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if ¥ s dlptvituted according © s izl tivariate
normal dleteivution ¥ (0, ), we wish to test the hypothests
II that Ve where ~; is 2 given post tve defind te matrix,
then Gde 48 aquivalent to testing the dypothesie Hyt 1= 3
where > 1@ the covariance Eatrix of a veotor X 4l atriruted
according to ¥ (0,7 ). Thus we are interestad &in testimn the
typothesls that s satple frcd s normal p.variate population
is In fant Lf¥ox a population for which e vaviances are
all equel and the covariances mre sll sero, A population
with guch a syrzetyy s called *ghherical?, Under a linear
orthogonal trengformation of variatesy s sphorical popillation
retaing phovicsl and congoguently the features ©f a sample
widoh furnieh informo Wen relevent to thia lypothasd s sust
v Luwariant under auch tronasforrations,

Jobn, W, Mauctly (1940) derived the 1ikelilhood ratio
criterion for testing the gphoricity of o population, Ta
finds the poments of tha nth rood, Z'W' of the 11kelihood
ratio critarion, where v s the satple rfrey when the hypothede
teated 1o true, FHowever, 1ts Aetritution under the ol tsrnative
cannot eanily ho ohtained for g genoral n, Foy p=8, he
derives the dietritation of L, under the hypothesds tosteds
For pw3 and Mpher values of py, o sirtple expresgion fHw the
ABotriwition exicta and for p=3 ha gives the approxitate



&otrirution of 1, under the hypothesis when-the sample
Eize n is largee For othor volues of p aglso, prorehly
the oardlar approsivitione may be found,

The power of tho 1ikelibrod ratlo tost camot be
cglcdll atod sinco the dlstritution of Loy carmot ho found
under the alternative hypcthsedso, For stwll satple
alzas practically nothirg 4s imown ehout the 1ikelitood
ratio tagt eriterion,

In folicwing chepters o toot has hoay suggosnted
whick loads to the Fedlstritution under the mull typothesis
and whoge power can he gprroxidately calciated and which
is alvays urrdpced, Howavce, this oicplo tost can he
rocommended only for amall satmplos as 3¢ 48 not perhape
conodntont, The test has beon wodifled fOr lovge values
of ng tho satple slze, for which cace the tost 4s consistent,
wut this tost is odly an spproximate one, The power function
of tho sppromimate test can also he calctlnlod,

An exninle whore such g tont s nocosaasly may b

given as followar

Lot o otudents bo Judged by cach of the r Juldos
separataly and we are intereotod fn tosting the hypothssis
that the variatcos of scores $0 the studsnts given by §dses
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s ars agual and thelr coverioncas zuvo, et yig denote
the score of the Ith studsnt given 'y the 1h Judges
1f the covarianos patriz of the verfoMles {9} ve

T.e { o7y then'we ore interosted in tostirg the
typothesie fot 2y & ¢ I, whete ¢ 48 o constant and
I donote the fdentity Catrixz, o rerove the vartation
Guo to etudents we consider tho verfodles (g euch
that
Bgg " Vyq® Tpgr 17 1y 99 cevey My (BuTed)

whoge covordance Balrizx 1py eny, Zm e A&a” ehere
Au’@ %3,* “M - Wﬁ/* Cop for 4 ¥ ﬁ_,ﬂ b IS LTS ,

and }(53 w ﬁ‘” - WM’ WW

Ttus the typothesie Ho Fedices to s T s} where 7, is
o Batrix of crder n x 0 whoee dlgponsl elorents are
oqual to 2o ond all othor clements are equal o ¢, Thulo -

for 4 m 3,0 00e90

g 1 soe & |
To® |2 8 eas 3 & A Bofy

. * sen #

I i vee B

conolider the quadratic forp of verichlosn Eys EopeceyXpy

A

!
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Trenaforring the varielen (xg) dnto {2} %y the
 trangforuation | 1 E
e Sl

xy @ B
B Toln - Baliadie

33 fé

o & e 0 0

2

By * %, ¢ conee ¢ X, (ne B ®,

o ¥ = f{tn»n*(ﬂ'. 1)5;

wﬂmat 48 Topsesesny By aTe Orthogonal § tronsfors to

Z,{. ¥ sed S, transforts to ¢ X4 Hence, 1f we
dencte the covarience Watriz of z % 3 . the typotheds
H reduces to Zﬂa @ I whioh can e tested vaeing

iwl, 2 Be
{agg} 0 3% 23 85 aty =



In whpt follows wo write XVt denoto o guontd ty
alotrivuted ag X #3th ¥ duf, end I{Vi,1) to denote o
quantity deteimutod oo Flchor « tnadecor §F with v gndl,
degroos 0f fyecdin,

Lot x b g rondon veator @otrivuted gocerding to
the p = voristo norngl dotrivation B ( Ogote To find
the datrivution of i;mg‘ .

Lot CoCw D

wherp € 48 on orthogensl matriz, then tho voriavle

8w *33 tup tho Aotedrution o, D)y ond

,3@ ’ 7 a’ gf‘}
Z'xswum apg¢Comasn » o
|

;1
Toun 42 oo 17 ¥, then ¥ boa the dlstrimution B(o, I}
ond glog
2wy D b o
(EeR) Jxsmgamylys 2%9

v
where )\;mm tho choractorfatic reoto of Dy whioh ore
the sose ce that ©fF D

Thimy G = 2 % S0 Glotrivoted 15ko o Qmmt&t&f Aj X2
whore anch XL is dotrivuted Independently of ovury
othar ond X2'p ePo tho latont repts of tho podd tive
dofinito Datrix 2 .



G B P, Tox (1054} statas @ thetrTen {or the apiroximate
~ Mlasteivytion of a giadratic form wiich 2e s Lollows

orel Bals 18 the colusn vector gz follows a pevariate
normal & strivution :m. Vysandst Omg'Malisany
real guadratic fore of vmh r {py then

(a.m aaz’ﬁza:Z/\ 7((?))
h aotrirutsd wmai&uw aB B . X(b) where
2% 25 Z%f\}

1t readily follows fyon the a*tve theorem thad
Qwzxx aZ%X’iJ.) 9 spproximately etrinutst ae
8 'Xith) where

A (TA)
{(E.,4) 8w ZA and ho ij

when 2w I, a unit wateix

)\3!1 for il 3
M{)\a g)\ »p
mﬂh ® Pe

If wvo teke
Rev) R Rp Ky * Xp No) * et X, 2,

*,

whare %4 Bag a P » ¥ariate norkal SMetrirution ¥ (¢ 7))
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tho power of tho toot 2e ot looo than tho firat Eing of
aryor for cny sBternativo,

Theo if = (2)? Epys o9ves Kup ) {8 a ontplo of
dee (Vi vV, ) fron o peveriato normal pepullaticn Moy T )
to toot tho hypothosfo Mot L = I, we oon ueo the otatiotic
(2:8) e {V, Ql)/( V) Gyl
whtch 4o dlotrivutod oppreximatoly ne a F dotritution
vith defe ( Viby Vi b) ouhdeh wmocomoo {Vipy v,p) under tho
bypothocts Tios ) = I, And cinco h 4o not greatoy tham py
tho toot Lo plways untdascly

Be ZLE328

Tho axaect powcy of tho tont for aﬂy glven particuloy
ol termativo hyrothonio Doy ho ﬁﬂmﬁmtaﬁ uoing G B.Pe Mox (2&?54}
Thoo, 4,3, which comt »o ostatod eo followes

Teoowers  If AL, X, ..., A¢ g and A, ), . Avero ald
posdtivo end the VY5 end Vi’ ero ol cwem thom

oo T ] - §

=} $=y

(& = 1500098 & 2p8pose? ) aPo

= {Yond tho g

whoro

3 4o

conotanto dotorrdned ao givon »alow,

3
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Conud dew oy B
Iw ;—‘Z}: xl(v)')

et

-~

. /7 ! ’
in which Zl ® Ao Zg = A g *eeeny Zr"' Mgt
Z’:‘l LA YQ /\1.“.‘.'. grlfzr T » Yﬁ A’ ]
Deoting hth curnlant by K, and hth Eopant aPout: the
ar!ainwffn and using the well known equalities expresaing

the roments in termes of the cumtisnts we 2y celouwlate the
constanta Xy . Fofy 1f we mm

Jik . L=z
3-2) H. )
then dw;-k (.EA‘) 0(533
8
and Lggy ® Ht——’—-) }
2 BT -
v

Let us consider gn exarple when p » 83, Lot "”’ !(g)'*!‘” X a3
te gix ohcarvations from a trivariate rormnl population ¥ (0,3 )
o calculate the powar of the F test (2,8) for the slternative

He 2Za 2; sheve the latent root of Ty %e 3, 1, snd 2

Ty the canwnical reduction of mirerator snd demvafinator
the ratio

{zﬁu uﬁ"{i.%n %4) {

<3

d8 scen %0 be Batrivuted 11ke the quantity
3, 2, s ‘
{3:3) Xy { aZ:'/\)., X (v,/)}

- 3
oo A e ]

3=




N /\1 » ¢
Xgﬂ LR

'\\ \)\/3? Ka s B

Vy ® )'B uva w €

1}1# v, ® )/3 |mﬁ"

8

17 we take the first kind of error  he L8y we bave

X

Pr {—W >loﬂ}ﬂt08

dnce  Fgg (8y18) = 3,0
giving Y, ® 1,6

Hence the power of the test 4o eqiial ®©

[{ZA M)}/ X} > z.e/nx]

(3,4}

R
Zo<1 2

Hare Zl'*i Zﬂlp Za ‘QQZ" v.?ﬂgzs ﬂolgﬁ, Zall.

ol (8,8)

Thuy the sxact power of the tast for the given plternative

1o 087



u T .
-~ Udmz the gpproxiate Aetrivution of the ratic

¢ 5 *‘:) a{’,l
. B2 ) %) :

as Fwith degreos Of fresdod £h and éb where b 10,
undsr the gl ternativg typothesia, given *y

and ths power 1o, thus, equasl to
pe [ {X(a)/ Yoy} > 18]

o
] g ¥
" ® (2}, & ; ) I.s (l*F)’
1 > -l el
- S SN S Iﬁ ‘1“ x)‘ dn
B (e}, o4) 5
& 74

Thus we ses that the power calculated hy teo methods, in
this cassy doss not diffoer consideratly ahd o the spiroximation
vesd 1z quite good,

\

. In enother case when £0 ohservations sre svallabley
1ot us take the otatistic as
& 2, % X0 i
e
B g, Reqy %)

wiioh 45 distriviuted 14ke the quantity (3,3).het the
al ternative hypothesls 8,y for wrich the power $a t he calcul alte

1g such that
Ay AL %E

X = =4
2




Aau,\aum

Here

~ si‘ge*saaﬂ

o g mggmEgm 8

and gince Fgg (30 ) 2 184,
%, = 1,84 .

a1y = 1y ZEM, Lym Wy g = aleBly Lo =« 7aBBy JgmaiBat

Udvg ‘30»' mww ﬁﬂ equel %W %%
(3,8) Pr{ Z’\ & C'0)}/ 5—)\’& edp > 2,88 / H ]”czi 18
ry the velations {3,2) we have
_ g ™ 400321
and Ksy ’9'59, 3{ ;% }
L ﬁgwm
cAniiarliy, )
Koo = 8,40228
xm @ J84240
E,, * 12,2084 |
Usirg the well own relstion betesstt roments ghd cutulants,
we oty
IL(:'BI ® aﬂl = 2,8475
[izp ™ Bge * Ko 21045608
L3 ® ¥as * g2 T 2* S =48,31618

4
/*34' Kag * 933 gy * 3Kp +6k3g aga"' Rgy @ £03,86068




Ustng (&ﬁ)g we tma

sz.,dﬂa‘ %1#.1% Mg ‘*33 4{*%}&%

» a}as
20 . R 5 53
ip negligivie ang aleo s 1w negligirle, Haence the
powsr (3,8) of the tent S8 080,

Usirg the approxivate dlstrivition of ths ratic
{32,8) as a F vith degroes 0F freocder I0h and 0% under
t2e ol ternative Nypothests, where
(100020} °
1 3 = 1,023
I» 364100
the power 0f the test ip

Pr { ( X'(19,29) 7 X'(29,29 ) > 2,84/

0-382

8,618 B,825
 ERIE Ty |
DeP10y Ve A
e ,008

Thug &n this Case aleoy the goiroximaltion taksn 1y sufficiently
good,

Vany authors Dave compsred the exact dletrivution
and epproxivate digtrivution of Quadratic forps and Pave
shown that cuch an approximation is fairly good, Ta*le 3,1
gotpares tho powere of tho fSogt hased on the atatietic (2,8),



4

uglrn the exact dletrivution of the ratic of quadratic forps

and uelng ths pivoximate Aatrinution ¢f quadratic forms fop
#fferent surple slzos and ghoms that tho gEproxination ts&m
de Lalrdy good for calonlating m powers, )

anhie. Gad. %ﬁpmﬂm cf Powors mﬁmﬁmm valeg the axaot
and gpproximate diatrivut.on of ratic of quadratic foroa,

| ?’ Wa 2l cit) &W .
i1 £ a3 L oine the A
umwawr dctmthe. @W

el . — . L8 Wity * Ol § 38 e g $

- ° 4 4 1 8 D87 074

: ® 1 4 ® +082 084

: = 18 0 303 « 108

» ® 18 » « 008 <100

¢ 0 1 & 1 « 160 <143

’ ® 18w o350 0184

%o oo 8f tho proponed tosd s conclotent or nety lot
us take Bp torp dn mterator ond Enkt torzo in tho dencninstor,
1.0y 23
ok ) m,ms

7.'n 42K /

E 2 %)%

L=t

The &3 poing of the ¥ Qinteitution mm én ond onk dapyroes
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of freadon tends 10 1,0 as 1y and let Us assusie that
under the ol tarnative typothests the 4,7, hetokes (6N, Bnkol ),
PS¢ £ 3y Then the power will he given hy
X (ne)
%W > 4

-&' x"’z { dnx) W”ltﬁ:

the 1imit of which as b oCle 0t onslly found, wut the
poxer retralns swsll for gquite large velues of n,

If we take two tards in the numerator and fn in the
denoningtor, the power will he given Wy

Y t 8,1
{8 P#{ X((So( 3 > * }
s Y )
gince Fgo (G @) » 842
Aleo leo% X = *’ thean

X 2e1 )
Power » Py

%ﬁ:"m>w
b §

. b amlas
\a« dx
S
« { bBADE )" -ru*f.%...,.)

b
which tands ,a’ﬁ’ B8 >0,

Aleo §2 olm §, (3,7) reduces to

n




YL 8
i, ;‘5‘?" (loa) Oz
- g xP*d (1,3 dx -

(o}

~

n en 5 Bl
# (Ened) :«w“ rewunibi T . s

® ¢ 9 (%m * Bl )Emrl
ne+ 8,1

which tends to 5,28 & *F

thits the power doss ot tanid t© 1 as the sntdloe size tends
to Infimity, md a0 the test ia not consletent,

a8 B>°y

Thus the propossd test can he ugsd to good vesidls
only for emell satnle rizes, For large sarple gizes thdas
tagt 18 not good so the power dooe not Sncresse for large

. ssEple xlges,

For large sanple elges we can caloulate sovarasl e
fror s given sample, ,;mh ¥ is calculated by taning
k, terms in numerator and “a in dmtmwr, givirg

F Ky Iy ¥ ) .‘#' Z A3 "‘(1)
gy § 0 %)

=kt
and the flrceiss statietic 41 Uesd for tastirg the
m“ﬁtw‘f wm

(4&1) X ® M

whers X = J/F (mm), t kMo kzy,nsvﬁp

and use the ﬂ&ﬂiﬁﬂy
x =

(4,0) &”WUW




bLd

_which for large values of ¥ follows the normsl digtrihution
for testing the given hypothesis, 7The velues of M gnd o
cati be calculeted under the null as well as under the

sl ternative hypothesis, Since ¢ followe the norral
& gtrivation, the tesd 4p owwiocusly conedetont,

%o see thaty for how large N, the atatistic (4,2)
follows a noreal Metrirution, we shell try 0 find the
mozents 0f $e The momants el B wm m} cen b thtained
s followas

s(x) eB( [FOmm) )
'S Xy )rm

r/e
(% ( Xey)r/e

4 N -
. B (Xt'“?)”m m) S F/o m(ﬂ/")%&ﬁ(ﬁf@

Bege2.
"”’9 (2/2) a( /%)

#
B}
J‘g

or/e V(%




*mu )
(6e3) B /K m:

am. :
(fg = 8

ta= s
(aet))

4 2 (M) (Ned)
which gxlipt whett n> 8,

Let us take F¥o sach with § terma fn Do rusmerator
Thug 8 Pe3, e n= 18 gnd

HL..W = 1,036
/“m%———- B’M

/_‘a » % w 1,782
» (705! 748)

» 402502 w 1,788
/““ 18 % 21

and « the kepents shout the tean of X are

/[41 » 0
/’(ﬁ ©,083
fug =B

N



kg =03

snd the poments of § (4,5) become

'/‘1‘%) =0

/fg_(t)l.'l |

,& (v n\-l‘%__ s.ﬁa

and /‘*(ﬁ)ﬂﬂ#r(—w&a a@»&%ﬁ.

givirg
o =~
and w QJ%@

which wf1l give the value of ¥ for wiich ¢ will ve
Batributed abproxinataly as K (o, 1)y FOor N 28, the
approximation will be sufiliciently govd,

If w=anwp
we find that thp moments of X are

/1 » O
T

A% ® « 4,087
and /I‘Q " .170

giving the momsnts of & (4:2) as

/»1(‘&) ®»0
/L«ggt) = X .
PQQ"H%&



0
et (8 » 3e 2D

and () =« Jed0S

Hemco for T 2 316, the morral epproxivation of ¢ will
re sufficlantly good,

Toun for large sorple dizas wo Can Boo this tent
effootivdly, Rov arsller estplos wo Can oluoye Uso
the P tost (2,8) ¢ '

12 wo tallo 6 terma in the muparater and 6 torme
fn tho demomingtor of such Fy we find that Y5 and Yy

of t {4,8) enletlatod cn tho harls of 1 such Fo, ove
; ® JS{}

and fga%ﬁﬁ,

and thus the safplo dizo required fo mabo the atatintic
(4e8) 1 oy 1) 4 whott wo tolio G torba 4n nuporator gnd 6
in the denctdngter of cach Fy 4o nore then whett wo tako
borzp ench In tho merater gnd doncndinagtor of
gnth P, Sirilarly 4€ we take 7 terms oach in the nunavptor
and donpninator of evory Py wo £Iind that tho sactle mize
vopdred %o make the statiatic (4,2) ¥ (o,1) 1s vore than
when we folie only 8 terme cach in the mumerntor mnd dencuinator




b2 4] 4
- ent () w e 20902
]

- Ja(zgia.,.hgﬁﬁ..

Hence for N 236, the morswl approxivation of ¢ will
to sufficlently good, ‘

Thus for lavge satple fAzes we Con Use !aah topt
effavtively, 0P groller enmples we Cob clwayrs Use
the F tast (B48)e ‘

It wa talls 8 terma in the mumerator ¢nd 6 mm
in the devominator of eath Fy we fAind that Y; amd
of t (642 cslcilated on the hasls of W ouch g, are

Ay
ad wéﬁ%.

and thup tha sofple dze requirasd to vake the stalistic

(48) ¥ {0y )y whant wo take § terds in mmeraltr ond 6

in the denctinator of ench Fy &5 more than when we taks

only 6 terrs esch in the ruserator and denodinater of

eath Fy, 8irdlarly 42 we taks 7 terme each in the numerptor
g devopinator of every Fy wo find that the zatple «ize
voguired %o Bake the ptatialic (4,2) N (o1 1s more than

whan we take only S torme each in the nurerntoy and denotdngto:



Let us take 8 terms in rurerator snd 8 In deroxinator
for esch F, Then under the nill hypothesls Hos mwrmls
and B(/Fmm ) = 2,088
K X ﬁ/?%o ) w 1,088
dlw T (JRmm )Mo 2,256

o, Vare fgﬁfo) s .g%}.
@d sy (/) « 0798

J 'h‘ﬂ ﬁam, 1.0y the saple #ze 28 18D,
L8t the sl ternative typothesis ¥ Yo such that
)xlﬂ 1y Apw 8 )\B w i

a8
thats * , hnq&z)"ﬁlumm
z/\g 08

and &h w B
Thue under the ol termative Hye mensB
ot B(R/T) w074
2 {F(E )7/ ¥ | = 25300
.80y (X / Hp » 1006 when ¥ = 18

M nce under the alternative hypothbenls the 4.1,
for ¥ comot excsed the 4,0, for F inder the mll hypothesis,
2 (%) under the !l hypothesd s will slugys be less than



8
that under the sl temative hypothesie, Thus only the
upper €ail ©f ths mormel & pstriduticon will be used for
testitg the Wypothosls Hye In ghove Case ve heVe

teat the hypothedes H@t}*a 1,098 mgainot all slternatives
H, under which /Lu 2036,

Fixirg the firat dnd of erroy at 67, the teat

gives )
%{{* 1,036~ 1,804 ’!’%} ® (08

1,8, Pr (X > 142562 / Bg ) = 08
The powaer for the altermative Wtbaﬂ,a %‘1 5 }.\,q 1,074, 18
Pr (X > L1580 / H, )
X » la 076

s Pr ( -> #7673 [ By ) & 423
¢1008

Thus the power of the test for the piven ol ternngtive lp L80

Yanctly (1940) gives the 1ikalihood ratic test for
toct.ng tho gherdcity of o popilation, s dletritution
of the 11kell cod rate crdterion 1o not broen, in gencral,
under ths glternativa typothesis and o0 wo canmot ¢nlaulate
the power of the test for any given ol totmative, owever,
in a tivariate cace shen the corralation &p zeroy we can
£ird out g lower *oumd £for the power of the 14 kelikeod ratic
toat for ay plven sllernative hypothosis, |



a3

For the ¥ynriate come the likalitwod ratio test oriterion
is o
8, 70,0,
N n {zslag z:g }
& (s? * ag }
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Ve bave 10 get tho dotrivution of A , when the
satipio of Scen o0 taken Srep the Yivarioto movpal population

F(oy 2 )y whare o2
' ‘ 2 - [ i F‘Fl;@]
1 ﬂ‘ﬁ? Tg

The joint detrirution of o8 88 ard r o given by
o g
(@.@ ar < axp [ &m {i%m. u&.ﬁ._fmﬁ %—;‘}
%2 % Se
:{ &
oF 0 2B 4o e, e,

N

It 10 not ecsy to fing oul the alotrivation of A {(8,1)
rut whan P & © 4 we oy %o ghlo W 7ind cut the lowaer Wound
for the jrohardlity P (A <X) under any piven ol termativa,

ing joint dlstrivution of o0 8, ahet w0 18 given vy
8~ o
. n , % 8 } Nel Bl
{8,3) ﬁlm {»3(;3* ) oy 8g @%‘ﬁ"go
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Putting .J»..wu; %au&da
By

{8y8) reduces tw
LR ¢ {”ﬁ“‘?'“‘w %} g U W dsy

Integrotivg out L from (6,4), we get the dlstrivution

oF © os 8 ~ e W 1 @
e S { -t }da
c, e o 0'& oxp e B coﬁ -';g*} 8y

(Ge8) = Cn ( @' * ‘?) du, S ¢oo
meudpaé © Y

”:Vvana
e T CT R —

or us
‘ e

A
.

Thius correspondivg to g given v, theve are two values

[+ 4 Yy ng ) : . {' 2 -
au & ,,"g; ;*W' : ““,ié&““‘g“m ;, when u =

e
p° wi

] -
o duw Voo ST =8 8 ea av whwuwv :3"“

ﬁ’”g wd
Fron (Ge8)y the proheM1ity density at u o .Létgﬂ
tranaferme 0 —_
- 3 14]
c y Lhtee ™" (,l.t/.&%@)ﬂ .? *.55. } 1o 2.8, &
1 3 1 o &’ AT AL

A | 5
ol that pt U » u@- trangformo to

e



and ® thoe tolal provadd ity denkity of v 48 the aum of
the shove twh expressions, L.s.,
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g
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Jott
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f%' B Sytod
A A™ i
At olor o (W(gdvua) o 1

tha & otrivotion of v rodiicen 0
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2
PPy de e, péusoo
{g.méz.:gﬂg..*@} ] - o »

and patting gy = @b s we god the daetrivution of
a8 '
?u(;*uﬂ}az s

(e c, (3fiadrl,m [{t%@l ¢ = i%

1

}Xnu

{c%@;g‘;‘!‘é«'ﬁ% } M] g s 0%y <

i

Tha disteinuticon of p, the sorplo corralation coeffl.
clent from a *dvariate norma) population, when{m Oy %s
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(649) £ (¥) ar w &y (22D 7B ar, el & rl

whore E 18 o funotion of n, the savsle slze;
Put%mfz;;ﬁ ®» z in (G40)y we huve
‘P#'r\llmﬁﬁ and dre %ﬁ

Thus corramonding % » given 2 tharenve twd vgs&um &
7o The prevardlity Gentity at o m + [l.x°  transforms to

D3

and that ot » w » [lez’ tranaforme to
5 Bed

) |

and o the twtgl prodedility deneity of x &s the eun
of the oovae two exgirogsiona,de

Nall
{8,10) %a%?‘“ dx, 0 4<% <2

And gince 83y v,y and T ore Indenondent whon ¢ =
the Joint disteivation of » and v hototies

Camy e o 20/ 1@ ol IndrH E 20
(64122) € (mw ) [{(W) :_;% .._% } *

i oemed

ey E, 2 B M] 3”’3 f
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To got the dlstrivution of xv, PUs X7 ® 2y then
the Jjoint digtrirution of ¥y and 2 de glven wy |

;

R B e

¢ < a ¢ hteyd

Integratim ont y fron (8418) we got the dfstritution
of e w® W ) @8

¢ 2 ) L
(81 & &0 gy S (== R( bl Jn S

(o]

L

i s re Q<@ < b
Jie &

The Integral 4n (6,18) cormot we ovaluated dn sirple
tarns nd =0 wo Connot colculate tho powor fwon thils, RUL
3£ the emtla oize 1o largey Py the saliple corrdlation
roeffiodent Bay bo toked ap nearly zeroy ¢ halrg an unhigzed
gatimats 0f 0 4 tho populaticn correlation ccefficlent foy
targe B, However, nince Jfﬁi <3, we can get the lomer
round of the power for ghy given altornative, usirng the

Hotrivation ‘ﬁga} S 4 W
3]
oo
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C In" (G8) can be ohtgined my Integrating (647) .
‘over v for 8 S v <°° and equating 4t with 1, Thue
putting

(620  1efy%g = .%mm
. y©

we geot o0 2 ” geo
q-n 2 1,30
o | )t 3Bt Al A J ;
(8418) [ ' x ‘;?'— ‘g X+ ‘ x (O‘ -o_-g-) dx| =
writing é for x in the saccnd integrsl in (6,15), we gat

2 : ! ne2 L2 len
<= ’r;mﬁ (Eag“-'a‘-ﬁ')h?dxi- x (5—*ng ) ax
! °§ So UB A :

RO

b §
o x2 1 len
(8,38 = | o™ (e 3 a=
1\ 1 6’2

o
and purtting x = .6._;. 2 1n (6,18), we get

sarple of n poin‘ta is eimply




(e Pr (A<X) m ( X )™E

If we taks the muile size © he oo himdred and the

el tarnative typothesis f”' a8 /o8 5_1 whate

/80
2 “(a 1)
$yt4y @"3!'3’ Ty 31}' fp = 0

then 1% the lwvel of slgnificencs 1 8F , ws got
Pe (A<X) m (X)) w8 ® 08
o /\,3 oHBE
Thas the loser bimd for fa power of the likslihood
ratio test 1z gliven Wy

(748 P2 ( A 988/

v *J ?em%
‘ &

5 :
when ye,4088, v «sdps an%ﬂﬂ- ® 1,19
Izm {7:%) 40 oqwa h, ms»m tha wagftamﬁlm {8414
a-‘é? n
( ) dx
%‘ i -

&&[ (g.* e dx*S faPeage 0 ‘ 6’]

Ty w0, v menm O 4 amd xe
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Thus ths power of the 18kelihood retic tast fn this case
$s one, If we use the roreal test proposed in sectien 4,
then under thao mil bypothedds Vot Dw n= 20, and
B8(2 /8 uw u 1,087
" { §y8)
L] y
and ¥ (X /1) w sl

velng £D0,

Under the ol termative lhypotheels Hyl 2= Zq

Ay ® /\an.
i’an.(Z/\)) " ﬁm

S A ge
&h s 8

™e tmwﬂlmﬁﬁmﬁg and
B(X / By = 1,108
and oee, (X 7 ¥ 3 ® 1188

Takitg t!w 1&#@1 of slgrificance to be 5¢, we bave
% 5 16468 /1 }a 05




) A

or! Pr(X > LI ) = 408
Hence t!m power of the tost S8 agupl to
» M" / Hy)

z‘f -

wPr (B (0, D > 755 |
a:;&m, /

ﬁ%&a the power of Cifs test 4a only 483,

Hero wo covpared tho powera of the twd tests for
o very particilicr cnoe of o Mvardiate roredd populotion when
the correlation 42 zovey anl we saoc that thoe pouwer of
the dksldhood ratic test for larme nseplos is very
large, The proposed tost Le Chue loso powarfilly Mt 4¢
i eney to chlcilote the statlotic of thip test than
that of the 1Skelibood ratio topt and 0o ceporate tavlee
- for the percantoge points 1 Necessa?vs ag in the cese
of 13 kelitocd ratio tant,

Aleo nothing fo lmowa grout the Alotrivution of

the Mkalthe~d ratic criterion wheh the bypothesle tosted
1g not true ond o we cont colewlato the power of the
tast in o Qenaral Cape,
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trialn $n cultivatord o £lelde under notual Sortdng condltions
20 as %0 provide a sound wasls for mbfng prect@cal recotrandoe
tions on ferrMzer Uce, bns heen £elt by tony statloticions
in Iniiay and fertilicer axporinents are ntw conducted n

cul tdvntort g fEaldo Metriruted over the wivle ountyy winos
primory el 4s'to estimrgte @voroge resporine t© fortilizere

ond other irprovesant Teastros over the tract ond 1te voriantion
in $1fforent porde of the traod,' In a oyrnodund on a
exporirents in cultivatiors fialds held under the aglces

of Inttan feciety of agricultural Statistice In 1966, »

nopter of epenbors erphacieed various acpoots of thig

provlen and otresnced the Booed of such exporipents % Verify

tha rewlﬁa cHialncd at exporibemtal roacoreh stntions,

Valnly the oxpovimente &n cultivaptor?a idlds are

nosded

(1) To verify resulfs 0™iainad in cxpeviomtnl ctations urder
notug’ farring cond ticno,

(12) o £ind the vogponso of ranuros and practices in i fferaent
aodld olMpatic replions and %© celood the hosgt Damire or
practice in tho reglon, |



88
(234) To detonstrate the use of fortiligers,

The nuther of sxporicentsl stptions in a countey e
ususlly smnll &nd alsc the Pertllity of tho ol and the
Lleval of tanagelennt atl experivental statiols are superior
t those in the surrounding cultdvaterts Helds, Caperivent.
ation at ressarch station gcanmt, thorefors, provide a relfashle
suide for gencraliving tho results under @h‘tﬂ Lored vg
cond? tionm ond 1t hocomes important o detarnine the responses %o
@ fforent Srproved moamiros under octucl forving conditions
hy exporinentivg on a reprasantative sarplo of cultivator' s
flelde,

Dre 847, Reychendhory has tenticned dn the report
Ftho tee Of artificlal fortiliczore in Indla’ puw-ldghed Ay
TeCo 2R, that ro systematic coil currey hae bosh earrfed out
in Infla t© £ix the o0il %ype for fertilizer ipnle and
only tho Broed il clascos uyve conmldorsd, Vithln ench of
those soild clasees there ave o mithor of soll types alowing
A fferent Tesionses 0 Punires and fortiilpers and th2p the
estirnton are renlly sversges over a nuther of wil types,
Thie point has sls0 been ohaerved in Partilizer trinle on
paddy}  2.C,A R, Repesroh Report fertas ¥o,1 where 4t e
tontioned that © Corparieon of the rasponsos ohtalned ot
cahtres having the cabo 04l clasces with those having
@A fforont eoll olassesy stowed that varigtion 49 regionses
tetweon the centraa would rot he acoountod for %y the
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i fferancen In tho vroad o0l cloases to obich the contras
?‘QMMQ”

Trdo roport alop mabkos the following thootwation on the
optmun dove of fertllgerns, ®"The optirup dosces glven pdove
oPo for thay coUN'?y no o winle, It {is ovvicusly nevessary
fo work out the optinue doses for all the different repionas,
repracenting wrood el ¢lassesy widch can Mo dotertined on
the raste of rosponmivenioss %o fertilizers,® lore definits
cenclugions on the optioun dopes Lfor differant vogions
would bo deterrined when the romildte ©f the coven of

fertiliser Rrinle dn cul tivatory' £lolds ore avalliatle,

Thus sPart froh tontiny the fev¥llizerp under fleld
conditionn ont the deronetrotion ¢f tho use of fertiliper
tho tafn ain of fortllizer trigle on cul tivatorts ficids
20/53% up optinmum otantards of msmurirg for algferant
w1l « ciimatic ragions of the country, o that the
gifforantinl rosponce or the intergotion of fertilisers oamd
fielde witnin s given soil » clinatic ropion o amall, 42
any, IZ thds dnteraction 4o not amoll the ottenpt should
to pndo to furthur mbdivide 4 given region into suteregions
ty the physieal op cherical properties of the aoil, or
the ¢llmatic factors Including rolnfell , taiporature otl,

& that thp Interaction of fertfliger and f10ld 1o smoll
vithing tho suhefnions, widch vill roko tho furthor optinad
acorord ¢ Use of fertiligers, Thun balnly we bave to test
the bypothosio thot the coppenont of vardation e to



“xportoonts which hoo hosh o

- ?

tho intaraction of treatoent anl locntion vithn o region
e nepldpivle, ~0 sholl conedder o rodel Sor suich
mentod by “ehoffo In aother

contoxnt,
g

rotetfe (1066) cotitdored s cxpordnent fnvolvirg 1
tothinos ond J worlers ragarded oo a cotplo fyol o large
pofulation of wmorkers, “e0h vorker 1o put on esoh Eachine
for K Agps during tho experivent znd  y, . 38 o Geasurement
of tho oalput ¢ the Jth vorkery, the Bth doy o o on the
1% proire, Sho ooddl congdderod wao

(D Vi ® }*«&Naﬁhsv&@”*amﬁ

where the ganoral mesh luond row offects {Xijare comatants
ond whore the column effects {‘hé | o Sntcrootions o JW

arrore {0, ) aro ranfen vorichlos ahout wtoes Joint
a4 ptritution certoln npsurptions are bade,

To maks tho assurpton,; be widtao

(2 Teqn ™ 48 * %gn

where tho ned of crvers }@We atatloticenlly %nﬁe&a}@nﬁmﬁ

333
of tho set {myglefteruet  coll mesns, Tho baclo aseurption
on the rectongular oreey of e (my,l 48 that the J columns

svo dloteinuted inccpondontly 1lke o vootor vondon vorlable m
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"with I corponenty Bye Doy “Q,, ?nm ho aooutog
™ot {1yl hnve a Joint mornal mmfi y{eﬁw oro sloo
Jointly mortnl,

Umior theso asmutpiion bo clous that the epoctation
of peanl squsrcos Ordinerlly coleulatod turn cuty olth
tha oud tdle dofinmd tions of tho variance econponoits, %
havo the enato veluor aa thooe taunlly found &n tore restriative
rodel oy 20d comn Of tho custolary taots ond confldenco !
intervalp nre Juntiflied vut tho over il foot 67 the fized
rain offects ond tho ancodiated multiple fonpard con Rothod
roguire Notollinn¥p %@,

K, Ghoph {I.A,7,7) {9 o sordnar toll) Suotifled

 the eome mdel for $he upe of o cordon Of ouporimonts Alytrie
nuted over @ifferent replone, 4n tho caso where ¥, e 1o the
yiald poar plot of tho Srootient 4 I tho §th reglon ond kith
plot, cchoffe (ID8E) and Itbof (IBEC) hovo concldored |
oo o » Wy and throo o woy classificationn with equal
murhor of orgorvation An each cell, 1o tho cace of eperivcnts
in culltivatort o floldny tho nulther of exparimental plots in
any altleatorts £4c¢id tunt w0 axmpll o0 that tho cultdvgtor
ooy confuct thoso Dwogerly ond way “o induced t0 & @,
wdatod in Punco and Abrgban
(ID63) tho oxpr “ipents pre conductsd in daccuploto hlogk
layouts withder tho villegec,

for ¢ilo and othoy roacots o

ey SamvIpe NpuRppa
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Uttan Chond and Anrohan (1967) Bavo glven o o
dogigns for the eonporicon of dlffarant courcan ¢f
fortilicors dnoxporinmmts 4o aulltivatorto £ialdn, Thay
havs concidercd the analydio of such dooignbe urder tho
uasusl tixod modol, Mo eholl soe how these experizento
can ®e annlyned fn tho 1light of asheffe’ o theovy,

) ; 1: Tho cooparioon of throo ootrees of nltrogen
wrmaw roy ha tode Wy cartying out an ogunl néuter of
axporicanta for opch of the followitn threo $ive « Jlot sala,

s

() (43) 0y 13 By ”1' g,
(118) 0, ﬂ?i u‘g n&, n;*“

whore siffizes denots the lovclo ond tho pritoen domto the
gource of the fortlilger,

Tuppose that throa soto ore oreangod in Jr fldde dn
o given rapion such thot v oxporivonts are olieccntod to
each of tho eoto, To dlotrimute n totnl of 8r exparivents
tn gn adriniatrative upd ¢ ono night soleot v villages at
rondon ond then scleot thrao ficlds ab rondor in ench villogos
Thoe mathematical rodel will then %o givon Wy

{4 yiwafw By + Vg $ Agg* Eape % gk,

whero [« 8o the nverego yicldy ¢ 2o tho avercge rooponso
of the trestocntl § L ol ¢, avo fizod offouts ond
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vsa ,\Mg £3a9 and %4y O%0 ratifor varia-laog 1/3 reing
the woeponon of o Jtb willege, Ay 5 the intornotion wotucon
treatrent ond villogo, and ﬁ’&!ﬁ ond % g Jewto tho aporinentad
CFTOPEy Oy It arduing fron plot o plot vorigtion ond
E‘m apdding fvon fold %@ £icld varlation, In tho ucugl
Mzed modol anplyels V& ond Ag 4 OFe concddared an dndopondont
randon varishios o tho corpononts of variatlon are
colotloted on e bawdn,

Tho gesurpen of indcpondonco of Yy ond "iﬁ ip
ot Justifiahlo An all cacens IB caco 0f £ldld
csporiconto ik @ ~scutplion gecko fo wo unrcillotle,
Thag-conslder o difforent roglong 4 amd ™ oo Wint

A Bag o uniforrly dlpteinttod rolnfnll ond R 40 avdd o
roinfall So unovcen, 3% 4o woll Incon that ho rocponco of
! tregencoto fortlWaore 4o ruch hotter in A then L0 .7,
Thuo corpaving 4o troatoanty (1) no fertilicor and (9) |
£0 1%, of nltroqch por nerog Yy vAll ho Mghor thad Vs
ol tha fntorsotion oy trootnt {(€) oill wo lamer thon
for troatmmnt (1), thue chouing that Yy end /g4 oo corrclatod,
Trus tho aosucption of dndcpandones of Ve ond Mg in tho
Ugunl cigc! mddl onclyolo of vardoneo o not Justigicd in
tho caco ©f cuperitemts in cultdvatiortn £icldo,

48 Vg and Agy ovo mot dndopondanty wo tay wrdto
- 48 Vgqn © Mgy ® 41 ® s

whoro mas 1a tho truo roghobon por plot of o 1¢h troatoant

mprt
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in the Ith village and fw and % sn are tho Ww&m@t&

errorp vhich aro indopondent of v 3 ol oo dvdcpadiontly

ond $8entiCally dloteitutsd with mogns poro and secpoctive .
8 , o

m‘rzmmoi@ and 0 *

For oaok pair (1,3, 0y 3 arg rondon vorlorlos and gince
tho villogeo are colocted at random we oy condlider my 4 aso
& rondon vorlarle dopendlng upon i, For differant 3, Tyq .
ooy o concideored ao indepondent rondon vardorlos but for

difforent £, m 13 neod wt he indopendent, Thug the

 Feaponpe of the trontment doponde upon tho villene §

oo thot in eovo village tho yidlqd of oll the trontionts

are JMEaly % %o high and 1u oo viklgno the yidld of all
trontoentn gro likaly to %o low, or muo tronticnio ooy

give Wgh yidd ond othors low, dapanding upen the chonldesle
oto, olrecsty prosent dn the ooll, lovevery tho effect s
rot ofton odditivo ~nd oo wo Moy connldor a furo goteral
asosatpiicn that for onoh 4, oy 5 bas o zultivarinte ool

ag otrdbution, A rultivasiato mormal ioteivwution, of coursy,
fnplics thnt the pousitle nurher of villegos 4p infind te,
wkich f0 not otelotly teue dn thio Casgy hul vo tay talo 4t

.ag an nyproxinate doscription of tho naturs of variation,

Yofivl tdan af RePantn And Yart amnn Cornenants Baraling
the villone in tho g}aw&a%m wy on mm g uill the populaw

tlon @ otrirution ),y we chall donote tho true cutint of



the 2th treatoent in tho village lokcled U By i),

Ya defing tho trus meon £or tho 149b troatment ke
(8 [y ® olig) = 2{p (a0
whave the axpected valto of & (1,u) bas heot Cabien wdlth
rompeot ® § 4  The gensral coan 1o defined as the
orithmatic average of [y over gll the trcatvents,

(" e f«, w0 (sps) ® 85 {iﬁ%u')&ﬁZmu,u)}
15

The azomnt Yy wiich this 1o cxceoded by e true Desn of
o 111 trentoent 48 called tho pain offect of the §th
trandnont,

{e) Qgﬁ )—‘aﬁ P«é ﬁm“@g) n-ﬂ%{a”)

The trie toan for the village lobeled 4 dsy; ol

(S) Vtﬂ) v {epitd o B Copel .

ubarg o o gt) U‘ﬁ' {mﬁﬂ *Z{Z.om (3;@)}

mod 80 callod tho maln offoct 0f the villaze londied u
in tho population,

fhe Sutersotion of the 1th tecatment and the village
labaled uy e defined an
(I0) /\{W) o 2{E,1) o B{2p5) o {ayit) & Blaye)
Free (7) o (8)y (D)) W (10} 40 40 mﬁ&g saan that
b, * 3&20 & ® ologe) ¢ 8 émm « 150 g o) 50



mﬁ(m Ja O
{13 Amtmoﬁé/\a(m w0 for oll U and
8 {Afw)} =0 for ali g,

with tho atove dofindticns of tyy Ve and A8 g 0 Doy
aguin write

Yegu® e Y e Vg edgg e e ag

The randon affects 2 V{udy oft)geees )\g‘u)g aro ot
Indlpondont, thely varlgnoos il coveriancos are the
funotions of the covarignee matrix of the random voriehles

{e{1,0)7 o I2 tho clevents of $ido coveriones Tatrix
are
Tagr ® @9 [ Eldgady w (2040} o
then wo tay colculalo frow the dofinditions of (ie
randen Ef a0ty that
Uu) = oy {0 (og0) & 8 Zim,m}
Var{ vV (u}) u*-- B { o {o,u) ¢ &ZM$;u)}

m-&- { m*@zﬁgeazi }

Teo T, 489

(12 Var ¢V (w) 3 ® T pe .

3 ¢ 3
where T 4 mrﬁgé Top * QLO* * 4 g_oz 0;”

Alec dince /\ﬁtﬁ) e {4 gudetf #ﬁ‘u)‘ /“$ *}“i

the walue of Cov {Aﬂ‘mg )\at‘ﬁ:} will rot depand on the
{ m}. ond 80 In 1%s coloulation we My agouo that all
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bq e Then 188 valus 4a the expectation of
[ 248 gud et o )] [ DX$? 0) w8 43 ]
oB( ) A et ga) T g gudatd o pUIEKL? 4114 [0 4gt] @
arty) E30 gu)Bs ) g (OsW 40 pR-ILRY)
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