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INTRODUCTION: - Ceansider a finite population

of sise N and let y,( ¢t =1,2,...N) be the y-characteristic
values of the population. Ths main problem of camplfgi
theory is to estimmte the total ¥ = NPt - -ty With
the halp &f 2 sample-of chssrvations drawn from the
population. When information x, on an-auxiliary
character x'is availible for sll t =1,2,...N and x and

y are highly correlated, it iz customary to use these

x,'s éitﬁae: in the selection of the sample or for estimation
after sqlectiag the simple by simiple randém sampling,

td obtaln 2 better estimate of Y. One way bf using x's

in selecting the sample is té dravrthe units from the
population dde after andthey and with probability ;n«
p@:t;'ahal to x,'s ( -t=,2,...,N) either with o2 without \
replicement. This précedure of selection is generally
kntwa ag the prebéhmty‘ propertional to size (p.p.s)
sampling.

In the case of p.p.s samplitig without replace-
ment a number of estimation procedures were develaped.
In this connection reference may be made t¢ the papesxs
by Horvits and Thompsén (1952), Narain(1951), Yates
and Gruad¥ (1953), Des Raj(1956), Murthy(1957), Das(1958),
Hartley and Rao(1962). However, these are camplicated
and less useful fer application in practice, specially when
the sample size is large. Consequently, Rao, er;l?!y

and Cochran(1942) have prapesed a asimple technigue of
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tnequal pmbabmty 's'ampling without xephcement.
The mzinadvaatage: of this meihodol@gy besides the
simplicity of selectien, are:

(1) previdea an esti.mate of the awmnm total
which is always mﬁro eiiicient than the standaxd
utimuter in nmpung with umqual preba.bﬂity and
with replacement.

(i1} It does mot entail heavy cempugatim even for the
sample size n > 2 for finding out the estimate of
the population tatal and its variance.

(iii) It furnishes an unbiased eatir;nate of the variance

which is g_.;ivayn positive.

(iv) It prévides an mct fermula for the variance of the
estimate of Y. |
In actual practice,it may happen that sgometimes

aeme ebservations may be miesing due to unforeseen
circumstances. Faor example, in agricultural yield
gurveys the enumerator may de accidentally held up and
may not be able te centact a unit before the hazvest time
and consequently may ¢mit it. In such situations the
applicability of Rae, Hartley and Cochran technique is
hampered gince the estimate proposed by these authors
doas net remain unbiased, snd even theugh an unbiased

estimate can be obtained when some observations are

miasing its variance increases considerably. Theref-ore
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it-4s pertinent t¢ examise the feasibility of medifying

the probability sampling scheme under consideratiga
6@ a8 to enhance i‘tnw Macﬁéal applicability . o,

‘ An attempt has been made here to ﬁvétcéx:;e
this difficulty, Twe medificdtions of the R.H.C. uchexﬁ;
have been discussed together with the estimation
methedology; These are found to be better than the
R.H.C. estimate in some situatiens, Also, the
ordinary ratio estimate is cémpared with the R.H.C.
estimate with and withéut misaing ohservations.



Section I

ON RAO-HARTLEY - COCHRAN PROCEDURE
OF UNEQUAL PROBABILITY-SAMPLING.

~

L.1. Intreduction :

To facilitate further referénce and ensure
csmpletfnan the Rao-Hartley and Cochran procedures of _.
unequal probability sampling wihout replacement(R.H.C.
scheme) is briefly discridbed in the !e\nawing subsection(l. 2).
Two different modifications of the R.H.C. scheme have
bean introduced and thelr efficiencies have heen compared
with some estimates of uné¢qual probability sampling in
subsequent subsections(l.3,1.4 and 1.8).

1.2. The Rao-Hartley and Cochran sampling procedure:

For selecting a sample of sise n units from
the population in question, the R. H. C. scheme censists of
the following two steps:
(a) Split the population at randem {nto » groups of sises
Ny N,,..,N, such that N1+Nz'~t. .. +N, aN.
(b) Draw a sample of sixe ong with probability proportional
Ht':f Py from each of these n group independently.

N

where p, = x, /X such that X 2;“‘.-1:&

It is aherwnthas[q- (1) ]the statistic

n
? =X YI o s o o (1-3.1)
i=1 py/m

where u; is the sum of the probabilities of the units falling

in the { th group and the suffixes 1,2, .. ,n denote the a units
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selacted Irm the n groups separately, is an unbiased
estinate a£ b4 and its variance is

)L BNY -

V() = t(.--v‘)z...(lzz)

N(N-1) gal Py

In case N ia a manltiple of n, apd Ny=N, =. , =N,
thea V(¥).1s minipum and ite value - ig y
N+x N 43

gmv&) T b ? RS . (1.2.3)
Again, when N is net a multiple of n, say N=nR+tk where
QO <k <nand R iz a popitive integey and
NysNy=...=N =aR+3II N, =Nyp=...NR

then (1. 2. 2) yeduces to

I g4 -1 o Kak) Y, 2
v(®) u[l N-1  N(N-1) -/E Pt(p: -Y)

ce (L2.4)
A .
An unbiased estimate of V(Y) given by (1.2.4) is

w(¥) = A tk (ak)-Na "‘g’wi(.fé.. ~ Y2 .. 2.8
N (n.x)-k(a k) = TPy

It may be remarked that this estimate is always pesitive.
An estimite of Min V(Q) iz obtained from (1.2.5) by setting

k =0O. Thus,.
mv S—-—-—- —— E ‘-—.-—Y e o 10206
@) =5 Bo (TP 02

1.3. An al?e;gativq schems:

Let n be even. Thé scheme consists ef two steps.



. -

(2) 9plit the population at randosti into n// 2 groups
e »/2

(b) Draw a nmploéfsua 2 with probability propériienal
to p’t'md with replacement from each of these
groups independently.

Estimator of the pepulatien total Y:

Define

2, v y
' 4 :z{-( i Z__ e (13.2)

where Y1 and Yi2 are the ‘y-characteristic valuss of

the two units selected in the { th group; Py and'p,, are
the corresponding initial probabilitigs of the units and
=X P
" Greupi 3

Now, E(¥,) = By, E,(%))

where E, is the expectation over a given split and E,
is the expectation over all possible splitsof the population
inte n/2 groups of sizesm Ny, Na» . - Nn/z' But
/2 5/2
Ez(YI) 13 En( Y1) TR Y Y
u/ "1

1 .
sinee Ez 1/ 1) 'Ez Pi?/"i Yi

where Y,= Z ]
Group 1
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. _Therefors, E(¥)) =¥ o (3.2
\\: T~ ' ! “
h Thus ‘?; is an unbiased estimate of the population
t»m Yat ' i

Variance of ?t'l:
'{r(w Elvzw ) a»v E € )

where V, and V, are yariances for a given split and for all

possible op&imi respectively.

#d

ygv%l; s El""z“%’ becanse V ma(ar ) =0

[ 1 ¥

n/a )
aimlvz[.-%(. Jil . - Xia - ) J
i ' .

pil/'i Plz/n

M
ﬁ pr}v )
“‘lu/g s Tl mlznp(--‘!- -*L)
2,3 w1 st T
' z:/zmz N
R S N oy |
=7 NN) jazlpi( i - '?)3 <. (1.3.3)

Py

Gasel: V(¥) i¢ mintmum when all N ave equal .. Theves
fore, when'N is a multipls of n/2 setting Ny =Ny= . = /2
s 2N/n, it follows. from (1. 3. 3) that

N - N
AL -li—?-/z 3 pj(Zl«-Y)z ce . (1.3.4)
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c:a;u B« lat N be not & sultiple of /2 and set Ka"% v P!+ k',
where P! and k* are integers and k! < 1n/2, then taking

Nl =N;z‘t’ L gNk'-:P'+1; Nk'-’_l aNk'+a B o o Nn/z a'P’

from (1. 3. 3) it 15" seen that
(N’-g RO - k') o

o3 Yy 2
P - Y
N ’321 ?j( ;:— .. (a.s)

viY) =
., When a is odd, split up the population at randem
into(n-IyZ groups and then draw 3 units from one and two
uﬁitl from the rest of the groups independently with probability
A
proporiional to p"s and with replacemant .
The estimator of the population total in tﬁh cage is
(n-3)/ 3y,
R WIS R P .
1=l ?u/r‘ Pya/7, :kal Py/ T
* L 4 * (1. 3. 6)

where j demotes the group from which three waits are
selected. It can dasily be séen that

E(Qi) = Y e o @ (’»0 30 7)
(a-3)2N (N, - 1) I N, (NI -1 _

v(R)=/1 = MDY
1 Lz f=1 NN -) 3 N(N-1)

{Zp, (Tt -1 ) } . .0.3.8)
ts:t pt * [ ]

Casa): - Let N be a multiple of (n-1)/2 and set

a ' 2 5 them
Nl Nza..'.Nﬁqlan“l

2
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T s wesliacd)
V(%) .zpt(i» Y)Y .. (@39

@12 -1) t=l =~ Pg
Case 2: ~ Again, if N = 5-'233— PY ¢+ kY, 0<k"<£‘-§—1-

and Nlauaa. R ™ aP"-rl'.Nk.,-r; =..aﬂhul’".

oo

Then assuming N, =P* + ], from {1. 3, 8),it follows that

3
pe2 (2l 1)ypn(xesd o2l
A N(N 1)
N
Z B -% -Y P e . (1.3.10)
Fu.rtﬁsi-; if Nj = 'P%, then
vty * ey L(“*‘ S yPrEnen)eprae 7.

N . W .
Ept(_’fs.;...*r)z ce e (1L3.10)

It is easy to verify that the vaFiance given in (1. 3.10)
is less than that given in (1. 3.11), Haence selecting three units
k from a group containing (P¥ + 1) units is preferable in this case
i.e. when N is not a multiple of (n-1)/2.

Eagimatlan of variances!

Case 1: « Letnbeeven, Iltis clea; that

2 2
EE(JA ) em A VO
pn/“'i P;g/’f Pﬂ/“}_, i
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Wh:{ El: an@El are «xpee:;ttiem for a given eplit and for

all pessible splits respectively. Hence

2 . N N
1 .2 2
= xyg““' zvfa )=2 % h 'ﬁﬁtﬁ'&
2 py/wy P /% Pe N Py
Therefere;
£z .L(M, _.fi'i})azﬁ. e (L3.32)
12 ea/m om/m R
- z -
e, £/ % -v(¥) T~ v?
whers E L’V(Ql) J= V(Ql). therefore,
N oy2 8/2 4 Vi vie
T 4L . YY" 3E E = ( » ™ )
A P L E S pﬂ./'i P2 / "
A2
- ¥ *'(’?1’ 7 . v (1.3.13)
From (1.3.3), it ts clear that |
n/2 ,
N ?,Ni - N
V(QI)aA Ep('-& - ¥)Z wheve A = 1 121
t=1 ¢ P ' 2 N(N-1)

It follows from (1. 3.13) thai

Ev(Y)) =V(¥)) =AE/ = _;(_.3___+ iz

= 2 ,
iz Pu/“'i Pz /"

-y 7

Th‘!‘f@r@;
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ces (1.3.14)

Case 2: » Lot nhe odd. It can danily be shown a$ in

the previous case, that

_ (a-3 2
[32)/2 Yﬂf*. Yfz')‘}_z__j&.f/

2
i =% 2 Pu/“i P{,g/'g k“l pjfk/'ﬂ
2
N vy
, = £ % ... (1.3.15)
t=t Pg
Thévefore, .
N & (=-3)/2 2
Yt ,
Z— - ¥ p _’;'&(.2&14..4@.,
¢=2 Pt a2 Py A

Frem (1. 3.8), V(Y‘l) is given by

- n.;
N Y, 2 'T;{N (M, -1)
' , x. v where B = L 0 Sahe

1 Ny
3 N@-1)

Heace ,
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- n-3 2

i =1 ' P
+ -13. 2 «Q; %
-~ " e o c30
> %3 pz J (1. 3.36)
jk
1. 4. The selection schenze congidered in the previous

subgection provides a sample whose sffective size is less
than or ‘equal to 2. Since from each graup only tWo units are
selected hy p.p.s, Wwith raplaeamanx aehnmo. the probability
of repetifion of units is quitd small, But still it does furnish
samplas with repeated units and therefore it appears that the
estiznates considered in this case waynot be more efficient
than thase when the design always provides samples whose
effective sixe equals . 8o it will be ire;-thwbil.cm cdnsider
the following without replacemant sgchems.

Another alternative to theé R.H.C. schema : -

Let 1 be evén. Select n units from the populatien
as follows:
(a) Split the population at random into n/2 groups of sizes
NpNgeeo oM, jp 80 that NjtNt o o + N, /5 2N.
(b) Draw a gample of size 2 with probability proportional to
p,'s and withouk replacémant from each of these groups
indepandently.

An Estimate of Y : - An estimate of the population total Y is
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N4 mfR 1.,. ©
\\\Y‘ ?iﬁ“i (tu+tiz)~ . 5 o s (104-‘)
.
wheaere til = yﬂ/
P/,
4 . (1.4.2)
and = L (1= p“ )
a/
o

AR AT PPy and " have got the same meanings as in
the previcus subgection.
It is easily seen thas
e/2
N
whare El and Ez are same 25 in subsection (1.3). Thus,

92 is an unbiased astimate of Y.

Yariance of ?z ‘= To derive an expression for the variance

of Qz. the following lermna will he used.
< _( 3)
Lemma:- MR ', 5;) and fx‘(ﬁ are the sample means of

,(1) * x(z) and 3(3 ) characteristic values of the units of a

simple random sample of m units drawsn from a finite
population of N units, then
wn _@ -_a) ()
X X X X N W (2)
m . S @ -y b2} (
E __{3}_ ., JSY *s NN -1) [ﬁjﬂ ‘j‘xj

(x

By e
( s)a jfx = ) 7 cey (1.4.4)

R x
(2) P )
B S I O B OB ©
(3) jzl’ i _(3) 2i=1 j J
3 (xS
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.

*Q,QM first erder of apyx;aximatlon
(1) ( )
where E(xm)" , 1=1,2,3.

Proef: - Suppose that

i
xj(i) = ‘i“ +.j(” cee (1.4.9)

f@ri ’.4’,’. Zand Sandj 31Q2|000N

ay .

such that E( ‘j ) =O. From (1.4.5) it is clear that

1y @ W
X 2 Xt for 1312,3

NHow,
2 ‘b _ 2) _{2)
‘iﬁl.."‘“n (X )+ am)(ﬁ( + ey )
(%) ﬂ (3)
ﬁ‘m“ (X‘ <
42 A {2
e e B
X b4
(3)
?(3.)
Aspuming that \—?—)——-—- <} and expanding the last
3
® -

4

{actor by Binomial expansien. we get
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. (J ..(3) (g(z) i"(”’ S2) ~ E;.(3)
m\ -« = [ 1+ m « - m
iim(3) ‘ - GY Zl) k’m ‘_;(5’5
.‘_.(1) L) Y _‘_(3) ..;(2) A2
- g BB .m__m W m
A @ W (3 _(2) (3)
X X X X X X
3
<?f,,) )z -
+ G S e, J
(x )
Therefore,
O R O o . (2)

xm L
E(...:g’.m) x? ,E[_u.m)_....k_)

0@ @, e
e ® ),
T X X X (X )

neglecting the terms of arder i v «Where y 2 2

Now, E(ng : ﬁ‘;’ ) = ﬁ;m ~ 1.1 jfl ‘gi) ‘?') for 1<

N"mo N (ii')
Nm N -1 - My

T Noow W 1) _()
where p,(ii’ 1 ;o ( X - X

n N jad (= % - ) ("j )
and E("'( ) ) - B -m . ;5.23)
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e ) .
whoze z(% L/0: ((53) (g())z 7

¥=l
Therefors,
1 2 A _(2)
E(--——-———("’)‘ : ;’(“) ) = x x Ty Nom (13)
{3 A EY) Y R ~1 {'('1'7""‘(2)&
X, - X
13 23) (3
un( ) *‘u( + € 1 ) z} __7

"_)_Id’) sz‘” NORNC IO

.ﬁ(l) R;(z) N x?’ @
T Noem, N_ | i
T & e weT iR )

X %

VI ) I ¢ B ¢ ) B P ) I
fsx I b LE T g7
w3 @ (3. (3,
X X X X (x )

1) _(2)
X . X NGO _@

,,4-(3) * Tim N - 1[‘ (3”,11 *;

_}_{(z) . ) N
(@) (3) X 2) _(3)
- — 33 X L A Z x x
3 3 {3y J J
(X( ) )z j=1 ] (% ) 2
) _{2)

Thus, the lemma {s proved.
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~ ~—Now, consider the variance of 92, vis.

N A A /
V(¥,) =BV, (X)) 4+ vE, (@z)

vwhere Vz is the vavianca for a given split and v is the

variance for all pasaibls splitw of the population. Hféncu

v(¥,) =EY, (@)

A

I .
< BEV L5t r ) T

where t; and tu are given by (1.4.2)

n/2 N Py P b tm
vg,) =z 5 L/ = i B~ L Y B
i=] é(j' vf ’l'1

i

2
(IiL R/ ) 7
Pyy/ ™ Fijv/ ©

n/2 Ny £ ‘ Vi
ﬂ—l‘ ; -—iniﬂ o~ i" z
2,5 By 33.% Pige { i, )

pij Pijl
I N N S
ai Vo & TPy P lPy T Ry
“ Y v -
2 Ty f"(“y"""‘ A ).z-./

?gj P;j'



After s little simplification, we get

~ 2 N. i
v#,) =3 % E, B'p | ay_ Ty )2
2 2 1 ij p‘jl

L 1Y 2 pip (1L 2L Ll
2 e d T 4
A NE- 1) gep ST EPUNE

CONL L NYR
P Gar Mae )
$iq~ 1 N

Now, since each random group can be considered as a simple

random sample from the poepulation, it follows frem tﬁe above

Asmama, that
2
Ny Ny ¥,
Y 2, 1(s 4
= (Zms ) & ) N , N
. hEh) AT T
1 Ny §j=1 “j=& »p
Ep, j
Nj j=a

L Q«w*\w\'\w
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~ ~

\R N, N N,
NNi NI l.j,,f rj » - (j%Yj/Pj)(ﬁlpj »,ﬁpj g vy)

N
+(jzpj (ij/F,./ i

and Ny

g Wg(jilyij) ( ij Pyj ) !.. YI;
p N TN Ty
ﬁiﬁlp”
N-N ' N- - N
N S
+ N, m[. jfl Yj P
N N N
-(E Py j) ij‘lpj Yj*'Yt )( pj )/
g ‘I‘hetefwe,/ !
n/2 N.(N, -1 N
V&, =t = & D R L

24 N(N-1) j<5'j it Py Pji

n/2

. o N oy N 2 ¥R N
e [-;fja’i "'j *ﬁxpjj

¥y F4 |

+(2;3j 2 vj/pj Z Py vy ?2(’2 571) +3Y Epj (

N N |
R LR, 7
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“Itis aasily asen that

~

-

R z‘L er 2 N Y zYN
ﬁj’pj Pj(( Pj'*’Pjs)( Py - ‘;;' > j *jﬁl’j jﬁ p jgi pPS;
and :

N b4 Vu. 2 N N
I p pjt(pj*‘qu)z('i'.’ ~dE )3 =X ..i 39‘? + 2_pj y?
(R 1 Ey?) -2 Bp v - 2Y B2
jalpj ‘dej yati '3 et IR
Thonfoz;./
_..éﬁ&:l.).. _J. I o2
n/2 N. NN N N
L 1. it i PY, \ _.i._ ..L 2
4 z:l N (ﬁ—ﬁ j j }ﬁ;j P3 (Pj+pj')( Py )
VR N-N 3 e
e izl .y Jed pj P’t (Pi*P ) ( ,pj ?jt

Casql: - Assuming N to be a multiple of ﬁa/zr and taking

Ny=aN, =..... ﬁn/z = 2N/n , from (1.4.7) it follows that
A (N- _z__a ) N Y y

Pj ) pil

N

N -2

"‘%i'(“ Nd."z j2:‘11>J)2‘4 p,pjc(pj*pj.)(-l Iy
PJ pj!

N
+ -i—- NN_,' "’3'3 z pjpu(vj**pj;) (J- S LN %)

j< it Py pj'




. ~—

.t

(%DZ?- Let N 33{1”#“;‘\%&1& Pt and kf are
integers and O < k'<n/2. Neow taking
Nl aNaﬂ...anjBP"l'ls. k{‘laN .mn/z = Pt

from (1. 4..7), it folléws that

(”'§+k')(n-k’) N (,j_ L/

"
V(Y = t
( 2) w(ﬂ‘.l) j e ja j j j Pj‘

e N .=2-222,% oo
(2+ Nl 2 Jgpj ))fypj pj&(ij’Pjg) (;j‘ )2

Pjt

Ky j Pjn
(1.4.9)

Estimator of the variance:

A [a)
Since V(YZ) =E, V, (¥,)

a/2
= £ BV ~(t +t55)
el M 42

/2

“jf‘lmz z[" (ty+4) 7

where Ey v, %( LV *ﬂ) = vz%“ﬁ t4,)
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a/2.
w\that V(Yz)aE z "a[a (g +ta)/

n/2 Pm Yi2 f
9 P,
= 3 y ( .....”i )¢ ) i pi;wi -

Tharelore, if v( ) is the astimaty of the variance of Yz.tlun

A /2 " b/ Ty
AR E NCRTRILH ~pu>(-—-;‘;-a - =7
> 2

. . (1.4.10)

When nix ¢dd, the corvespbnding sampling
protedure can be given as in the previous suhsectien(l. 3).
Since estimate ef the. population total and ity varlance ean -
casily be developed on the same Iines in this case as in the
previcus one, up further elaboration {s intanded.

8inea the unordered Des Raj estimate ( of Murthy[é] )
is niere sfficient than the ordered ane; an estimate of Y with
this scheme which is meve efficient than ‘?a can be obtained

as follows:
Set
A ﬂ/z 1 L - Pia Yi1
Y = L (1e5—)
* (2.2 Pz ) S VAN

Wi ‘l’i

1. ) 2 7




hzz -

n/} - ""'i
Y 3 m - )-—t-'f'(‘wa ’ _/
$” T Piz) WAL Piz P on

In view of the uMw schems it is clear that E(?z) =Y.
The variance af ?3 is

n/Z Ni ‘l 5 - P“ - Pu' Yij Yijr 2

2 pup o — T — )
P AT AL 2% - Py« Py Py Py

. (;. 4.1)

V(Ys) =

and an estimate of the V({l’\s) is given by

13'/3 YOS IS WL T YRS TR Ju_ map

V(Qa’

5.5, C@Fmpai-iism'eff ei‘ki‘maﬁg&:a

In this subsection wa consider the following estimates
of Y for purposes of comprrisont
(i) The standard estimate in 2ase of varying prebability
with replacement :
n
=L = v/
“a ia v,
~ (i} The Rao<Hartley~Coghran estimate:
A B

(iii) The estimate propesed ia subgaction (1.3):

’Y\l I H -2 ( -m— + Yiz )
Coi=l 2 ?u

Piz
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{i¥) The e¢stimate proposed in subsaction (1. 4):

n/2 L] a P Yiz Pi1
2 i e 22 - 2]
Py o P bl
For gimplicity it ia asswried that u is even in
what follews. Iti{sknewnthat (af/ 1t 7 ) °

v > v@d) Ce. (.5.1)

Fuarther, from (1.3.3),(1.4.7), (1.4.6) and (1. 4.11) it ia
cleay that

v(¥) v, > V&R) ce. (1.5.2)

whexe ‘5/1\'3 iz the improved astimate proposed in the
subsection (1. 4). Since,

N2
vty =1 Lz =t -¥2 7.. (.5.3)
P
t -

tharefore, from (1.5.3), (1. 3.5) and (1. 2. 4) it is clear that
v(E) > vE) >¥R) ci . (1.5.4)

holds true always.

Thig leads to the conclusivn that the proposed
estimate ’1}" is beiter than the standard estimate in case
aim;:i#w;;wbahi}ity with replacement kntt i3 worse than
the R. 7. C. ostitnate. Also, amongst the three propozed
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:utimatcu ”’1\’3 isab‘cst but it caanot be compared with

other astimates under consideration, because it's variance
is not known in comparable form.,

Comparison hetween 9 and T?
. P T z_ rin®

Su.ppoue that N = nR + k where R and k are
integers and O < k <n, then from (1,2.4)

(N -n+k}{N - k) 8 (.’1... Yn)g

v(Y) = aN(N-1) T Pj Pjt

Now assuming that N = %.Ph)k'

ki ak-n/2 if k> n/2
and k' =k ik < n/2
Thus,

(N ~ % + 1)) ) (N-n4K)(N -k} 5 (N-n+k)
2 n/zv then =

aN(N-1) aN (N 1)

and if k < n/2 then (N-Z +k')(N-k') . (F-nfk)(ﬂﬂk)‘l' %(N-x)

aN(N-1) aN(N-1)

Therefore, if k = n/2 from (1. 4.9) it follows that

N
A = A 1 ‘N - +k! —-— - ’Z& 2
V(Tp) =V + 3 N(N-1) j<japj pj'( Pj ij)
=1 .
{1'&' (N 1 Z , }j;‘;lpj Pjv(Pj"‘Pjv)

(._J_.. R/ )2
P el
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B N
Tyl N _n-2 2 bl
4 ON-1 2 jj.pj Py (Pj*pjs) (-5; Pj‘)’2
(1.5.6)

and if k < n/2, then

vy v ok BB B o Xy

Pj Py
N N
1 N n~2 __l' 2
~%{'+ N-1 "2 pj ‘} i< 3;‘1’5 Pys (pj +p3’)( P Pj«;)
N
1 N _ n-2 Y Yit 2
+-—--,§-~w—-—-zpp(p+p)( - =}
4 “1 j< j‘ j J. Pj pj'
(1.5.7)
Hence, if k> n/2, then
) N y Yy \
A A N~
v@d,) ¢ v =5 Wr%i%j” pj,(;g.j.. _ pj: 2
. -
-5- Z iyl Pt o) ( -
j<j Pj Py
N N
__N_m-2 3.2 .1. n
(N-1) ) j-f Pj jz'pj Pjr(Pj"‘Pjr)( pj' )
N
N -2 b AT
+ N 8 z Py Py (Pj"'Pjv) (""""’ J )3
Jj< Py Pjr
Now since,
X X amp2. Ry (L v
Jd Pj ch (p "'Pjs) (‘p j ) jalpj Pj ( 3
N
+Ep ( - v )

j=1 Pj
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TN
b USRS LI I -
and jzj' Pijn( j . ) jﬁp (—j—- Y)

jl
Therafore,
N N MRS
Ne-nt k 1 2 2
V(Y) V(¥) # ( - ~3 ZP )EP( -~ Y)
ZN(N - 1) 8 3 Pj IFRERSY

-~ 4 E;Pfﬁi’jpj (py*P;: "‘L‘ ‘y‘%;.)z A“’J (’-;-bﬂ

N

~-B2 x L pjpj'(pjwj") ('ZL' - "Zj' )3‘{_&'— - "—(pj+pj')}]
8 joit Py Pjr

It is now clear that the r.h.s. is definitely negative if

ijz 5 HN-ntk) .5
J= N(N-1) i
and ! . (1.8.8) °
1> - l(pj\*xvj,):forefwnw.iwflj'

. ; A " | ’
Evan if for sqme cases the inequality —5 < N 7 (pj'mj.)

helds good, the r.h.s. can be expected to he negative when
the populatien is quite skewed and thersfore V(I'R\’z)<V('\>)
in such cases.

Again if k < 5/2 then V(¥,) < V(¥) whea

N 1

z p?‘ y ....(.._-—-)-4 N~k i

je=1d 7 R(N-1)
. (1.5.9)

1 N , ‘ : ‘.
R 2 Goa) Byt Py for every  and gt

-



Secgon I

_ ON SOME UNEQUAL PROBABILITY SAMPLING
RECHNIQUES WITH MISSING OBSERVATIONS

2.1. Introduction' ~ Sometimes, in sample surveys , inspite

of all pxecautinm. some observations might be missing due
to some unfofseen reasons. For example, in agricultural
yield surveys , it is very common to meet with a situstion
when due to some practical diffieulties, the cxopina
selected field is harvested bafore an observation is madse
onit. It is, therefore, interesting to study the behaviour
of the estimates considered in the last section tn such a
situation. In this section besides comparing the efficiancies
of these estimates, the ratio estimate is compared with
R.H.C. estimate with missing observations. It i# found
that in some situations the estimaiesproposed in the pre~
vious section are better than the R.H.C. estimate in

case of missing obaervations. Further, the ratio esti-
mate is superior to the R.H. C. estimate in many cases
particul%riy when p (the correlation coefficient betwesan

y and x) is very high.

2.2. Effect of missing observations on R. H.C. estimate

When no obgervation is misaing the R.H.C.

estimate ig given by (1. 2.1) i. e.

¢ s z

i=l Pg/ﬂ
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“\ where the suffixes 1: 2,. .0 denote the & nnits\uleeted
;rbm the » groups separately.

Now, .suppose that due to same unfergesn ¢auses
y chseryations are missing. An estimate corresponding

to R.H.C. schemc. based on ( a - y) ohservations is
By . \ \
ty =z o D (2e2.0)
‘31 i b 1

Wheﬂtha Wﬂ Iazna -o’( ne Y)‘W%‘ tﬁ-. (n ‘?)

svailable selected units from n greups sepirately. New

i

- mRy) =5 E, @)
where E, and Elxhave got the same meanings as in pub-

section 1.2, , )
' B~y
Ez(? ) = 2 Ez ( -&-1’.‘-—-- )
i P A
n=Yy N‘

indiism over all thase y groups in

Y
which ohservations are missing. Thersforas,
E(¥) =Y - By (217, )
- ‘ Y

-y. v
Yy N
N:E'Ni

- —«-313‘1—- Y .. (2.2.2)

Y
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\{iml . W& see that /'}b is » blased sstinuate of Y, and the
statistic |

¥ s 3 .. .,(z.z.s)

N-ZN, b

Y
is an unbiased estimaté of Y.
Case] :~ lot N be'a mmitiple of n. Then, taking
Ny =N, = .. N =N/a ,
i§ follows frem (2.2.3) that’

n 3 ,
?m = m Yb e« & o (2.2.4)

Case 2!~ Suppose that N = aR+k, where R and k are integers
and k<n. Then, taking

NiﬁNaq....:aNkﬂR*!: Hk"’iu k“za"maan
and suppesing that yy observations are missing from the
groups of size R + 1 and y, observation ave missing from

the group of siz¢ R sathat vy + vy = = Y, We get

A " - ,N N N Q
Yu N - Y1 (R + l)*YzR b

= = ¥ .. (2.2.8)
(m-v)t 5 (vk - 5y )

Yariance of 'f{u =~ The variance of "I\b is

A ‘ A ©A
V(Z,) = E V(%) + v E, (%)
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— where V, and VJ. dencte the variances for a given aplit

. _ and for all possible splits of the population into groups

of diuTu Nl' NZ' .o ’Nn respectively. Thus,

, ¥ ‘
v&)nz Vo (=rit—m )+Vy (Y -2t ¥ )
ney 32 P/ ™ PRIy

N (“ ’1 !
=B ..-L...L?- ﬁpt -ZL - Y) +v1( zry )

(z.z 6)

L

where X v iy the mmmatinn ovay those (nw) groupa in
O~

which ohs cwatim are avatlable,

Now. Vi 2'¥) = V[(z'u,)(fz. D J
where "? 1s the pooled average of y's falling in

7 3
the groupn containing missing observations, Sinée each °

group can be considared ag a random sample frorm the

population, ¥ YN can be considered ad the mean of
t .

Y
a random sample of size { =! Nt') from the population.
¥ .
Hence
, - 2 2
V(B Y) = (I N,) ("'z':"'Fi" - % ) s,
4 ¥ Y i

where > N 2 §
(N‘?”‘)SY R‘;‘:JI( yi-)"N)

BN
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Theiefaﬂ.
Ny(¥;- 1 ) Yi 2 V2
vﬁ',,)w_Y RO & (T-ﬂ e RN
3, .2 ~
(»—5%5‘-;- - )8 . (R2.7)
Y
and v(@) : Nz ) (2.2.8)
Q) = ‘Ni)z c e (2.2.8)

Cise 1: - Let N be a multiple of n. Assuming N aN

Ry o

2
<o N_=MW/n, the equatioa (2.2.8) simplifies to

‘ N+n ~ N Vf 2 5, N g

.. (2.2.9)
Case 2:¢ Let N =nR4k, where R and k are integors

and O <k < n, Taking NlﬂNzﬁa s oﬂx‘f 3K+1:

N B, . =NnaRa.n£mpp¢Mthat 'fla'nfdyz'are

k+1
aumber of ohservations missing from the groups of Bige
R +1 and R respectively, we get

N . n
N - BN (a-v) +& (v =y 0)

¥

] N, (N=3)  (N-k}N-k-z) (2 --y)+ 2a(N ~k) (k-}!l )
n-y N(N-1) 52N (N-1) Y

and

1

" P2 Ni N
Y

y(Nk)}ny) . v) +2 (YR-vyn)
K {( - )+ (Rewa)}



vl
\‘so thatfrem (2. 2. 8), it follows that

(N~§c)(§t~k:-ia).cn-v)+za(u*~k)‘ tm) 3 Ry

v(?u) =
NON-Y) {aoy 4 i (ke ) }a v

N-%k ’ ~
¥ ):"L .88 L. @ozaop
@ - v) + 5 (¥~ ¥yn)

+

It reduces to {2.2.9) when k = O and Y, =©.

2.3. Effect of nﬂasmﬂg{anaﬁ_s_m on ?x: -

To study the effects of missing observations on
the estimate 4};. guppose that out of n/2 groups s ave
such that both the ohsarvations are missing frorm each,

1 are such that only ene is missing from each and thé
data ary available from all tha units selected from the
remaining groups, ae that onthe wlecle y=2g ¢4
units of the sample are migsed.

A biased estimate of the population tetal Y iw

- Y
¥ Loy Y2 g,z L
Bt) (; S 2 po/n " Y™
* . [ ] (z. 3.1)

where I denotes swnmation ever the( --f- -——)

n
3 - t)

groups which provide beth the ohservatiens and X’ ia the
n

swnmation gver the u groups which provids only ens

observation each.
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:Ittéelmythat - " -
NdE"Ni

Eprhm) a ———%—»— .Y e e (2.3.2)

where the summation f“ ia taken over the s gréups

in each of which both the units selected are missing.
Thus Qb(l) iga biaiaé Q-‘tim&t.\‘ of Y.

Frem (2.3.2) it is clear that the eatimate

A A
Y“(l) = - Yb(l) e o o (z. 30 3)

- LA
Akt

ig uabissed for Y.
Case 13+ Let'N be a rultiple of n/2, Set NN, s .
in (2.3.3). Then, w&rly

“itl) h(l) o oo (2.3.4)

Cage 2:~ Suppose that N = -‘%*PH— k' where Ptand k'
are integers and O<ki<a/2. Put

Ni’ihga -l "":Nk‘ =P S Nk'*tm cos .vﬂn/z aPr,

Now assuming that of the & groups ¢; belong to the

clang of groups each of which centaing P! + 1 units and

53 belong to the etlex categery of groups so that sy+s,=a,
it 4% found that

N -

. n
Y . Nk ). 2§
N « Z¥ N, ns 28 (.Eﬁ..!s.,ﬂ) =t




“3da
Thus (2,3, 3) yeduces to -

~—

A n »

Yul) " 2 -2s(1-X/N) -na/N ° B}t C (3'3'5.),

when k! = O and = 0, (2.3.5) reduces to (2. 3.4)

Variance ¢of the estimate @“m.: .

Variance ef Qb(l) is given by
Vi) =B By )+ V%2 ()

wherg E,‘.vl. Ez and YV 2 carry the same msanings as in
subssctien (1.3). Hence

b N, (N3 ) |, N(N -1)
N zL 2 2 ; , & . 2

« o 0 {20306)
and

) N T @
"’(‘}in(x)) =L m_/ Vi¥ygy) - - - 23]

Case I: - Let N be a mutfiple of 2/2. Putting N,=N,... a7

1

wa get , that N : = - % 2 ’
N - %" Ns B - a. a"’f“‘
NN, -1 ) _ (@-y-u) 2N-n)
(3- 5w NN 2%(N-1)
o Ni(Ng‘ 1) _ 2u (2N ~ =n)

u N(N-1) nz(N-X )
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- _ )= YB) eyhe) N
zﬁNi na
- C (aeydu)(N3F) N oy
B em—— — -

sothat V(R 1)) Py ;fxp*( )

c
t"ﬁ“ ‘1 M'“

aad (TN )

(cy-8)N g2
W(n.w“) . . (2.3.8)

Wheén ¥ =ui.¢. net more than one chservation is miasing
from a group (2. 3. 8) veduces to

(a+3y) (N -3 ) N Y
2 5, (
n (N l) tzl v Py

Ty -
..o (2.3.9)

Case 2:» When N = % P* + k! where P' and k! are
integers and O <k'< 5/2, Pub NyaN, =...... 3, = P

-

MN'!“*I o v SN /' aP‘o

Let (;g. s - u)‘ = Nymber of groups of stsa (P'1)
such that no ohssrvation is missing
{rom tham. |

(% ~% -u), = Number of groups of size P* such

that no observation is missing frem

them.
o =  Number ¢f greups of size (P'+1) with
one missing ebgervation. '
u, =  Numbey ef groups of size P' with one
missing ebservation. A
Then, * N N

)
N -« SN N-(cP’ﬂx)
. a 1
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N :"‘ ‘» ‘ -
jx(»fi . ) = A”( -13- -..-':.u)rlz

¢

b3
(A_g—w) N(N-1) N(N.D

b
A,

+ pt {(% —8 —w)y .g_-.»)g./'

-

- N‘L(N&¢1) " X [ﬂ p'z."P'(ﬁl"ug)J
uw N(N«}) N(N«1)
and .
202 L) (ap 2y
(Z°N) "mgx’ (ap v ay Ve (—g 207
N 2N
Hence, ;

& = 1 ~ 1 1 /n 2
V(Y = ] v ; i [ !
Fugy? G- Ty Loy {7 Growwe

i

' , N 2
+ -23-?'(( 3 #u) (3 0w z)m'(“l'uz)}f.f‘( :_tt_ -Y)

+(.pa+.1)(1.-—1%f&_) s2 7 .. (2.3.10)

o Y
It id easy to verify that when k' = O {.e.( 7~ -u)lnutalao.
then (3. 3.10) :cducas to (2.3.9).

4.4. Effect of miasing ohservations on %2: -

Under the selection gcheme considered m sub-
section(l. 4) precesding bn the same lines ag befare ,we
see that if y(=2s+u) observations are missing such that
29 observations are missing {rom s groups and u observations

aye missing from u groupd, the statistic
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~—

i
>

Y“(z) = g Z” Ni . Yb(Z) ‘e o o (2.4.1)
8

is an unblased 'Mtimate of Y, where

¥ .. == Lok, tt, )+ Ji,
3 gty

Yiy
it i being assumed that ¢, = and

Y12
tiZ = yu +
Pig/ LA

(1- Pu/“’z)» B, Lt and =% have the

same meanings as givea {n the previcus subsectica.

Variance of ¢ () - The varisace of 9y,(5) is given by

A non - N Y 1
Vi) a% > Moy -3 pjpj,(-:l- Y
| (.%-.—-a--u) NN -1 ) Jejt™ " Py Py

Ny .
N o S | §al

N yj jr 2
z Pijl(Pj"le)( ——— )
j<}i? Pj ch

N
27
z N_T zpp; (pyteg0) (- de g
(-g---«a ——u) N1 jejt . P Py

+
e

.- QM’\MAQJ‘.



~—

o ) . ,.N
~ .,z;:‘Ni(N* 1) ‘(-,-i —-L— 3
% N(N-1) J<3' i Py ‘
3
" 2 ....!'..... - —-L S
EENIET I B

s

N,  N-N N
+

= VY. -—-
¥ b(l)) N- N-1} jgl 3

(

(-%-—s ~1)

N' N «N
+ q—l..-— F—L)z *"“" B " i .
j<jg j pj' (P pj’ ( pj. 4 (.i. - _a)a |

N
Py Pyt (pj+pj.) (*1- e »® « o (2.4.2)

Pj pj'

1<j‘

and

vé}um)a ( —B Y (¥ by ) e (243)

N+ ZIMN
g 4

In this subsection the sfficiencies 6f the follpwing
estimatas in case of misaing observations ara compared.

(1) Standard estimate in case of vaxying probabkility with

replacement:
Bey
"}:11 = 1 = -Z'L-

ReY sl P; -



-39. -

~ (i) Estimate coirésponding to Rao, Hartley and
Cechran procedure ( of [';z'-,; 7

§ =2 —-—yli-——‘-—- o -—-7-,L— #

Y

13 -
(1i1) The estimate propesed in subsection ( cf [—aq_/ )

A K y i, a2 7
b PN [ = 1 (--—- )

H
m(') ‘N_ - "En Ri (;. — s—u) 2 Pyym Pyofw

(iv) The estimate preposed in subssction 1-4 (ef 2.4)

Y = - [ B L (b4t )+zv /
u(3 ) 1172
) N‘gun (%_'__u)z upj/ ’

For purpoaes of simplicity the eomparison of
efficiencios is restricted to the ¢ass where N is a multiple

ef nwhich is assumed to be even. Now,

V(¥ ) = I .. (2.5.9)

R~y x

whaerd ¢z*== Ept Y)z
g ¢ Py
vif ) —{N= “’w+«——ﬂ£—-—s ... (2.5.b)
T {m-y)(N-)

A (a~y+3a) (N-F) , Y-u
V¥w ) @ryvorz Nor st oy NS

- e oo (2.8,2)
!

§ v



and

z “Ye -
V) <Vl - RS LR ”nx,,,;i’

N
j Pj;( pjbjl )‘ZJ‘ - "“B’)z "fﬁr":i‘ P"'fn:"z' o
J 3' Py Pjg -

i)' 2 7. (2.5.4)°
Pij;(Pj*Pjt) ;;—-—-;j-: y 7 { )

ja

2.5.1. Cemparison between Qtu and ‘}'in

Since sampling with varying probability is used
primarily in the situation in which ;' are approximately
propertional to p,'s , a reasonable model, which is censidered
by Cochran, is

]
Yt th + L

whare e, is independent of Py in the prebability sense and
{n the arrays in which p, is fixed

E(e,) =0 and E(s?) = apf (5> 0)

Unless otherwise stated all the subsequent eaomparisons
will be made under this model. It iz easy to verify that
uader this medel

2 2.2 2
87 2R S,“»sc
N
2 2
RS JEIN VIR ST Sl



N 5 N
2 1 2 2 1 -
8, = .ﬁ.....-tﬁet andsy * WD :J(yi.yﬂ)a

-~ N s B
S dow, T o2 < NE(e}) =NEE(?|p,) = aNE(pf )
t=] t

where the avsrage is taken over all values of p,'s. Similarly
Tea,
N o
5 ...1;. = aNE(p) -1
tsl 1;

L

Now, from (2.5.a,) and(2.5.b) it follows that

V(Y) - v() N _s2. n -1 zp(!s ¥)?
" a-y | (a-y(me1) TRy

2

N e

—ﬁ—- st +sz n-1 p t
TRev - T EVINT g Py

2 , 8
z—x-—-[_ﬁs +(N1) E(pt)_/

__(n—-«l)(ﬂ_ibf?“ 26 ) - Covlo.. 81 7
Ca1) L EE) - Covlp, p§™) _/

ayN? £(pf ) nzs, _ n-vd)
(n-y01) 53 Y -

' (n-3) aNz )
(m=y)(N-1)

ov. (pt-pf‘f )

2 aN g
because 8, = m‘; E(pt )
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Now, if p is the correlation coefficient hetwean y,'s an%
pifs i_then | )

~

ga»-z 2 -
° {1 p)sY .

2 2 2
or B S% P
Sz 1. p‘z
‘ i
Therefore,
.. .
vy o SWCEGR) ¢ _ myl gy
v(‘}u)'ku)w(n-y)(lf-l) L 1. 92 —
. (n*l) &N'a CW( Rt.pg )
(a - Y)(N-1 §
Lz~ aN? - u(ef ) n-y-l o
1) £ 17 ..5?)* PR )
+ Covippf ) 7 e (2.5.11)

Now, from (2.5.1.1) it followa-:$hat since 'Cov{p,ip; p® 1) 2 0

accordingas g 3 1
(A5 1 g<land pi< »3:1-;!. thext definitely v(%u) <V("f"u)
" .

(11) if g >1 and PLEN “i‘:”fl then definitely V(Qu)v >V(1/?!“)

(1) 4f g=l then V( w % V(Q' o) 2coording as pd ;z:-x;l.

The inequality P > .-_._-l-,. may be satisfied
if p is very high and _.X.. is mbt very small. For
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example, {f n =11, y=22 and p = .9 then the above in-
equality is satisfied. It is known that gusually lies

batween ] and 2. Hance..in most ¢f the cases if

2 _RB~-%el 5. . 4
Pr > thea ?"‘h superior te Y'.. On the

-

4 A
other hand if g<lundp'z<§-—:—}i » then ' is
inferior te %u. It is intersating to consider the case

whea g =2, Afier some simplification it is seen that

2
—t
e £ oo

A A . . 2 n vl
V(Y ) - V(Y1) = E }pt) - ,

N%

'v}i&ngsz

Thus v(wu) >, v(Y! u)
é wl (l ’~ﬁ_)
N2 Y

if E6}) >

x .
oy if prf;-—’-“—‘—f-!(lopz)
tsd Y -

This inequality cin e ‘tkpéctsd to be holding trus when
the pepulation is skew and p is quits large. Thus we see
that the universal suparierity of R.H.C. astimate over
the estimate in the case of varying probability with re~
placement {s lost dus to misaing observations.
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2.8.2 Chnparisen betwuen Y!, aad Ty :

Supposing that not more than one chssrvation
is mi.aping lmm any group, se that r = u, we gét {ram
{(2.8. a} a.nol, (3 8.¢),

I S (E*EY)(N‘

vy ‘V‘Yum’ L - PP £2
N | i 2 |
Ep, (— — Y)
Rt { .

Thus V(‘Q" u) 3 V‘(QI u(1) ) according as

1 (ﬁ“‘zY)(N- n)
ST
ney a (- 1)
or 2. 3 2yin - 2y) ~. -
N n(ns2) + y(a-2y)

Since ohservations are expected .to he mivsing when ths
sample size is quite large( and consequently the sampling

fraction is Jarge unless N is wery largs), the inaguality

n

> zjin = 'z!l‘ . .
a{a-2) + v(n - 2Y)

is more likely ta be tyud. Hence, im such situations, the
praposed estimate %u(l) is superior to Q"a,' For example,
1N =100, a =20, y = 2 then the above inequality is
satisfied and cway %‘u(l) is more precise than ¥ a
However, if sampling fraction is small i\"u may be expected
to be better than ¥ u(ty’
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LAY
2.5.3., Comparison between. Y, and QﬁF): -

Frem equations (2.5.b) and (2.5.¢), wa have

A Y. A \ ¥ - o - W )Nsa
v(¥,) V(Y“(’») )=t B~y A-ytu 14
, . A
—— " e haad 3 '5
(( seyt a)z Nl (meiy)(N+1)
2 A .
zmsy - Bfﬂ * 4+ @ (&o 5‘. 3- l)
s = qu é"w,
There AT EN v D)
: n
1 waey-u)(N-7 ) . A
and B = ) { ¥

@-vYn-y+uw)2  2-y)

ander the same model a3 in subsection (2.5.1) wa get

VTg) - V(¥ ) = AN(RPSE + 57 ) - Ban? {E(of )~ Covlp,.nf b3

(AN EGH)  ~ 0 B 7
-1 Lt_pz Rl S

+ BaN?2 Ch(pt.pf‘x )

Now, after a litfle aimplifi¢ation we got that

DB o N aney (m~ysu )
(NI)A t (m«v%a ) Camrte)
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Therefore, '
 anuN2 E(pS ) 2
V() - V(T ) = b [ A -
) (n - a-yra)-1) F-p
ISP PR TERE )

A 2w aeybed (Nl (a~y)(meytu)?

R(n' } Cov(p, .pﬂ"‘ ) ... (2.5.3.2)

) .
Now, (i) if g<1 and Yﬁ-z<(§+§;;i)§§$:+% .~

. (2.5.3.3)
then defiaitely, V(¥,) < vﬂ?ﬂm ). The inequality
(2.5.3, 3) ia e;':lily“ satiasfied when samphg@ fraction {s

zmaﬁ‘méfp is not very high, e.g. for p =.6, N=lOO, _
i{n =10 and y su =2 thig inequality is satisfied and

6 A
Yu is better than Yu(l)'

) if o (N, a-y )(a-y-u)
(i) 3>Iand1p>(‘n*zu)(n_y+u)

. .o (2.5.3.4)

then definitely V("};'n) > v&u(l) ). The inequality
(2,5.3.4) may be expected to be satisfied in small
populations with high sampling fraction and very high
correlation coefficient p, e.g. when p =.9, N=50,

n =10 and y = 2 the imequality holds.
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(i11) if g =1, themV(’?u) 2 V(Qu ) according as

@)

—

ﬂ‘z ( N + B-Y) B-Y-u
l-p n Zu R-y+y

~h

Further, if g = 2, agsuming that r = u (i, a. not movxe
than one observation is missing from any group), it

A A
follows frem (2.5.3,1) that V(Y,) = V(Yu(l) ) according as

N (R 2y M2 ) n
2 e '§+
NZp 31/ " —

e o . (z‘ 5. 3' 5)

A
It is clear from (2.5.3.5) that for g = 2, Yu(i) may be
expected td be better than 9‘1 if the population is skew,
p is bigh, N,n and Y are such that the inequality

N 3 —(a-2y)}-5) =
NZp, > (1-9p%) [ gttt — 7
$=l n 2y

is satisfied , for example , if Né pf = 4, pa =.6,
N=100, n=20, { =2 then V(¥ ) >v(fum ).

Further, it is clear from (2.5, 3.1) that if
u=0 {.¢. yobsaxvations are missing from y/2(=s)
groups, then %\t is definitely better than ?a(l) without

rest riction of any model,
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2.9.4. Comparison between ?{u(z) and Q':

Settiag y =uin (2.5.d) we get

ﬂ -y
2. @2 52 3 _/ wi
1 8n T V e,

v& s (n+_2y).
) LT

-

¥
2Py (B2, >(-—-~—J )
Py Py

2 N 2 N N
D=Ly n - E
8 N.1 ' N pj jkj'

N
....9.8_'53' zpjz(ZL Y’)z (W)L szPj'
j=l Pj én j<§*

Since in most of the casesg the last term on the r.h.s.
is expected to be negative , wa may write
.~n+ZyN-§- n -2y

N L
Yz 1 S £ 22 N-1  6n i "‘/v

Voo e (25.4.1)

from (2.8.a) and (2.5.4.1), it follows that

1____ (a#2y)(N-%/2) n -2y z: _7«3
5

V) V(¥ ) 2L n-y nd(N-1) ' 8a ja

Thus  V(¥) > V(¥ )
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g B2 §P3 _, (me2y)(N -8 g
4 B2y > _
B2 o n?(N-1)  (n-y)

2, Zy(N-g-) B afm - 2)
P5 % am-v) (n +y)(n-2y)
. (2.8.4.3)

N
orif-‘-?—:—l)-z: §
j=1

In highly skowed pepulations, where Jgpjzz 'ﬁ'é'f

holds, the inequality (2.5.4.2) can he axpected to be

A A
satisfied in which case Yu(z) is superior to Y'“.

_ A
2.5.8. Comparisen between "s‘ru LR AN

From (2.8.4.1) and (2.5.b) it follews that
whea ysu

. . _ (2N - 3)
VR -Vl >R o <L aZ(N-1)

-2y N N« | -
n Y ijz 3 _/'ﬁ
8a A (a-¥)(24-1)

—

z ANSYZ -B': o o o o (3.’5-5.1)

where A = y/(n ~vy) and

(rt2y)}(N - "&"z ) a2y gpjz _N-n
a®(N.1) ga I (a-y)(N-1)

Now:, B Z O according as

n+3y N« % Nen n"ZY
2 . %
% N-1 (m-y)N4) ga S




<50,

er according as
- 2) ) Yoa
(n-*()(n-av) (n-vy) % 4 §< LY
P ¢ 5 5.2)
New, it follows from (2.5.5. 2) that i thn papu!atiaa is
very skew and the sampling fraction i3 net very $mall
thea B may ba less than ox equal to sSeré in which case,
it is clear frems {2.5,5.1) shat é\u(Z) iz more -afficient
than ¥ ,

N 1 N »
2 N_
WhenB>O i.¢. B 4 3?( A 2};‘“’1) ZP‘?
(ney)(m-2y ) (r-y) ~ 4 IR
we consider the model discussed in mibsdetion(2.8.1).
The inequality (2.5.5.1) reduces to

§
\

V(%)-V&n(z)) 2 -g—’fﬁ— E(p¥ ) ['E“k {(R-l) ~1}/

2

+ BaN* 81

Cov (pt.'Plt

After a little simplification it may he verified that

) - (2.8.8.3)

(B oaL 22 (X Ly 8 ayey (N*D,E,\f“

2
N ' '
s=x~’

B n-2¥, N 1 x
(N-l)z-l S —— (?*T*'ﬁ'{,‘}”“‘mf‘"""
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Thws, from (2.5.5.3), it faellows that

—

A A 2 —— 2 wd
) - V) Py B6f) Loy - =7
' ] A

+ Ba.l{a Coy(pt.pf"l )

‘ A A
Since B >0,f6r g > 1, V(Yu). >, V(Y“(z))u

st , (a-ZyN
— 2

z e & o =@ (205050‘)
lop n

This inequality may be expected to held good, if p i«
very high and sampling fracti,o:a is ?hq high. But at
the same time whe;a sampling fraction is high, B may
be expsctsd to be megative in which case ‘?“(z) is
superior to. '5?“. Thus mastly, a bigher sazapling
fraction alongwith the skewness of the population and
& high value of p sntsures the superierity ef f wi2)

over Qu u'nder the model ¢considered hers. N

2,6. Comparison of ratio estimate with the R. H. C. estimate

A 'cemparison between R.H.C. estimate and
the ratic estimate under simple random samplimg is of
some practical interest. Since the bias in QR is negligible
when sample size is large the compariaon under reference
is restricted to large ;amp_leu enly. The Vanowee

¢ of the ratio estimate, viz.,



n
Xy N '
2g = i (Zx, ) .. (2.6.2)
a {=]
Z x
1=}

is given, to the first order of approximation, by

A N 3 L.
vy = !:;(KI%‘-:_;*); Eo - Bx,)? .. (2.6.2)

wheye R sy‘N/'EN . Putting P = !t/ NWN (in (2.6.2), it

follows that
N
V(QR) H(%lf;% = n - Ypi)z .o . (2.6.3)

Ao, the variance of the R.H.C. estimate is given by

N
v(¥) = f’(ﬁ? 2 P’i (y, - Ypi) .. (2.6.4)

where N i3 a multiple of n and NyN,=... <N = N/p.

Under the model congidered in subsection (2.5.1),(2.6.3)

reduces to
N
N(N-n 2 _ N(M-.
v(¥g) = '6%_1_))' Z e -;(%_—g) aNE(p§ ) . . (2.6.5)

where the expectation is now taken over all values of P,'s.

Also, from (2.6.4¢)

v(¥) = "'"i’) aNE (p, LR . . < (2.6.8)
Therefore,

V(YR) v(¥) = (an) N2/ E(pf) - -%, E(pf")]

s N=n 2
® A1) aN Cev(pt.pt )
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Since C‘M(pt.pf"; ) 2 O accordinglyas g = 1

“Bherefore V(¥y) 3 V(Y) accordingas g % 1
{2.6.7)
Now, sinca g usually lies between | and 2, we may
expect ¥ to b.e] superior to %R in such ca;as. This
correborates the result already obtained indgpendently

¢
AN

by Avdhani and Sukhatme under a different finite population
model (¢f/ 6_/ ).
When y observations are missing,the ratio

estimate baandnen (n-y) cbsarvations is

n-y
QRm = lﬂ?:‘l‘?—-’.(» z: ;i ) o« o 0 (a.éj-s)
3] iz}
Zx
il

N/ N-@a-v)./ N

and V(¥g.) = ) 32 v, ij) .o (2.6.9)
Also from (2. 2~9)

Al y N "2.
V(¥y) = an)(N_I) 3 pj(yj_ ¥py) 2, o Sy

L . (3. 6016)

wider the mode] censidered in 8.5.1)

.» N 1.
- B 1\ 2ql - X. 9 é
V&) vifgg) m sZ + 82 )+ E%& &/v,
< N{H-u*y)
(A-Y)(N-l)tal

Aftdr a litlle simplification we see that
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whc}q the covariance is taken gver all pt's. Now,since

8‘:' = a F}f-l- E(ptg ), therefore )

o) vy - Bl pas? _ Neag2 Covlrpl™)
WV By TR T B % )

a A
Thus V(¥,) V(Yg,) ~Uu

R3s2  (N-n)Covip,pE™)

g >
8¢ YE(Pts)
. Y . g-1
“or if, b T 7 . “). Covipy:py ) ... (2.6.1)
l-p Y E(pt“ )

When g < 1, this {inequality always holds geed.

Thus, even in the case when seme observations are miss-~
ing the ratieo estimate is sul.:erier to the R.H.C. estimate
when g < 1. Mereover, for p — 1, this inequality
always helds. 8o, when glis slightly greater than unity
and p is sufficiently large, it appears that the ratip

estimate is superior to the R. H. C. estimate under the
model censidered here.



SUMMARY
When seme sample observations are midsing, the
R.H.C. estimate of the population tetal, based on the

available observations, is not unbiased. 'A cerrespgnde

N

ing unbiased estimate has been considered which shows

a gmidcrablolln’cnase in its variance. Two alter-
natives to the R.H.C. scheme are proposed and the
cerresponding estimation procedures have been develépaé.
The twe propoged estimates are compared with the unblased
estimate corresponding te the RHG scheme with and
withdut missing pbservations \;nder the well known
Gachran'? finite population model. It is found that in
some -itﬁ&?ﬁqm the proposed schemes px:aviae better
eatimate(a than the R.H. C. scheme. The unbiased
estimate of the ‘s;épuhtian total under the R.H.C:. scheme
with missing gbservations is also compared with the
corresponding ratio estimate as derived from a simple
random sample. It is seen that the rati¢ estimate is
more efficient than the R.H. C. estimate when g < 1
and 2180 when g is slightly greater than unity and p is

sufficiently high.
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