Ceiullder a .finite _pCDpUla.tien 

of alae _N aaa'1et Yt( t aa:l, a, ••. N) be the y~J'acterietie 

valu•• ef the pepulatien. Thet mala ·pJ'eblem fit •ampllnJ 
"-... 

tJMeZ, ia eo e~t• 'tke ut4 Y • v1+J2+ ••• tY?( with 

the "1.,- til a a&mple ·-Gf obeenati~u· cb&WD fl'Grn ·the 

popula.de.a• Wha mlo~matlen ~ ou. an·a'WdUary 

ch4Jtacter ·~·u ava.Wlble to~ all t •1, Z, •• • .,. aJ\Ci • ami 

y'al'e 'highly eer:rela.ted, tt l8 c:uatfnnary to 1180 th••• 
sa '• eitlre.l' ill "the ••lectien 91 the aample' er fd~ eetimatien 

aft•"' a.teeti:\1 die Ample by aunple raadem •ampliq, 

tit e'bt&L,_ a bette~ eatbu.aJe et Y. One way of uaiq zt'• 

in 'eelecth.'l t1w ·au:n:ple ia to «ra*th• uait• .fnm the 

populatiatr bae after anethe*' a.n4 with pr$babi11ty pn­

P4tliiiWU *• :let '• ( - tal, I, J •• , tO ·elthel' With Ot Witlteut 

repl&c:am•t· Thia ~eci,u·e 
1

01 aelection Is ;ene.taUy 
. 

k.JM)'WD. u tho p:reba'Wllty pl'op.,ltioaal to •iu (p .. p •• , 

.am.pun •• 

\ 

fa the caae el ). p. • aampli:AJ_ without :replace-

by Herd• &ad Thtmlpa•n (1,52), Nazoala(l9!51), Yatea 

au a·:ru:1dy (1953), Dee ll.aj(l9S6), Murthy(lfJ57); Daa(1958), 

Hartley aact· Rie(lt6Z). Hewe~r, th••• •r• cemplicated' 

aad 1••• ue.ftd ler appltcaticm ia p:r:actice, specially whell 

the aampl•. alae i1 lar1•· CC?Uequently. RaCP, lla..riWy 

aJlAI Cec:hraa(l'J6Z) have p:rep .. e4 a aimplo techaiqtle ol 



' 

1U'leflul p;robabUity ·s~pliD.a withfnti replacement. 
' ~ ... .. 

' 
The mda.adyaataau Gf ~· metkodolecy. boaicles the 

aimpJ.i.city ef aelttctiou.. are: 

(~) It previdea an eatimate et the" populatieD total 
' , 

' ; 

I 

(U) It cleea aot eataU heavy c~eu even fer ·the 

' 
the pfpuJ.ati•n tal &ad ita val'iuee. 

I 

I 

(iii) 1t flu'Diahe• an Ulibia•ed estimate Of the vaJ'iallce 
' 

(~v) 1? p2revidu an exact .fo:rmula fer the 'ftrlance of the 
~ l 

•f!l'l1• ebeenatiOltl may 1M miuias clue to \1ltfo:reaeeA 
I 

c:h•cliDUta.ucea. Fe example, 14 •lricultcu'al yleW 

·eurveya the uumera*o• m&J be a~dda.tally h.elcl up an4 

may no~ be able te ccm.tac:t a unit befOJ'e tlle harvest time 

auu1 c:ODSefLue~ly may omit it. Ia auch aituatieu the 

applitla'bUi~ el Ra6, Hai'Uey aad Cechraa iechai4[t&e u 

hampcu.-ed ame• ~· eattmate propo••• lty the•• au.thera 

do.a ..t J'emabs unbiaatul1 ~ evea. tb.eup a». unbiued 



-a.-
it· u P.~"tPeat: to eamla• the· {eaitii1Ut'f"tttDl84UylAg 

\ . 

:let •• .t$ .~ ita ~aetl~~ appJ,icabUity • 
~ ..... ' 

thi• clifti~wl'l't Tw• mefllficationll 'el the a. H. ·c. acheme 

have hda dl•e1aa.eet tt1•tll•_. 'trith ~· e~tlea 

me1hMcti•n;r. r "Tbae •~"• ~~ to be bettel' than ike 

.a •. H •. c. eatimate·ta •Om.• ei~ti.,. • .Alee, t)t.e 

eriinuy ra!i$ e•ti-.te ia c6Dlpin~e4 with the 11.. H~ C. 

••Umate with and wl~ w••iaa e'b.enalicms. 



Section I 

ON RAO-m.I\TLlCY - COCHRAN PROCEDURE 
OF UNEQUAL PROBABILITY--BAM.PLIMO • . . 

~ 
cemplotp.eaa ~. 1\ao-Ha:rUey ad Coduaa. p:rocetlue of " 

\UIAflual p:renbility aampltAa 'Wiholtt :replaeem.eat(R. H. c. 

acheme) le bde1ly •illc:rihe4 lJ1 the followiaJ aUbaectin(l.l). 
:-.. 

Two tliffereat modtficattou of t:k a. H. c. achtlme haTe 

with some oatimate.a of _.,ul.pro'baWllty aaapllaa ia 

aubaeflli.Ut aubaeetlo.a.a(l. 3,1.4 aadl.S). 

Fo-r •electiaa a aample e1 aiae a 11Dita .from 

the fC)JlawUls two atepaa 

(a) Split the populatloa at ':raadom uuo .ll aro11pa ol al••• 
N1,Na, • .,Na aucla that N1+Nz+• •• +Na aN. 

(b) Draw a aamplo of ai•• ou with pi'CDb&lDWty proportioaal 
~ 

to Pt from each of thole a &rQup b4epellldeatly • . 

It ia ahowa thai L c.f ( 1 ) J thfl atatiatie 

c.:. a Yt 
T • :2:: ----

i:: 1 Pt/ '~'t 
• • • • (1. a.1) 

,i 

wltere v1 ta tht sum of the p:rolDa'bW.tlea i,f the uita faUi•a 

ia the i th aroup aa4 the nf.fbte• 1, a' .• ., ...... tho a uita 



.. 

I:alcaae:l( l4l a ~iPle: o~ •• aJl4 N1«a,.. , ~N~ . , 

thea \~'('~1). ia · 'Ribai"""4J'ln. ~ l'• T.~ -; ~ . 1 • 1 

!Jl ~ N J • • • • :c !fk • R -+ 1 ; )(lt+I :c llk+l = • • • Ml\ ::~~:~ 

thea (1 • .z. 2) ~•du.ce,.s ·tC), 

1\ . 
Aa uabiued ••Umat• o! V(Y) pTe& by (1 • .Z. 4} ll 

" Na. + k (•-k)-N# 
v(Y) = .Z , 

N (.a·l) .. k(a .. k ) 

It may M remarkefl Ul.at W• ••tbaate i• alw•.,. peaitf:ve. 
1\ 

Aa eatb:ln.ate el Mia Y(Y) t. •1Dtalaed Ireta ,(L Z. 5) lty ••ttma 
~ •0. Tku,. 

!':~. 1 .a. 11 Yt .Z 
:W..Y'(I). ~ (1- N) :E 'lri ( -- y) .. (1.1.6) 

n- i=l fi 

1. 3 ... Aa ·~•!aattv• •che-.: 

La~ a h& .,..... Tu ·~ume ceui•ta et t1lr8 •t.,. ~ 



(a) Split ta. ~ttoa at ;raAclesb. tate .;a pwpa 
•IZ 

e.t •t.s•• ··:M1, N.z, •• •Naja sud\ that Z Ni zH. 
I ial. 

(\.) D~a· a a ample~ alae I~ prolta\lU.tty p~opCbUeaaJ. 
te Pi'aati with replacem4flttlrom eaeh ol. these 

peupa iadepeadut].y. 

Estimator of the popl!latiea t~al Y: 

D.tin• 
~ .;at Yu Ytz 
yl ::r I:: - ( + } 

lsi a fQ/wl P.tzfwt 
••• (1.3.1) 

when ~it d4 Y'tz a:te ~ y-chal'&ct•ri•ti~ val.u of 

~ ... o 'C&D.1U •olect•4 ill he i 'tlL Jl'fJl\P; lb ·aat~· P1z •~"• 

"'l •· I: PJ • Q.r.ew.pf. . 

N01f(, E(Y~ • :m1• Ez(~1) 

YlleJPe E1 is th•. expecta*ia oye:r a pvea aplit ~ E1 

la the expectatl•• -.r all poaaihle Jp1l111of the populatien 

iat' .a/Z 1~"9\lPf el aU. blt,Na• • ~ ,. Na/'1." But 

' -/3 li/1. 
lCz(Tl) iZi i;z( Tu ) f.lj_ Yt • "'l 

Pufw1 

YtJ 
• E ( ) :a Y1 

a 'PiV,l 

wher4 Y it • E J) 
Gl*Oup i 



.. ,. 
- _ ,~t~e$8~er E(it) * 'f· .. •• ·• (1. 3. at-

~ 

'"'-..., " . , 
'fka Y 

1 
l~ aa ua.))la.Sed eatimate 'Of t:h.e pOpUla'Uoa 

total y. 1 

1\ 

Va•iaaca rot Y1 : 

~ ' , 

vti1t ·• ·~ v z'~i> ._ v l~a (Y~)· 
wheste v·

2 
aad v

1 
are ya~ia.ae~~ !or a s1v_.a •pUt aa4':lor aU 

poaaibl~ tpliu r•epectively. 
I I ! 

I• ' 

~ A ~ 

Y(Yl)' ;:t EiV:a ·(·1'1) \ ReCa:aae vls,(Yl) I. 0 •' 

.I I ! ·I;( :;I . -

._'a. r 1 1 .Til +· !ra .. ) ..J ., v L, -· \' ,_ • . ' ~·~ 11i 2 . z· Pw'•l •ul~l 
aiJ 1ft 

'1 ., v ( . ) 
•"i ,!1 ml z Pulri 

! ' 

.! a/1 N1(Nt .. 1 ) l( Y'f 
c E · I: P P ,( -4 -

a !:4· M( M • 1 ), J<l'· J ) rpj 
a/a 

!J! )I 
Pjt. 

a 
, ~~ Nf ,-:N 

! 
l N(N-.1) 

M YJ 2 
:z: pj ( - - Y) ... (1. 3. 3) 

j:al ' ~J ' 
I 

A --'....i.. 
Ca•! 1 : V('YJ.)· 'ii •·hd:ru#Jl 'W'hea an •t «a a.soe equ.d •' .~oaaH• 

£•••~ wllea·N ta a ••ltil'J- ef .;a ••ttb.a' N1 •N1• •• -=-M.;a 
• Z!f/a. lt teUowa. ftom (1. 3. S) tbt 

,.o N .. n/Z N Yt 
V\ ;,;1) = a(N•l) z:. Pj ( -L - Y )

2 

jal Pj 
••. (1.3.4) 



who~• r Uta Jtt ~· ~·••~'• aad k' <7 .;a, Ulaa tatdas 

Nl :a~~,~ • • • • Nll'. = P' + 1 : J(k'+l a Nk'+i • • • • N,;z :t· P' . 
troa (1. 9. 3) lt i~f ••• ~t 

(N·.! t k')(K .. k•)· N y 

v(Yi> • '~N-l), I•~ PJ ( ;;-- - Y f .. (l..3.s) 

lato(a·tYZ srou.pe ad Uaea clraw 3 'diU" !rom. oae aa4 two 

uait• l.:rolft t1uL ~·•• .,.( the .r.-.pli il\depe.adu.Uy wlta pl'oDalaiUty 
. .J 

p:ro~cniioul to Pe '• ad 'with repla~at • 
' 

Tu ••~tOr of tll.e pe}ndaUon total b& thi• eae• i• 
' 

Y' ~-~)/~ ( ~ + Yta , .- i ; Ytk 
1 i=l z l'u/11'1 Pufyrt 1tlllll PJW 'A'J 

• • • (l. 3. 6) 

w)lere J d-.tee the I~""P ~em eic;h Uiloe• l($lt• .. ,... 

••1ecte4. It caa 6Cl•ilT he ••• ~i 

E(~{) • y 

aU 

• • • (l. '· '1) 

" _ (a~3);tx1 ()It, ~,o I}' I Nj (NJ - l) _ 1 

V(l'l) • L !J· 1 El Mlu 1 + - , J • 
• · ~· • ) 3 N( N - 1 ) 

ca•a lr • .lA'i N M a multiple el (a-1)/2. aai ••t 
- a 211 ; thu· 

Nl •Nz • ••. "Na: ... t 11 .. J -2 
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Caa e J: • AJabJ., if N :; n~l P" + Jttf , O<k"<~ z 

Th•a a••lU!linl 'Mj • ptt + 1, fl'om ~1. 3. 8 ),it follcnra .Ut 
,, ·pal(-!.::!:. _ l ) + pw (kif •!. - !.::.\ ) 

V(Y' ) ~ ' • 1 . 6 " 
l. N(N•l) 

,, 

• • • • (1. 3.10) 

V(y• ) 1 L-( ».;1 - -} \ ~ (P" • 1 } + P" 'l-•J. . 1 - l((N.-1) .,. " 1 ,...~ .. 

~ p c' .!L. - y Ja . . . . (1. '·n> 
ta 1 t Pt 

Db ea•y •- vel'ily that the vaftaae• tivu 14 (1. 3.10) 

18 lei" Shaa that jh'ell :ta (1. J'. U). Heac• aeleCtiaJ tbee li.IUts 

from a pCinlp eoatabt.iq (.P• + 1) Ullit.t i1 pJOeferable ia. We cea•e 

1. •• whea N t. ao* a JIUiltiple ot (:a·l)/1• 

) 



---
.. , .. 

..... ---- .. 
w~ !:6-~~ &fill ~ec:ia.tiou f'lii7-a. Jivu a:plit aJlti1 loJ> 

aU peasi\le •p1lta reepectiyely. Heace 

a 1 Y . _ _.1 N 
lC - ( I " I • ' + Ti& ) i v~ a 'I z :sE 1:. !l 

Pq. w I Ptz fui 1 tal Pt 

. X N Y•l.. 
• i ~ ..;..::. 

){t=l .Pt 

TM:ref~4h 

. I J 
ri./1. l ( YU + 

:&: I: ..... -:T; 
l=l z Pu ,.., 

Ti. ) N ..,a :r ~ 2J -!1-
Pt1/ "t t J;f. p 

• • • (1. 3.11) 

' 
-A Z 1\ -~ J 

Bllt ,. E L Y l • Y(l'i) _/ a Y 

... ~r. E L-Y(Yl) J a V(Yl), the;refo:re, 

N a 
E.!&. .. yJ 
t:rl Pt 

=- E r a/J 1 
1- E - ( 

iml z 

2. ru. 
P~f,s 

a 
'Yi! 

+-. ~:z I "t 
) 

AJ A J .. yl +T(Yl} • • ·- (l., ).,13) 

F:rom (1"' 3. 3). t• u clta~' that 

N ~ 
V(Y1) :zJ A E P. ( .!1 - Y )Z 

tlllll " Pt 1 
• 

111/1 I I 

EHi -N 
1 i•l 

whe11'e A a. l N(N -1 ) 

lt. follows botn (1. 3.13) that 

_, ! z 
" " .... _, Z l Ytl Yt.% Ev(Y1) •V(Y1) =AEL ~ - ( a + - . ). 

i=4 z Pfi/Y.l Pz /'rr 
tZ t 

• Y:+v <v1)J 
Tll.•:r.teJ'e • 
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.. 

, ~ . - l - af.a. 1t .,a 
v(T:'l·)-~ ·-1 . L E ..:L ( .. .p • + 

• .. A 1 .. 1 a Pu 

• • , (1. 3.14) 

c._ ••. a: ,. L.t a "• CMI4. lt e&tt ....... n,. ~ ahewn ~•. tn 

the P~9M caat, that 

• • • (1. 3.11) 

N yf 
]:.~ ~ 

·*:4 lpt 

,.,z <"' ) i y 1 .... .,.. Y'1 -

:r~ (J. 3. a), v(Yl1) t. st.,.. ay 

N ..,. ..., 
Y(J'l) • :S 1: pt( !L - y )~. 

t•l Pj 



-U-

•-3 . ' -2 3 
- ~ ..ll'i T&U1 "~t" 

I. ·z; -<~ ·~.- ) 
lal ~ 'Ptl P[! 

1 

• • • 

aub.Ja.etion p~itloa a aamplo ,.hoae •ff•~tiv• .1bo ia 1••• 
I 

thaJI or e4(Ul te ~'• $l.ta¢• tram· tacll l~'kP oaly two tmi\.8 are 
1 I 

aelectacllly p. p. •· 'Wiijl:topla'ce~ •ehune, the p~olilaltility 

oi :repetU10ll ~ unit•, ie qllitt .~. But atill it cioeo ful'abh 

•amplca with l'ctpeatecl ~- allt!l the~o!o:re it appeara that~. 
••t.tau.tu couldercd t. We ease ~i be m.e:re eftieiea.t 

j 

e.ff•h:tive atse equla n. s~ ~\ 1rillbt• ••l'tllWWle·to <:Gbulc!er 

tho toUewi.a1 \\'itho"* repla44P"8t\t acheme. 

¥•th•z. alterutlt• to.tb~ !l:'!i· C. echame : -

Let • be ova~ Sd.ect a uatt• l.rom •• populaiioa 

(a) Split the pep111lati«Pl at J'alldom b.to 8/1. Jtoup• •l•i•u 

~1.Nz• • • .,)in/'- oo that N1+Nz + , •. + Nafz. :c N. 

('bj Dra...- a .aample oi lliQ a with proltalDUity pt"Qpo:rtional to 

pt '• aad withk~ re.plae~at .from. each of tAd• •:rnpo 

i.D.depb.deatly. 



-u ... 
. ' 

• • • • (1. 4.1) 

whete •u • .!!1_ 
i>u/•t 

••• (1.4. J)• 

'u •Yu + Y&~J < 1 -!!!. 
Put ,..l "'' 

) 

Yu•Yiz• Pu•P11 aa4 •,llaveJGt t1ua eame m.eaatqe a• t.a 

the 9l"•vi~ •u•ec:tta. 

It l• eaaUy ¥eealhat 

whorelC
1 
u4E

2 
a:re tame •• ia •a•ecti• (1. 3). ThQ, 

" Y 2. 1• -. .Uiaae4 ••timate o! Y. 

" Va:rlaace ol '!'a:.... To deriv·· aa u:P~•••iea fG't ·the T&l'lasu:• 

" of Y i. the foUowtna14tDll'D& wUl 'be uecl. 

. (1) (Z) _(3) 
Lem.m&a• If~, 'i'm &Jld Xal' •-'• •--tla.Dlple meaas of 

ali) ... <~)and a(3) chaJ.-&cte:ru~c value• of tM wdte of a 

ab11ple :raadom aample ol m. units clraw.alrorn a finite 

(2) } l _(1) 
~ N (1) (~) X- N (!) (!) 

( } E Xa Kj - ~ xj xj 
ro 3 zJ::al " _(J) a J•l 
\"" ) (X ) 

_(1)- (2) N (3) z J 
+X X z: (a:j ) 

(x'•'3 J·l 



-
-1.3· 

,____ .. 
,~he {ir•t- er4e;:r ef.appzozimatloa 

- ' 

'i) {i) 
where E(~) • 'lC , i =l,Z,3. 

Proe.f~ • Sappeae that 

X (i) :ze· X(i) + t (i) 
j J ••• (1 .... 5) 

fer i :t. ,t. Z. and 3 and j • J., a, ... N 

' 
(i; 

a.ch tha- E( c J ) • 0.. J"J'Otn {1. 4. S) it is clear that 

...... 
_(i) _(i) (i) 
X., = X + •• !o-. 1 :a 1,2.,3 • 

i'(l) (1) (Z~ _(2) 
( ~ t em ) ( '2 t •• ). 

~ " N _]3)' :(3j ' ~ I . I 

(X + • } . 
f Dl 

_(1), ..,:.(1) , _{Z) 
X ...._ X 

= _(a) , ( ·1 + 
•m. 
_(1) 

_(a) 

•• l ( 1·+ _(!)" ) • 
X X X 

- (3) 

·- -1 < 1 + - (3) ) 
X 
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-- ~<~1 _(a) Y(l) t(J).. _(1), 
*"m . x - - . Jf r •. 

(Z) - (3) 
.. lCC 

· , *'<;) • (3)- · '- 1 • r··" + 
wm: · x x ~-~ x 1t 

Therefore, 

_(1) _(l) _(1) _(3) _(Z) _(3} 
•m. c· 

+ .. tl J!l 
• t 4 • m m - m. m 

+ 

_(1) _(a) 
:X: X 

( -;<3> z m ) 

( 
:_(3) a 
X ) 

_(1) _(3) _{Z) _(3) 
X X X X 

-+ ..•.•. J 

(1) _(Z.) _(1) _(&) 
X . X - • ~ 

. . , ELl+ ji) _(Z) 

X X X 

_(1) _(3) _(z) _(3) _(J) a 
1 m • '1 1ft ' . ( •m ) 

L ~ - I ,. + --== 
_(3) _(3) z 
X (X ) 

_(1) _(3) _(~) 
X X X 

1 
.u;J.octins the te1'lll8 ol orcler - l • where y ~ 2. 

m 

J 

tl) _(~•) ) ~ N• m . .1_ ~ , (i) c ~i') fer i < i' 
New, E( rm · 'm Nm N-1 j•l j 

= N ~m • ~ (i 11
) 

Nm N -1 · "it 
. (i i'' 1 bl (i) _(i) (i•) _(i') 

Jl.u • 'N 2:. ~ xJ - x ) ( x~ .. x > 
jal J 

where 

{3) z. N •Jil 
aacl E( ~- ) = 1Cnl 

N -N ·1 
1'~3) 



Thel"elore, 
_(1) _(!) _{1) _(Z) 
x . x X X Nm 

(lZ) 

E( m m ) • • · ( lit . -
_(3) J - 3) 1- J(m. 
Xm, . X 

_{1) .Ja) 
X X 

L"fi. N·& • (3) Na -X 

N ~ 
• 'N:f ·{ (1) (Z) 

i x · 

N (1) (2) 

K {h1~J ti !I -l ) 
Jf 

N (1) (3) 
li Jt "1<~> . + J~·Y' r _(~j xj 

..... !1 . ' 

_(1) _(3) _(l) _(~) '• _(:a) a 
X X X X (X ) 

_(1) _(Z) 
X . X v -N - l N (1) (2.) 

•--- """ ... m • _ L - Ex~ x 
_(3) + Nm , N • 1 _(3) j = 1 J j 
X X 

_(Z) _(1) 
X N (1) (3) X N (J) (3) 
_(3) ~ Z: XJ ",; - _3..,3_,_ :Jl Xj Xj 

{X)~ j::l (X )a 

_(1) _(i) 
X . X N () 

+ (3) - :E (s 3 fl J 
(

- 3 j:;l j 
X .) 

Thua , the leJI'.Pll'l& ir proved. 



- ,--Mow, c;oJudder the varlaue ~ t 2, viJS. 
~ 0 -

--

'Whe:re v 2 ... ~- -~ia:acAJio:rr a aiyea apiit a•d v 1 ia, ~· 

va~ce_ fti;r •U pU,.il»le splf.t.,- el th.e po~thta. ~UCh 

V(Y a>· = JJlV a <~,~> 
. ' 

a 
. Ytj• 

~'ij.l' 11'! 
>J 

,( !1L _ TtJ• ).a J 
pij 'tJ' 



·If· 

After --a '1UU4f aim.plltltatiea, •• aet 

N' M , 
t t. )( "C"i Ytia, > + ( E piJ j"' ~ 

j•l =4 p 
ij 

-

J 

Now-• aiBce each #aJIUilem Jt'Oup .can be eoasidered aa a rilaple 

:raati.Gm aaap1e .(Jrom the pep1Uatic:)J1• 1t follow• 1.,.--. Ute above 



·18 .. , __ 
• . . 

' ---
"-)( ":~Ni N - N' 2 N Z :N 3 N Z M 1 

+ N Ni .N.:r L J=t YJ ·PJ - <fi,. YJ/PJ)(fsa'J ) •(J~ PJ )(j~ YJ > 

N 2 a M ~ -
+ ( E Pj ) ( ~ Yj/PJ) _j 

J :;Q. j =1 

alld Hi 1 Mt 
lC ift ( J~Yij ) iff (J:l Y'i~ Ptj ) 1 N 

• N T E Pj Yj 
j:d Ni 

!. E p 
KtJ•l ij 

llt·N ' N· _N z 
+ MN !. . N 0. 1 L 1; Yj 'J 

i jll]. 

N ltf !f·· If 
-(E )

1
-Yl: J +Y"E )(E 2 }Lf 

j zl Pj Yj j •lpj Yj \ j a!Pj· Yj j =1 Pj 

.. Tu!fe!e~e,/1 N (N -1) N ( !J.. 
l a . i i lJ Pj l'j' Pj v(~ a> • at~ N(N -t> J d' 

..!J• )1, 
Pjt 

1 n/J N N . 2 H N a N y 1 Dt 
-.1\ £: -i(Jil yj + -Af:uPJ Jft~ - Nl 

Pj 

Hi. Nt H I N y.,l N 3 N 2 N 3 
+ · . { ~ PJ lj - ll ~ :Z .Pj • ll Pj E yj 

Jf • 1 j q j :4 Pj J =l j ar1 J =1 

N a z • 3 5 a N a N a 
+(J~Jlj ) j~ Yj/Pj ... JJ!ipJ· Yj. t.'J(f-l.PjYJ) +3Yj~lPJ Yj 

M' 1( 

.. J'lj:i •f j!\ PJ ~ } _7 

K 
Yl'~pJYJ 



·1'1• 
,----. .. ' 

It.._ is-ia.aily .... that 

'- I 
N !J.. Y'j r z H . a J( I M '!J_ N 
.f<J•~'J Pjt( Pj+Pj,) ( Pj - -;;, ) j!i l'J +j~ PJ J~ pj •2);j pPjTj 

au 
M 
fqfJ PJ,(pj+p/(~ ..!1: 

P· j pjf 

a MylN J Jf l 
) • E !.t ~ Pj + 2l. Pj Tj 

j=l Pj J=l j=l 

. l'i ·z N a N J N a 
+l( E pj ) .( 2: )'j ) ·Z( I: pj Y.;) - JY E pj yj 

j-1 j-1 j=4. il j=l 

Tllenfot'e, 

... ':: 1 n/Z Ni (Ni ·1) N ( _!J. .!f_ )3 
V(l" ) :: T E • ~ Pj pj' -

J. i=-1 K(N·l) J<J' Pj pj• 

-
1 .a/Z Ni :M•Nt M 2 N . !t._ !i!_ 1 

•- E r- + ~ ll Pj }~ Pj Pj•(PJ+pj,) ( - ) 
4 t :~:i"" N V,. *AJ j =l J<J' Pj Pjt 

la/1 N • N N + -.. :E • ll ( J Yt Yu J 
4 i=l Jf ... l j<j'PjPJ' pitpjt) (~- :.L.) .~(1.4•7) 

~J Pjt 

Ca'! 1: • Asa..,.iaa lf to "- a !llllllltipl.d .ef :a/~( uul taldag 

H1 • Nz a • • • • • «nfa • JN/a , t•~• (1. -'· T) it fellrn that 

A (H- ~) M 'f y 
V(Y ) :a · ll p.p ( ~ -· ....!J.! )3 

2 n(N- 1) j < j, J j • 
PJ . Pj.• 

N N 
1 ( 1 N • ... z 1: a ) < r~ !.t!• z 

-""A + N .. 1 • 1 pj E Pj Pj• pj+pJ,) ( ..:..&. - ) 
• j -1 j <. .t.~· 

PJ Pjt 

+ .!. . }If ! .. J M ( 2 !L Yu J 
4 lf~ 7. J E Pj Pj• Pj + Pjt) ( - _.. ) •• (1.4.8) 

j <.J' . pj Pj• 



, __ -- .. 
-

~ J':. .t.et M = ~ pt + k1 • wha•• pt aacl k' are 

Ua.tea•r• aliUI o < k'<a,/!. New takbll 

Nl •Na • • • • • • «kf P'+l a : N!r.+l "N..t+J.::.; •. • -Na/1 a J"' 

fJ'1mll (1. t .. ?), lt loU-. that 

1 N , .. J"'z N !J. .~~ 
-...- ( t + n· · z ' •2: PJ ) .E PJ PH(pJ + pj,) (. - T 

-' • j:.4 J<.jl " pj PJt 

.!. N . t·2 N . ' I !.i... !1:.. \.2. + 4 .N - 1 1 .1:; Pj PJ' ( p, + PJ' ) ( . - . r 
JlJ' 11 Tpj Pj• 

• . • (1 ••• 9) 

Es~tol: •f £!!~ ya:ri~e: 

A. " Sill.ee V(Y z) • El V z (Y z) 
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Tta , >a 
,I 

PJJ 

YlJ f 
~1" 

••• (1. 4.10) 

Wltu Jt. i. Oicl • tl\o e&:rlrelpbMiDS aampli&J 

pl'ete4uc caa ile .abre1laa ~ tt. P••vieu •u••ctl•a(l. 3). 
~- , 

Siaca ••timatte el tlua. pep$tiea·total aDAI i~ v.axl~a caa ' 

previeu eae, ae flutP.el' elal'•ratln S.. latU\Glecl. 

Slue th. uo:r4eH4 Du bj .. timate ( cl MutllyL3J) 

. " 
th.iM 1elleli'A8 •1U6 U ._,. efficteat tJaaa Y a caa lite ebta.laed 

a• fellowa: 

- Pi• Y.il LCl·_..!.>--
,i I Pu ,, 



.. 

1. I. C!•parif!1', •t. ••tti\aa.tett: .. 

ln this alilbSectioa w'" eouicle2' the feUe~l' eitUaate• 

(i) Tb ltUufazti estimate ta eaae oln"flat pr•V&It.Ultl' 

"With replaceJ'lleat : 
a 

~·· a l :& Ti/P a 1:1 i 

, (li) The Elae•Hal'tlat·(;oeua.a. ••tuaa.te: 
1\ ll 

y = t~ Yl(ptfwt) 

(ill) The 4UUma*tit J.l!lt'OJI•ecl lJil ••.• Gtf.ci.a ,(1. 3 ): 

y
1 
~a/: ...:L ( !a... + Yta ) 

· i~ Z Pn 
u. Ptz 



{ Yn (l+ Pu ·)+ Yiz ( 1 - .!!!. ) } 
Pu, .,.1 Pu 

1'..-:r ri=~ltc;ity U ia aa•UJli.e<t tlmt a iJI eveJilla 

wha* !o&wa. It is kaown that ( vJ L- 1 J ) · 

• • • (1. J.l) 

• • • (1. s. a) 

"" whe'" Y 3 t. the Unproved estimate l'~'•PCJ.fcd 1a ths 

•U.ectien fl. 4). Sl~tee, 

V(Y•) ~ 1 L-; .!! .. Y2 J. . (l.s. 3} 
a t=l Pt 

• "• • (1.5.4) 

holes t;;-\10 alvtayq. 

Tld.C lea4.a to that cr.Clul1oa that the p~npued 

eatlmat.e Y l w 'beU.Jt tlwl dl• •t-a..-Gl ·a•tirrlate ia ca•• 

of '¥all')dngap7GbUUitf with ~•pla•..-ut hut ll 'Wu•• Utu 

tU E..' a. C. ••tl*at•~ Ala•, ._..j•t iU ~u•• propos•<!· 



- 1\ 
.•atlmat•• Y 3 i1-heet but it ca.aaot lM compared with 

other u~tes llllder couidera~iO#, bocau• it•• va.rial:lc~ 

ia not knOWil in comparable fo.nn • . 
. Comeariaoa benreea ~ 3 ud 9: 

(_ 

S\q)pOIIO that :N • .o.R t k where R u.d k are 
~ 

intea•~"• ud 0 ~Jr.< n, then from. (1. z. 4) 

V(y"') a ~N- n + ~)(N .. k) N Y4 ..!.c }a 
J
.;, Pj Pj• (-' -aN(N·l) 'J 

' ~ ~· 
••• (1. 5. 5) 

New aaauminJ thai N • .!. . P' + k' 
J 

k' = k ilk <. af2. 

Thu., 
( N ., !J' + lt'){N-k')) (N-n+k)(N-k)+ y (N .. n+k) 

U k~a/Z. theA =---------
aN(N~l) DN(N•l) 

a 
(N 4 + k')(N -k .. ') _ {bt.· -n+k)(N•k)+ '1 (N -k) 

and it k < .a/3 ~ -~~----- -
nN(N•l) DN(N-1) 

n-Z 
z 



-25-

- l +-· 4 

and U k <. nj3, t~n 

Hence, illt,SJ~' D/'a, 1 then 

'I 

. . . ti. 5. 6) 

J 
l 

Yj• Z 
--) 

PJ• 
• • • (1. 5. '7) 



.f .. z6-

- N N 
and :E P.Pjt ( !i_ - Yjt )2 = :£ p ( !J_ - y )2 

J<J' J pj PJ' j;sl j PJ 

ThorefoJie, 

" " N-n+k 
V(Ya) .. V(Y) ;a ( ZN(N - 1) 

N 

-a;z J:J• CPJPJ ,(pJ +pJI) ( ~I - ~: l' { 6 - N ~ (pJ+PJ • )}.7 

It la acnr clnl' that the r. h. •. 1• defi!lltel y ae1ath·• if 

1 ... ~ 
• (N- n +,k 1 
N ( N • 1 ) 

-.. , 
I 
I 
• I 
t 
I 

: • •• (1. s. 8) \ 
I 

~ N ~ l ( pJ + pj,) lor e.etf J au J' 
J 

hold• Jood• tlw r.h ••• c~ be o~e4 to 'be :u1at1ve wba 

the popala.ti&ll .. q11ite lkewed ad ther&fo!'e v(9 z) ~ v{~) 

la •uch ., ••••• 

" " AJaia 1l k <. a/2 thQ V (Y z) <.. V(Y) WhfU\ 

, 
I 

!. . . (l. 5. 9) 
• 

• 
1
:: i ·~ (N ~l ) ( llJ + pjf) for o~ry j aacl J'·· 

I 

"" 



.. 
ON SOMle UNEQUAL PRO:BABlLJTY SA~LING 

, 'TECHNIQUES WITij WIS$1N'Q OBSB;RVATIONS 

a.l. lntrc;>duction: • .Sometimelt in fam.pl• IUJ'Veya , iupite 
' '. 

' I ; 

&I aU pJ"ecautioaa • aom.e oh•ena.Uou mi1ht be miaaiAJ cl»e 

to aome uafoJaeeA reasoas. .For example, in asricultural 

yield llt\U"Vct)'a ,, it 't. veJ"y eo~l\ to meet "'ffith a abua.Uon 
t 

wheA due to 1omo pritctical dUfieultie.a, the crop in a 

oa U. lt t• , th.ere.f ore, t.atere•tiat to atudy tlie 'behaviottr 

ol the eetimatee coaaiden.a· in the lalli eectien b. auch a 

of these eatimate•, th~ ratio eetim.a.t• ia compared with 

a. H. c. eatimate with miasing obaervatlou. It ulnad 

vlou aectioa aS"e better thaa the a. H. C. 111timate in 

c:aa • of mia aiaa obs~urvatiou. Further, the ratio eati-

' 
particularly when p (the eo:rrfllatlon c.oef1icieu betweeA 

y and :a:) is very high. 

Z. a. Effect of mht!.,inS obaervatiou oa a. H •. c. eatim&~!. . ~ . 

W'ht.n no o'burvatloa i• miausi:ar 1he R. H. c. 

eatimate ill sivea by (1. 2.1) l ••. 



- waer• ~ ·~· 1, 2~ .... •• ca._te t1ut • alta ••lecte4 
' 

"' l3rom ·th« • sreupa ae,arately. 

Now. ···•~• ~t 4• to •eae11Df•r••• eauu 

. 
• • • (2 .. a.1) 

whe:r~r the htt'ixMa 1,1, ••• , ( * .. y)' 4eaote U.• (a .. y) 

~b) • E._J!a (Y") 

wh•re E~ u.ci E1,have 1~ the aam.e l~&J' ~ .t.a J'f.lD ... 

••c:~ 1.1 •. 

•hen :E' u the...f\d'Su•'liatiiaat our all tkue. Y;•rettp• ia 
y 

wlllc:h o\aenatl-.. &J'e'"~•iD.J· Tha:rttfcn••, 

M 
=Y• ~·.....! T 

y N 

= y • . • (a. z. a) 



~-.- ., •••• ...,, 'Yo ,.· ~~')4u4 .. tbt;u.~ ~ y t ... the 

•tatinlfC 

••• (a. a. s) 

Ca.-e J ; • Li!Dt M he 'a .Jlt\dtlp1e 61 a. Tltea, ta)d,q 

·N~ •Hz. • ~ " • • =tla •N/a , 

'* to~owa t:r.m ·(a. a·~ 1)·~,. 

. ,. . (2. l.-6) 

Nt == N 2 ._ • • • • . = Hk • 1\ + 1 : Nk+1 - kk+l a ' , .N• .:a, 

ani ••ppe4inl that Y.t ob•eJtV&tt.o.a. a.-e miP!l\f fl'am. the 

••• .,. of •lao a + 1 aad "a obse:n-ati~ a~te -~·bJc f~&m. 

tb.e a:reup •1 also :a .,. that. r Yt + lz ·.~ =- '' w• get 

y • ,N ~b 
u N .. y1 (R + 1) ·Ya R 

11;1. .D. 

t ( a-y)-t. N (~ .. ayl ) 
~h . • (a. z. 5) 



---....- _ where V a alid V l denotfl the Ya:rlancea fO'I a ~~ •p1it .. 
" , ~ lo~ aU p\>ariW.~ tplita of th. poplilati'Q blfo ~~· 

~ 

o1 •taea N
1
,N3, •• ,N

4 
J>eapectively. Thu.. 

• • · •. • (J.Z.6) 
' ' 

1fhe:re E iii tho A~mmatt. OVQ thoae (a-.-y) J~Oup•ln 
.a .. y 

' ,.,hich oba •rvati9U' aJ:~e avaU.b111. 

I I 

•he:r• 'Y E' N 11 the pool•d av•••a• of Y'• tallt"l ba 

l ' • 
tluJ s:roupa contalD.in1 nUIIJ!Al obll•rva.tl.,., Side •ac:h 

ll'oup can be eo~lclered aM & ~audom •ample l-.cmi th• 

pO~tlo.&t, Y l;, N em be coul4end a; the m•au. tJf 
y l . 

a. :tl'andom tample of abe ( zt 111
1
: ) from the pe>pW.aUCQI. 

'f 

J.r"' •' 

..• 

' . 



, __ _ .. 

( • l , - ...!. ) s2 • • • (&. z. 7) 
E'Nl N Y 
y 

C~,. 1: • Lot M k a mvltiple G>f a. Aaa.~lif N
1

•N
1

• •. 
' 

• •• =t!fa ~ J4fn, ._ equ.tioa (z .. a. 1) •bnplifl .. if 

Ca•e ·a~ r Ltat N = DR+k, whore R auk are iaie1er1 

a1k1 0 < k < a. Talctq Nl •N% Jl;j • • • atfk ~ 1( + 1 : 

Nk+l •, •.• = Na ~::~:a a:std ••ppofta& that y1 Ui v2' aTe 

a11&:D1her ·•l Qae:rv~u w••bai li-tun the Jrnp• f4 liJio 

l!l + 1 aJIIAI R. :reapcethre1y; •• aet ' 

N = a 
N • E' N1 ( a-y) + !. ( yk • y1 a) 

Y r N 

Ni (Ni•l) 
E :: 

a-y :W(N·l) 

(N·k)(N ·k-a) ( a · • y) + 2a( N .,. k) (k·y
1 

) 

st~N(N•J) 



'• that--ftem (l. L 8), .it. !ell.&w« that 
.......... ~ 

V(Y ) = (N-~)(~-k~il)~p. .. y):'lll(~~-kj (k•yl} 

l1 N(N-1)_ t A•Y + ~ (yk•)'ln ) } I 

y(N - k) t ay1 ' 
+ ' 

(a .. y) + ~ ('/k ... v1a) 

'! . s 
y • • • 

l. 3. Eftect e1 mi111ill. e~aervati_g.u_oa ~1: • 

• (a. Z.lO~) 

To etu4y the e.U.etJ ~~ mia8lq ouenr-.tiOJUI e.a. 

the estimate Y l' fuppo•• that out ol a/2 cro.-pt • ·~• 

•uh 't~ bo~ the o~cu.•va.ti..- are mieaiaa !.roJI11 •aeh, 

l.L a:ro ••~h that o.aly cute i.e mi8tlal frQJD. ea.ch ~¥ ~ 

6\ata. au available !~om aU tU uitc aelecte~ !rdD!l tA• 

fOm&l.niJll p011p1 • • e that oa.1he whole "f = J • +. li 

uaita o.f'tlie •ample are m14sctd. 

A bia•ed eat!mat. oi th• populatie.a total Y 1w 

• • • (Z. 3.1) 

-

where :E deJ1tbte4' au.mznad.M. ever U...( ...!. -·•-ll) 
(?!. -•-u) . ! 

2 

11'011PI wldea p:tovide -eth t¥ olo.eenatteu au I:' la 'tJM 
• 



.. ,. • (J.S. 3) 

1a each of which ·beth.·~ u.tt- ae1ectecl ue ~ala(. 

Tau Yb(l) ta· a 'bta•etl ••ts•at• fjf Y. 

F:rtl'Jl (~.l. ~} ii la c1•a:r that th.e eattmau 
' ' 

1\ 

y•<U ,tv.- b., 
A N A 

y u(l) = N .... ~~ :Ni .. Th(l) ••• (1,.3.3) 

i' ~U•ed to:r Y. 

Cat • 1> Let 
1 

N be a -.uliipJ.• ttl. aj!, S.t H1• z •· • • ';If a 

in (2. 3. 3). 'X'h«n., ~rly 

A 11 A 

,(1) ra A • .u· • yb(l) E,. t • {Jt.J.4) 

C!!• ~;;._.. Su:ppoe• that N :: -j ·r-+ k' 'W'M:re Pt ucl ~· 

a~ ~ttr• aacl o < Itt< aja. Put 
.. 

Ms..?: ~a = • • • ·• .~ ··•k• z; Jt'+l : Nk'+i, = • • • • •M-;a ••'· 
' 

"' t 

clael ot· 1:rcmpa ueh of w)dd\ c:ct.alaial P' + 11UU~ .U 

•z ~Mleh\1 to the otltax- ~•&ll'r of a:roup.~ to that. •rte3-.. 

'''".(oW that 

N n 



y • ll ' y ( ) 
-<1> a .. a.( 1 -x~/~) • »IN · })(1) • 

4 
• J. 

3
• ~ ... 

""~.· 

A 
Vail~£'e fl>l the e~ate Yu(l).: • 

" Variaac• ef Yb(l) u 11••• f.,y 

wh•:r• E1, V 1' E3 &l1d Y 2 e.az:ry ~ •ama m•aalaa• •• 1a 

•w.'NecUIIll(1.3}. ~· 

' l N1 (N1 • l ) , Mi (Ni • l ) J 
V(Y""'l):} ::: L--:: ti. ) + ~ . ' *' , _.. ~1.·• -u N(N ... 1 ) t.\ N( N •l ) 

: P ( !t. - Y )a + ( ~u. Nt)z ( ...L. .... -L· J .s 2 
i=l ' P~ a l}DN N T • • l 

... (a.'· 6) 

ad 

1.:\ - N - "" 
V\"X¥(1) ) = L N .. ii' Nt d V(Yh(l) ) , • • (Z. ). YJ 

ctat~,l: • .t...t.N be a m.1dliple el.'aj1.. P\\ttlltl Nl~a· • • -Najz 

•• .en, that 
N 

N ~ EU bti • 
~ 

Ni.(N1 ·1 ) 

( !._ --·> a 

N1(N1·1) 
1::'......---
u N(N·l) 

N(N-1 ) 

-. -

:ar a =; • f 

•·h ... -y+ • 

(a•y .. u.) (IN.• ll) 
.:: , 

aZ( N -1) 

• 



(:o: "\1 • t& .) N , ··• "" ,, '. ' s,. 
(a • v+u) Y 

frorn a srtPUp l*· !. 8) ~tht.c•• to 

• . ~ (a.+ay) (N .. r t 
V( yu(l} ) = n!( N. ~: j) 

•..• (a.3.s) 

••• (2.3:.9) 

2a•• 2t '~" When. !'i :a ~ P• + )lt '\1rllel'e P' aJMl k' al'e 

1n.Uta•1r• aa O<k.'<.a/~. pt~.t.~1=N1 = •••••• *a,,•J"+l 

..- Nk'+l • • • ·=lf n/a • pt~ 

.Let ( !! • ' - u) = N\'P'Xlbel' Of ll't;a1il.'pC flf atu (pt+l) z J 
auch thai •o eue.,atiea i8 trst.•ws 
l-.oma.m. 

( !j • • ... u)z ::; Rum)•l' Gl sroupa el aise pc •'lleh 

that S$0 o'Ne"~tlo" is mlatiq. ~~ 

the:q1. 

u
1 

:: Nu.:mlaaJt ctd areupa ef •1•• (P;+l) with 

ens mleema obaer,vaUea. 

• 1 = NliJID.l.•• et SJ'OW.pa of alae P' witla •• 

n'~Uaiag oke"'at!J)a. 

N 

N • EH H 
. • i 



Heace, 

Nt~l' ·.l) 

-M ( N ..tl) 

L - -( a - ) I = l - ~a-u. P' 
N (N -1) I, 

' .................. 

+ pt i ( i - w -·~ -( { -. ->~_j . 
..... 

V(Y ) = .... 1 L- 1 s .!. (.!- •+\\)P'z 
\1(1) ( l _ ·~•+al )2 N(N·l ) l 3 l 

· , H y . Z 
+ ! P'(( !..!.. rut. •( !l -• ·•) )+P'('\ ·•z)}:&P,( .t- Y) 

Z 2 '1 l Z t -1 Pt 

It u •a•y to yerl.fy that \'fhea k' = 0 t. •· ( j- - • -v.)1 ~ • 1lll0 • 

taea (.a. 3.10} • .-~aac•• to (1.3. 9). 

3.4. " EHect ol mlaa!y okenatieu oa Ia: ... 

Un.de:.r tb aelecti_, •chome co-..ide:rtJd iJl auh-

••cticua(l. 4) p.rec•ttdinJ b the ...... lblea a• het'are , we 

••• tlaat U y(da+~} obael'Yat!mu are Jl.ilUaiq av.eh Utat 

Z• eue"'atie.u an 11!1Uaial' t:rem • Jrou.p.s .- • oloeei"Yatieaa 



.... - _,, .. 
''....... 

N 
- 1\ ·---. 

yv.(&) N - EU Ni 

• 
" - • yb(2) 

i1 8.1\ 'l1lll1Diue4 ~ttimate ot Y, where 

1-b(2) z E i (tu t 'u) ~ ;• 
( i-•-u) 

• • • 

!.L ' 
Pjl•j 

Ttt 
it t• '-•las u•waecl that *u • ~ a.M 

PU/'~'1 

(2. 4.1) 

Ytz 
tll = Yu + ( 1 ... Pu/'~'th- E, 1:' aa4 :z:tt u•• the 

Pltr/v
1 

.tame ~aaiqa u at•• ta tb.• pl'eviou •w.'b•ectiaa. 

!~da!f,-t! l-tz) :- The ftJ'i&l\n td ~b(J) i• pv4a ~ 

. l Hl(Ni ~ .~) 
" ) •- E ) V(Yb(l) l t !:.-a-u) N(N • 1 ., 

N rj ., , 
~ PjPjt(-- !.J!.. )z 

1 E 
-T (l!-a -•) 

I .. 

!if' (-
N' 

J<J' Pj P J' 

N•Nt. ,M a )1 + .) :Epj • 
lt ... 1 j-1 

N 

j <~fJPJ,(pj+pj,)( .!!_- _2j• )& 
pj Pj' 

!. N + 4 :!: H .. Nt l <T-• -u) N .'1 ' J;JfJPJ' (p;+p;•l ( i - !L )a p j Pjt 

·~-- ~~~ 
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- ..Jll(Ni • l ) . 'N 
.. ;t:r • 1: PJ'J• ( .!.1. -
·'l N( N ... 1 ) J <J' · · pj 

1 1 a 
+(E"N)3 (- )S 

t - -N y 
• I:"Nl • 

N · !L l'4t z l N .. Ni 
E pj Pjt (pj + Pjt ) ~( - ---'-) +.- I:a .). ilf . 1 • 

J<J' . Pj PJ' .. (I -· -u • 

• • • (J .... J) 

aa4 

I ,.. 
) V( Yh{1) ). • • • (2.4 .. 3} 

J. 1.. C!JRP!~• a of aificieaa!!,a 

ln thla au.lu ecUta the &ffteieaete• 6l the lG»Uwiaa 



- .... - .. 
,, !UJ Eatl.ate c:enttp••UDf t• R.ao. Ha:tUey ad 

,..,. ' ,...., 
Cedua.a proeeive ( d L ...l·~ _/ ): 

Ptl ~1 

F•r pu.rpOa•• of •baPU~y the e-..npariloa Qf 

•f!lcifll&Clel il :reatric::t•• te the 4aa• whezoe N u a multiple 

el .. wldch u UI\UBH te 'he aveu. Naw • 

z 
"• 

,.lf! fu 
11 
~, 

•·Y 

,... (a ... y + lll) ( ~ • -1 } 
V(Y,(l'). ) • (at " y + u) Z N • 1 

·"-• ..... l .. , 
I 

• • • (2. 5. a) 

z 
sy ••. (a.s.h) 



.. -4(). 

1\ A 
J. 5.1. Cem}?!i'i86a 'b•tweea 71'• ~ Y,. : -

Slac• aampliaJ with. vatyia1 pJ'o'baltWty 1• uecl 

p:rbaari.ly ill tM eitu.tlu. ia whidl Yt '• a:re appr&Jdmately 

p:ropol'tioaal to Pt'8: , a l'eaaou.We Jll8Elel, which b te.aeitleretl 

by Cochru., l• 

where •t l• bdep.-4qlt Gf Pt ia tlt.e pt-elta'bUUy aeua a.M 

ta tho &1'1'&f8 ia which Pt l• fixe4 

wW be macht u.d.e:r tWa model. It ie eaay to TOl'ify Uu.t 



whet• the av,,ns• ia t~e!1 ev•:r ail val••• o! Pt • •. Similarly 
~..__ 

Now, f:rom (a. 5. a,} aad(Z. 5. b) it lollew• tbt 

becauae 

(a ,.. J)(a'N~ 
( •-l)(l( ·1 ) 

(a--1) aNa +----
( •·v)(N .. l) 



,:l. 
·:~~..-~ .......... 

a 1 .. p· 

.• ' • (3.5.1.1) 

Ncnr, l:r:om (145 .. 1.1) it foUcrw:•-~ha.t •ince~C.ov(Pt•P:"'l) ~- 0' 

aceorcU.aa aa 1 4t 1 

The inequality p3 > a ~ X i may »• aatia!iecl 
. ll ·l ' 

U p il vory hial\ attcl ..:L.
1 

ia D.Ot ••ry •~· Ftur 
A-

., .. 



- -43-

~~ty ~· aatiafled •. It ll kaowA ta.t ~:--uuUy lies 

".t'WYeJ1..laae a. Hu.ce ... l.a meal Ill the eaau, il 

cathe:r haAd it 1 <. 1 ad p'Z <: • -y·l , tJwa Y'u !a 
a.- 1 

A· 
W•rier to Y • It il Uaie:teltual to ceuide7 the case 

" 
whu 1 • %, Att.J. a oms •ba.plificattu. it t• aeea ~-

A. A. 

V(Y ) ~ V(Y'
11

) • 
~ 

u :s:(pf ) ~ a ... I (l -.. ,, ) -Nl 'Y 

' 
Tldl·laect•lltf eaa 'lte J.,.cWcl to ~ ulctta, .t111e· whest. 

U.. ~ u elutw .- 1 l• q\d.ta lal'&e, Thu we ••• 

tllat tke 'tD1lfla-Ja1 ••,..l••tt:r #4 a. H. c. ••timat• ovel' 

ta. -~· ill the caae of. Y&l'yiaJ pro'ba'laiUty 'trith re ... 

plaJem.eai t• lost ca~ ;te d1ams olt••ri'a.W.•. 



-- " ,1\ 
~~arilea'l)e~en 'Y'a aad Yy.{l) : 

Sl:ippcaing tba• aO$ JSUtte thaa oaa ••••watioa 
~ ~ lJI JD.iiJ ti•l' f:w.om. .a.Jt.y P,9l\p'• a • ~* r • \'1., ,.. pt trcu::o. - ' ,._ ) 1 

(1..5. a;··attl (!; 5. t), 
\ 

"' ,,.. 
Thu V(Y•u) ~ V(Yv.(l)) aceol'ai.q a• 

or 

1 (a+ll)(l(- t) 
-~ .. i '"··'" 
n • y a (N ·1) 

:a 
-~ 
N 

• ~y(a.·· ~) -

Since o'baenatiou an GqJ4~od .t. be mt••LA1 Whea the 

1ample •t•• ia qUite la~lt( .aua· oo»equ..Uy tlui fa.tnplhts 

trac:Uoa ula.rae ual.Nf ·w t.. *tt.:ry lalfJ.•), the. ~tty 
l 

...!... > !'[( • - .,a'f l . . 
N a(a-JJ + y( n .. Zy ) 

" " P~f.ilposed eatf.Dlate Yu(l) 11 ••perlo:r to Y'u~ Fo:r example, 

il N •100, a • 20. 'V • 2 th•• tlul a\o.e · iaeqlul.lity il 

A " f&tiafied.- .,..c4 coue~y Y._,{l) i~ more prec~ Uuul Y'•· 

HGWe••r, it aam.pli8J fraction 18' a-...U Y1 u may .,. expeeted 

"' to bet uttez tluu\ Yu(tr 



1\ " 2.!5. 3. Q!._~rJ!'on between. Yu aDCI T\if): ... 

Frti111!1 4PIUtiOU (a. 5.la) aai (J. J.t.),w• l!ay• 

n ... y + 3# N'•{ 
- (( ll • l + 11)2 ' N "' .1 

• • • (2. 5. 3.1) 

a 
B r: ..... ~ ·~ _ u(a .. ..,•u)(H .. -z L __ + a } 

(N • 1 ) { {a .. y)(a - y • w.) I J(a-y) 



----
·46-

Tler'efore, 

" tt.mt Na :s:cpt ? C L .. -
V(i•) • Vtl"utl)) • . ~ · 

Uo\ ( a - y)(a--y+'d.)(N-1) 1·- P 

( ~ f n. - y l a .. y-1!)+ aN
1 

{ ~( n, .. y .. \f.)(N • j ) + 
a k . .,.~. J ( N ... 1) (a-y)(1a..'{+u )a 

••. (3.5.3.1) 

Mow-. (i> il 1 <.1 aal. A < ( N +;-:'l)ll·l~U: ,_ 
1 ... .p .. \ n u ... y u 

•... (2. 5. 3. 3) 
1\ 1\ . 

thea ~efiailely,. ~(Yu) <.. VtT
111

(l) ). The iaequ.lity ,, 
(Z. !1. J, i~ ~.~ eaaily satiafied wluu\ aampl~ fl'aetiOJl ia 

\ ' · ·~~ a.•· ~ it aot vel'y hip, •. I· lei' , • • 6, N =.100, _ 

1 ! a =-10 and y =s u = I thU tuqulity is satisfied aacl 

(U) if 1 > 1 awl ,z -">~lit -!.:.I.. ) (a ... y-u) 
1 .. ,a n lu (n-y+u.) 

••• (1..5.3.4) 

thea 4efiaitely v(yu) ) V(Yu(l) ). Th• im.equal1ty 

(2, 5. 3. 4) D!lay be ezpected to be tad.a!ied m. sma~ 

pepllllari<UQ with hip la.Dl~ fraction au very hila 



-

- ·t 
= It J ~ ( 2!._ + a. - 'V ) a • y .. u 

1-p a I• a-y+y 

., .. 

t1aaa ~ ott• eJ"Vatloa l• Dli••UI.a fltom uy croup), t.t 

" 1\ fol;lw• frena. {3, •. 5. 3~1) that V(Y._) ~ V(Y,.(l)) accordiq aa 

·~ . . (a.s.3.5) 

1\ 
I•i• clp:r lrcnn {%.5. 3.5) that lor 1 • Z, Y'•(l) may •• 

expected to b• heU•:r thaa Y u if th• popalafi~a it akew, 

p ia hi~~ N, a aDd y &J'e •u.ch that tht ~uUty 

N .z 1 _ ( a • Z'Y)(N .. T ) a 
N_ :& pt > ( l - , l L . . i +.-J 
t~ a 1y 

t• aatiafi•ci , fo:r eJCa:mpl• · , . U N t~ p: :a 4, ,:z • • f. • 
N • lOO, Jl3 ao, 4f :~~ a thea V (4 u> > V (Y u(l) ) • 

... 
~aO t...... y ob••~aUoae a:re miaaiaa f:rom 'V/2(za) 

A. A 
crotapa' theJa y u l• deliaitelt hotter t1aa.a y •(1) 'Witlt.out 

r•••rictioJt of aa'f. moclel_,. 



-- ........ 

.. . . 
V(t f _ L (a+Zy ) • N • ~ _ (a-Zy) .. Z _/- a 

( 
- ' ,I:pj .. _ 

8 z .,.J. N ... 1 Sa ~· . .. ... .......... 

_ n-Zy N 
8 N • 1 

n .. 2 N 2. N I I ,)( !!_ _ _.!J;,z 
; ~ Pj ll pjpj I (pJ+pj 

_. .,-.. j'C.j 1 Pj Pj• 

(pJ+pj,) ( !1.. - ~ )2 { ...!... - .2L (p. +pj• )} J 
pJ n,-Z N -1 "' 

~· ~ 

Stace 1a moat ol the catea the laat te..- oa the r. h. •. 

1\ -
V(Y~a) ) ~ L 

11 + Zy N' - z 
• 

N -.1 

• • • • (%. 5. "·l) 

from (a. a. a) aut4 (.&. 5.4, 1), u !on ... that 

Thus 
..... 1'\ 

V(Y*) ? V(Ya(Z) ) 



II • 2y ~ a (a+Zy)(N .. %> ; .1 . u 0- ' AI P.r ~ - _ __... 
ua J a1 " az(M -1) {~y) 

(N ·1) N 3 z y (N - r ) D.(a - J.) 
o• if 4 E pj ~ -J -1 n(n .., y ) ( a •!}(ll~Zy) 

..... (1.1.4. 2) 

aol4•· tlle tattuality (a. 5.4. 2) ea.a lie eapoctecl te .... 

Fl"em (J. !. 4.1) aa4 (J. J.lJ) it fo.new. tllat 

•uAylllU 

" " '-'N 2 - (a+Jy)(N • T ) 
v(T ) .. v(Yu(z) ) ~ z s .. L z 

11 n-~ y a (N•l) 

• ANsz.BfrJ 
y IS 

- N • a _;,! 
a 

(a-Jt)(N -1>· 

.•.• (z~s.J.I) 

wb.er• A = y/( a ... y) ad 

B• 
a 

(n+Z~)(N • T) _ 

a.
2(N •1} 

Now. :a ~C) accoriiq aa 

• + Jy 
n 

a -zy N M·z M·a Epa . . ::..c:::,. 
a,Z N ·1 ( .a-y)(.N •1) b. j :z1 j 



-so .. 

a1· !ytl1: • L) !!! -ll lf. (a + _... • X ~!::.. ~ Pj 
<•-y)(•-al) (a .. y) • J=d 

••• ,_.(Z.5.5.2) 

)f.,, it feUow• ll'om. (Z. 5. 5. 2) that if the P.o.)lll:la~e• iJi 
f \ \1 • 1 

I ' -
thea B may lta 1 .. a' thaa 01r eq\1&li to ael'e ill ..rhleh cu.•, , 

,.. 
it ta .. c:lea~ hem (Z. 5·.5.1) l~~ Y•(Z} iit xaor• .. .pt~t.-

" thaa y • 
1A 

.... caulde:.t th.c 11\odel ti•ev.a···· bl ........ i .. (l~ 1.1). 

the btetulity (a. J. 5.1) :re4aee• to 

\ 
v<Y,,J • v<Y-ta) 1 ;;.. ~ 

a . .... .:.. 
m(pf) C ~ · {(N .. t) .! ·W 

l"'p A 

+ DaNa CfY(pt .. ~tl•l ) ... (!.5.1. 3) 

N J , . 
UJ.Ep ~ ....!.,ta.a 

J=l J M'-l 

(N-1) "i -1 ~ . n; Z1C ( { - }- + f.v ) - !•·i!~(a-y) 



' -

-~ 

.. 

'SiJu:e 

•••. (3.5.5.4) 

1'~ ·~qlti4ity Dl&y ~· bJ•.ct•cl \o ._~14 JHd • i£ p ht 

ve•y hip ad •••I?liat:l f.raeU~• tA ala~ hip~ But at 
1 ' '

1 I 

tlte aa.tlle time whea a&Dlplhlllztaett.ea it hip, B may 

" be expected to be -,-aa\ive ia 1rbic:h cue Yu.(l) t• 

" allpo~i..- 'to. ¥ 11• Thl\8 'lll4•tly, a ~jh«JP ••._plia1 

f:r~ctioa aloapith ~· n.Wa••• o.f ~ popul.atioa ad 
, A 

a hip valu ol p ,410UJ'f• lke ••per.ltarity et 'tv.-z) 

ove~ Y u 11;Dd•ll' the model .c.u.aide:r&d h•l"•· 

z. 6. Cem.J!&.ll'iaoa of ;ratio eatim&te with the R. H. C. ••timate 
; 

A !compaW,oa bet«eea R. H. C. eatim.&te uut 

A 
aome pll'aeUctal interut •. Siac• the tdaa iA Ya if uclilf.l»le 

c JfJf tlLe ratio oatimate, viz. , 



-sz ... 

. . . (~. 6.1) 

V(~ ) :a N(N ... a) ~ (y .. B.x )i 
R a(N .. 1 ) i:cl i i 

• • • (2."6. 2) 

••• (Z.6.3) 

Also, the variaaco of the ll. H. C. estimate ia pvea lty 

. . . (2. 6. 4) 

where l'( l• a multiple of a aacl M1-Ha"· •. ·«a aM/a· 

" 
Uatllel' tho model c..,..~de:ro4 iA aubaectlea (!. 5.1), (1. &. 3) 

' 
reduce• to 

• :N~N-•l N z NIK-•> --c t > c· L ·> V(Y:a) :a a .). ) ~1 °* 1111 a(N·l) ...,...., p •, • ... •·;, 

where the exp•ctatloa is aow take.a ove:r all val\lea of Pt '•. 

AlaD, £.:rem (a .• 6. •> 
V(Y) :a ~;.i\ aNI: (pt ·-l ) . •., • (Z. '· 6) 

Therefore, 



-ss .. 

Siace cw(p*, p:-~ ) ~ 0 ucordlajly aa 1 .:;,.:::::. 1 

A • , 1\ 

'1\UJrelo:re V(Y R) -~ V(Y) aeco:rc:Uas aa 1 ~"'- 1 

.•• (2. 6. T) 

Ncnr, abu::e f\'l,llully lie• betweu 1 aD.d J, we may 
A . . 1\ ' 

eJq>ect Y to 'be tv.per(o:r to Y R in auch c;aaea. Thia 

corraborat•• tlie reau.U already ol>tab\ed iad~pede.Uy 
€ ( ~ il 

))y .Avdhani aad S\'lkhatme uade:r a differoi fiaite pept4latioa 

m.odel (c:t 4- 6 J }•. . 
Wlltm y ol.ael""''a.riou arft mi.ast.a1•the :ratio 

Aho lro:m. (a. a., 9) 
- N . . . 

V(~"j ~ ~ •• ~;,~) "J~ ~j (Yj • Ypj) 
2
+ /!.v) ~ 

• • • (Z. 6.10) 

UJWel' 'tb• ..Odel csutc:lere4 ta. J.l) ~ 

V('Y) •V.(t'-min) a .yN.· (R2s2 + s~ )·+ .H!: !L ~.t/Pt 
u ~ ll•'Y X e (ll•'V)(N •l)t=l 

Aft41r a litUe aimpUficatioa we see that 



whei• tl&e ccn-ariu.ce ta. taken twer all Pt'•· Hn,.eiaee 
-... 

a-1 
A " - VtJ n ~-~ - 'N.-n"" •• a Cov(h,Pt ) .. 

V'Y11) • V(YJbn) • -c.. A..., ' t:"., 
a.•'V x· (n-y) E(pf ) 

" V(Yllba) "'U 

(N •n)f:OY(,., Ptl-l) 
~ -----~-----

yE(pf) 

cur it, ••• (Z. 6 • .ll} 
'V 

When S ~ 1, Ws laetUlity always hel(ls aeed. 

Thu, eveA in the ease 'WMA seme o'bservatiou are miss .. 

l•& the 1'1-tie estimate is superior te the .a. H. c. estimate 

when 1 ~ 1. WereoveJ', lei - ~ 1, this ille.,uality 

always held•. Se, when 1 ia" •lishtly cres.ter thaa W!dty 

aad p is auffi~ieatly lars•. it app41ars tbt the rati~ 

estimate ia at~.p'erioJ' to the B.. H. c. estimate tmder t1:a.e 



SUNMAl\Y 

When •eme 1ample 9:baenattone a:re milllains. the 

:a.. H. C. ••tlmate of the ·population tetal, bat'etl on the 

&YAilabl•· Qbaorvatt~ • ta not unl>ia~. , A c~u·resPfl\d • -
ins unbiased e1timate has been couidered wbic:h. shows 

Jlf.~v_,. t~ ~e. R.~o H. c. aeheir.U~t ar.e ~rop~&d and the 

c:erreapendin1 eetimaticm proeeduree have been develope\l. 

Tlle twe. rn.·opoa•ci. eatimate• are cfmlpared with the wtbiasecl 
' ' 

' 

'lrithttut,mJ.a•inl Qbaerntiena undeJt the well bown 

ecoc:luaa•, .fiAite population medel. It l• found that in 
' < 
' I 

aeme •i~atf:O.U the p:ropo8ed aahem~a proviCte betteJt . , ' 
( 

eatirnatU t!um ~· R. !{. C. scheme. The unbiased 

estimate ef ~<pOpulation t~l uade~ the R .. H. c~ scheme 

with miaain.s obae:rvad$u i.e also eempa:re4 'tf'itb. the 

random.. a ample. 1t ia aeu ~t the ratie estimate is 

mere effic.iCJ1t than the R. H~ C. eatim&te whea 1 4 1 

aJ.'ld al•• •hen 1 it alipuy areater than unity aad p is 

1u!fic:ieatly hip.· 
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