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A 18 - For formilating an efficient samplirg design

not only the choles of appropriate styata and the procedure
of saelection are important dut also the c¢holee of a convenlent
gawpling unit on vhich charactor values are to be measured.
The sampling anit is defined as an element oy group of
elenents which 1 fdentifiable and conveniently observable,
Quits often 1t 18 not practicable to messure the charapter.
istio under study on the clements of the population gomee
times 18 may be profitabls to congider & gwoup of adfacent
units ag a sempliing unit even though cach unit of this growp
nay itsedf bo sn identifisble observational umit and hence
nay 83 well ba consideved as s gampling unite In actusl
practics, however, generally no reliable 1ist of the elements
in the population is availsble and 1t ia very difficult and
expanaive to construct puch a digte Farticularly when the
population 4g very large, wo cannot identify tho units
easily and in that ¢age they have to be identified by

means of groups of units oy largey units. Por insgtancey

in a Aty a st of all the houges 1g readily avatlable but
that of persons is rarely so, here houses may bde regarded

ag clusters of writy or elements, whers ghe alemants are
personag liv;ing in tb.e hougess In this Gase the units
comprising the populstion of psrsoms ¢an be identified only
vith the holp of hougese Gimilarly, the popnlation of
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ficlds growing a certain crep in a cerdain mgﬂlig./taluka
can ba identified with tae help of villages in which

thay are located with the help of cultivators-whoe. cultivate
theme In a limestock population, the elemonts may be
animals and o hougehold which hag a numbep of animels can
be congidered a8 a clustor of animals .8 in estimating
Mk production of bevines,it will be more gomverdent to
galect all the animalg in a housshold ag constituting a
sampling unite Thus the nnits of the pepulation in which

vo are ultimately interested, are called the slevents and
the growp of units uged for identifying them ave tormed as
the glugtorg, Ususlly wo deal in practico such type of popule
ation where units can de identified By meang of groups
(called clusterg) easily. To obtain a mample of eloments
from guch & population a suitable mumbor of clusters are
first selected end thon all the clemants gn the gelected
clugterg conptitute the sampls, Buch a procedure of getting
tho sample i¢ known ag glugter gampling

1%2 The clustors can be saledtod with eqnal or wnequal
yrobgbiiity with or without replacenent, Now if ingtead
of including all the clemonts in the seleceted chumters in
the sampls, gnly a fraction of them &3 included in tho
sampls and studied, the proesénre is known as gubesampling
or two stage sampling, The proceduye can be gemeralimed to
more than two stages and then 1% is called Miti-stoge
sampling;
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*3  Sometimeg, clusteys refer to the matural groups of unlts,
< 1:'3;119.@3’, hougehdlds etes If nmatural clusters do not
oxlet then they nalt be formed aytificinlly with the Help of a
well defined cvAterion or procedure, Clugter sampling
ean aiso be uged aleng with subegsampling in 2 suryey with or
vithout gtretification e.ge 4n two stage sampling, the
primary sampling units may be clusters of two or more villages
rathey then individual villages, Similarly, the clusters
of 8 certain number of hougeholdg yather than individual
householdy may be the second stage unite In this gituabion,

& viliage or a household 1tgelf becomes an element of the
population of villages/households.

}.f"

12* &g montioned eariier, the cholee of gempling umit is
very lmportant in sample surveys. Tho cholce of mampling unih
wil1 depend upon the type of popnlation, varfation within
clusters and glze of the cluster, T will slsp depend upon
the cost involved im travelling betuben end within clusters,
1.8  Purthery for a given gample sizey clustering of units
would decrgage the afficloney of the sampling design 4n terus
of vayiance of ostimators compared to simple randon sampling
unless formation of clustars ig dong in such a way that

the clements vithin a Iugter Aiffer vory much in their chavsctor
valpe but sye efmilay between clugter, Bub if officiency

is considered in terme of total cost invalved thén cluster
ganpling would be possibly much cheapey then simple random
sanpling, The emaller the varlation botween the elngters,
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_the greater iil ve efficiengy of cluster gamplings

The cholce of an efficient saspling design should not
only takg into conslderation the variance of the estimater
bt olgo the cost agpecte This ie one of the prineipsd,
reagon why eluster sempling ia uged in sample sirveys

so frequsntlys '



wa amtaﬁ, the mw of cluster ssmpling will Wm
upon the choice of sampling unid, variation vithin cluster
and wlze of the cluster, R

Suppase & poprlation of HM unitg is divided in ¢o
Emmmw clugters of ¥ units each and aye
ene cluster is selected with aqual. probability tw eatimate
ing the population mean '

M
L : :

= .%. ST %, @al T Zyhelatw
11 : =1

mere Y4 45 the valus of the 1 B unis 40 the 4 2 crugter,
An unhiaged estimtor of the popwlation mean (¥) 4s the
sanplo olugtor meéan which is given by the formmls

A . | |
% = “‘%“" ?; ) Yﬁ-ﬁ wons§2:1.2)

wWhare the subscript 'ef denotes that the astimator is baped
on o clugter sample, Iie veriance would be givem by

A N |
W) sdo 5 @2 (2433)
14
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vhere o ba stands for between cluster variance.

2,2 Tor studving the officlency of cluster sanpling as
compared to ginple yandom sampling, the variance of tha
sample mean (¥) btased on M units drawn from NM units with
equal probebility with replacement would be

- I i 2
) re g T r (G- ¥%e
=1 =1

lll!!l<2i2;1)

mm the gubseript W' denotes simple mndma gampling ami
o 4o the total variancs {vhen the devistton s baken frem the
population mean valus ignoring the cluaters for each unit

in the popmlation). The efficlency of ¢luster samling
as comparad to simple random garmpling with replacement would

ba A
Eg = I el T ez
(T, L= I

From thig it can be soon that clugter sampling will Yo

mire officient than simple random gampling with replatement
only 1f the total wvariance (0"2) 45 greater than M times the
between eluster vardance { % °) end this sugsests that for
the cluster sanpling to Ba mere efficient, the elusters should
ba formed such that variation between clusters means ia very
very small while that within clnsters shoyld be as large &g



possible,

2,3  Hanmen and Hurwity (1942) expressed the &M&W of

cluster senpling in tems of intraclass corralation coofficient
? between units within clusters. -

8§ ¥ ¥ L e
(24341)

The afficiency of clugter asupling conmpayed to SRS with
replacement 45 then given W ‘

G;Qu§ [ﬂ(}&d) ?]whm { a

W) o2

B ’ﬂw 1 % . . Kede ™
© 7 Wle1)7 - (B:32.)

which ghowy that clnster sampling will be more efficient than
simple randon saupling only 4f f4s negadive, I M ig egual

to ¥y then both are equally efficient, ey also pofnted out
that usully § is postive and as M inmweases [ decrease

the yate of dscreage in w41l be less as compaved to rate

of incvease {n M, Nemve with increass in plugter slze the
vaplance of clustor sampling incveagmbie. 4nd in cage of sampling
without replacement, N

M{Net) 4 .
%% i [mﬂ (Be3e30)

It W49 large than both ayve equally ef fictieonts

24 A mimber of atteupts have boen made to express the
varisnce of the estimated charvactoristic from a sample of
clusters of any sige, given the verianca of an equivalent
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aamplg of clusters of g given #ize as an explicit function
of the cluster size, Smith (1938) proposed the relationship:

.0~ }2 © E—;a.... £2aleele)
b ‘ig . > .

Mahalanoddis €45%0) and Jessen (1542) suggested the relationship
¢analP {v70) Mambmeonsmmra 2

v w = o ",b‘" ’
pince these relationships are not exapt and dased on empirieal
irvestigation, o they should be verified before using for
finaing the optimum cluster size, Hendricks (19%) pointad
ont that the law suggested by Mahalampbis and Jessen may not
hald good for large eize clustara as correlation betwesn the
elemgnts within g group approsches gero as the group beccad
Anfinitely large, Asthana (1950) also rdached the same
ponclusion, by fitting the lsw to descride the mean squave
within clugtersy for 8 lavge mumber of villages whsn entire
viliage vas eonsideved to be sampling urdde

2,5 Howvewer, tho efficiency of any design has to be judged
alorng with the consideration of cest incjrred, The simplest
and more appropriate cost function suggested by Jessen (19h2)
on empirical basis ©= Cy mMe¢ G,V (2¢5a1.)
Thig 1s the cost equation foy a sample of n cluatars of M
wilteguiers C = total cost of the surveyy Cy = cast of
enmoyration pep element including the travel cost from ons
element to another within cluater, 02 = cost of travelling

& unig dlstines betwesn cinsters,

2,6  From ¢his sample, ignoring fpo, the variance of the
mean per olemend vill be

V@ < 1 [aﬁ . (1 )aHM] (2.641)
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For the optinum size of unit or optimm sampling unit M
¢ to be determined, at a fixed Aéval of cost Cy such that
V(%) 1o mintmum, Jessen solved the probish experimentally
by collecting date on farmy uskng the sempling anmit of
@fferent sizeg for tvo given levels of cost, He worked
-a0d yelative standard ervor for sld sampling units and
detoymined optimmn sanpling unite

Cochrany {1948,63) attenpted the problem of chooging |
M and n elgedralcally so that the variance of the estimta '
15 mintom for & fixed cost by minimistng 0w ¥ +ALNMA+GN )
whsre A is the Jagrangian multiplier which 13 undetermined
and My n Gemotes the cluster size and sample sisze respectivaly,
Equatiens cbtained on differentiation and equating to zevo
do not give explictt valuss of » and M and the mothod to
solve them 45 trial and errov, |

247  Siogh (1956) campared the offictency of cinster sampling
with that of nubegampling procedure, He réahed the eontlusion
that in many survaym, where she trevelling cost between two
second stage units 1s high pingle stage cluster (cluster consigte
ing of gecond stage unity) sampling may be proferred, He also
obgarved that there wap nod much advantaga dn adopting two
stago clnster garpliing (scleotlon of ¢lugters of s,a.uls ot
soeond stage) over that of gubesampling procedure, He also
congldored the case in which average tvavelling cosh belween
two Beltsliets in the sample was relatively mich Jarger than

e average cost of selecding and locading the unit, field
tdentkfication, listing eto. por second stage umit and

vhere intraglags correlation wag nob high and suggested in
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sich B cage tyo stage cluster sampling way be more affictient

2,8  Incage of clustory of unoqual elsesy the theary of
cluster gaupling bocomes more complicateds In guch cages,
the methods of stlection and estimation svallable provide
efithey biaged estimates with smalley vardances or unblaged
egtimate with rathey larger vayriances. In case of unequal
clusters, let 1 denotes the size of the 3% cigstep, Fer
the sampling of clusters with equal probabllity end withoeut
replecewant, the ratio estimator ip

Ay

A " Ty f s % (@:8,1)
=1 1=t

Tt 45 5 blased estimats but mpt not be doriously bviaged for
dargs N

the eatinmater based on glopie mesn of the ¢lusier

n

% ¥, {2.842)
1= Tmfe

This estimate of populatlon mean may bg soriously biaded
if clustey means and cluster sizes are corrdlatad,

Furthopy Af the sives of 211 clustevs, 1 's ave known
in advance then blas say be aveldad by seloching a sample
of clupters with probabidities proportdionsl to cluster slzos
and vith replecemants

Hopelte & Thompgon -(1952), Yaltes & Grundy (1993)
Hartley & Rao (1962} also suggestad the mothod for selecting
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the olnsters with pepase and without replacemsnt, wherp
biag is negligihle for lavge populsbion, ~Hmwevey, thege
mothodg are not vseful for n) 2, '

-

Sampford {1962), sugsested the methnd of ®Inverse
Sampling® with papess (Whore sompling Lo dome with papeBs
with replacenent)s &b algo showed exzpepimentaily that this
method gives unblased estimate vith lowor verinnce comparative
to other mothodse Howevery in ihis method, knowled® of the
gizes of all clusters 18 vequired which may not be available
and algo it ig a costly method,

2,9 In cample aurveys, where ghe list of clements is nvail-
able bub because uging elemend ap A sampling unit ig aAther
in convénckent or costiy or both, In such gituations clugters
heve to be farmed artdfisslly, though efficlemcy will become
2ess Wut convordent and choapy

Sethd (1969) discussed the prodtlem of forming clustors
of two units vhon information on the study warledle {p) is
avzilsble from a population for eotimating the population
mean or totaly In this case umts are nrranged ¢n inereaming
oxdey with rvespect to value af the vavieble divided by the
expected mmbew of cccurrencesy He suggested that tho clustors
ghould to foymed in such & way that given the method of
eatination and ¢hs logg funntion, the risk {e minimised,

For a population consisting of 2¥ unlts, ho sugpested the
clustering procedurd ag followss

Aftey arrangivg the unite in intreaming erdeyy group -
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the units whlch ave oquidistant frem the emds. In this study
cost aspect has nob heen consldered while suggesting the
ordterdon for foriing clusters. o

In soch a case the cost of forming the clusters may
ba high and &lso the travelling cost between the elements of
s ¢luster will bo high unleas these happen to be quite ¢lose
to each othoy, Rarther for clusters of sige greater than 2
the wathod becomes laborious,

2,9 Fanse, Singh and Mty (1964,66)§ Gingh, Murty and
Geal. {1970) and Singh, Fajgopalan and Maini (1970) have
mentioned tho use of mothod of formation of clusters which lead
to the gelection of cverlappihg clustorss Those workevs,
howeyep, for the purpose of estimatlion presmumed that the
clustery are non~overlappings Marty (1967) also discusses
overlapping alustars dbubt did not discuss aboub the nature of
the bias. Ooel (1973) has also dlgcussed the case of over-
lapping clugtars and he has studled tho nature of the blas
boing Antroduced with the use of overlapping clusterg end
efficiency of certain systen of cluster sampfing in gase of
aoverlapping clugteys,

From the literatire on closter sgupling, it is cleor
that geveral workers havo dischgsed Gifferaeny wethods of
formatidn of clustersy but generslly tMese rpthods load to
the fornation of overiapping clusteys,w In this investigation,
the provlem of formation of non-gverlapping clustsrs will be
discussed and d4fferent estimators for estimating populstion
parangter with thely officlencies will be studleds



Henmoverlapping clusters impoge o very scrious restriction
on cluster sanpling in tho gonse thad a unit can be included in only
ona ¢luster, On the other hand in the overlapping clusters an elemont
may be ingluded in mor® then ong clustey, In this investigation, it
15 presuned that the 1tst of unita in the population in awallsble
and thosd unity form distinet and noneoverlapping groups (every
elochent 4n the population bolongs to ene and only ong group) and
the criterion for foruing ciugters and seleeting a sample of clustery
is guch that oneo an element 18 gedectsd in a oluster then 4t gannct
form part of any othoy oluster, Similarly, the gecond and subsequent
Glusters are nlso dlst&nct and nm«mrimim, mxpung being done
without repl&wm;

3.2 abion of clusters Usuallyy we find situations
in which cluster smling is emm.ed to the populations of natural
clusters begause list of ultimade sampling units is nob avallaeble
eaplly and the cost of preparing such a fyame is very high, On the
other hand, the 1iet of clusterg 48 gemerally avallable so clusters
may be taken as the gampling gnitse However, Sometimes, claster
gsampling &5 £lso uped in gltuahions vhere ths 1ist of clements is
availeble dut becanse selection of clements as sampling imits 45 {ne
convenpeiytand costly, In such o gase we may have to first forn

& psters of eloments avtifically from the ldet of clements avallaile.
In the farmation of clugtors, following pelnts are important to
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considers

(1) whether clusters are of equal or unequal sizes,
(41) what should be the cluster size T
{(111) bow cluster formation ghould take plnce (wvhat
should be the eriterion for forming clusters)

sige and ccmpea&tian of tho clusters ave important becauge
they are ralated to the cost of the survey and efficlency of
the estimatod,

When wo conduct a aurwey, we generally tr.y to avold
tho use of uncquel clusters hecauge of many theoretical and
praciical compliestionsy The sample sigs 4n terms of clements
16 a random variahle which iatroduces further complieations
in the czlenlation of variante of the sample edimato.

The éhcicm of gize of clugtor is a typical prodlem, o
A mumber of workeys have stuidied this prodblem assuming that
& unique criterien for forming clusters is availablo tut,
in many cares such criterion may not be avallable, The optimum
alze of the clustier depends tpon tho composition of clustors
and hence on the criterion for formisg clustorg,*

343 It in therofore obvious that, when clustors do not
exist in a natural way and cluster gampling procetuwre iato

be adopted, then clusters have to be formed ertifichlly, the
cholce of a guitable criterion for farming clugters becomes
an important aspeote- For thip purpose the mature of the pop-
wation glze and ghape of the elements, the typs of assoriab.
1ioh betwean elements of the population ote,will have to be
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considerede This s useful when the cost of travelling between
tho elemonty s an dmportant feotor. N '

“5 3,

S Rorthery 8 criterion for formation of glusters may

or may nok lead to clusters which are ncn«mriavpingg In

cage the clusters formed arde noneovorlapping, we drav a random
sanple of non-overlapping clusters snd comp uwta the ingiugion
probabilities of the varions elements in the sampley An attempt
will then be made ¢o bulld up an undlased estimate of the popw
ulation total/meanys Alternatively, we may butld up a simpler
estinate to avodd laborioug computations dut it way not be
unbiaged and we would then determine the nature and extemt of
the baa to judge the efficiency of tho sgbtimate, These various
agpocts have been sty g and discussed in the following
sectiong,

338 Ang Procedure: Maty suthors have suggested vartous
methods of formation of overlapping clusterge Goel (1973) has
@m&mamwwmksmfmuonmmwm‘
lapping clusters, Mub the main advantage of ths mothod of
gelecting woneoverlapping clusters ag desoribed hers is that weo
need not farm all ths clustars before salecting the sample,

We form only as many clugters as ave to be actually included

in the sample.

Before dlscussing the sampling procedure, we make somg
important asaumptions sdout the populetion, we assume that the
popilation conmists of distinet and non.overlapping groupse
Also the mmber of elémemta belanging to & particular growp
are sgsumed kKnowtie
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The procedure of selection of tho elements and formation
of clustera in the gample is as followst h
fet ¥ donotes the total nuxber of unitg in the population,
One olemend io gelected randomly from the populationy singe
the group ¢o which the selscted unit belongs is knowm, another
unit is salcoted from the remaining units which belong to
the sme group to uhdch tho earlier unit belenga to form a
cluster of two clementse Another clugter of two units ig
similarly formed by selecting one unit et random from the
remadning (M.2) units in the population end then combining this
unit with the another unit selected from the rematning units
in the group to which the earlier unit belongs. | Thig procadure
¢an be continued #4111 we get the dostred number of clusters
in the ggmple say 'm's These ™f plusters will be a random
sample @Bt of ell the possihle clugters eay ¥y whlch can bo
formad 1 the procedure nentioned above is continued unti) all
the populatien elements are exhansteds These N clusters need
not neceosardly be equale Clusters cen be of unequal sizes
depending wpon the murber of unlts in the various groups in
the population, In this stidy a cluster conslsl of two elements
and sometimes one element may almo form a cluster in case
it 15 golected and in the last romaining unib in tho group.

In thig way, Ir m-werlapping clusterg are chtained

where §' 1s guch that 5: Y = Dvhere I, 15 the

1=1
mm:wamaintheimclmr&&takesmmiiw
tvo or ono in the prament study)s The sot of N clugters

so constructed 4o Ltself a random gample out of a very large
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number of glmilar sots which can ba constructed by gelection of
different elements of the population at varimstagw of sampiing,
As already statedy the clustersin any ome of thesge gots belnd
noneoverlapping will not have any element 4n common vhile the
clugters of different gets will ba overlapping,

This procefure of clugter sampling 15 equivalent to samplw
ing with upeqoal probabdilities and yithout replagement even though
the first oloment of cach melepted cluster 4s selected with equal
probability, In this sampling procedure tho probability of
gelection of first umit 1s jﬁ, s but as soon ag it 4z selected
another untt has to combing with 16 to form cluate? of two units

vhich hag to be salected randomly from the group to vhich earifier
selected Ynit helongs which means for the selection of second
units in all other sroups' ave given geyo probobility of salection,
Using this criterion, the nexd unit will be selectod from the
rest of (I2) units and thus a nonezero probability of selection
1s assoclated with every clement for incluslon 4n the sample,

This techmique of clugterdng after sampling may be extended
to clugtorg of largey glze (when dluster gize 4s three or more),
the cluster size will become more vaviable since 4% ¢an assums
all values legs than the given siges The dotermination of the
selectien/inclusion probabilities of various units in the sample
would cbwicugly becoms move cuzhergome and invclved, However,
vith the gvailability and appldcatian of electrerde computer,
guch complications may not be 4ifficult to overcoma,

In thls otudy wo shall 41iseuss two cages (4) vhen the
sample dongists of two elusters (n = 2) and (41) when tho sample
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congista of three clugters (n = 3)s The main obJedtive of

the study 43 €0 examine whethepr 4t would be ms&bm to build
up an unblased estimate of the parameter uzmr study using
cluster sampling or if' a simplaer eatimatsr is av@mm which
howover,msy not be undiaged so that we have to dedermine the
nature and extent of bias in the esdbimmlbs, The fivsh step
thm'érqm 18 to compute the probabilities of salection/inclusion
of vorious units in the sample. Ono method for this wenld

be the procedurs of emumeration in which all posaible mumber

of gamaa in whtch a sample of a given slze can be drawn are
ennmerated and the number of ¢sges in vwhich g particular unit

iz oconrving vhich provide the frequency of occwrronce of a umlt
in the mample, This method would, however, be very cumbersond
and laboriouns when sample sige ig large, For smygll gawple gize,
88y 24 howveworg 4t would not be very aiffieult to adopt this
apyroacihe

lat us considey g group containing *at units, Ivery
uoit in this group may bo sazaciated with any one of the {aw.1)
remaining unitse Iet the total number of assoctating units
bo denoted tiy p{psa~1), then p will take the values 152p3esspky
vhers k 4s the mmber of the assopdading units in the largest
groupe 4lso more then one group may have the same ¥ vglue,

346

ras Lase Iy Wennm 2,

wvhere ' denotes the mmbey of ¢lugters gelected in the
gamplegawhen & sample of two clusterg 1s teken fram the popul.
ation of ¥ olemonts using the sampling procedure as deseribed
abovey two casep arige (a) both clustars are from the same
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group, or {(b) fron different grovps,

Thege two cases are mutually ax&:!_.uava ¢agemy and
account for the all possible vays in vhich & sampla of
two clusters ¢an be taken,

(a} This event 0an oconr only when p 2. If pm 1y

for the group to vhich the first zelevted unit valongs,

we shall nzeessarily have cage (b), hen pa2, then a grupls
of two {unequal) clusters may decome possible, e.gs in

the group consists of elements (X, ¥, 2), Then (X,X) and

{2) may be reg arded as a sample of two unequal clusters,
Slmilarly (X, 2)(Y), (¥,2) (1) may algo constitute the
gaunpley Howevery these three samples aye same as the units
oocuring in those are same, '

As mentioned sarlier, for detaymining the probability
of pelection/inclusion of a unit in the sample, wo requirs
the fraquency of oceurrence of & unit in different samples
for vhich the method of emumeretion of all possidle samplos
contadning different elomonta was used, Conglder a popule
ation congists of k dlstinot types of groups snd let n, denotes
the number of groups for which p (the mumber of asgooiating
units) value {p sena,

_ ™he muber of casss in vhich s sample of two clustery
can ba &rawn from & group ig given as followst
e .
p=2g 1



&200 -
pa3y  lestle2) y
pxhy ;[Mup-a»ch-a;(p—sﬂ |

P =Sy 3| p-2h2(pe2) e300 pe3)pt)

And in generad for p = 3y%,Fssspk formila Becomes

i [ vyt p2tpa up-s»xtp-s)(;»w....(k-aa{w(m-a)}'[wm@
Fuvfley 0wl ch oty o put s #a fowor, (/’:ge |
Esnce, the total mimbey of cafes when sample of two

clast@sbelougtotmemmmlwgiwnby

4 Z E(P*‘i)!p-a)ﬂ(p-&’){wH-"u(kwa){v«&-a) {B.*&#?)ﬂﬂp"ne
pe3
virnana{3:6,1)
(b) The mmbey of clusters whlch can be fdarmed in a group
with tpt associating units is.given by _BAP*1) , the total

numbey of clusters in the whole mmmn would bs glvem by

k
“g 2E n - > %, n,

=1

) uhem%dammagmMm:ofawmswmhmm formed
within a group,

In cage the two chuglers in the sample come fyom different
groupg in the population, the mumder of samples of two clupters
{any ons of which may come) for a given group of p associnting

units is _ﬁ%g__[u. _g_(%_n__}

Henes the total muber of possidle samples in the populaticn



oQ‘u -

is

2, (e 2eys ] e

Taleing both the cages 'at and 'H¥, the total number of possible
samples ave given by the formnlms

k X
%[;é’ {.ﬂ%l) 1&& P}%ﬂ‘n& + % E}(p—‘l)(p-z)'a(ml(v@l

reenset (ke2) i?"(k"a)—gip"(k"'ﬂ]% + nﬂ ensas(3,6,3)

For computation of incluglon prodetdiities (A pts) for
vardous units 4n the population, £t bacomes necessary to .
study the relative frequencles of occurrence of different
units 4n thepopulation, It ig odvious that units belonging
to the game typs of groups ( for vhich p valusy &s mame) will
be havingsame values of (Npla),

In, casa (a), the frequanty of occurrence bf a unit
in a group is given by the formula

for  pm 3§ #{ip=1)(r-2) ]
p =y ${{p1)(peale(pe2)ip=3)]
p =Sy B[(pet){pe2 e (p=2)(pe3)e (D=3} (puti) ]

And in general for p = 3M;Tuesvilfy formula beeques

[2’ )‘P'QMP-Q)(P*G)"* ""Sr (k"a) {n—-%‘i)ﬂe.m(}gﬁa&)
o Low

And algo caseﬁb) Mww gurrmoraunit
waich belongs to a group with itg valua p will de as followes



P

L - ..,gc_g:_ﬂ__] p - (3.6.5)
Thus coubirdng the frequanpies of dﬂ‘farent»\&iﬁts in thess
two cages, the total nurmber of posaidle samples containing a
unit are obtalned which provides the frequency of occurrance
of a ualt in a sample of two (nonwoverlapping) clusters,
Formola iz

; \ ‘ 4 » . ‘ koo
£, = [H - .2..2&.2. ] p + &[(M)tpaz)ttn»aup-sl * aas
I [P!‘MR {W&")}] . “3;646;)

when p=2, then foramula becomes
k

faé[pg pipet) n - ._?%‘"ll_j 2+ %

Hencw wo hove got & unigus formuls £or findlrg relative
frequencies af difforent type of units whatever the valus of
ipt 13 and hence Wp*a) can be computed,

The prodability of inclusion ( /\p'a) of different urits
can bo uged to srrive at the average sample size (nt¥) in terny
of number of alementg.

K
L. A % = ut leverage samle slze)  (36,7)
pst

where Iy denotes the mumbery of units i{n the population
ceyrasponding to p ag the punber of assoclsting
uniﬁs.. .

37 Gase Iz wvhen n = 3 (sample congists of three non-over.
lapping clusters)
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In this cage also, we procoed gimilarly ase in cage
of 1 =2, There are three diffsrent vays of cbtaining the sample
of three clugters, Summing over all the three cages, we gob
the total ramber of ways in which a gampld of three clusters
gan be drawny The different cases are as followat

(a) hen all three clusterg in the sample are drawn from
different groupss |

(b) Tvo clusters are selectsd from tho same group and
third one fyom the another group,

(e) 411 threv clusters are selected from the same group,

The forrules and expression for sample of two clusters
(=2) have alyeady baen given, 'FProceeding gimilarly, formulae
and expreasions for sample size of three clusters (ms3) can
be derived as followss

{a} The smample of three clusters may be looked Ypon &3

ons tluster drawn from any group &n the populstion sand the cthey
two clusters fram the remaining populatlon, Thus the expression
for tho mumbey of cases in vhich a gample of three clustera

gan be drgyn from different groups would be ng follows:

__p_(_%u__ n, <mmrofmeainwhieha

1 sample of two clusters can be

drayn from different groupy from
the remaloing populmtion (exeluds
Kinx the group from which ghe fir
cluster hag already been draym) .




- =2h

wo o x
=3 ) Bipe1) iz v“ﬂ")%:ku_ v(w)..p(w)n (34731
w| LB Lr

vheps 'pt danotes ¢he number of amsoclating Ynits 4n the remaining
popitiation,

(v) The mubey of ways in which two cludters can be selegted
from the same group hag already been given and ig reproduced belows

k
%=y K_(p..u(p.-am(p-zi(p-s)e...n(k-e) ip-.(k»z)"s{p*(kﬂﬁe 7ad

far p = 3;’%5'”»"5

Thus, when two clusters are sslested from the same group snd one
cluster fyon another grotpy the formila dbecomes

,‘_{ . .P_f%?.l:l n~ (347,3)

vhore aPﬁOtwpﬂ!
=4 p=2
= 4y p=3

There are also two other aitustions, when one cluster is pelocted
from ons group and other tuo clusters from the same group in

the remainlng populations EHowever, these also lead to the game
nunber of cases although the expressions sre sglightly dlfferent,
The expression for the nurber of cases ig given by

%ﬂ (é "P’p'sv) “v—)
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{¢) In casc all the three clnsters ave drawn from the
seme group, the expression may be derived ag-followsy
for pw 6§ H{{pe3)(pd Hi{ph ) pesT)
p=7y H[(p-3)tpl MUlpb Y53 40(p5 X 6]
P =8 § $[(pw3)(pee)h{pele) (pe5)+10(p5 ) (peb }20(p~6 }(p-7)]

In general for p = 8y TyBarereglty 1t bocomes
£2)8%H 1@ « Q1P (@5 Ew QTP +orene

eny¥ LPO?*S)) (’ﬂ*ékma)) ] lip | |

Abio St tom be ot i @ piplifiest ooy @Y,

and for p = & § the mwher of cages becoms ona
pmYy again cne

where n, danotes the nurber of groups dn the populstion with
P valng, '

-

Henee coobining all the three cases we get the tetal nubber
of posalble ¢ases in which a sample of threa: (noneovorlapping)
clugter can be gelectedy Tho farmula is given by

K ' B JLN ' vy
b [ i (x|

k | . | |
* g‘l 7, [m- 25%11] n,* [Lg)‘l’?/«{cgw(g)]?é‘%& oos [

Tasrevavenn (3.7
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(oxcluding the required groups for which frequency has %o be
detarnined),

(67. when all the three clusters selected in the sanple coue
from the same groups This case arises only when p) Y%,

vhen p = By the frequency of an elemant in this group is one
{clugter of unequal sizes are formed). '

pe ¥ The freguenay of-an elemont in this group is
algo one,
puby 4 {-3MpbI3(p)(rg)]
pe? %[(v-ﬂ(M)*B(MMMM@JHMﬂ
P By #{(pe3) (003 (Dt )T 146 (e b 2+ 10(peb H-7) |

In geneval £far p = 6474Beensgkt formils becomes
3[ =300 13 N p-5 6o Hp-8 1 10(p-6 D7) 4 o (k) ]ml

Witk & Lame 24 34:
Thns, cbhodining thase above three Casesy wo get the frequency

of a umt in the gample of three clusters as followss

k 3
£, = pKna'fi [(p-1)(m)«a(p-a)tpvsm,,(k-eﬁ.(k-ax fp < k~15_
p=3 x ng ] —

% & 'y
el g e )]

| (53203 33 DT WE(5-5) (-6 W AO(O8) D7D 10sad] (3737

whayre p equals to 143,35 esssnpk and other notations have
thelr usual meanings.
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Thug knowing relative frequencies of occurrence of a
unit in d sample of threv clustérg and knowing the number
of all Mble cagey in which a sample of three clugters
can be drawny the prohadidities of incinsion (/Ipfs) can bo
déanputed eagily, |

Having computed the probabilities of inclusion of
different units in tho samples In the following discussions,
the différend cabimates for the egbtimation of population '
paragoter have been studled, FPurthor, blas in sstimation
and variances of diffevent estimados have been dlscussed also,

3.8

Let us conalder a finite population cemsisting of M
elemends and lst y be the character under study. let yy denote
the value of the 1 th unit (l=142,350¢3N}e These X oloments
may be grouped into a nurbey of distinet and nonsoverlapping
groupss, It 1s degired to estimats the population fotal y ¥

vhich 15 given by
N
Te 2
" da T

This can be estimated either fyom a sample of clements
or from a sample of clugters of a glven size,

If inclusion prodabllitdes 7\1’8 (151429 3e0049 1) ave
knowny when 8 sample of n clustors each of size 'm* is taken,
an unbiased estimate of the population total ip given by



20~
%1 = i Yy
=1 X

vhich is nothing bud Horvits Thompson estimate whore fa' 43
the total number of elements gelected in the sample, It
may be noted that elthough cluster size m is 2, but it may
gonetimes takes the value 4 and as such the number of clements
in the saunple of size 5! will bo either mm or nmay, .
It can be easily geen thad ‘%{w ig_-_ Z&) 15 an inblosed
ostimate of populatlion total bein?; agmiarﬁ formila, and its

variance is given by
N R
V(Y)n (1o -'
1 7:_ Ly*a 22 A7y, 7;73)?_1% (8.8.4
7(1 Ay

1< §=1

A

vhere 7?13 ddnoteg the probadility of inclusion of -1 th and
3 ﬂ‘x units simultancously in a sample, The e:_gat.ﬁ.mata of the

variance 19 given by
8

V(Y")u Z (3::—%- 3’1"'3 7 Z_ (7\—51 79_ 3 yiy;)

1< =1 7‘1 LY AR X

Qn&-q*so(Bgaga)

This is an unblased estimate of the variancoy Thore are, howdver,
a few drawbacks of this estimate. It does not reduce to zeore

' L 4
vaen all z = MR ;_,.m equal n which cage thevariance

15 necessarily zero, Also it may assume negative values for some
samples.



Although the above procedure provideg an unbiaged
egtimate of the parmmeter (total/mean), 1t can be seen thad
computations of probabllities of inclusion (A4 's) of different
units in the sample are quite laborious and cumbersoms as
already stated and hence computatfon of estimate and ita vark
iance become complicated,

o

Therefore instead of considering thege A, 's 'aa such
in the estimate, ons may consideyr some function of sample
slge gay (ﬁ"‘) vhere n' is average sample size vhich
can be determined aaslly when all possible samples are known
v e shoney T o cane of sty e SV
of alze Y1 and remaining of mui-%, so the totxl mumber of
elements in all posgible sampleg ean be obta:l.ned‘by gunuing
over these gamples, and 1f this numder is divided by the
mmbey of possible gamples then n'(‘avaraga samplo gize) &s

known, Jhus ' may L onle, loted w.‘% as Cornfrared X Al
C»(c«.&z’w'n # Aors

A

Thug, the estimate I say (¥,) of population total
becomes ‘

A g

Le &L 5w (3:9,1)

n ]
i=1

This estimate 15 however biagod and its We can be
obtained as followss

1t us define a random variadble °<1 (331‘2;3:@0 o.N)
guch that
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ol, # 1y 4f 7 is included in a sawple of elze 's* vith
pmbabilityﬂ;_.

-4 O, Qmw

( ) ™ ‘17\'4-0(1-7\'1)#7&
and V(O(i) o EE(’.»E(O&)'] = B, %) - @(ﬁ)] A7y
V(o(i) = 7& (1~7T )

and Gove [y y) = BOGX RIS IS )n (yy =7 7y)

‘The expressfon for (12) mey be written ay

A

g Z
Yg”%Z“t y3

N 1ad
V(Ya) = V[‘:"’( Z 9(‘ y;]
= ,_ , Z . V(°(,.)Y fazz Wg("( ’3) Yy YJ]

n'a 1<}
va,) = f 27&"‘7‘&”’1‘@ Z 2‘_ (=R vs .v:] (3494
n* 1<4

and its estimate of variance is given by
2 L 2 88 (X,-RA)
v&a)u-;,-a- ‘; GeADvgr2 ) 3 2t 3

1<y A4y
omd Aiiyi1s ave ofelovmined Mt«/q"' te valat ue
Fv pvacith O,f OCCUY'Y tAta BF J AL {Hg T ‘Q*”*' (3'9’3)

2 m:.uuwmml,, Un i frowat paupls and efal e
This estimate or)ehs vﬁaumca iy unbiased s;lnce B v()ra):lav(!a

15 true which may bo ghown ag followss
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Lat us define a wvariabdls 04" (1:51,2,3.,"3) such that
Xy » 1 4f yg 48 inclnded in the smmple with probability A,

= 0 othervise

50 Eu)m.v(?ra)wm vritten as follows

~

B - 7“
v(Ya)v F—g—. Z (1-7\;_)"( ?302 'Z 5 (g3 =74 J 50(30(3 yi7g
n"2 1< A1y

taking expectation both the sides, wo get

vy (7gLJ -7\“7\" )
EEV(YﬂuE{ ,afz (‘l*)‘i)"(i yi +2) 7 =

1<§

Thus, 2 [p(Ey)]= V(T,) )
The ahove expressions for V(Z,) andw(X,) derived above ave
general expressionse Howsver, fop evaluating the estimte
of the varlanocey ve require the value of aeach of Ay s

foy units selocted in the sample, which ag already stated,
might be cumbersome and laborions process vhen the sample
size or the population ig larges A eglople way out would be
to aseribe a%ual probabllity to all the units in the sample
L1047y = "?;- vhich simplifisd substantfally the ovalnation
of estimation of the vardancey However, the estimate bovames
biaged ginve in thig case B [v{%)]ﬁ V(%)&jig

Tho estimate of the variancs under this asmmption
takes the form



»33e .
4 B8 e
(2 ) u Ha| (B0 -2 . (1) 5

% ¥3 ?‘J {3ap

{n '-'t) <

The blag in thig eatinate would be small 3.:7\‘1*4 do not
vary mich and are cloge to _%.:..n

As already statad, the estimate of thepopulatton
total is biased when 7\, 's are replaced by n'/ﬂi;sthzs -
may be geen from the following,

8
h t
Yan = 5 ¥y whic mybemmas
w
g N
a2 Z K g ¥y Where g (1s13250enay¥) 18
n

defined earliier.

taking axpwuuaa, wo gat

E(YQ)QE(-:M 20(17’1] = -n-ru Z E“’(’_)yt

n i=t
B
N e BT s B ST ogag A Y
n g

Thusy 1t wotld be of interest to study the bias in
the estimate to determive $ts cfficiency, the biass may be
worked out ag followss

Plas (L) = B(T,) - ¥

& N !
- SIDIEE %, "I I
n i=1

N
R T Rl
= {1 n




.
g
A v :
Blas (Ya) = 3-1 z ¥y ( HAq = ﬁ-!‘) (3499}
R

And estimate ¢f biga may be ag follows

Stncey Mas (T,) = B(T,) X

B
1.c. Has () = B(T,)eE(Y) = B(L,~¥,) vhere % = P
,\ - ‘A
chﬁg gste Blag {Yz) = §2“§’ -
(% m u s
1,04 05te m&ﬂ’\@ — Z - Z .ﬁ'&...
' ;1 8 , ¥ »
ests Blag (12) & e Z ¥y {K— .’.’...._.) (349,67

1=1
The magnitude of the bias depends upon the natuse of values
of /i tss From the ebove expréssion, it is clear that 1£/3's
are approximately equal to n'/N,then 4t approaches to sero
almosty Howevery ifX, ‘s are proportional to yy's {obsorvation
value) then dlas will be significanty viich may ov M4y not Lt
fvue wa 0wy Cane of p'ta.d./,

A8 may be seen, the calenlation of n'y which provides
the averaga sample aige, require the knowledge ¢f all pogsible
gamples with their sizess A further simplification may thercs
fore be made, by replacing n' {avarage sample gize) by s, the
slzo of the sample drawm already, Another estimte of the
populaticn total may then be build up ag follows:

fye Lo S
3" 5 %
1=

Tis &3 also o biased estimate of the population total, since
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B [&3)]# Ysyas may bo geen from the following,

" The sample size 's? becomes a vandom varisdble and

_ takes tho value wn or nte1, leot demote the probability of
the hw valuea by pin#z) and p{om=1) respectively, and lot 77:!.
emdﬁ‘& ' Genote the inclusion probabiiities in the.two groups
respectively for every ez.amnt (4142430 vesM)s

Then B(T,) = EE— j‘_ y,,}

which may be written as
i
E(%B‘):E" :;’ 7‘_‘_ 7y n{m)ﬂs’z %a‘ %p(m-'l)

Hore alsoy aimizaﬁy,,(i and ﬁt are aeﬂnad Y ezw:uar and their
expected valueg are computed, on simplification

NP d v, N (rmet)
B(T3) = = plm) 5~ Vg ¢ e PO 7:_ 7y Te
nm n e

which shovs 3&33 AT,

Ag may YO soem, when all posgible samples are of the same mizg,
{nn or nn-1) then (§’3‘) 15 the same as (%). sinco the gqvorage
sampie gize is also the samg, in facty this wvill provide the
estimate of population total as in case of SR8 and ity estimats
of vagriance is given by

8
VW )= *-“ (tes) Yf—i-a AB-4) ¥4 ¥ | £3297)
3 g [ 1; Tee1) §:<;£ il B

The esfimate of biag in case of E (_ﬁ_ %:‘_ yi) is
=

glven bys
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&) e 2.3 oL 5 e
ES’?E&BE(B -] Bnr‘unu; Z yiﬁhz e ]

ST 429 i1 A4

Hemce, gty Blas (¥y) % (E.-1_ ) (3.948)
Chy €8Ty = Ya - - T

Iet us have g population of I dlstinet elements, to egtimate
population total (¥)s & sample of @ units is gelected out of ¥
undts with equal probability and vithout replatement, The estimat
of ¥ 1o given by,

S R
avs "y L A
=1 y o
PR N{Beg) 2 2 9 7
and V§Ymg) o -\u?w o vhere o = o P (yiﬁ?’

If T, and T, ave two unblaged estimates of a paramoter
O ¢ then officlenay of T, im relatlon to that of 7, is defined

ag
vtﬁ’a) .

Wz,)

And 4f T, and T, are blafed estimates then thelr relative effictenc,
is gliven by
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cbtained acoording t0 two Gifferent sampldng procedures,
Toege are 1llustrated vwith the help of gurvey data in
following digoussionz,



e e W gy e e e Ay

41 In gituations where cluster samplirg procedures are
_adopted and the clusters do not exiab in a natural way, o ystem
has been suggested in Chaptey IIX for forming nonwoverlapping
clusters, the egtimates of the population paremeter, the blas
in the egtimateg and tholy sfficlencics for sampling with unequal

N ; (oLt "Zg@.’“’ are ot um /rm. o ‘MWWQM,‘Mt Avol, will |
probabilities and sampling with equal probabilitics were ,
b ombsed, Dde w1l bo 41lustrated vith the help of data
of survoy conducted in Punjad during 1971. The sampled cultivatort
in a districh were treated as the population The muber of |
cultivatovs selected in 8 village under the surveywere found |
to vary from village to village, For the purptse of this study, ﬁ
therefore, the villages with varying nusber of cultdvators were
taken as tho group of variable sizes in the popnlation, The -
procedure developed earlier are applisd to this populationfor
egtimatdng the average doses of applicatiom of Ny P and X, In
our gase, the population of 2% cultivatoys with thelr respootive
quantitics of I, P and K applied t0 a ficld are given in

Appendix I,

Yhus the population consistas of 2% cultivators coming
from five villages (which may %o congldered asg § groups of units)
and a gample of b cultivators is drawh using sampiiyg procedure
described earitery The sampe values are given bedovs

Pigures are in kg{émau

[ f#=2 — p=6—
W 46,0 LEy0 w50 L6%0
4 3.0 6,8666, > 8.0
X 1%&23 AT, 11,




100 ’

Algo, g =l and of = 3,998 .

The ogtimabes of N, P and K, bias and tho estimato of their
variances for different cstimation procedures aye presented
in 7Table X,

From the results in the Tadle I, 1t iy clear that
when probability of inclusien (7 's) arve taken into conglder-
ation for estimation of population mean (Using Horvits Thompson
estimate, ‘?1 y which 45 an unblaged estimate) thon this estimate
turna out to be an overwostimate of the population averages of
Wy P and Ky The esttmtea of variantes ere also fairly high.
Tho tm egtdmates of '? { vhen W&"a are replaced by ﬁfﬂ 3

? {when A, *s ara replaced by ....;...;.... } diffoy slightly in
bheir estimated values of population mesn. Further, in ouy
casdy the egtimte '%3 {vhen 7ri are replaced by s/ BQ tfaemw
erg estimate, Te estimtes of variances in case of Y, 4s
legs than that given by srg and Horvita egtimate !'ar the same

boct Kas Locen founnd Prue v G wo, A of Caset and A
sample si\m;: which MpMés the estimte # ie more efi%ien‘b

Caat i Ohitiueied Keve,
than grs and Horvitz estimate, The magnimde of blas as

estimated from the sample in this ease 1s about 20 por cant.

Thig, when goneoverlapping elustors eve formed using
the criterion mentioned earlier and a sample of say 'at clusters
{ wvhich may bo unequal) is drawn, then ths population parameter
can he estimated unbiagedly using Horvits Thompgon estimate and
egtimate of varlance may be computed provided the probahilities

of inclusion of variocus units in the sample are knowny Howegver, |

thls estimte 15 officient only £y ts are proportional to the
values of elements selected in the sampley If %‘i‘s ave replaced

i e R

ames Smca SIS AR =
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by som> function of sample size say.%:._, which simplifies the
estimation procedure, the estimate of variance is lowsr and therew
fore this estimate 1s more efficdent than the Foyvits Thempson
estimate, Murther, this eatimate (using_ﬁ_.) 32 also move
efficient than grae . N

Besides being most efficient, the cost agpects 1s also
quite favourable which in any case 4s the main veason for regorte
ing to cluster samplings Fuwrther, in case two &lfferent samles
ave token with the @iffepent sampling procedures, then this sample
ing acheme pgroves to be more efficlent.
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SUNHMARZ

Cluster samp)ing is freguently used in eample surveys
on account of casby convenience and efficlency consideration
Usually we come across situations in which cluster saugle
ing 4s applied to the populations of maturcl clusters
bocause 1ish of clements is not aevailsble easdly. Howdver;
gonetimes natursl clusters do not exist and the st of
olements 15 available but hecause using element as a sample
ing unit is elthor inconvarient or costlye In such
gltuations, clusters have to be formed artifichlly considor-
ing the ioportant points likte eluster gise, critorion for
forning olusters ete, Rurther, a criterion may lead to
clugters vhlch are overlapping or nonecverlapping, Sevaeral
| workers heve sugpested the method of forming clusters bub
gererally they lead to over-lapping clusters.

In this investigation, a oriterion for forming none
overlapping clusters (clusters may be unequal) has been
guggested whera we need not farm all tho clusters before

seleoting the mample, wo form only as many clusters na
are to be actually included in the sample. The method of
entmoration {8 used for eomputations of prohabilities

of imclusion {‘Ri 's) of different units gelected in the
sample in which all pogsible gamples are emmsrated

and the relative frequeuneles of occurrence of difforent
units in the sample, Furthor, 4% has been shown in this
dlasertation, knowing 7, '3, the population parameter can
be ogtimated unblagedly using Horvite Thompson estimata.
In thig casoy tho estdmate of variance is high, Rurther,
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) ﬂz&"a aye replaged Yy some function of sample glse wé“ »
which gimplifies the estimation prosedurs and the-gstimate
of variance is also Jower in this esmge compared to m

and Borvits estimate, although the ostimate obtalied 1My
this way 15 & blaged ostimata, The magnitude of blap is
also not significanty which proves the estimate obtained

in thig way g mere efficient and the sampling schems 1g
fruitiul,
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