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INTRODUCTlONI• Consldu a fiDite population model 

of 1lse N and let Yt( t •1, &, ••• N") be the yooebancteristic 

valuce .of the popn1ation. The main problem of aampllng 

theo~ le to esUDa te the total Y • y1 ~a+ ••• +yN ..nth 

the help of a sample of obeeJ~Vations 4tawn fJ'Om the 

population. When Wormatlon ~ on&Aamuuy 

chuacte~r x ia available for: aUt •l.a •••. N IU'Id a aDd 

y oe blgbly col'l'elated, lt 18 cuatomny to use the88 

xt'• elthell' 1n the' selection of the eample or loll' estimation 
• 

after .electtns the sample by •lmple ,aJidom hmpJin,, 
. • f I 

to obtain a bettu e•timate of Y. OJ?fway'of usi4g xt'• 
I 

ln aelec&g the ~ample i• t9- duwo ~ wdta &om the 

population one after pOtheJ> and ~th pli'Obablllty pr:o-

poritbnal to zt 'a ( • t.ol,.J', ••• o
1
N) elthel' with Ol' without 

I 

replacoment. This pr:oc~e of selection is ge.nerally 

~ aa the p:IObabllity propo:rtlonill to ei88 (p. p. a) 

In tho case of p. p. • aempJing without replace-

mem a numbel' of estimation pi'OCedUI'ea WCH dctv~ped. 

ln this connection lo'efnence may be made ~ the papue
1 

by Horaftz s,nd Thompeon (1912), Nualn(1951), Yatee 

and Qx"'JUly·(l9U). Deil RaJ(l~56), Murthy(1957), Du(l958), 
.-

&rtley aDd Rao(1961), Howevn, theee are compllcatecl 

and le11 useful for application in practice, epeclaUy when 

and Cocban{196&) have propoaed a 1imple U.cbnlq\\4! of 



uuqual pzoo'bability sam:pllng withOUl ~replacement. 

The malA advamases of this methodology, besides the 

simplicity of selection, are: 
' 

(i) It pl'ovides e.n estimate of the poPIJlati~ total 

which la alw;l.ya moJ'e efficient than the ataudal'd 

estinlato• ill 'atppltng with UDeqUa1 pl'obabUity ami 

with nplacemeQt • 

. (U) It does 11,0t entail heavy compu,Piticma even to~ the 
I sample size n > a lor lizldlrlg' OUl the estimate of 1/ 

I the population total and its Y';'~e. 
I 

(t.U) It fUl'Dlahea e.n,unbiased e•tlmate of the vaJ"iance 

which ts alwaY!! positive, 
I 

(iv) It p.J:Grides all t;xact ~ol'lllula for ~ variance of the 

estbuate "of Y. 

In actual pl'actlce,lt may happen that aometimes 

soma obae'JIVations may be missing due to unforeseen 

cll'cumatances. FOil example, lA agriC\4tul'a1 Y.leld 

S\U'Veys the ennmePtor may be «cldentaUy heM up and 

may not ~ able to contact a unit befoJ"e the ha'JIVest time 
I 

and consequently may omit lt. In auch SituatlOJlll the . 

estimate Call be obtam.4 when some obse'JIV&tiona an 

mlulhg Us variallc:e iD.cl'eaaos collliiderably. Thel'ef-on 
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it ia pertir.aent to examine the teaalbility of modifyillg 

the probabW.ty aampling a~h~ 'IUidct~ ccmaidos-atlon 

eo ea to enhance lU pflactlcal applicability • 

An attempt' has been made hos-e to overcome 

thla diffic:ulty,1 Two mo4tf1cations ol the a. H. c. acheme 

have be«m diacuaae4 togethes- with the utimatiOD 

methodolo&Y~ Those u.e found to be bette:r than the 

1\.H.C, estimate lA some situations. Alllo. the 

o:rdiDal'y ratio estimate la c:ORlpued with the a. H. C, 

estimate with and ~ ~sl!lg observations. 



' Section 1 

ON RAO·HARTLEY ·COCHRAN PROCEDURE 
OF UNEQUAL PROBABlLITY SAMPLING. 

1.1. llltr!)ductl.on 

To facWtate fllrlhel' l'efe:reuce aJld euve 

comple~a the Rao-Hariley and Cowan p1'ocedve of 

UD.eq\181 pJTObabWty aamplinJ wihout l'eplacement(R. H. C. 

acheme) ia briefly dillc:ribe4 lD the foUowt.q aubaection(1. l); 

Two dllfuetd modiflcatlou of the R. H. c. 11cheme have 

been Introduced and theb elflcienciea ba,. been compued 
J I 

with aome .. timatea of Wl.equal pl'o'bablllty,•ampllq in 
' I aubaequaaS aubaectiou(l. 3 ,1. 4 and 1. 5 ~; 

I 

' I 

1. z. The Rao·Hanler and Cochl'aa aaulplial procedue: 
I 

Fol' aelect!Da a aample of, aue a wdta &om 
I 

the population in queatioa, the a. :H. c. acheme coulata ol 

the foUO'IIrl.q two atepa: 

(a) Split the population at !'andom Into DIJroupa olaJaea 

N1,N1, .. ,Nil such that N,.+N1+ ... +~ •N. 

(b) Draw a eample of alae ODII with proba'bWty proportioaal 

to Pt fl'om each of these A group Wlependoatly. 

N 
whare pt z: ~ / X euch that X t~l~ 

It la ehOWD that L tf· ( i ) J the etatlatlc 

• • • • (1. 2.1) 

where ttl ia the eum of the p1'obabWtlae of the uaita laltla1 

lD the 1 th group and the aulfl~e• 1,1, •• ,a deDOta the A wdta 

I 



aelec:ted l:rom the A ll'OUP' aepal'ately • u BA wabia .. d 

eatlmate of Y and ita variallc:e ta 

N Yt a 
:2: Pt ( - - Y ) • • • (1.a.a) 

tal Pe 

Ill caae·N la a multiple o~ A; alld NJo:;Nl " ••• =~A, 

then V(Y) la m1alm\1m and ita value ~ 

. A N-n 
Mill V(Y) ,. n(N. l) 

N Yt a 
E Pt (-- Y) 

tG1 ~t 
••• (1. a. 3) 

I 

Apln, whu N is not a multiple of A, S~t'Jf=nR+k where 

0 < k < A and R is a poai~ve lntep~: £lJltl 
, I 

N1 =Na " ••• "Nk a R + 1; Nk+l =,Nk+l a, •• N11aB.. 
I 

thu (1. 2. !) reduces to 

v(Y) .. ! [' 1 - ~ ·+ k(n-kl .J ~ ~ Tt y )a 
n N- 1 N(N-1) t=l pt - -pt 

• • • (1.2.4) 
1\ 

All unbia .. d eatlmate of V(Y) pvu by (1. &.4) la 

.:4 Tl a E ,, (- - Y ) • , (1. &. 5) 
1=1 Pt 

B may be :remarlted that this eatimate ta alwaya poaitlve. 
" I All estimate of Mill V(Y) ia obtaJned f:rom (l, a. 5) by aettiq 

Ll 1 n a Yt a MiD v("Y) a ---=1 (1- N) I: v1 ( - - Y) •• (1.1.6) 
11 i=1 Pt 

Let A he evu. The aoheme c0l21lata of two steps : 



(a) Split - P9PU1atlo.n at J'&Ddom lDto D/1 poup• 
u./2 

of llae1 N1,N1, • .,ND/1 •uch that E N1 =N .. 

'"' o6 . 
(b) Dl'aW a eample,•lae 1 with JU'ObabUity pi'Oporif.cmal 

to pt and with ~cement fl'om each of theae 

gi'OUpa iDdependeutly. 

Estimato:r of the population total Y: 

' (1. S.l) 

I 

where 'u IUl4 r,a .... the y-chal:'~ri•tlc: value• of 
I 

the two un1h eelected ln die l th &,Cup~ PU and Plz al'a 

the coneepondtna lnltial proba~tlee of the unite aJid 

whe:re E1 le the expectation over a glven epUt and E1 

ll the expectation ovel' aU po .. lble ap11111of the population 

into n/& gi'Ollpll of alaea N1,N1, •• ·' ND/!' But 1 

" n/2 D/1. 
Ez{Yl) 1Zi Ez( Yu ) l=~ yl a y 

·Pufv1 

•Lnc:• Yu 
Ea( ul ) 

p "' 



• • • (1. 3. 2) 

" Thus Y
1

ls en unbiased estimate of the populatlon 

total Y. 

where V 1 and v1 are variances for a gtven split and foJt aU 

poasible splits respoc:Uvely. 1 

V(~1) •"'Vz (i?1) be~-•t2(41) •0 

a - Y) •• (1. 3. 3) 

" Case 1 : V(Y~ te mtntmmn when aU N1•a a~e equal, , Tbal'e• 

fore, when lilts a multiple of u/1 setting N1 a N1 •· • r:Nu/! 

a JN/n, lt foUowe f:rom (1. 3. 3) that 

" N • n/! N !J_ a 
V(Yl) ., n(N•d j~ Pj ( Pj - y ) • • • (1. 3.4) 
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n 

ca .. Z:· Let N be not a multiple of ll/7. and eat N=j: P' t k 1 , 

where P' and k 1 ue lntesore and· k' <. ll/1., then taklna 

Nl = N 2 a • • • = Nk' = P' t 1 ; N.Jl'+l = Nk'+l = • • • Nlljz c P' 

from (L 3, S) 1t; ie seen that 

(N·~ + k')(Jf • k') N 
( " ) _ II E ( .!J.. y )z 

VYl= ,nN(N-1) J=lpj PJ- .. (l.J.5) 

Wluw n b od~, .ep~t up the population at random 

lnto(n-J)'2 poup5 and tllen draw 3 wliu &om1 
~ and tw.o 

proportio.aal to pt'• and with replacement~ 
I 

I 

I 

The estimator of the populattcm tota1la thie caae la 

" (D.S)/a,_ 
Y 1 = E - ( 

1 lad z 

t • • 

\ 

~Jk 

Pr.f "s 
(1, 5, 6) 

whue J denotell the group bom which tJ1,ee =~ are 

eelected. It can eaaUy 'be ••en that 

" E(Y{) = Y t •. • (1. 3.1) 

&114 
" _ (n-3)/!_N __ l (_N::..l _. l_) + _1 NJ (Nj • 1) 7 • 

V(~ ) a L ! E - J. , 
1- l lal N(N.l) S N(N-1) 

Caee lt • Let N be a =ultiple of (n-1)/2 and eet 

NN N .,2N:then 
1" 1"'• • ·' -!.:J n-1 

2 

I 
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(N-!1::!.) ( n- ~ ) 
V(Yi) = ---=!=------

(n-1)' (N - 1 ) 

Cue 2: • Again, lt N '" n~1 pa + .k• , 0 k• 11
;,
1 

azad N1 a Nz a , • • • a Nka ::o pa + 1 ; ~· t\ = , • ,;fil!:!, a P•. 
2 

Then·aaauming Nj ., P• + 1, f:rom (1. S, S),lt foUowa that 

pu! ( n-1 _ :! ) + pa ( k• • ~ - ~ ) 
V(t•),. 4 6 o 4 

1 N(N-1) • 

I 1 

N Yt: y.Z ./ 
E Pt; ( ;;:' • ,- I ; • • 

tal ·-5 I ' 
• (1. 3.10) 

I 

I 

I 

V(y" 1 ) 1 L-( n .. ·l 
l .. N(N-1) .. t ~ .P• (P• • 1 ) t P• k• J. 

N Yt 8 E p ( -- Y) • • • • (l.S.U) 
t= l t: pt 

It ill eaay to verify that the variance pvenlD (1. 3.10) 

la leaa than that pveD lD (1. 3. U). Hence aelectlni throe UDlta 

from a l:r<lUP contalDlns (P• + 1) wdt:a la preferable lD tbia case 

l. e. when N la not: a multlple of (n-1)/2. 

Eatfmatlon of varlenceal 

Cate 1: • Let 11 be even. It is clear that 

) 

I 



where E2 and ~ an espectatiou lo• a ~ 1plit IUid fo11 

aU JIO'IIlble eplitl rupectlvoly. Hence 

" •• (1.3.1!) 

But. 

I , 

who:re E t: v(Yl) J = vcv,). ahe:refon, '; 

I 

N a L ofa 1 Y~ 2 
.!1 - ~~ ru :z: •E E - ( + ) 

t=l Pt tot~ 1 z1 PI·/, Pu vi l! i 

J\2 -9 • Y1 +v( 1) J ••• (1.3.13) 

Fa"om (1. 3. 3), it ll c1en that 

It foUowa bom (1. 3.13) that 

A 1\ D/1. •l 
Ev(Yl) =V(Yl) =A E L :E ..L ( l1 + 

l=l 2 ~/vi 

• ~ +v (Y1)J 

I 
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• • • (1.!.14) 

ca .. Z: • Let A bt odd. It cu. eullyll• 1howau in 

'; (1. 1.15) • • • 

I 

" !'&'om (1. 3. 8), V(Y•1) la pvea by 

" N v z 
V(Y' ) • B :& p ( !L - Y ) 

1 tal t Pt 
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z 

+ Y12 > pf& 

• • • (1. :U.6) 

1. f. The eeleetioa eclseme couiderec! lD. the p:revioue 

aubile-a!.on pl'oYidee a 1ample wh~e effective elae 11 le•• 
than or GqW\1 to nr. SiDce f~ each group oDly ~o wdtl are 

nlectri by P•P• •· with r~lacement aehome, the probabillty 
' 

I 

of· r~·~ti= ol Wlits. ll quite emau. But ttilllt doe• .furnlah 
I 

' •ample• with rapeatecl UDitJ arad ther,More lt appear• that the 

eatli:Qatel conaldere.d lD. Wa eue caaaot be ~re efflcleot 
' I than those whell. tha de•tgn abr•ya pzoovidea e!>m.ple• wh011e 

effective 1tn equall n. Set~ it wtU be wonhwhlle to con.tlde:r 

Aaother alta:rutive to the R. H. c. echeme : -

aafoUowa: 

(a) Spllt tho population at r&Adom imo D/2 poup1 of •l••• 

N1~N1, ... ,ND/l eo that N1+N1+ •• , + ND/Z :~N, 
(b) Draw a aample of 1la1 2 with probabWty pNparllonal to 

pt '• a.od without raplacemem f:rom each of thale poupa 

l.odependeld:ly. 

An Eatilaate of Y : - An e1tima~e of the population total Y 18 
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•••• (1.4.1) 

••• (1.4. 2) 

) 

Yu•Ytz' ptl,pil and ,i have 1ot the tame meantnlt u lA 

the pl'niOU tQ .. C:tiOJl, 

It ia ••• u, ... that 

" Y 2 l• an uahla .. ct ••ttmat• of Y. I 

" 

/j 
;_I 

) • ., •• (1.4,3) 
I 

I 

Val'lanc:e of Y 2 :.. To derive an 8SP7t•tiOA fol' the Tal'~• 
1\ 

of 1'2• the lollowinalemm• wlll \e ue<t. 
- (1) (2) J3) 

Lemmas·- If *m ' xm and x.n are the .. mple meau of 

a<1) , a(Z) a~ •(:!) chal'actniltlc: nluet of the wdtt of a 

•impl• random •ample of m UDlh dwawn from a fi.Aite 1 

(2) 1 _(1) 
~ N (1) (9)· JC K (2) 

- :E:~~: a - Ex 
ro (3) )zj=l J j _(3) z ja 1 J 
\A (X ) 

(3) 
aj 

(1)- (Z) N (3) Z 
X X E(a) J 

+ ( x<a))a J=l j 
• • • (1. 4. 4) 



to the fir•* orcin of app:rOllimaUon 

(i) {i) 
wbere E(~)" X • i =1,!, :s • 

Proof: - Suppose that 

••• (1.4.5) 

such that 

!low, 
_(1) _(a) 
~·~ 

(:S) 
~-

fori •1, -3 and ll and J al,!,., .N 

(l) 
E( 'J · ) a O, From (1,4, 5) lt ~(:lear that 

/ _(i) _(i) (1) 
Xm, .. X + •m toJ' 1 = 1;a,:s. 

I 

I 

I 

(l) _(1) (2) _(a) 
' ( ~ + tm} (X r•m ) I .. 

_(3) _(3) 
(X + •m 

_(1) _(2) 
X . lf 

.. _(3) ( 1 + 
X 

- (:&) 

) 

_(1) 
'm 
jl) 
X 

) ( 1 + 

_(a) 
'm 

(!) x 
(3) 

i"m 
(1+ _(3) 

X 

) . 

AllumiDg that •m < 1 and ..expall<llnJ the laet 

factor by Binomial expan1lon, we get 

I 
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_(1) _(2) (1) L(a) _(1) 
•m · •m Y · lf' - 1 m 

(!) (3) 
t Ee 

....;.;;;;..xm:__,(,,;;.)=- .. x (11) • L 1 + yfl) + !a> --:(sf 

Therefore, 
_(1) _(l!) 

_(1) _(1) 
•m •m 

+ 

( ·~) )1. 
+ Js) 2 

(X ) 

_(1) _(B) _(2.) _(3) 
• 1 1 m 1 m _ m m _ .....::::...-....;:;;;:.. 

+ •••••• -1 
I 

I 

I I 
I 

I 

_(1) _(2) .1..(1) _(2) 
X • X 

E( m m )Or 

~) 

X • X - • •m 
_(3) • ELl + ,~. _m7:(1t-) -'""iJ..,a) 
X X X 

_(1) _(3) _(2) 
X X X 

1 . 
ceslecting the tums of ordoi' - 'Y , whue 'I ~ 2 

m 

J 

Now, E(T.m(i) . •m(l') ) ., N-m · ..L. ~ ,(l) 'J(l') for 1<11 
Nm N-1 j=l J I 

N-m • N (l i') . 
'"liiiQ N-1. 'ii 

where (i i', 1 N (i) _(i) (11) .Ji') 
"u a N :2: ( XJ - X H ~ - X ) 

j=l 

alld E( ;ll) )a a 
m 

N •m N • N'm N -1 
~3) 



Therefore, 
_(1) _(2) 
X • • 

E( m m 
_(3) 
~ 
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_(1) _(2) 
X X li+ ) .. 

_(3) 
X 

(13) 
--~.;;:;_-

(1) (3) 
'X x 

(1) _(2) 
'X X .. 

_(3) 
X 

_(1) _(Z) 
X . X N•m a---+ Nm 

_(3) 
X 

(12) 
N-m N I'll 

Nm • N.r {.Jl) Jl) 

N - 1 N (1) (2) . -L - E:sj • lll • 1 _(3) j .. 1 J 
X 

' _(Z) 
X 

_(3) z 

_(1) 
N (1) (3) X N (2) (3) 

J';l xJ •J - -J"'"!"")- Ez •J •J 
(X ) (X )· 

_(1) _(Z) 
X . X 

+ j:a) 
(X )3 

Thus, the le~ ls proved. 
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...... 

Now, consider the variance of Y2, viz. 

where V 
2 

t. tho variance fo:rr a given split an4 V 1 la tho 

variance for aU poesible apUbv of the population. Hence, 

where 

a 
>J 

1 n/! Nt Ytj ~ )7. ai I: El I: Ptj Pij' ( -lo;l j<J' piJ l'lj• 

D/2. 1 Nl 
I 

I 

_.! E ~· - c I: p plJ' ( plj + pij., ) .. ,~ "1 J<J' lJ 

(!!!. - Ylj• )I J 
plj plJ' 



1 -. 

ln/2_ 
-- z: L E. fl..t -. 

-lY· 

Now, aince each :random a:roup cube consld•reet aa a almple 1 

:random aample from the population, it foUGW~~ I rom the above 
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Jll'-N + i 
NNl 

I 

' I 
I 

N ! Na lSI N 2 -
·( :& Pj y,) - Y E PJ YJ + Y ( :Z: Pt YJ )( ~ Pj )..} 

j:;l J J=l j=J I jcl 
I 



.!!! )2 •• (1. 4. 7~ 
Pjt 

Caae 1: • Asswrdng N to be a multiple of .o/Z IUI4 talldng 

N1 = N2 ....... «ata = !N/n, llrom (1.4. 7) lt lollowa that 

I 

1 
+ -· 4 

N 
N •I 

...!I! )a •• (1.4.8) 
Pj• 
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fue l:- Let N D .!.... P 1 + k 1 • Wbe7e P 1 aDd k' a7e z 
inteaerl an4 0 < k1<D/2. Now taklDJ 

N1 aN a :o •• , •• =Nkr P'+l 1 : Nk+l a Nk~l =• ••• oND/2 a P' 

from. (1.4.7). "follow• that 

1 N n-Z z -- ( t+-. ·:tp 4 N•l & J 

Yu z _...,, 
Pj• 

I ,.. ' ' ) . ~ PJ 'Pj,(pJ + vlj•) ( !J_ -
J<J' I PJ 

' I 

I 

+.J... N • 
4 N -1 

n - 1 " ( )z ( !L !l!. )a 2. .~ Pj PJ 1 PJ + Pj 1 -
J<J' I 'Pj Pjt 

••• (1.4. 9) 

where 

' 



10 that 

n/2 l 'D.. Pl& YU 
•lil :z; - (l .. .:.!! ) ( 1 -- )( ""Uf•· 1=1 4· 'll'l r -. 

11'1 

" " Therefore, ~ v(Y&) lathe estimate of the vadanee of Y 2.~ 

-
Pa,' 

;. ! . (1.4,10) 
I 

I 
., I When. n t.a odd, the coneap()Dd~,am~ 

proeeclun caA bo slwn a1 bl the prevloWt •,.,.•cUon(l. 3). 
I 

SlDCe eetlmate of tlle population. total au, (t. 1fl"h!D#e can 

ea1Uy be 4evdopect oa tho 1eme llnes J.iL thU ca.•• u lQ dte 
prevtou one, no furtheto elabl)n.tion'la lntmsded. 

Since l~a \llll)!tde\'o4 Des Ba.J eatlmate ( cf lt1U'tbyl3J) 
if mo.re efficiem ~the oi'del'ed one, an eetlmate of Y with 

" tbie echaill$ which l4 mol'S effiatem thaA Y 2 can be o~t~ 

Blfollows: 

Set 
" ntz t L- c 1 • P!a ) Yu 
Y .. = E ---------" Pu P > ,, I t"'t ( a • _ _ !JJ. Pu •, 

"'i '~~'i 

J 



In view of the •elecUo~ a.ahemo it 1$ e1eu that E& s) ,.y. 

The variance of Y S u 

A 
aad an utimate of the V(Y s> 11 given by 

1.5. Comparison of clft!matea:-
I 

' In thl.a a\1baeetioll we cOASidor the follQwtng eatlmatea 

(i) The ataadai'4 a:~tQ ill eaJJe of va~ probabillty 

.tth :l'eplacemem : 
1\ 1 .Q ,_/ 
Y' "' - X Yv \'11 

Q lad 

I 
I 



(lv) The elltlmate propoaec! in aubeec~on (1. 4): 

" D/2 
Ya .. Il 

t=1 
t ..!!!... (l+ Pu ) + Yt2 (1 _!!!_ >} 

a Pu •t Pu 

Fott aimplictty it t• aeaumed that o b evao in 

what foUowe. It u !mown that ( cf [ l J ) 

• ':. (1.5.~) 

I 
I 

I 

I 
• • • (1.5 • .2) 

I 

whe:re Y 3 ta the impJ'avod e•ttma~ 1 propoeed 111 the 
~Jub.ection (1. 4). Stnce, 

" 1 - N V(Y') .. - L ll 
ll t=1 

V: a --·Y .J .. (1. 5. 3) 
pt 

thorefore. from (1. 5. 3). (!. 3. 5) aDd (1. 2.4) lt b clur that 

"' " " V(Y•) ~ V(Y t. ~V(Y) • I • (1.5.4) 

hold• mao a1wa..,.. 
Thie leacle to th<t c02acluaion thot the propoaed 

"' ••ttmate Y1 ta Dotter than tho •tudawd utimate tn ca•• 

of varJingeproba'bility 'With &-eplnoemom 1ml i• woue tbaa 

tlw a. H. c. e•tlmate. Aho. amoqat the~·· p:ropo .. d 

f 



-24-

" estimates Y 3 la beet 'but lt ca1m0t be compared with 

other estfmatee undel' cODSideratfou, because it's variiUICe 

is not known tA comparable fonn. 
1\ .... 

Comparison between Y a and Y: 

Suppose that N .. nR + k whel'e R and k are 

lntegeu and 0 "' k < n, then from (1. a. 4) 

..!J!. >a 
Ps, , 

I ••• (1.!5.5) 

Now asaumSng that N = !. pt + k' I a I 

k' ok 
I 

if k <. tJ/1. 

ThUG, 
( N -1 + k')(N·k')) (N-n+k)(N-k}+ I (N-n+k) 

if k ~ D/2, then ------------=-----------------DN(N-1) DN(N•l) 

n 
and if k <.D/Uhen (N-j+li')(N·k') .. (N•n+k)(N·k}+ lCN·k) 

DN(N ·1) . DN(N -1) 

Therefol'e, U k ~ D/2 fl'om (1.4. 9) it follows that 

" " 1 (H -n + k) N Yj 
V(Y2) = V(Y) + i N(N 1 ) I: PJ PJ• (- -

• J<j' Pj 

.~;...!_ (1+ N 
4 t (N·l) 

n-! 
a 
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and if k < nfZ, then 

Hence, lf k ~ nfZ., then 1 

" "' 1 N ntk N Y V(Y.~. ) • V(Y) a- . ( . E p p ( J 
4 2 N N -1) j j Jl -p 

<J~ j 

N 
(N·l) 

Now since, 
N E ( !J. Yj' ,! l<.flJ Pj• pJ+pJ,) (..:; - - 1 

'pj Pj• 

0 0 0 (lo5o6) 
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N Yt 
and I: p pj' ( -. -J<J' j p 

J 

Yu Z N y 2 -L.) •·Ep (!J-.,. y) 
P· j=l j PJ 
J' 

Therefore, 

" "' N•n+k V(Y2) • V(Y) P ( aN(N • l j 

N -N-1 

It b now clear that abe r.b.a. ia deflJJitely oeptive U 
I 

N 
Epz? 4<N-n+k) 

Jal J N ( N .. 1 ) 

., I 
• I 

Even U lo'll aome caa .. the bt.e-""... 1 < N (p +p ) 
,_.,. A - J N - 1 l l' 

holda Joocl, the :r.h. •· can be expected to be negative when 
" 1\ the population ta quite akawed and t:hei'Olo•e V(Yz)< V(Y) 

lJI. auch caaaa. 

N z I 4(N-k) 
J =1Pj ~ N(N-1) 

.., 
: 
I • • . 
• :. . . (1. 5. 9) 

' ,. 



Section n 

ON SOME UNEQUAL PROBABlLlTY SAMPUNG 
TECHNIQUES WITH MISSING OBSERVATIONS 

2.1. Introduction: • Sometime a, in a ample Rn'Oyll , lupite 

of aU precaution~, aome ob~ervatlopa mlaht be mluinJ due 

to some unlo!.iaeen :reasons. For example, in agricultural 

yield aurveya , it ia vei'Y common to meet with a attuatlon 

when due to some practJ.cal cU.fficulttea, ~ uop in a 

a elected field la harvested before an obae:tvation ta made' 

on it. It is , the ref ore, lnte:restq to ~~ the behaviour 
I 

of the eatimates conaldered in the laat ,.8ection in auch a 

situation. ln this section beaidea c:cm:zparlnJ the efficienc:iea 
I 

of then estimates, the ratio eattmate la c~red with 

R. H. c. eaUmate with mlaaing ol:i'ae:tvaUons. ,It la foUDd 

that in aome situations the oatimatesp:ropo .. d 1n the pre-

vlous aec:Uon an better than the R. H. c. estimate 1n 

case of mlaalng obae:tvatlona. Funbe:r, the ratio oat!-

mate ta superior to the a. H. C. estimate in many caaea 

particularly when p (the correlation coefficient between 

y and x) 1a Wll'f high. 

2. I. Effect of mlaaing observati!Ju? on R. H. C:. eatimate 

When no obse:rtatlon la mlaalng the a. H. c. 
estimate is givan by (1. 2.1) t. e. 

I 



when the t\llflxea 1, a, .•. ,n denote the n 'Mite .. lected 

from then il'OI1P8 tJeparately. 

Now, ~uppoee that clue to some ~on eon caWies 

y obae:rvatlons are mlatlng. An estimate conespo.nding 

toR. H. c. -sclieme' baaed on ( u. - y) obtervaUou ill 

••• (2. 2~1) 

when the nffhcea 1,2, o •• ,(a· y) clnote the (o • y) 
I 

available telected umta fl'Om D ilrollP 1,6pafttely. Now . I 

where 

' I 
' 

I 
I 

I 

Ea a11d EJ llave sot the ~~ mea.u.lnsa aa 1n aub• 

•·v ,.z: T, 
i=l • where 

) 

where Z:' le the suhm\a.tiam over aU thO.e y POI&P• Ia 
y I 

which obae:rvatlo:a al'e Zllia~.lna· Therefore, 

,. y • 'E' Nl y 
y N 

.. N • 'E' N1 X 
N T • 0 • (l. z. 2) 



A 
Thua, wo aoe that Yb tea btaeed estbnato of Y, aDd tho 

atatletlc 

y "-...::N.__ 
u ••• (a. a. s) 

ta an unbiased eottmato of Y. 

Case 1 : • Lot N boa multiple of u. Thetl, p;JtJng 

N1 "l'f~ " - • • • o:iN'0 = N/n ,. 

it fOU,OWB flrom (!. l,'j) tba\: 1 I 
' I 

" Q y .. --:.:.-
u Q- y ••• (2.1.4) 

' 
Case !: • Suppose that N "' d+k, :where R and k al'e integers 

and k < n.. Then, taklug 1 

Nt "Na" • • •• a~ a R + 1; Nk+l oNk+l = •• ,..N0 C!R 

and auppoatug that '1'1 observation~~ a.-a miaatug from the 

groupe of slze a + 1 and Yz observation aJI'e missUIS from 

tho group of alze a so that - Yt + 'Vz "V• wo get 

( 

" Yb • • (2. a. s) 
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whore V a and V 1.dencte the YUl~~ACea for a pven eplit 

and fo:~r aU poaalbla eplits Gl the population fJUo 81'0UPI 

" V(Yb) = l: 
n•y 

Nl(N1·1) N "1. a 
....... -"":-. - :z:. Pt ( ....!.. - Y) +V l(l;• y l) 
N(N ~ 1) · till Pt y 

• • • • (2. a. 6) 

where E u' the .1ummatioD <Wei' those (lltY) ill'oupl In n-v , 
which obaervati=- are available. I I 

Now,. v1( :&1 Y1) a v1£' ( E1 'N1) (Y7,:, N ) J 
'Y y v l 

whore Y E' N is the pooled ave~e of y's talJinsln 
'Y I 

the sroupa comain!Da 111Ualnf obaervatione. S!Dee pch 

aroup can be consldel'ed as a l'andOUl sample bom the 

poPI'latlon, Y 1 can be c:onslde:red aa the mean of 
E N1 y 

a raJI4om aam.ple of elise ( E' N1 ) f•om the poPI'laUon. y . 

V ( E' Y ) " ( E' N )2 ( 1 v l l ., y 

where N 
( } 2 ( - )a N • 1 Sy = l~l - Yt • yN 



Therefore, 
A N,(Nt,•1 ) 

V(Yb) n'"_~ N ( N • 1) 

_..!.,~ 
N y ••• (1. a. 7) 

Case.!: - Let 'N be a multiple ol n. ;snmh~s ~ ~~' . 
• • • o:Nn = JVn, dlo equatiou (2. 2. 8) ebnplUles to 

' 

• ,• • (2.2.9) 

Cau a: r Let: N "'uR+k, where R aDd k ue lDtesel'l 

and 0 < k < u. Taking Nl =N2 "' • , , :Nk a a + 1 : 

Nk+l " , •• = N0 = R aud euppoaflog that y1 and Ya al'e 

"'l'nbe'l' of obsenratiODI mleslD,g f:rom the group4 of 1lae 

a + I and R respectively, we get 

N ,. n 

N • ~· Nl ( n-y) +~ (yk • y1 n) 
, I 

N1 (N1-1) (N•k)(N·k-u) ( n • y) + !n( N • k) (k-y1 ) 
~ =-------------------~------~-

ll-'1 N(N·1) nZN(N-1) 
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So t;JW l1'0m (2. 2. 8). it follows that 

V(Y ) .. _f_N_·k_)CN_·k_..n_)_Cn_-_v)_+2n_(N_·_k)_fk_·_v=-1 >_ 
u 1 2 N(N-1) { n-y + N ('tk-Ytn ) } 

y(N • k) + ny1 2 
+ -----::---.:~.---. B • • •• (!,!.10); 1 y 

(n - y) + N (~ • Y1n) 

It reduc:eo to (2. 2. 9) when k .. 0 and v
1 

.. 0. 

2, 3. Effect of mtasing obsena~orw em, ~1; • 
I 

To study tho elfeeta of mls)'!ns obiJe;rvatiOiliJ em 

the estimate ~1• suppose that out e>f·~2 groups s are 

suc:h that both tho obaorvatiODS are missing bam each, 
' 

data aro avnUablo lrom an the units selected l:&"orn the 

l'&f.\llllnlng groupe • so that on the whole l .. 2 a + a 

uidta of the a ample are missed. 

A biaoed estimate ol the populaticm total Y I.e 

• • • (2. 3.1) 

g:roups whlch pl'ovide both the O!»se:rvauou. ad E1 ls the 
11 

lu:rnmation OVGI' the u g:roupa which provide oDly one 

obae:rvaticm each. 

I 



••• (!. s. J) 

where the •"mmation E 11 la taken cwel' the • poupa • 
lD each ot which both the unih •elected a .. e m1••lng, 

A 
~ Yb(l) 18 a biased eedJnate of Y, 

From (J. J. i) lt i• cleu that the e•ttmate 

le nnM .. ec! forty. 

1D (a. S.l-). Then, cleuly 
I 

" ll " Yla (1) a D • !a ' Yb(l) 

I .• • ~a. :s. s) 

I 

I 
I 

I 

I 

< ••• (2. J, 4) 

Caae 2!.. Suppose that N a ~ P' + k 1 where P' &IllS k 1 
J 

are &ntos!Jr8 and 0.: k 1< ft/Z. Put 

Now auumtns that of the a poupa e1 belong to the 

cla .. of group$ each ol which comatns ~ + l v.rsih al1d 

•a belong to the otller c:atea~ of eroupa ao that •1+a2 .... 

it la found that 

N n 
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Tlma (3. ), B) :rec!'JCU to 

" " YM'l) .. I ) . y'b(l) ••• (Z. '· 5) ""' n. - Ia{ 1 ·k' N • M,/N 

wluu:l k' "0 and ~ a 0, (Z. S. S) ~w:ea to (2. S. f) 

' " Va.ta11ee ol the ootbnate Yu(l) : .. 

Varia.ace of ~b(l) la given by 

I I 

whaM E1, V 1, :E8 and v 2 cany the aam,'meantns• ae ln 
I 

aubsection (1. 3), Hence I 

I 
N Y. I 

:z:: P < :.L - Y ,a + ( :z::•• Nl ( ..L - ..L ) s a 
t=4 t Pt • I:IIN N y 

II l 

••• (2.3.6) 

and 

V(Y~l) ) "' L- N - ;., N il V(Yb(1) ) • • • (!. 3. T) 
• l 

Caae 1:- Let N ho a multiple ol nfZ. Puffina N1cN2• • • =No/2 

we set. that N II 

N • %:11 N1 • 
N1(N1 -1 ) 

I: 

<y- a-u) N(N-1 ) 

N1(N1-1-) 
I:' :. 

2u (2N •11) 
2 u N(N•l) ll (N-1 ) 

11 .. il • A • 28 ll•-y+G 

(A•Y•U) (ZN • A ) 
" i 

A2( N .. 1) 

• 



IUid ( :&" N )l (..!._ _ ! )· 11 (y-u) (a.yt.v) N 
, l :&eN1 N 2 

I a 
" (n-y+Su)( N • j ) N Yt 1 •o t2lat V(Y , ) "' I: p ( - - Y) 

u(l) ( D • V + u)z(N•l) t=l t pt 

I , + <-- y • u ) .N 8 a 
( A • "f++1) y ••• (1.3.8) 

Whoa y '"u l. e. ACt mo:re than OJW obaenaUoa u miaaiq 

trom a JtOup (2. 3. 8) :reduc .. to 

... 
V( yu(l)) a 

(at!y) (N • I ) 
ri!( N • l) 

N Y, z 
Ep(--Y) 
t=l t Pt 

• • • (2. s. 9) ~ 
I 

ca .. l:. Wha N a !. pt + k 1 WM:rl P' iusd k' &1'1 I 
2 

latep:r' aDt1 0 < k 1< DfJ, put N1111N1 ,. .. , ••• 111Nk1 = P'+l 
I 

am! Nl:'+l .. • • _..ND/2,. P'. .-

Let ( i • • . u\ " N~• of a~o• of aiu (P'+l) 

auch that ao obaenatloa la mlaaiq 

11-om them. 

( l • • · u)2 '" NmuJ.Mt:r ofc:roupa of aille P' auch 

that u obeel"'&tloD la ml••lat fl'Om 

Thea, 

them. 

'\ = NQmber of poupa of •ill• (P'+l) with 

one miolhlJ obaenatioa. 

.. Numhe11 of fii'OUPI of alae P 1 With one 

mUISlaJ ONI:I'YitlOD. 

N • :&11 N . ' 

I I 
I 

I 

• 



z: 
(B-•-u) z 

. 
aD4 

l 11 "' . I 
,. [" ( - - •-u)P' 

N ( N •l) I 

l! 1 1 IP'+ '1 
( :&• N ) ( - - . - ) a ( eP' + a1) £1 • ( 'N >J 

1 i J:DN N· 
• l 

Hence. 
,.. 1 

V(Y~(J)) ,. ( 1 - ~~1 
N 

c 1 
)'/. N(N-1) 

I 
I 

\ 

+ ! P'(( A- a-u) ~( A •s'-u) )tP'('\•Uz)}~t( 7!. • Y )
1 

a a 1 a a t=l P, 

2 -) s _/ .. (a.s.to) .., . 

It 11 ea1y to nrity that whul k' = 0 l. •· ( i - 1 -u~ "'\ ,..l ..0 • 

than (1.1.10) raducea to (Z. $,·9). 

a. 4. Effect of mil sills obsetvations Oil Yz: -
Under the eelectiOJl lchemo eOilSiderod 1a •ub· 

aectioll(1,4) proceeding D.n the aame lilloa ae befo:re ,we 

aeo that U 'I( •+u) o'baer'IStiODa a.H mlla\Jlg euch that 

a. obauvatiCJll'l lll'G mil•llls from. P'oupl and 11 obaervatiOJll 

are m.iaama ~~ 11 poupa, the atatlatic 



A N ~ Yu(Z) ., __ .:.:._ ___ • yb(2) · • • (!.'4.1) 
N • E11 N 

tl l 

ls an unbiaaed estlmate o1 Y, where 

lt t. .,_in, assumed that 'u .. ~ and 
PUt vl I 

I 

E, :Z::1 a~ :z::• have the 

I 
' I 

slune mean\asf as given ill the pl'evioua aubpeatlon. 
1\ K I 

Vartape~ af Yu(!) ~ 'The va:riaDCe of Yb(Z) la ;iven by 

:z:; N1(Nt • 1 ) 

( i-a-u) N(N • 1 ) 

1 --I: 
4 (~-• -u) 

2 

+ !. :z:; N • N& 4<t-•-u)N-l 

N a )z. • I:pJ 
J=l 
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Nl(Ni ·1 ) 
+ E' ----=----

11 N( N ·1 ) 

1 a 
-;- > s., 

N y 
E PJ PJ' (pJ + PJ' ) ( !L-

J<J' Pj 

all4 

V(Y•Cl) ) .. ( __ N:;,... __ 
N • E"N • . l 

' ' 
I 

Yu ,2 1 .., 1N • Nt 
~r. +- 41 ' { • 

P,t• . 4 ( l-• ,J..u)N • 1 
I 

I 

1 • • • (J,4, l,) 

• • • (Z.4. S) 

a. 5. C!JDP!riUil of e!ficteacte• 

Ia thi• ault••ction t1w .uiciew .. of the 1oUowtas 

(t) Standa:rd .. ttmate ill. c:aao of val'fllli pl'obabWty with 

replac:emem: 

" Y l " u~ 



(ii) ~Uma*• cone1poadtq .to Rae, Hanley aDd 

C::oclu-u pi'OC:due ( cl L ~·~ J ): 

Y a . N I: 
\l N • I:' Ni A•'V 

'V 

... ~ ~ - -
(Ui) The Oltfmate propo184 in eub .. ction ( cf L '·"!J ) 

I 
' 

(lv) The .. timate p;ropo•.S in 1ub•ectioa 1·~ Jq (.J.q)] 
I, 

L :z:: ! (tu~a>+:z::• !L J <a _ • -u)a J u. PJ/ ,J a I 
\ 

J 

For pupDifes ol 1lmplldty the camparilon o1 

V(-;1"} a l 
,. A • y 

, , • (2.5,a) 

where 2 N Yt ! v = E Pt (-- V} 
• tc;l Pt 

V(y" ) ( N - a) /· + U a B 
(a -y)(N·l) 

a s" ... ca.s.b) 
A•Y 

" (n•v + Ju) ( N • ..j ) 
V(Yu(}) ) ... (n - v + u) a N • 1 

2 y. u 2 
v. + ( 11 • 'I +u) Ns1 

, • • (Z.B.e) 



• 

aDd 

" " ) u1 (u-y- u ) 
V(Yu(2) ) ., V(Yu(l) - 8(n-oy + u )Z 

!!..::..! • 
D. 

-~ pj Pn (pj + Pn )2. ( Ypj - YPJ' )1 J . • (2.&.4) 
J<J' I I j Jl 

I 

SlJace aampliJ:ls with val'fini probabWtyta used 

p:rimai'Uy In the altuatlu in which Yt •a are a,J/roxtmately 

' pl'opol'tlOD&l to Pt '• , a l'aaaoqble model, w~ch u c0l1114ered 

by Cochran, u 

where •t U! lDdepadent of Pt in the pl'ObabWty aeue aDd 

ln the ai'I'AJI ID wblc:h Pt la fiaed 

Unleu otheronae atated aU the aubaequent eompariaona 

wW be made under thU model. D u eaay to verify that 

undel' thU model 

< . ... 

N y xa I: a, B.a-. 
• tell t X 



z 1 ~ .a __ ... 8z a ~ < _ .. 
Se '" ii"'=1 t~ t ...... Y =. (N~l) t:i Yt • TN)" 

whel'e th111 avena• i.~ tuQ o-..er aB ~~ of Pt 1a. Similady 

N el 
l: ~ II aNE(pf1 ) • aN1 t: Eh{) • Cov. (pt•Pr1>J 
t=l pt 

Now, fl'om (!. 6. a.). a.od(Z. 6. b) lt followa that 

V(Yu) • V{Y•) .. yN s 1 - A -1 
D•"f y (IL"'Y)(N•l) 

becauae 

.. -~~ E(pf) 
( D • "f)(N•1 ) 

Sa. aN <'> e ( N •1) E Ps ' 

I 

~·p ( !s- y)A 
t>l• t 'Pt 
I 



Now, lf p I.e the c:onelation cOJflidom between Yt'• aDd 

Pt'•• ~ 
s8 a(l· P'· )S1 

e Y 

01' 

Therefore, 

VrY ) • V(~' ). a •-tN.a E(pf ) 
U U ( A •'Y)(N • 1 ) 

C .... e_a_ 
l- pi 

(n-l)i aNa 
+ 

( n • y)(N•l) 

~n-1) ar r ECPI ) 1 n•y-1 ) 
"'n·y)(N•l ) 1- ( 1 • p2 ) (p - n • 1 

•••• (!.5.1.1) 

s·1 Now, bom (!. & .1.1) ltfollowa «:hat aillce ccw(pt, pt ) >.z 0 

accol'dlna aa S . ·~ 1 

(if lf 8 <I aDd e1 
<. :·!i1 then definitely V(Y0 )<V(Y'0 ) 

(U) lf 1 ::>1 and e2 :;. n-xil then definitely V(Y )'>V(Y' ) n • u u 

The iuqua11ty p2 > 11 • J ·1 may be aatlllfied 
A• 

lf p la very high and ..l- la not ·very amaU. For 
A •1 
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exaDJPle. U n = U, y .. 2 and p " • 9 then the above in· 

equality la satiafied, It la 1tnowu that s usually lies 

between 1 and 2, Hence 'ln most of the cases U 

' 2 n·y-1 " "-p :::> n _ 1 thu Y~ ls superior to Y'u• On the 

1\ 
, then Y'u la 

II. 
interior to T • Jt la laterestbq to c:OllSlder the case 

u 

when g = 2. After some simpllfic:ation it ls seen that 

u 

01'. U N ~ P\1 ~ n -1 (1- pi) 
'"'-. y 

I 
I 

the population ta skew and p is quite lal'ge. Thus we see 

~·~universal superiority of a. H. C. estimate OVOI' 

the estimate ln tho c:aae ol val'yiDg pl'pbabUUy with l'e· 

plac:emem Ia lost due to miutng observations. 



" " I. 5.1 Cearillon ,_tween X'0 aDd Yu(l) : 

Suppoai.ag that: not more thall one oue:rvat:lon 

l• mf· -•inlfi'CDl any group, 10 that: r • u, we pt from 

(I.S.a)_OIIIl (1.!J:.c), 

" " - 1 .... ( n+!y)(N• I)-, 
V(Y'0 ) • V(Y •• n) ) ,. L 2 J" 

"\• D • "f n: (N •l} 

N Yt 2 
Z:p(--Y) 

t:al t pt: 

" " TllUI V(Y'u) ~ V(Yu(J)) acc~llatlj 

1 (a+Zy)(N- ~ ) I I 

-~ 
D • "f at (N • 1) 

1 

I 

o:r !y{n- !y) 

N n(n·2) + y(n-Zy ) 

Since oblel'Vat:lona are expected · (to be snilflng when the 
1ample •lae 11 quite luge( and consequently U.. fampllna 

fraction 11 ~•ge uale•• N l• 'IVy larae), the tnequality 

n !y( n - 2y) 
N > il{n-1) + '\'( n - Z'\' ) 

11 more likely to be tii'WI. Hence, ln aueh ettuat:lODa, the 
~ A -

pi'O"p~ed .atimate Yu(l) i.• au~'llliol' to Y'u• i'or example, 

UN =100, n ,. ZO, y ,. Z then the abovelnequallty ill 
~ - ~ 

ut11fied and couequently Yu(l) 11 more preclae than Y'u· 

Howev••• U u.mpllng fnct:lon ill amaU of'u may be expected 

to be beU.I' than Y u(l)" 



.... ~. 
2. 5. 3. Compari.lon between ~u and ~u~.)= -

From. equationa (2. s. b) IUI4 (2. 5. e), we !lave 

C•"f + 3~ J1 N •li ! N-a - ( • - lva 
( ll. Y + u)2 N ·1 (n•y)(N•l) 

~ANB2 2 (2. 5. 3.1) - Bcr • • • y z 

where A,. nu 
( n - y) (n•y+ u ) 

1 u(n•y ... u)(N-1) + n } 
B ., (N - 1 ) { (n ,. y)(o - y + ~) 2 2(n•y) 

Now, after a littio «implUication we got that 



,... " V(Y
8

) • V(Yu(l) ) • 
anuN1 E(Pf ) r eZ __ 

I.. .2 -
( a. • 'Y)(a-y+u)(N-1) 1 • P 

_aN_2 __ { u( a.-y-u)(N • j ) + 
{ N • )) (n-y)(a·y+u )Z 

+ · n I Ccw(p ,pl•l ) 
Z(n•v) r t ' 

, •• (2. s. J.Z) 

' 
J I 

Now, (l) ,if I <l 8$1 P ~ fN.+n-x,•-y-p 
1 • ,a 1, n 2u n-y+u 

.. . • • (z.s. s. s) 
" 1\ 

the~ dcfiaitely, V(Yu) <. V(Yu(l) ). The lneqliallty 

(2, 5, 3, 3) ia euUy eatlafi•d when aahspuq fnctlOA ia 

•mall and pta not ..,uy hip, 0·8· for p =, 6, NlllOO, 

, n • 10 and y • u ., .2 Wa ~ t• 6atiafied and 

(U} it 1 "'>' 1 IUid P.z >( -~+ ~ ) (n-y.u) 
1 - ,a n Zu (n-y+u) 

, • • (Z. 5. ~·4) 
·• 

,. " eben definitely V(Y11) V(Yu(l) ), The Uiequality 

(2. s. J. 4) may be apected to be ••ti•a.d 'in emaU 

popub.tl6u with hip 1ampliq fractloA and ..,.ry hlp 

c:onelation coeUlcleat p, ••I· wlaen p =. 9, N::SO, 

n •10 and y • 2 the inequaUty hold•. 
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(lU) Us •1, tha'riV(~u) ~ V(Yu(l)) accordlns •• 

( N --"ll;;.,·~'Y ) ~ -+- ll • y -u 

ll &u ll•y+y 

l'luthn, U 1 • 2, ... umtns that ~ • u (t. •· 11.ot mol'a 

thaA ou obaarYBtiOil ia miaallls fl'om uy Jl'oup), it 

1\ " followa from (1. s. 3.1) that V(Yu) ~ V(Y u(l) ) ac:co~diq u 

N a a _ ( ll-t 2y)( K • !j ) a I ,7 N E pt ~ ( l - p ) L 2 + ----"'-f.l 
t~ 11. ay, 

I 
•• ·/ (2. 5. J. 5) 

I 

I' ta clea~ f~om (!. !5. 3, 5) that fo~ 1 • a, ~u{l} m&Y, be 
1\ I ' expected to J,a betta:r tball Yu U the pOpalatioll ia akew, 

pia hlp. N,ll ~ yare au.ch that the illeq\1Ality 

' . 
2. - ( D • 2y)(N • J' ) ll 

;::-O·P>L a +-J 
a ay 

" z a ia aatialled ._ fo.r p•mple "U N E pt '"4, p •· .,6, 
1::1 

N•lOO. a• ao~ '1 • a the,a v(vu) > V(Yu(l) )~ 

J'vthe~" lt la clan from (2. s~.3.1) that u 
u<> 1-.e~ y,obaeli'Ya~ou jira miaallls from "ff&(=a) 

1\ 1\ 
sroupa, thea Yu ta dellalte~y: f:tetter thall Yu{l} without 

rea. ricttoa of aay: model,. 



Settiq 'Y ""u in (Z. 5. d) we get 

_ n-Zy 
8 

Since in moat <If the cuu the last tenn on the Jt. h. • ·, 

ie ezpected to be negative , we may write 

t. - n + Z-y N - z 
V(Y~z) ) ~ L . ---=-nz N • 1 

A • Z.y ~ Z . 2 
--. P1Jrr 

8Jl f' J II 

• • • • (Z. 5. 4.1) 

lrom (Z,!I.a) ~ (2.5.4.1), it follow• that 

_ (n+l!x)(N-~/z~ A -Z-y ~f Jrr~ 
nZ(N -1 ) 8n j :4 

I 

Thus "' ' V(Y') ? V(Yu(Z) ) 



(n+Zy)(N - ~) 

n2(N-1) 

(N-1) N 2 Zy(N"' t> 

1 
{n:•y) 

Ol' U ""'-::;:-::4- E p ~ ... 
4 Jal J n(a- 'Y) ( • ·1)(1\·Zy) 

• 1 •• (2.!1.4.!) 

. A ~ 

aatllfled in which ca .. Yu(J) lt auporlol' t'fY'u· 
/ 

a.s.s. ,. IV 
Comparisoa betweea ( Y and .Y ~ - u -~ u(!)· 

I 

F:rom (&.5.4.1) aliA (!.I. b) it followa that 
' 

when 'Y = u , 

" " . ~ sZ . I (n+!y)(N • I ) 
V(Y ) • V(Y_,.) ) ~;r='- - L 

u ""'" D•Y y n2(N•l) 

.. ANsa.ava •••• (a.s.s.l) y a 

whue A = yj( n • y) and 

B= 
D 

(n+&y)(N • T) n .,zy N 2 
Ep 

n1(N-1) SA J~ J (n.y)(N ·l) 

Now, B ~ 0 accol'd!DJ aa 

D 
D + Zy N • z . ---= 

Ill 

D .. Zy N z 
---- ~ --- E Pj 
( ll-y)(N ·1) SA J a1 
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11! + ly(-i • + )~ (N.lj ~ g I 
(11-•t)(D .. !y) (11-y) 4 J:.l J 

••••• (a. s. s. z) 
Now. l.t foUow.a from (2. 5. 6. !) that if~ population ta' 

ve,- skew Cll1d tho eampliDs lractiOD. ta uct vovy emall 

lhea B may be 1041 thaD Or !JqwU to &ei'O l.rnrhlch case 

it is clear l:rom (&, 5. S.l) tlallt ~u{l) ie m~l'e efflciem 
~ { 

thaD y • u I 
W1wn B> 0 l,f~. ---=•=-1--+ '~~ ]:Li~ {N-1) ~~ 

(11•V)(n-ly ) (1\·J) 4 J '~~ 

we coulc'lel' the model ctiaouesed l&leubaecttcm,(2.15 .1). 

Tho btequality (2. 5. S.l) rtducea t~ 

+BaN' cov(pt•l\•·1 ) ••• (a.-s .• e.~) 
After a little eirnpUficatlOA lt may be vuifi~ tha* 

( ..... 1) B 1 n-'ty -1 M 1 + n ) (n-Zy)(n-y) ('"• l) ~:,.~-"''" 1. • '" n \-;- - 1 2l - • Lv ..... llll~J 

(a-Z;x)N .. a 
D 
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Thus, from (2. S.ll. 3), lHollow1 that 

" " AaN2. g r p2 
V(Yu)· V(Yu(z)) ~ (N•l) E(pt ) L. 'l -

~-P 

+:saw cov(p,.p:·1 l. 

Since B ~ 0 1 for s 

( n-2\')N 
?> 2 •• y ~ (2.5.5.4) 

n 
I 

I 
I 

TW inequality JDaY be expected to hold good, lf p l• 
' I 

vel'y high and sampling fraction lll also high. But at 

the •ame time whe~ eam.plfAgJrac:tlo.u 11 tdgh, B may 

" be .xpeoted to be ~gatlvo 1n which caae Yu(l) ~· 

" auperioJ" to Yu• TJnu m.osU.y# a highu sampling 

fncUo.u alonpith tho akewnesa of the popWation and 

" a hiJh value of p eJUIVJ>$.11 the 1upe:riority of :Yu4Z) 
A 

ovu Yu unc!er the modal c~1dere4 he .. e. 

z. 6. Compal'llon of ratio oatimate with the R. H. c. estimate 

A compariaon between a.H.C. eatimate and 

the ratio estimate WldeJ" a!mple raztdom sampl!ag is ol 

" some pnctlcall.ntel'eat. Sl.nce the bias lJl Ya la neiliglble 

when a ample alu la lal'ge the compal'iaon unc!e~> I'Ofel'ence 

la restricted to large aaUlplea only. The • ~~-~0\A_!\c.~-

:of the nUo eatimate1 viz., 
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N 
(E .. ) 
i-1 

. . . (!. 6.1) 

ia Jiven, to the fb.t o:rder of appl'mdm•Uoa, by 

V(Y ) N(N- A) 
R • A(N-1) 

whe:re R • YA • Pmtia1 Pt • .. / N XN (iA (Z. 6. 2), lt 

followa that 
N 

V(Y ) • N(N:..n) ,; (y.l • Y pl) a R n(N-1) .,. I ,• , , (2.6. 3) 
I 

I 

.Allo, the val'lance ol the R. H. c. ••~te ia pven by 
I 

•• (!.6,4) 

I 
where N ta a Ulllltiple of a &Ad N1 =N1 • ••• =NA '"N/ A' 

Ude:r the model coaalderecl 'i.Q aub.ectioa (Z. S.l),(Z. 6. 3) 

l'educea to 

V(Y a> " :cw.t)) ! •! .. ~t= :;;> aNE(pf ) • • (a. 6. s) 

whel'8 the apectatio.a. la aow takea ovn all value a of Pt '•. 

Alao, f'l'om (a. 6. 4) 
I 

V(~) ,. N • a aNE (p 1 ·1 ) 
A(Ji-1) t • • • (2.6.6) 

Therefore, 
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Stac• Ccw(p,. p:·l ) ';J:..:. 0 accordlAJly ae 1 ~.:. 1 

A A 
'lharelore V(Ya) ~ V{Y) accordlaJ u 1 ~ 1 

••• (2.6.?) 

Now, elnce 1 uually 11•• between 1 aDd 2, we may 
;. A 

~ct Y to be •~pe'rialf to Y R tD. such cuea. 'rbla 

corraboratee the •••ult already obtallled U:ldepeadeatly 

by Avdluud aDd &skhatme UDder a dlllereat fial.te populatloa 

model (cf [' J ). 
I 

When y obtel'Y&tlou Al'e mJ~·lDg,the l'atio 
I 

• • • (Z. 6. 8) 

Alto from (Z. 2. 9) 
II N•ll 

V(Yv,) • ( a·y){N•l ) 
N! I ..n·Z 
ll {yj - Yp,) + ...~:.!-( ) Sy 

J=l PJ • •·Y 

11Ddew the model. coatldere4 ill (2. 5.1) 

V(Y ) ·V(Ya.m) .. ..l!i cazsz + s1 ) + 
u. a•y x e 

• • • (2.6.10) 

N 
N • ll· I: ~/Pt 

(a-y)(N·lh-1 
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s! • a N ~1 E:(p: ), the:relon 

V(Yu) • V(Y .. _ )·. ..Y!!_ a1s1 
- 'r·ll~ s2 

_.. a-y x a-y) e 

" " Thu V(Y11) ~ V(Y .ibn) if 

ala! ,<J:. 
(N-a)CO\r(Pt,pf1)• I sa yE(p:) 

I 

• I 

01' if, 
(N-a) -· ' ·-1 Ccw(pt•Pt ) ••• (a,6.n) 

J:(pl) t 
I 

When 1 ~ 1, thle inequality alwaye holde sood. 

Thue, wen in the cue when eome obeern.tiOr&e a:re mie•· 

ial the ntlo eetlmate l• eupe:rioao to the R. H. C. eetlmate 

alwaye holde. So, when 1 te eli;htly pater tbaa wdty 

eett.mate ie eupe:rio:r to the R. H. C. eetlmate 'IU'Ider the 

model co.ulder .. he:re. 

I 



SUMMARY 

When aomo aample obae:rvatioDI ue I!Xl.Uains, the 

I\. H. c. ea\\mate o1 the popolation total, baaed on the 

available observations, la not. unbiaae4. .A C:OI'J'el!lpond• 

inl unblaaed e1timate baa been c:on~ldel'ed which a}I.OW'a 

a conaldel'able l.Dcl'eaae 1n ita val'ianc:e. Two altai'-
' 

correapoudlns eatlmation proceduna han been developed. 

The two pl"Op98ed eatlmatea ue c:(llllpa~ed with the unbiaaed 

eatlmate coneapoudina to the a. H. C• 1cheme with and 

without miaallq observations UDdel' ,the well known 
I 

"' Cocuan'alinlte population model. 1 It la fo\Uld that in 

aoma aituationa the pl'opoaed ac:hemea provioe betteJ' 
; i 

I eatlmataa than the R. H. c. acheme. The unblaaed 

with mlaalna obaervationa la alao compare4 with the 
' 

c:orroapoudlns ratio eetlmate u derived fl'om a almple 

l'andom aample. It la aeon that the l'atio eatlmate la 

more efficient than the R. H. c. eatimate when 1 E; 1 

aJJd alao when g ls slightly areater than unity and p la 

sufficiently hip. 

I 
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