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ABSTRACT: Nested bal anced treatment incomplete block (l\'13TlB) designs 
are introduced for comparing test tre<iunents with a c'::ntrul lre&tn', e"t. Sc\'c",l 
methods of constructing such designs are presented , The methods of 
construct ion use balanced treatment incomplete block (BTIB) design s and 
n~sted balanced incomplete bl ock (l\TBIB) designs. A catalogue is included of 
efficient NBTIB designs with v ~ 16 and r ::; 30. . 

Key Words and Phrases : Nested balanced incomplete block des ign. nested 
partially balanced incomplete ,block des ign, nested balanced treatment 

'~complete block design, balanced treatment incomplete block design . 

1. ' Introduction 

A nested block design is a block design wi th two systems of block, in 
wh.ich the second system of blocks is nest ed witnin the fi rst system. TheSe 
designs are useful for experimental situation s in which a nuisance facto: is 
riested:within a blocking factor. For example. cons i ci~r a field experiment on 
some, crop conducted using a block design inwfiiCh harvesting is dOll e biccl\

, wise. The harvested samples are to be analyz.ed fo r their contents on quality 
indicators such as protein content, etc. in the laboratory by different techn iei a.ls 
at the same time or by a technician over differen t periods of time. The variaticn 
arising due to technicians or due to different time periods with in each block r:-:a y 

,. be controIled"by another system of blocks called sub-blocks that are nested 
I' within blocks. For such situations, Preece (18) introduced nested balanced 

incomplete block (NBlB) designs. Jimbo and Kuriki [I OJ; Dey, Das and 
Banerjee (4); Parsad, Gupta and Srivastava [16] and Morgan, Preece alld Rees 

,[14J gave several metbodsof construction of 1'I'BIB designs. Morgan, Preece and 
Rees [14] also presented an exh.au~tive catalogue of NBTB designs with 1';; 16 
and .r::; 3Q: NBIB designs are var iance balanced in the sense that c3ch 
elementary treatment contrast is estimated with the same variance. A NBIB 

' design may not exist for a particular parameter set; even if it exists,it may 
require a Jarge number of repl ications - which the experimenter may not be able 
to afford. To deal with such Situations, Homel and Robinson [8] introduced 
nested partially baJanc~d incomplete block (NPBIB) dcsigm. Several methods 
of construction of }''PBID designs are a\'ailabl e in the li terature {see e g. 

~ ~ . 
~ '''''' 

Utilitas Mathemacica 68(2005) , pp. 271-286Jr 

http:technieia.ls
http:analyz.ed
mailto:subrat')@iasri.delhi.nic,in


8" -

( ~ :;: 
c ,~ s 

i: ;: er

':j :~ :.:n: ~~"-;: :";E,:2 [1.2]; Kagevama, Philip and aanerje~ [ I I ]; Phil ip, 
K\~~F: Il1~ 2nc 3:.:n.!~_;e~ C - }: Saha, Dey and ,\ji dha [19] and Satpati and Parsad 

:; "t;x'.tj 3:10 i' z: "sad [: OJ present::d catalogu es of two and three a SSOCi2!e 

"P818 j~~ig:l 5 fo;- vS30and r::; 15 , The nested block (NB lB and 

' ,?BiB) dl:S lgl~ S El. r~ li sen!! r'o r experimental situat ions Where the e ~:perimenter is 
~ ~ted in m2.ki:1g ;:I! possible paired comp,,-risons with as high a precision as 

p.:-ssi bl e, Ho\\-el'er, there do occur expe ri mental situations where the 
expe r im(!m~r is in tei'e,ted in com paring several new treatments (called test 
fre aim~nts ) with e.':is~ing praclice (a control treatment) with high precision and 
tnt! comr:ir isons among the test treatments are not of much importance, In the 
g;::-t c:ral bl ock d ~si 2.T1 setting, a lot of literalure is ava ilab le for obtaining efticierrt 
tle,i!:-'l1s for su: h e;;perimenral si tuations; detai ls were provided by Bechhofer 
~d Tamhane [3] ; Hedayat, Jacroux and -Majumdar [6J; Parsad, G upta and 
Pr?_>ad [15]; Majumdar [12] and Gupta and Parsad [5J , No work seems to have 
hten don e for obtaini ng ne~ted block designs fo r mak!l1g compuisons between 
test tn:!!tments and a control treatment Therefore, in this investigation we deal 
wi;h : ~e combinatorial aspects of nested block designs for making comparisons 
be·.\\ een test trearments and a controL 

I. is well knoll 11 tnz,! for a nested block desig: set ~ ;r, the coefficient matrix 
;;f ~::!.:i12ced ilci~al qll2.ti ,lnS for estimating ti1t linear funclions of treatment 
e f:'~c cs is the same a.o; th::t obtained if the blocks are ig:-lOred ill the analysis, For 
111. -e r':: : ~iJ~ on rr:! s ~; . ~ n2y ~efer to :Vforgan [1.+] aBd Satpati and Parsad [20). 
Tl', ~ pr,,!lc;1ie :; c , :1': ..:aefi'icient matrix of n:duceJ nonmal equations are 
cO'":', ,:l::t ::l)' deter--) : L'_~ " ) th~ treatments l'S sub-b locks incidence matrix, From 
:hi.'. i: foil 011'5 L1~ t ,;;" arrangement of treatment, in blocks is of no 
c :,-~equcnc c . Th;':;e'~'r.:! , a Tlcs:t.:!d balanced treatment sub-bock ('.'BTSB) design 
:r',,- ' t:5timales ail t~,,; ;r::;'mcnts IS control treatment contrasts with the same 
I' z c;.a;~:c CJn ahl ~~~ ~:: .:ustructed if there exists a balanced treannent block 
(81'3) des ig n o -c J"·::-OL': m,j Majumdar [9J, To be d earer, consider a BTB 

d~,;;", in l' tests :lr::) ~, oro'_rel arranged in 02 ; qb l bl()~ks or size :"2 each. Let 

c:· .:1 ~.-;' the tcst ire;;;;mCilL.' be replicat"d r times and the control treatment be 

re;,:i:;1!cLi 1'0 times . i'~t!:-'TOl:P b2 blocks in 0i sets sllch that there are q blocks of 

tIie l~S desigl; in e~- _-: Sd_Take the sets as blC'cks and tli'; blocks of the original 
c;:,:;" ~-; sub-b!o : L . rc "bc\e rrocedure yields a \L'TSD design in which v 

t-;:;: -,-,,:t'IJel1lS ailJ ;; :,'iil~(~ 1 rC'Jfmcnl are anangcc in ,b!0Ck:~ of size k. each, 
.-;~ ..", Ii -" ~ n~ !' ..<Z~ J:: Ii 1/'1 i\ ;~ I, : 

.,1 hb.:L The other 

p~r.:.: n .. tt!:-s oi' 1 ' , .-
c· 

>-IEB de~ !gn ar .: !', >'11'].i/ n2i'/ ' '-' 
,':1 

t_ _,-e
1 ') 

/ - \, 
I / n"l(IJA I;~, 

,.. -: - ..~~ ." i = L-:: _ " . F , \\here lIy .is the 

-" 
,! number of times treatment t occurs in sub-block )' 1= 0,1. . _, 1': 

\~ j' =1,2, .", b2 , However, in thi s arrangem ent, the characleri zation of the 

coeffi ci ent matrix of the reduced normal equations for estimating treatm ent 
1 effects using the block cl assi fi cation ign ori ng su b-blocks is of no consequence_ 

Th e property of variance baiance may also be desirable on the block 
classificati on ignoring sub-blocks, particularly when inference is required on the J 

' I characters that are observed on the blocks, M ore detai ls of such experimental:l situations were given in Satpati and Parsad [20]. There fo re, in thi s investi gation l-
we concentrate on combinatorial aspects of nested block designs in which the! 

i block classifi cation ignoring sub-blocks leaves a BTE design and the sub-bl ock 
classifi cat ion also fonms a BTB design. Such designs have been termed r, ested 
balanced treatment block (NETB) designs_ An NETB design w ill be called a 
nested balanced treatment incomplete block (rmTIB) design if block 
classifi cations as' well as sub-bl ock class ificat ions ignoring the other 
classificat ion give a balanced treatment incomplete block (BTIB) design . Th e 

parameters of the NETB designs wi ll be denoted by v, bl> b2 , 1', ro, kl> k2' A), A10 , 

)~, J"2Q, where I' and 1'0 are respectively the replications of the test treatments and 
. , bJ 

, control treatment and AI =I n2ij l! lij ; 'rI i ;: i' =L 2" , . , II and 
~ j~ 

AIO =0 ±n 20 jn l Jj "rI i == 1,2" _-" \' • where n y- is the number or times tl-catment l 
J-I 

occurs in block j ; t; 0, 1" ., , v ; j =1, 2, .. , ,01 . 

I 

Some methods of construction of NETB designs are ~i \'en in Section 2_ 
Once the designs are obtained, the next questi on arises "How efficient are these 
designs with respect to treatment contrasts o f interest?"' , For studying the 
efficiencies of these designs, we make use of the resu lts of A-optimality of 

I 
general block designs for comparing test treatments with a control. The block 
[sub-block) classification is i!mored for studying the efficiency of the design 
with the sub-block [block] cI~sification, for this purpose, we consider D(v, b" 

I bl , klo k2) as the class of all connected nested block designs in which v tests and 

a control ar& arranged in blocks of size k( each_ there being kl I k2 subbl 
blocks of size k2 · nested within each block, We make use of the sufficient 

condition for establishing the A-optimality of BTB designs ebtained by Jacroux 
and Majumdar (9]. The sufficient condition gives the lower bound to the trace of 
the variance-coyariance matrix of all the test treatments 1'$ control trcatment 
contrasts_ A design that attams the lower boun d is lcmled A-optimal. The 
condition is given in result 1.1, 

Result 1.1: An 1\TBTB design is A-optimal in the class of all designs with the 
same values of v, 6 1, 0:, kl. k~ if 
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" !:-, r ~ ;\, ' .. :r. :": (x,,, ::11) E !J. h} \if h : 1, :: (1.1 ) 

',\l!',~~ ,'. i, ~ :L·.". _' 1 ,':, '" C', ~ , .. .• iiit[.!.h i ::)- 1; ::/, = 0, 1, .. , ,bh I', iln :/r > 0, when 

.~:j: = 1]' ~:f /, = j . : . ;::; j \vhe:- ::! 

~2(.': ' . : : \ = .: ,-' I.-': j,,:,, ' , "(\: - I riS(.", Zh), 

\, ;:11 ,1, (.\';" ::1» =(;:..er - g!:) L; B(xh' <h) = ( Cl! - Pheh + gh)lf4, 'v' h = 1,2 and 
r! , '= :,',.:;;/, -'- ::1,; g,. = (J"'n: + ::'.\',.::" -+- ::;,; Ch = vbhkh(f4, - I ) + l'bhViI ( I' - 2kh -+ vVh); 
r'" = l'(i:" -. I)':" I:, - 2d''n; /'J; = L,t [(b"kh ) l vbh ] . Here int[.] denotes the greatest 

in:eg/..'! :"' function . 

I- is not possibie (0 give a genera l method of con ';truclion which yields an 
.-\-opliI:1al design in 0 (I', b! , C:. k l , k~) by satisfying the conditi on given in ( 1. 1). 
Hence, \\~ adopt the indirect approach of using the A-efticicncy criterion, 
cc rl',id cred by Stutken [2 1]. to obtain A-optimal NBTB des igrts. The A
effic ien cy is the ratio of the A-value of a hypothetical A-optimal desigrt whose 
criterion value givcn in (I.]) is minimum for making test treatments-control 
[rC:ltment comparisons in a given class of designs, to the A-value of the des ign 
whose A -t'ni::,~ncy is to be obtained in the same class of designs . Here, A-value 
;s the . ; · :J ~ C co: tr-o yarianc::-covariance matrix of the estimated treatment 
:;,'''.t>"i.Sls c: i"L~'::5; .-\ .. eflicie:lc;es for the block design, are obtained by taking 
!: :-. j in r~s~llt (1. j I :md by ta'·: ing h = 2 to get the same for tbe sub-block 
cf!si·.:ns . Fu:1n.::: . : j~~i:;<1 {ei:her block or sub-block design or both } is A
( p: imal i~ :he .\-t ....·' cie:i;:y is ] .0000. A-effIciencies of the designs for both 
i' inck ;;nd ;:u'r>-bl c:\ s;,;-ucrurC:5 obtained through tht methods of construction 
~:\ en :;1 S~clilll~ ::'. ire cmnput~d and presemed in the catalogues of NBTB 

[,e';i!,.'·' .\ i,iJ ,~ i 0) ~nj r :5 30 in the appendix. In these catalogues, EI [~] 
~~;;O(:!, Ii.", "'. ·~ITiciei' c !cs of the biock [sub-biock] design ignoring the other 
cL,,;;i:: _2ti()11 It Dn:' b-.: noted here lhat the tenn A-efficiency used here is 
..iifL;·:::;' ','r-;:- ll,~ ~fil~i~<1;:Y factor . TIle efficiency factor is computed as t1!e 
~a~ ; (1 r,f i!le A-\2. I\::: cf the cO!Ttoiete block design with the same (", r ) to that of 
~!~ ~ J::"'t~n ~\ild~; l:"r:.:::j ?r~ti ('n . 

!.. j\ic~!;r.cs of co~s(r,!c! i (Je of !'BTB design:; 

l" \!"'is ,,,c;ion. \ . t~ gi\'e some methods t'f constnJction of NBTB designs 
b~ iSd on PTm dc"i;,-;:<. >.13L3 dl!si~'TIS and initial bie·:!: solutions, in most of . 
tt,,~,~ r:1('!h.l:l<. ""b-~!. ' : :5 fi"~ c 8TIB desigrl TIle bk,d: cl ,,~~ilicatllln ignoring 
'"' l.. r. : "\. '"TL \ '''' . "! 1-. :-~~ J~~:;;:-: i) ' ~ GT8 des' gIl. 

~\h:lr"o(: ::,': L:i ,!-,er': ::XiSI a", :""3[8 design wi th parametcrs v', b l ' , b1', 1", k,', 
k~ . ;:. ,:_:' cllL'h _ha i:!' k:'~· c. Adeing the central P.'·~:ltmen t once to each of 
tht I!h-tw';:;{~ ,J: lr~ ','818 d.::s;gn, we gei an }~BTIB dCSIe,'Tl \\ Ith parameters 

\' = "' , i: ;= b ' . b; = b;' , r = r' , ro = b;', kl = kl ' -+- g. k2 =: k;' + 1, ;., = i 'I ' , A, O= qr. 
J 

/.:! =-;,,:' ! /..:.J-= r. 

Example 2.1 : AJ1l'\BIB des ign \\1th parameters v = 7, bl = 7, b1 = 14, r = G. 
kl = 6, k2 = 3, i. = 5, )"2 = 2, q = 2 exists and is obtained by developing the 

l 

initial block 

[(1,2,4); (6,5,3)] mod 7. 

On adding control treatment 0 once to each of the sub-blocKs, we get an 

NBTiB design with parameters v = 7, b, = 7, b2 = 14, r = 6, 1'0= 14, kl = 8, kz = 4, 

A I = 5, AI O = 12, it2 = 2, AZO = 6. The design is A-optimal for both block and sub

, block structures. 

A total of 68 NB TIB designs with v :5 16 and r :5 30 obtainable from 
Method 2.1 along with their A-effi ciencies are given in Table 1. All the designs 
in Table J have A-efficiencies greater than 0.9000 for both the block and sub
biock designs. 9 designs are A-optimal for both the block structures , The total 
number of A-optimal des igns with sub-block structure is 14. 13 sub-block 
designs and 17 block desigrts have A-efficiencies greater than 0.9900 , 23 sub
block designs and 19 block designs have A-efficiencies greater than 0.9500 but 

j .. 0 than or equal to 0 .9900 and 18 sub-block designs and 23 block desi gns have ess 
A-efficiencies greater than 0.9000 but less than or equal to 0.9500 . 

' 

,1 

Method 2.2 : Suppose there exists a BTIB design with parameters v', b', r, 1'0" 

1 . k',it',J.~, where the symbols have their usual meaning. For de tails on BTIS 

designs one may refer to Majumdar [1 2] and Gupt:.l and Parsad [5]. Let there 

also exist an NB(I)B design with parameters k' , bl · , b:"', 1'*, hi· ' k2*' Aj*,;Iz* . 
, Then wri ting each of the block contents of the BTlB design as an l-rB(l)B 
~ , design, we get an NBTIB design with parameters \' "" v', b l = b' bl "', b2 = b ' b~s, r 
r = /"1'*, /'0 = 1'0'1'·, kl = kl*' k2 = k/, AI = A'AI* ' AIO =i.oil.l*' AZ = 

.I, , 
= A~A.2* ' 

i 

l. 
Exam ple 2 .2: Consider a BTlB design with parameters v' =9, b' = 

1'0' =12, k'=4, A' == I , J.b= 4 with block contents (column wise) as 

1 2 3 I 4 7 1 2 3 3 2 

4 5 6 2 5 8 5 6 4 5 ·4 

7 6 9 3 6 9 9 7 8 7 9 

0 0 0 0 0 0 0 0 0 0 0 

'J 

")..' ")..2", },:o 

12, r "" 4, 

1 
6 
8 

0 

There also exists an NBB design \\;\h parameters \I" = k' = 4, b)* = 3,! 
b * = 6, r* '" 3, k '" = 4, k2 * =2. )'j'" = 3, i-:· = 1 with block contents as

l2 
[(.0\.. B). (e, D»); [eA., C). (B , D)) ; [(A, D); (B, C)] 

:-:-5274 

http:j\ic~!;r.cs


: 11 :, ,"=":; ttle prcc~dure of \ 1ethod 2,1 , on~ g~~s an :--'13TlB design 
~, .:~: e, ; . =". h i ; ;6, b: = 7'2 , ( = 12, ro = 36. 1:1 = 4, k: ; 2, J I = 3, 

": =. 4 with A-cl1iciencies 1.0000 ana 0.9999 fo r block and 
: ~ e~i~: . ~~;?t:ctiv~! y. 

I r.: : :s <l 1,,>'. ;\~ n:::r2l.1 metftod of construct ion and the existence of any 
L'-LB c ; , :gn 2.n: " '1 l'BIB design satisfying the cond itions mentioned in 
\ 1::110: :.:. imp ii ~ s t"le existence of an NBTIB design. 

L: :: t 1\13I.B c,:,igns of different parametric combinationS, we get the 
fol'(,\\-:; fani lit.; of NBTIB designs, 

h:;:,,!! :, ::,2. 'l : E.,; i, :encc of a BTlB design wi th parameters v' , h', /), 1'0" It = 

21 - 1, X, i.e anc an NBlB design with parameters v = 21 -+- I = bl, b2 = t(2t + 1), 

r "" 2:, i. 21, Ii; ; 1, )1 = 2t - I , )'2 = 1 implies the existence of an NBTIB 
desi!;i1 \\~:h paramctcis v = Vi, bl = b'(2(+ I), b2 = rb'(21 .+1), r = 2ft , 1'0 = 2tro', kl 
:= 2!, i:; =2, )'1 = ;.' (21-1), }'IO:= (21 - 1) )'0, A2=')..', ).~o =).;' . 

"n ii:, :,2.2: b;i'knce of a BTIB design with parameters v', b', I~, 1'0' , k' = 

.: . . ..~ :mG <.n ~~BIB design with parameters l' = mt + 1, bl = ((mt + 1). b2 

= 1, V.. ' - . ). r = Ii :" ,(" :0 m = 211, k1 = 2, )'1 = 

L~' " , \ "3 ..3 c~s : =-; ,,'ith p .Tameters \' = \" , b l 

,. = ,';: ... =, mi/,· . i; , = 1'1, 1..: = 2, A, = /.'(m 

/, 

~~' . ; : j \ ' ::,:,3; [,i',<'ilP' ,, (' 'c_ BTIB design 

m - 1,,12 =1 implies the existence 
= tb' (m( + 1), b2 "" ufb'(mf + 1)/2, 

1), / ' 10 = (m - l)},~ , J. 2 = X, 4 20 = 

with parameters v', b', 1", ro', 
I ' _. :', ," . ;.' ~:1C: ar: "BLB design with parameter; v .: i21 + 8, bl = 

: :.' .;. '; ) . .I; - 2(3: - 2j( 121 + 7), r = 12i + 7, kl = 4, k2 = 2, AI = 3, ~ == 1 

:r..~ : ~ :.;.:: eJ.: i ste~, : ~ of ';' ~-STIB design with parameters l' = v', b l ' = 
h'(: : - ... : "" :- 1, ~.~ 2..,'( :3 1+ 2)( J21 + 7), r = (12t+ 7V, 1'0 = (121 + 7)1'0" kl = 

". ::.. :" ~ :.;.: ; ." = J i j ) ~~ = A'! jl20 = )_~ . 

,:-:':-:~i:> ::,,!,.~: Exi~!:",~C' or a BTIB design with parameters v', b', f, 1'0" It = 

" - ;, ; '. "" ~ , ~-: :";T.J'D J'!5ign \\Ith parameters v = '::1 + I, b l = 1f.2t + 1), b2 = 
-1';: ' '" - . i: = ~ . ;', ~ 2, ).1 = 6, ;': = 2 implies the existence of an NBTIB. 

-':' 1", hi = It'e21 + 1 \ b: = 21/:'(2r ' 1) • = 4/'1,1'0 = 

",'.', ;'0 - 6/:~, }:=2;:, ..110 = :,~) 

~.::'5: E- !"~-;='~ pf a BTrS design with paramelcrs 1", b'. 1", 1'0" JC = 
. : ~ ,:r:i~, :"~W Jc:sign with parameters \' = -il T I, b l _. -il + 1, b] = 

" i . ~ = :2[, ;'1 = ~ I - L )'2 '" 2t =-1 Implies the existence of 

c.n ,,-OTIS design with parameters ,':: 1". b l = b'(4(+ I), b:;. = 2b'(4t ':" 1), 1' = .:".; 

I'c = J,il'o' , kl = 41, kl = 21, }'I = X(4t - I), A1() = (4( - I) ;'0' }"l = (21- I)).', ;.: ! 

i (21 - 1) /.0 ' 

;1 

Fa mil y 2.2.6: EXistence of a BTIB design wi th parameters ... , b', 1" , 1'0" ):' =~! 
61 .:,. 1, X , ),~ and an NBIB design wi th parameters v = 6/+ 1, bl = t(6t + 1), b; = 

~. 21(6t + 1), r = 6t, kl = 6, k2 = 3, )'1 = 5, l.: = 2 implies the existence of an NBTm 
design with parameters v = v', b l = tb'(6t + 1), b2 = 2Ib'(6t + 1), r = 61'1 , 1'0 :: 


i 

611'0" kJ = 6, i0. = 3, Al = SA' , 41 0 :: 5 J~ , ;'2 = 2A', A20 = 2 ~ ~ 

?l! Family 2.2.7: Existence of a BTIB design w ith parameters v', b', 1" , 1'0' , K = '1 
91 +1, A.', )'0 and an NEIB des ign with parameters v =' 91 + 1, bl = t(9t + 1), b:;. = 

t· 
 3t(9t + 1), I' =-9t, kl >= 9, k2 = 3, } -I = 8, J.2 >= 2 im plies the existence of an NBTffi 

design with parameters v = 11', b l = Ib'(9t + 1), b2 = 3tb'(6t + 1), I' = 9ft, 1'0 = 


. 9tro', kl = 9, k:;. = 3, 41 = 84', A IO = 8 )'0, ~=2X, ko = 2 4~ ,I . 
! 

-I, Family 2.2.8: Existence of a BTIB design w ith parameters v', b' , ,', 1'0" k' = 
III + 1, A', Ao and an NEIB design with parameters v = l21 + 1, bl = 1(121 + 1), 

\. b: = 41(121 + \,>,,, =.121, kl = 12, k2 = 3. )'1 = 11 , 42 = 2 implies the existence of 
an ~13TIB deSign With parameters v = \" , bl = (0' ( 12t + 1), b2 :: 4(b'( 12( + 1), r >= 

12rl, 1'0 = 12tl'o', kl = 12, k2 = 3, ,I-I "" 11;:, )'1 0 = I 1 ;.~, A: = 2J.' , J'20 = 2 Ao· 

J 

Family 2.2.9: Existence of a BTIB design with parameters ,', b', I , 1'0" k' .= 
1•. 

61 +1 , A', ).0 and an NElli design w ith parameters v = 61 + 1 = bl> b: = 2t(61 .I- 1),
~ 

I' = 6t. kl = 61, k:;. = 3, Al = 6( - I: A1 = 2 implies the existence of an J'o.<'BTIB 
design with paranleters v = v' , bl = b' (61 + I), b2 = 2(b' (61 + 1), r = 61"1 ,"0 = 

6cro', kl = 6(, i0. = 3, 41 = (61 - I)J', 1,10 >= (61 - 1) 40,42>= lA', A20 = 240' , Family 2.2.10: Existence of a BTIB des ign with parameters v' , b', 1", I'Q', k' ' 

4( - 1, X, 40 and an NEIB design with paramett:rs v = 4i ·- 1, b l = 41 - 1, bi >=,l.. 2(41 - 1), 1';; 2(2( - 1), kl = 4t - 2, k] >= 2t - 1, Al = 41 -3, ..1.2 == 21- 2 implies the 
existence of an NETlB design with parameters 'I' = v', bJ = b'(4t - 1), b1 ;= 2b'(4t1 
_ 1). r = 2(2( - 1V, 1'0 = 2(21 - 1)1'0" kl = 4t - 2, k2 = 21- 1, )'1 = (4( - 3)J!, ;'10 =:I 

i (41 - 3) ..1.0' )"l = (21 - 2)..1.' , )'20 = (21 - 2) J.Q. 

If in place of an NEIB design. we take a nested balanced block C'BB) 
design in .which each of the treatments appears exactly once in each of the 
blocks, and the sub-blocks fonn a BIB deSign, then a lso we g:t an NBTlB 
design , One such family ofNBTIB designs is gIven below: 
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_. L,cr:' O:':,i a BTIB design \'·'ith parameters "' , ~ . r'. re', k' = 
" .1,:0 t:;n: :. ' i':' c.\ist:; a ~BB desi~ with parameters v* = 2i, 0, = 21 - " 

~ .. ' - I ,L = ::. - 1, ;:;" = 21, k: * = 2, '/.,. =·2t - I, A, " = 1 obtained by 
.);.: i: ~~. ~ hc i ri' ~i al block . . 

r/l , l'~); (~ . v~ " I) : ...: (t, v"'- t +l)Jmod (2t - J) 

:':1 ll : .~ , . (~ :~ntmcnt as invariant 


TIlel: j:-'IJowing :h-:: procedure of Method 2.2, we get an NBTlB design w ith 

~a:-amett r; as \' =1" , h, =b'(2t-l ), b2 = tb'(2t- 1), r= (2l- I)"" , ro = (2t-l )ro', 
. -~( k:"-- 1~~ /' ., --\' '' r ~- _ . 1)-". I .. ! o . '--' (2'''- ' , ') ",,l'4.0,A"2-/L.,A.? -" , :w -.- J' '.l. '-_ . , ,f... ~ 	 ..o. 

. :.'1 ~ 

,
:'; ' 'If,lil';, 1.i: A ETIB design wi th parameters v' , b', r', ro = b' , k: , A',A.b = r~ 
:~ il be ;)btained by adding a control treatment once to each of the blocks '~f a ' 

S;B design v' , b', / J , f( - 1, J.'. Now, let there exist a BIB d esign w ith 

parameters v', b' , I~, /{ = 3, A.' andl" block-contents as, (xlj, x2J' X3),j =1; 2~ ... : ' 
(,' . On adding the control treatment 0 once to each of the b' blocks; we get a 

....;rB de, ipl witl~ parameters v' , b' , r' , ro =b' , k' =4, A.',J..o = r' , Let (xI}, X2), 

." .. 11) d ~ n()te InC /' block contents of thc BTIB design, j = I, 2, ... , b' . Now 
.:r ,· ::r,!o,~ (x " , x: ,, X; . 0) in three blo:ks in the following manner: 

[(r", 0); ~x;)' x~;lJ; (V"" 0): (Xl), X!j)J; (Xlj' 0); (x,), X2j)] 

ir~l,l.;~ i ing tLis prucess f0f ea:h of the b' blocks of the BTIB design, we get 

. il v B1' , 8 dc!;if'.;; \,'ilh parameters" '" v' . b, = 3b', b = 6b' , r = 3r', ro = 3b', k ' = 
2 
-. . r::: = : . ; l = 3),'. At( - 3,. '~ ;.::. = l~t, )..;0;::: rr . 	

l 

',' ·;.. ,r I' 2 :!3; COI:si der a BIB cesign with paranlelcrs v' = 4, b' = 4, ,.., = 3, k: = 
' . . :; <.. The [< <J .';; co n:ems .)f :his BIB design can be obtained by developing 

', .:': '; ' ;:; 2' "lock C:. 2, 3) :noi 4. Add a control treatment 0 to these blocks and , 
~ ', '.• ,; , ,: r:' t: ,\!IT, (1. :. 3. 0) iIi truee blocks in the following manner ., 

[( I. \1); (3.2)]; [12.0), (3, I)] ; and [(3, 0); (1,2)]. 

r ep::.; l '.'11:: ;'rocess fOf a ~ i rhe blocks of the BIB design and get an NBTIB 

:~ -in, · ...·i lh r ;~ :'m7\e;ers l' = 4, b; = 12, b2 = 24, r = 9, f"(J= 12, k, = 4, k2 = 2, AI 


,! ' ~'), / : : "" 2. J.~~ = 3 which has A:efficicncies 1.0000 and 0.9429 for the 
, -nJ 'o:Jb ·bio:;:: I.l~slgn5 : ;:s?ectively. 

~{F d~, i g;J:, wil" ,. c: j 6 and r 5; 30 obtainable from this method are 
.-' \ - ir. T1.~L ::. The d ~sig;;s included in Table 2 are those obtainable 'from. 

.", ,. " I .. 'lei family :! .2 ,j ] and Remark 2.1 , Here, BYCB designs v', b', r', 
lf ~ trw~c d '[;::na ill\! by adding a ::ontroJ l!'eatment once to each of 

the blocks ofa BIB design \", b' , '> , k - 1, J.'. Table 2 cons ists of 10 :-"':B; ;::, 
design s. All the block designs (ignoring the sub-block classification) and 7 S:i;:' 
block designs (ignoring the block classification) have A-effi c iencies greater l h:!:-! 

0.9900. Only one sub-block des ign has A-efficiency less than 0.9500. 

J Method 2_3: Let there exist an 1\rsiB des ign with parameters as v + a, bl , b:, ! 

k" k:, J." A.2• Let the treatmen ts be denoted by ] , 2, ... , v, v +J, v + 2, ... , v ..,. a . 
i On merging the treatments v .;. 1, v + 2, ... , and v + "a to the (v + I ),n treatme m ;!. and call ing this (v + 1)rh treatment a control treatment, we get an N'BTIB design ,. 
1-"'" . 

, 	

w ith parameters as v, bl> b1, r. ro = aJ', k" k2, A, = A), 410 = a;t" )"'2 = A;, /. :.:' = 
i 	 . 


a)'l' . ' 


j. 

1 
i Exam ple 2.4: Consider an NBIB design wi th parameters v = 7, 6,"='7,'b: = 2 ), r 

= 6, k j = 6, k2 = 2, A.I = 5 , A2 = J wi th block contents as 
[(1,7); (2,6); (3,5)]; [(2, 1); (3, 7); (4, 6)]; [(3 , 2); (4, I); (5, 7)]; 

I 
 [(4, 3); (5 ,2); (6, I)J; [(5,4); (6, 3); (7, 2)]; ((6, 5); (7, 4); (I , 3)]; 

[(7,6); (1, 5); (2, 4)].j 

i 
Now merge the treatments 6 and 7 and call the merged treatment the controlI treatment O. The new layout is given as ' 1 

~ .. , [(1,0); (2,0); (3 ,5)]; [(2, I); (3,0); (4,0)J; [(3, 2); (4,1); (5,0)];
j 

i \, [(4, 3); (5,2); (0, 1)]; [(5 . J); (0,3); (0,2)]; [(0 , 5) ; (0,4); (1,3 )J; 

((0,0); (1, 5) ; (2, 4)]. 
1 
The above design is an j\,TBTlB design with parameters v =5, b, '" 7, b2 =21,,, =1:· 

I· · 6, ro = 12, k, =6, k2 = 2, AI =5, i_, o '" 1 0, 22 = " A.2o = 2. 

I 
Note 2.1: This method can produce designs with useless sub-blocks, thaI is, subj-- ' 
blocks containing only the control and which therefore provide no informat ion 
for , the experiment. This may lead to sacrificing the efficiency for balance . y' ' 
Howcver, a small sacrifice in efficiency can be a worthwhile trade for the case 
of interpretation offered by balance. However, this method should not be used 

I : 

:J:' , when it produces more than a very fc-..... :.:seless blocks, nor when it produces
; ~~ , ., ·1, 	 useless blocks of large size. ' 

I
4.. . 

. NBTIB designs with v 5; 16 and r 5; 30 obtainable through this method fo r

I' a = 2 are given in Table 3. All the 67 designs in Table 3 have A-efficiencies 
j 

more than 0~9000 for b'Jlh block design and sub-block design. For the block 
classification, ignoring the sub-blocks, 29 designs have A-efficiencies great~'r 
than 0.9900 and 25 designs have A-efficiencies in the range of 0.9500-0 .990l ' 
The sub-block deSigns Ignoring the block classification have smaller 
efficiencies. Only 2 designs have A-efficiencies greatcr than 0.9400, 2 desigp.s 
have A-efficiencies in the range 0.9300-0 .9400 and 21 designs have A· 
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[12] D.Majumdar. Optimal an d efficient treatment-contro l de5i ~;n s. Hand' iJjf, :,. 

'. X, ; . ::"~ ;"~ iii the range 0.9000-0.9200 . Statistics, 13, Edi tors S. Ghosb and C.R. Rao, Else,ier Science. Pc "" 

(1996), 1007-105 3. 

': ."t- • . : .::-c.' I;, the range 0.9200-0 .9300. The rest of the designs have A

~ , i ~:hod 2 . .) : Thi s method is based on trial and error solut ions. An l\1BTIB 

C::': .' ;:I ' \ ilh p,;.ramerers \.' =7, bl = 7, b2 = 21, ,. = 6, ro =21, kl =9, k2 = 3, AI = 5, 
><: = lS . ;.: = 1. ;'20 = 6 can be obtai ned by developing the iuitial block [(1 ,4, 
( I : ; ::: , c. 3); (c , 0, 5)] mod 7; where c denotes the control tro...atment with A
~:"fI: i ~n cic s 0.9824 and 0.9848 res pectively fo r the .block design and sub-block 
C ~~!~!1 . 

Ac!,Go,.. ledg~rn e[lts:We thank the managin g editor and the referee for valuabl e 
cumments , which helped to improve the presentation of th e paper. 
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! 

r~:hl~ : : l\:UTIB Designs with v :$; 16, r < 30 Obtainab le from J\J d bo cl 2.1. 	 ~ 

{ t.... ~f·~ n: n rE 


:::- i.:-,° 't ' b	 Refe rence Sl. l'\o. V hi hz r ro k, kl }-I 1-10 Az ;{,20 E I E: , \ 

1 63, r I'Q kl kz AI ) '10 ?"'1. ~o E( E1 ~ 	 [;e~i ~ n 
Design 36 13 26 78 18 72 12 4 12 54 3 18 0 . 9 9 ~ 9 0.99: 0 1\ 1P~{ 4>;'I5 :. 10 4 10 6 3 3 8 4 l.OOOO 1.0000 MP R I I 37 J3 13 39 12 39 15 5 1136 3 12 0.9999 1.0000 ;d P;, :: ~ 

I.., 6 15 30 10 30 6 36 20 2 10 0. 9932 0. 9924 MPR13 ~ . 38 13 39 78 24 78 10 5 14 48 6 24 1. 0000 1.0000 MPK 5G 
-' 7 7 21 6 21 9 3 5 18 1 6 0. 9824 0.9848 39 13 13 26 12 2614 7 I I 24 5 12 0.9616 0 .9762 ~, fPR ::'6MPR 2 i j\ l ?}{ 5 ~ ; .. 7 7 14 6 14 8 4 5 12 2 6 1.0000 1.0000 	 40 14 91 182 26 182 6 3 6 52 2 26 0.9234 O. 933SMPR3 I

1 
:; 7 21 42 12 42 6 3 6 24 '2 12 0.9846 0.9 847 . 	 j 41 '15 15 105 14 lOS 2 1 3 13 98 1 14 0.9251 O.9:'.SO t.-tPR 3"!

MPR 19 

6 S 14 28 7 286 3'3 14 1 7 0.9752 0.9767 
 ! 42 15 15 30 14 3016 8 13 28 6 14 0.9496 0. 9611 ",iF K ~ ::

MPR 4 
7 8 28 84 21 84 9 3 15 63 3 21 0.9719 0.9766 l\.1PR 5() I 43 15 2 1 l OS 14 105 IS 3 9 70 14 0.9228 0.9288 :'ILPR 29 

I 
8 8 28 5621 56 g 4 15 42 6 21 1.0000 1.0000 MPR 51 4415 21 42 14 4212 6 9 28 4 14 0.9950 0.9997 lI,iP?.3 0 
9 9 9 36 8 36 12 3 7 32 1 8 0.9623 0.96 86 I
MPR8 	 45 J5 35 lOS 14 IDS 9 3 5 42 1 14 0.92 10 0.9288 MPR 27I 


10 9 9 [ 8 8 18 10 5 7 16 3 8 0.9933 1.0000 
 TYfPR 9 46 15 35 70 14 70 8 4 5 28 2 14 0.9890 0.9900 !vlPR 28 
11 9 12 36 8 36 9 3 5 24 8 0.961 4 0.9686, . 	 MPR6 47 15 35 10521 105 12 4 12 63 3 21 0.9879 0.9900 MPR 52 
12 9 12 24 8 24 8 4 5 J6 2 8 1.0000 1.0000 MPR7 

I 
4815 35 21 0 2821 0 18 3 22 168 2 28 0.9249 0.9280 MPR 62 

13 ;) 18 36 8 36 6 3,3 16 1 8 0.9657 0.9686 MPR5 491 5 35 140 2814016 4 22112 -4 28 0.9872 0.9900 MfR63 
I-I 1(1 10 30 9 30 12 4 8 27 2 9 0.9998 0.9999 

1 
1MPRI2 50 15 ::5 105 28 105 IS 5 22 84 6 28 1.0000 1.0000 \1PR 64 

'5 JO 15 45 9 45 9 3 .5 21 1 9 0.9519 0.9608 lvlPR I0 51 15 35 70 28 7014 722 56 10 28 0.9744 0. 9861 MP :<' 65 
16'0 15 30 9 30 8 4 5 18 2 9 0.9999 0.9999 IvfPR 11 '" 52 15 4221 028 2 101 5 3 18 }40 2 28 0.9228 0. 9800 MPR60 
l~ ;0 45 90 18 90 6 3'· 6 36 2 18 0.9563 0.9608 MJ>R46 53 15 42 84 28 84 12 6 18 56 8 28 0 .9950 0.9')97 ]vj F;'~ GJ 

'S : (l 30 6018 60 8410364180.99990.9998 MPR 47 54 15 10521028210 6 3 6 56 2 28 0.9162 0.9280 l\JPR 5<) 
J ... 10 45 90 27 90 8 4 15 54 6 27 0.9999 0.9998 MPR5& 55 16 16 80 15 80 20 414 75 2 15 0.9842 0. 9873 t\.lP:Z 44 
~ rl:1 11 55 10 55 15 3 9 50 1 10 0.9498 0.9534 :MPR 14 56 16 16 48 15 48 18 6 14 45 4 15 0.9949 1.0000 l'.1PR '15 

; .; 55 lID 20110 6 3 6 40 220 0.9474 0.9534 jvJPR 49 	 57 16 :0 120 15 120 18 3 11 90 15 0 9195 0.9226 . MPR >10 
•• _ J ; 55 IG5 30 165 9 3 15 90 3 3(} 0.9440 0.9534 Mt'R 66 	 . MP1Z 415816 20 80 15 8016 4 11 60 2 15 0.98390.9873 
.... ~ ; 1 55 11030 110 8 4 1560 6 30 0.9988 09988 MPR.67 59 16 20 60 15 60 15 5 11 45 3 15 1.0000 1.0000 MPR42 
~.~ ! 1 II ::::: 10 22 12 6 9 20 4 10 0.9775 0.9911 MPR 15 60 16 : 0 ,10!5 4014 7 11 30 5 15 0.9793 0.9896 MPP.. 43 
....... .~ 


22 66 1 J 66 9 3 5 33 1 11 . 0.9373 0.9465 MPR 1 61 16 24 12015120 15 3 9 75 15 0.9175 0.9226 l\fPR:<~; 
~t; 1~ 73 66 11 66 6 3 3 22 1 11 0.9389 0.9465 l>.{PR 16 62 16 24 48 15 48 12 6 9 30 4 \5 0.9970 l.0000 \lPf~ 39 
:'7 1.! 33 32 22 132 12 3 14 88 2 22 0.942 1 09465 MPR 53 63 16 301 2015 12012 3 7 60 1 IS 0.9179 0 .92:!6 ,,1',;, :;(,.- 

·,4 11 44 3 4 '5 22 2 11 0 .9970 0.9971 lYiPR [8 	 \iPR :16416 30 6015 6010 5 7 30 3 IS 1.0000 1.0000 
. - 0622 G6 10 :5 14 44 6 221.0000 10000 MrR 54 651 6 40 12015120 9 3 5 45 15 0. 9160 O. 9::~(, .\;P F~ :: -: 
1:: 78':'. 78 J 8 3 11 72 J 12 0.9362 0.9399 MPR 23 66 16 40 80 15 80 8 4 5 30 2 15 0.9860 0.9873 :\l'r'R ~_: 
26 i8I2 78 9353611209315 O.I}J99 M.PR21 

\iFR ::36716 6012015120 6 3 3 30 15 ~ 1-: 39 78 12 78 6 3 3 24 1 12 09309 1).9399 ~WR20 

68 16 48 96 30 96 12 6 18 60 8 30 
 \1PR 6839 IS6 24 156 12 3 14 96 2 24 0.9357 0.9399 MPR S5 

\ 
:X, 5:'. 12 52 S d 5 24 2 12 0.9946 0.9950 r-.1PR22 	 ~ MPR# denotes the design at serial nwnber ;: in Morgl'ln, Preece ano Rees [1 ..'-1 . 
L: 5: 12 52 16 4 I [ 48 2 12 0.9935 099<;0 l\1PR 24 
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______ 

Table 3: r\BTIB Designs \'1 ith ,.::; Ito. r:::; JIi (;lita i[;;: :·' : ,ro;;, \ ;<: : ;1< .(' :. ..... :U~ 

a = 2 using NBIB Designs of ;'I Ior!!:! !; . Prcl:c(; and r<hJl..~! _____... .__ 
Rc ft: : ( 'Il( " 

__________b l __________________________________ ~~S!.No. V bz r ro k\ j,: ;'1 /. ; 0 I,: J.'" E: __l) cs; ;~ 

4 15 30 10 20 4 2 6 12 2 .. 0.%97 0.9143 .\1HZ 13 

2 5 7 2 1 6 12 6 2 10 2 0 .995 8 0.9 246 .\iP.R 2 

3 5 7 14 6 12 6 3 5 10 :2 4 0.9958 09:'>+6 \~PR 3 
"-..... ~r.....r--..r.....,,_..... ,._..., ,,_.... ..._ . 4 5 21 42 12 24 4 2 6 12 2 4 0.95 24 0.9245 ~<PR )9

'" ~ ~. "!. "!. ...... ~. ........... -:. ~. - . 

:..J _ ~ rr:.. C'II" M.. M", C'f"l.. v'" ~ M... <r;;t".. ~ 56 · 14 287144 2 :3 61 20.94 120.9::82 '.f FR .1 
:::; ' ::,n r") \0 t.n ("'f") ~ C\ ~...'" \Q r---. V) 3 

• ~ CJ v '" o r. 0 '" r---"' N 0 " ,, 0' VJ"':::) ~ 6 628 8421 42 6 2 is ' 30 3 6 0. 9881 0.92'/9 \ iP R 50 ~ .:.JQ ..q-" - .. - .. ~ ;.C"'"'!..("\1 N ... ("f).. N... &,
("~ ~ c:o ........,. l.f1 \0 '--" ~ 0 ........c", rr) ~ -.=, ';';; 
~¥- '--" '--" "--'~M- __ U 7 6 28 562 1 42 6 3 15 30 6 12 0.9881 0.9279 \1PR 51 
~-~ '--" ........ "--" '-' ~~ 
- ~ u 	 8 7 9 36 8 16 8 2 7 14 2 0.9846 0. 9279 \IPR 8 
~ C\ \D o ("t") O'\ co--.(ooG\ ';:; 9 7 9J 8 8 16 8 4 7 14 3 6 0.9846 0 9333 »'lPR 9 N O'D'<t "' ''' t-Vl O '''' 2: Vt- coo, ,,, ,,,O\o.C\ C\o
':1 10 0 ~ 0 0 0 ~ 0 :J'; c-: Vi 	 10 7 12 36 8 J6 6 2 S 10 2 0.9792 09279 \ lPR 62 L.Q <::> 0 0 0 0 .0 0 0 0 0 ~ 

11 7 12 24 8 16 6 3 5 10 2 4 0 .9792 0.9279 1I1PR 78 8 8 8 g .g; ;:::: 	 ~ g ~ " 
OJ _ 10 0 0 0 0 0\ 	0-, C\ C\ ::-. § 12 7 18 36 8 16 4 2 2 6 I 2 0 .9333 0 .9n9 \lPR 5 

~ O~~~~C\""':o.c: 
O COO;:) N 	 13 8 10 30 9 18· 9 3 S :6 :: 40.9S::0 0.9259 t\~?R. 11 

"i>.. 1-1 8 IS 45 9 18 6 2 5 10 :2 0 .9596 0.9::::9 ",lJ'RIO 
"'< 
~ 1(""') \.,:) If) M ~ 0-. 	 o:::t \D r---- Irl 

15 8 15 30 9 18 6 3 : 'J 2 4 O.~596 0.9259 l\;oR : I 
:;;::: C"I N Nn , :J.. 	 16 8 30 60 18 36 6 3 ]C' 20 j 8 0S': :l6 CS2S9 MfR. " I 

\,1 ~ ;; 17 8 45 9027 54 6 3 15 ':' 0 6 12 0 .95 96 0.9:: 59 :\'lP[.:. :'- 8.... 
0-,00 1£) "'N t-Noo V11~ . 

N N :J -~...:; 1 co 18 8 45 90 18 36 4 2 6 12 :2 4 0.9275 0.9::>59 ~1 PR .\6
--'" 

VI 
- ~ -g ~ 19 9 11 55 10 20 10 2 9 18 20.9760 0.9229 MPR I~ 

_ I ~ 0'\ 'D C"""l r'l"'l \''0 	 M ('(') C'"") r-n .: E<"< 
..:;:: -'" .>u 	 20 9 5511020 40. 4 2. 6 :2 2 4 0.9231 0.9::::9 I\'1P I{ 49.0 ~ 

f'1 N' C"I M N' C"I f'1 N 01 rl"<" ., 0-0:a 21 9 55 16530 60 6 2 15 .:' 0 3' 6 0.9600 0.9229 1\11 'R 66
~"I:'f'VV ~ 7 V "'i" "d",,¢ 

::; I "< ~- 22 9 5511030 60 6 3 15 ~O 6 120.9600 0.9229 MPR 67
NOO \OONOOV)O '" .~ 

z C 1- C'li M N . ("t"\ C\ V"'l t- C> 00 ~ c'! 23 9 11 2210 20 10 5 9 18 4 8 0.9760 0.9429 MrR 15:; 'Vi M 
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