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oa'kkuqxr ,d egRoiw.kZ vkuqoaf'kd iSjkehVj gS vkSj vkuqoaf'kdfon rFkk iztud ds }kjk 
ek=kRed VªsV esa lq/kkj rFkk p;u ds fy;s O;kid :i ls iz;ksx fd;k tkrk gSA oa'kkuqxr 
dk lgh vkSj lVhd Kku ,d lQy iztuu dk;ZZØe ds fy;s egRoiw.kZ gSA ikS/ks vkSj i'kq 
iztuu vkadM+ksa esa dbZ O;ogkfjd fLFkfr;ksa esa ns[kk x;k gS fd izs{k.k dks LorU= :i ls 
forfjr ugha fd;k x;k gS rFkk izs{k.kksa ds chp fdlh izdkj ds lglaca/k ekStwn gSA vkadM+ksa 
ds lglaca/k izo`fr;ksa dh mifLFkfr esa] izs{k.kksa ds chp LorU=rk dh Dyklhdy /kkj.kk dk 
mYya?ku fd;k x;k gSA egRoiw.kZ djsDVj ds izlj.k ds vkuqoaf'kd ?kVdksa ij lwpuk ikS/ks 
vkSj i'kq iztudksa esas izFke :fp gSaA bl izdkj] fofHkUu vkuqoaf'kd izlj.kksa rFkk buQsfjax] 
ds vkadyu ds ckjsa esa muds oa'kkuqxr gSaA fofHkUu vkuqoaf'kd iSjkehVj ds vkadyu ds 
vk/kkj ij ikS/ksa vkSj i'kq iztud dk;ZZØe ds n`f"Vdks.k ls cgqr egRoiw.kZ gSA 

blds vykok fofHkUu dkjdksa }kjk ifjorZu'khyrk dh O;k[;k dh xbZ gSA ;g ns[kk x;k gS 
fd lglaca/k izs{k.kksa dh mifLFkfr esa] =qfV ?kVdkas ls dqN vf/kd lajfpr fd;k tk ldrk 
gSA blfy;s okLrfod ;k–fPNd =qfV ?kVd ij ig¡qpk tk ldsA blfy;s ,d ekWMy ns[kus 
dh vko';drk gS tgk¡ =qfV ds dkj.k LorU= ;k okLrfod ;k–fPNd =qfV ekWMy ij 
ig¡qpus ds Øe vkxs lajpukRed cnyko fd;k tk ldrk gS ;g blfy;s lkaf[;dh; 
rduhdksa ds fodkl vkSj iz;ksx ds leFkZd ftlesa ifjorZu'khyrk dh ek=k fofHkUu dkj.kksa 
dh otg nksuksa vkuqoaf'kd ,oa izk:ih Lrj ij oSKkfud rjhds ,oa dkjd ij ewY;kadu dj 
ldrs gSa rFkk iztuu ekuksa dh mPp ek=k dh ifj'kq)rk rFkk iwokZuqeku dh rqyuk vf/kd 
dq'kyrk ls dh ldrh gSA  bl izdkj vkuqoaf'kd iSjkehVj ds vkadyu ds fy;s lkaf[;dh; 
nf̀"Vdks.k dks fodflr djuk tc =qfV;k¡ lkaf[;dh; vkuqoaf'kdh ds {ks= esa ,d egRoiw.kZ 
'kks/k djus ;ksX; {ks= ds lkFk lglaaca/k gSA {ks=h; izks;ksfxd vkadM+ksa ds ǹf"Vdks.k ds 
Dyklhdy fo'ys"k.k esa] vkadM+ksa esa mifLFkr lglaaca/k dh mis{kk dh tkrh gSA vkadM+ksa ds 
lglaaca/k izo`fÙk;ksa ds egRoiw.kZ mifLFkfr esa ge lglaaca/k izHkko dh mis{kk ugha dj ldrs 
gSaA bl dkj.k blfy;s] bu fLFkfr;ksa rFkk fo'ys"k.k dh fof/k;ksa dks ns[kuk vko';d gks 
tkrk gS D;ksafd izlj.k ?kVdkas ds vkadyu djus ds fy;s fl)kar vlglaaca/k =qfV;ksa ds fy;s 
dsoy lkfgR; esa mifLFkr gSA blfy, v/;;u oa'kkuqxr ds jkscLV vkadyu ij orZeku 
tkap ekpZ] 2018 esa 'kq: dh xbZ FkhA ;g ifj;kstuk flracj] 2021 rd rd lfØ; FkhA 
oa'kkuqxr ds vkadyu ij ek=kRed djsDVj ds oa'kkuqxr rFkk xSj&vkuqoaf'kd dkjdksa ds 
izHkko ij lglaaca/k =qfV ds izHkko vkSj lglaaca/k =qfV;ksa dh mifLFkfr esa vkuqoaf'kdrk ds 
vkdyu ij ckgjh çHkko ds çHkko dk lekykspukRed ijh{k.k djds çdk'ku ds fy, 
lefiZr gS A  



lglaaca/k =qfV;ksa dh mifLFkfr esa vUos"k.k vkbZ-lh-,-vkj-&vkbZ-,-,l-vkj-vkbZ- ds lkaf[;dh; 
vkuqoaf'kdh izHkkx ds vuqla/kku dk;ZØe ds ,d Hkkx ds :i esa fd;k x;k FkkA ;g tkap 
Hkk—vuqi&Hkk—lkavla ds lkaf[;dh; vkuqoaf'kdh çHkkx ds vuqla/kku dk;ZØe ds ,d Hkkx 
ds :i esa dh xbZ FkhA v/;;u M‚- ,y-,e-Hkj] dk;Zokgd funs'kd vkSj lkaf[;dh; 
vkuqoaf'kdh çHkkx ds çeq[k] M‚- rkSdhj vgen] dk;Zokgd funs'kd] M‚- jktsaæ çlkn] 
funs'kd Hkk—vuqi&Hkk—lkavla ds ekxZn'kZu esa vk;ksftr fd;k x;k FkkA leh{kkRed :i ls 
fjiksVZ dks i<+us vkSj mlesa lq/kkj ds fy, mi;ksxh lq>ko nsus ds fy, ys[kd jsQjh ds cgqr 
vkHkkjh gSaA Jhefr lfork o/kok] eq[; rduhdh vf/kdkjh] Jh-fufru tks'kh] rduhdh 
lgk;d ¼Vh&3½] Jh- ,l-ih-flag] lgk;d eq[; rduhdh vf/kdkjh] fo'ys"k.k] lkj.khdj.k 
vkSj fjiksVZ rS;kj djus esa mudh cgqewY; lgk;rk djus ds fy;s /kU;okn djrs gaSA  

var esa ;g vk'kk dh tkrh gS fd bl v/;;u ls çkIr ifj.kke dq'ky p;u vkSj çtuu 
dk;ZØe cukus ds fy, çtudksa ds fy, mi;ksxh gksaxsA 
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PREFACE 

Heritability is an important genetic parameter and is widely used by the geneticist and breeder 

for selection and improvement in quantitative traits. The precise and accurate knowledge of 

heritability is very important for the success a breeding programme. In the plant and animal 

breeding data it has been observed in many practical situations that observations are not 

independently distributed and some kind of correlation among the observations exists. In the 

presence of significantly correlated trends in the data, the classical assumption of independence 

between observations is violated. The  information  on  genetic  components  of variances of the          

important characters is the prime interest of plant and animal breeders. Thus, the estimation of 

various genetic variances and inferring about their inheritance, based on estimates of the 

different genetic parameters is very important from plant and animal breeding programme  point 

of view.  

In addition to variability explained by different factors, it is seen that in the presence of 

correlated observations, something more from the error components can be structured so as to 

arrive at truly random error component. So, there is a need to look into a model wherein 

structural variation due to error could be further accounted for in order to arrive at independent 

or truly random error model. This, therefore, advocates the use and development of statistical 

techniques wherein amount of variability due to different causes both at genetic and phenotypic 

level can be assessed in a scientific manner and factors can be compared with fairly high amount 

of precision and prediction of the breeding values is carried out more efficiently.  

Hence, developing statistical approach for estimation of genetic parameters when errors are 

correlated as well as presence of outlier, is an important researchable area in the arena of  

statistical genetics. In the classical analysis approach of the field experimental data, the 

correlation present in the data is ignored. In the presence of significantly correlated trends in the 

data, we cannot neglect the correlation effect. Because of this reason it therefore, becomes 

necessary to look for these situations and methods of analysis. Since theories for estimating the 

variance components available in the literature are only for uncorrelated errors,  So the present 

investigation on Study of Robust Estimation of Heritability was initiated in March, 2018.The 

project was in operation till September, 2021. The publication is devoted  to critically examine 



the  the influence of correlated errors on the inheritance of quantitative characters and  the effect 

of outlier on the estimation of heritability in the presence of correlated errors. 

The investigation was undertaken as a part of the research program of Statistical  Genetics 

Division of ICAR-IASRI. The study was conducted under the guidance of Dr. L.M.Bhar, Acting 

Director and Head of  Statistical Genetics Division, Dr. Tauqueer Ahamed, Acting Director, Dr. 

Rajendra Parsad, Director ICAR-IASRI. The authors are extremely thankful the refrees for 

critically going through the report and making useful suggessions to improve the same. Our 

thanks are also due Mrs SavitaWadhwa technical officer (T9) , Sh. Nitin Joshi, technical officer 

(T-3) , Sh. S.P.Singh, Technical officer( T-7-8) , for their valuable help in the analysis, tabulation 

and preparation of the report. 

 In the end it is hoped that results emerging from this study will be useful for breeders for 

making efficient selection and breeding program. 

 

 

September,2021                                                                                      AUTHORS 

New Delhi 
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 INTRODUCTION 

1. Background 

Occurrence of outlier(s) is very common in every field in which data collection is involved. 

An outlier in a set of data is an observation (or an observation vector) that appears to be 

inconsistent with the remainder of the observations in that data set. Outlier(s) in genetics and 

breeding experiments is/ are also likely to appear. The impact of outlier in plant breeding is 

erroneous results in heritability estimation and genomic prediction. Here, our objective is to 

develop a suitable robust procedure for heritability estimation. The existing methods are not 

robust against the presence of outlier and non-normality of error or random effect for 

estimating heritability. There is a need to modify the existing methods or to develop the 

robust procedure for estimating heritability under different distributional assumptions of the 

random effect as well as the error term. 

Since in most of the practical situations in plant as well as animal breeding data the 

assumption of independent errors is not fulfilled and they may be correlated. There is little 

work (no work) towards the development of methods for estimation of heritability in case of 

correlated error and correlated random effect for common   dam as well as common dam and 

sire.  So there is need to develop methodology for estimation of important genetic parameter 

heritability by considering the correlated random effects and error structure in the models. 

The assumptions of uncorrelated error in Henderson’s mixed model do not hold always in 

practical situation. Therefore, there is a need to modify the above model for correlated error 

as well as random effect. The researchers estimate genetic parameters by assuming 

independent errors. The consequence of this is the upward or downward biased estimates of 

genetic parameters depending upon the nature of correlation among errors. So there is a need 

to develop breeding value estimation procedure using Henderson’s Mixed model under 

correlated errors. 

In the plant and animal breeding data it has been observed in many practical situations that 

observations are not independently distributed and some kind of correlation among the 

observations existscorrelation (Falconer, 1989). In the presence of significantly correlated 

trends in the data, the classical assumption of independence between observations is violated. 

The information on genetic components of variances of the important characters is the prime 

interest of plant and animal breeders. Thus, the estimation of various genetic variances and 

inferring about their inheritance, based on estimates of the different genetic parameters is 
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very important from plant and animal breeding programme point of viewcorrelation 

(Falconer, 1989). In addition to variability explained by different factors, it is seen that in the 

presence of correlated observations, something more from the error components can be 

structured so as to arrive at truly random error component. So, there is a need to look into a 

model wherein structural variation due to error could be further accounted for in order to 

arrive at independent or truly random error model. This, therefore, advocates the use and 

development of statistical techniques wherein amount of variability due to different causes 

both at genetic and phenotypic level can be assessed in a scientific manner and factors can be 

compared with fairly high amount of precision and prediction of the breeding values is 

carried out more efficiently.  

In literature, a large number of statistical techniques are available for analysis of data for 

random and fixed effects. The development of methods of estimating variance components 

was initiated a long age in the early 20th century. Fisher (1925) made a major contribution to 

variance component models through initiating the concept of the analysis of variance method 

of estimation. Jackson (1939) dealt with a mixed model for the first time in the literature of 

variance component estimation. Cochran (1939) initiated for unbalanced data. Henderson 

(1953) gave a method of how to use unbalanced data for estimating variance components in a 

difficult situation. In the light of the weaknesses (negativity, lack of distributional properties) 

of ANOVA (Analysis of Variance) estimators developed earlier, other approaches namely 

ML( Maximum Likelihood) REML( Restricted Maximum Likelihood) , MINQUE( Minimum  

Norm Quadratic ) etc. were emerged. Again, for examining the relationship among 

observations, different procedures are available in the literature. Durbin and Watson (1950) 

gave a procedure to check the presence of first order autocorrelation disturbance in the error 

term. Diblasi and Bowman (2001) proposed a test statistic and a graphical method, which can 

assess the evidence for the presence of any spatial correlation in the data. Wahi and Rao 

(2004) studied the effect of fixed effects on the estimate of heritability.Singhet al (2006) 

estimate variance components when errors are correlated in half sib data. Costa et al (2009) 

use autoregressive multiple lactation animal model for estimating genetic parameters of test 

day fat and protein yields. Hence, developing statistical approach for estimation of genetic 

parameters when errors are correlated is an important researchable area in the arena of 

statistical genetics. In the classical analysis approach of the field experimental data, the 

correlation present in the data is ignored. In the presence of significantly correlated trends in 

the data, we cannot neglect the correlation effect. Because of this reason it therefore, becomes 

necessary to look for these situations and methods of analysis. Since theories for estimating 
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the variance components available in the literature are only for uncorrelated errors, so the 

present investigation were taken with the following objectives: 

 

2. Objectives: 

i. Development of robust procedure for heritability estimation 

ii. Development of heritability estimation procedure in case of correlated random effect 

as well as error  

iii. Development of breeding value estimation procedure using Henderson’s Mixed 

model under correlated errors 

iv. Development of appropriate computer programme for the developed methodologies 

using SAS/R. 
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Development of robust procedure for heritability estimation 

 

1.1 Introduction: 

The linear mixed model (LMM) is employed in the evaluation of the genetic association of 

continuous traits to examine the association between the phenotype and molecular marker. LMM 

also serve as the foundation for estimating SNP-based heritability, which is calculated using the 

LMM estimated variance. The LMM is based on a number of key assumptions (Laird and Ware, 

1982), and caution should be exercised when data contamination (outliers) leads to a violation of 

the assumption of the normality of the errors, because not only association analysis results, but 

also variance component estimation and the coefficient of determination can be skewed (Lourenc 

et al., 2011, Demidenko, 2013; Rousseeuw, 1984). In general, it is well understood that the 

existence of even a single outlier can have a negative impact on methods based on likelihood 

(Huber, 1964). Real-world experiments generate data with unusual observations that are not 

always due to measurement errors. Outliers in plant breeding experiments might result from 

inherent properties of the genotypes investigated, habitats, or even years (Bernal-Vasquez et al., 

2016; Estaghvirou et al., 2014). As a result, it is critical to not only check the assumptions of the 

model, but also develop alternative methodologies capable of producing accurate findings when 

the data deviates from the model's main assumptions. To minimize the effect of outlying 

observations, robust procedures are designed. A goodness-of-fit measure of interest that can be 

seriously affected by data contamination in the classical coefficient of determination (Croux and 

Dehon, 2003; Rousseeuw, 1984). Data contamination can affect the classical coefficient of 

determination, which is an essential indication of goodness-of-fit. 

 

Robust approaches have been given for dealing with normality violations and other model 

misspecifications in the simple linear regression model, and we may identify various robust 

alternatives to the classical coefficient of determination in the context of robust linear regression 

(Maronna et al., 2006; Renaud and Vitoria-Feser, 2010). When models are fitted using restricted 

maximum likelihood, however, the likelihoods of LMMs with different fixed effects structures 

cannot always be compared (REML; Pinheiro and Bates, 2000). Maximum likelihood (ML) 

estimation solves the problem, but the variance component estimations will be more biased as a 

result (Pinheiro and Bates, 2000).In animal breeding, derivative-free (DF) techniques are most 
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commonly used in variance component estimation by REML (Graser et al., 1987). The 

fundamental reason for this is that they just require the REML log-likelihood function to be 

computed, as well as a maximization procedure to determine its maximum. In this method, the 

direct inversion of the mixed model equations' coefficient matrix, whose size can equal the 

whole number of levels of all fitted random effects, can be readily avoided. Although DF-REML 

methods have been shown to be the most suitable for univariate analyses (Meyer, 1994), they 

have also been shown to be computationally expensive and/or inaccurate in multi-trait analyses, 

in which case second-derivative algorithms (e.g. Newton-Rapshon, modified Newton-Raphson  

EM, or others) are highly advantageous. In the case of our application, DF-REML is suitable, 

and it has the further advantage of being easily robustified by suitably plugging-in robust 

estimators in the optimization phase. 

In this study, we have implemented robust heritability estimation approaches for estimation 

SNP-based heritability when observations in the dataset may be contaminated with outlying 

observations. The robust DF-REML estimate method have been described for estimating 

variance components using LMMs.  Huber's (1964) and Rousseeuw and Croux's (1993) robust 

estimates of scale was implemented for estimation procedure and the computation of the 

coefficients of determination, respectively.  A real dataset was applied using the robust methods 

and different procedures are followed such as heritability and variance components are estimated 

using the original data as well as contaminated data. 

 

1.2 Robust estimation in the LMM 

 A general Linear mixed model can be written as- 

                                                             Y=Xβ+Zu+e             (1) 

Where 𝑦𝑛×1is a vector of observations,𝑋𝑛×(𝑝+1) is a design matrix for the fixed effects 

(intercept included), 𝛽(𝑝+1)×1 is the vector of unknown fixed effects, 𝑧𝑛×𝑞is the design matrix for 

the randomeffects, 𝑢𝑞×1~N(0,G)is the vector of unknown random effects and 𝑒𝑛×1~ N(0,R) is 

the vector of random errors. It is assumed that cov(u,e) = 0 and y~N(Xβ,ZGZ’+R). Here, G and 

R are unknown; R =𝜎𝑒
2𝐼, with 𝜎𝑒

2 a residual variance which needs to be estimated, which means 

that the errors have equal variances and are mutually independent.  

 

Setting R=𝜎𝑒
2𝐼 usually constitutes an approximation to the structure of the error variance but, in 
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the context of genomic selection in plant breeding, might have the advantage of accounting for 

possible unexplained genetic variance, which can be absorbed by the error variance (Piepho et 

al., 2012).  

Here it is considered that R = 𝜎𝑒
2𝐼 and G = 𝜎𝑒

2𝐴(𝜃), where the variance matrix of the random 

effects A depends on the vector of l unknown variance parameters =  𝜎1
2 … … . . , 𝜎1

2/𝜎𝑒
2 .  

Following these assumptions, the variance expression of y may be shown as follows: 

 Var(y) = 𝜎𝑒
2𝑍𝐴(𝜃)𝑍′ + 𝜎𝑒

2𝐼 =  𝜎𝑒
2𝜙, 

With 𝜙 = 𝑍𝐴(Ɵ)𝑍′ + 𝐼 

As we know that, in case of REML estimation procedure, prior to estimating the fixed effects 

components, the variance components are estimated. Considering transformation of model (1) 

through a matrix𝑈(𝑛−(𝑝+1))×𝑛such that UU’= I - P and U’U=I , considering P as the orthogonal 

projection matrix on X.  So, U’Xβ = 0 and therefore model (1) can be written as follows: 

y =U’y=U’(Zu+e)                                                           (2) 

where, var( y ) = var(U’y ) = 𝜎𝑒
2 U’𝜙U = 𝜎𝑒

2   and hence )2
e,0(N~y    

The REML log-likelihood is written as- 

 

 -2l(𝜎𝑒
2,θ,y)~(n-(p+1))log𝜎𝑒

2+log│U’𝜙U│+1/𝜎𝑒
2(y’𝜙−1𝑦)                                             (3) 

   

If the   matrix is known (and thus  is known), that means the variances 𝜎1
2 … … . . , 𝜎1

2are are 

also known, hence the estimate of the residual variance 𝜎𝑒
2can be expressed as- 

𝜎̂𝑒
2=

1

𝑛−(𝑝+1)
y’𝜙−1𝑦.                                                                                                             (4) 

The REML profile-log-likelihood is expressed after replacing the model expression in (3)- 

𝑝
𝑙𝑖𝑘(𝜃|𝜎̂𝑒

2, 𝑦)= −2𝑙𝑝(𝜃|𝜎̂𝑒
2, 𝑦) ~ (𝑛−(𝑝+1))log𝜎̂𝑒

2+log│𝜙 ֯│     .
                                                                                  

(5) 

Inversion of the variance-covariance matrix, which is frequently non-diagonal and high 

dimensional, is required in Formulation (4).Its size is determined by the number of individuals 

involved, which can range from a few hundreds to thousands in genetic breeding research 

(Mrode, 2000; Searle, 1971). Due to numerical instability, direct inversion should be avoided if 

at all possible, and the use of a matrix decomposition, such as the Cholesky decomposition, is 
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recommended (Czkova and Czek, 2012).   

 

If  is a symmetric positive-definite matrix (which implies that  is also symmetric positive-

definite), one can take the inverse of the Cholesky decomposition of  ;  = 1))(chol(   , and 

transform model (2) to 

  ey                   (6) 

Now let  𝑦∗ = Δ y and 𝑒∗ =  ΔU′(Zu + e) . Hence  var(𝑦∗ ) = 𝜎𝑒
2I and E(𝑦∗ ) = 0, it immediately 

follows that  𝑦∗ ~𝑁(0, 𝜎𝑒
2I ) 

 

It can be demonstrated that the log-likelihood of (6) has the same formulation as the log-

likelihood of (3). Furthermore, the estimate of the residual variance is shown as- 

𝜎̂𝑒
2= 

1

𝑛−(𝑝+1)
(y*)′y ∗,                                                                             (7) 

The above model is  equivalent to (4). This estimator of scale is applied in DF-REML procedure 

provide an initial estimate of scale in the optimization process (in this case the minimization of 

the profile-log-likelihood (5) and where   is also estimated (Graser et al., 1987; Meyer,1989). 

The robust DF-REML, initial robust estimates of scale need to be considered, e.g. the Huber’s 

proposal-II (Huber, 1964), the robust location-free scale estimate of Rousseeuw and Croux 

(1993) or other robust estimates of scale. Only the two previous robust scale estimators are 

considered here. 

after Robust estimation of  θ has been done , the robust estimated 0̂   and ̂  matrices and 

subsequently robust estimate of 2
e  and 2

e
~  were recalculated. The robust estimates of the 

random effects are obtained as (𝜎1
2, … … . . , 𝜎𝑙

2) = 𝜎̂𝑒
2 × 𝜃. Next, taking 1))(chol(   , M-

regression is applied to robustly estimate the vector of fixed effects β via the fit of the model 

 eXy    (8) 

where𝑒 =   (𝑍𝑢 + 𝑒)~𝑁(0, 𝜎𝑒
2I) 

and the distribution of the observation follows )I2
e,X(N~y   

Details on the robust estimation of parameters is given below as a flowchart. The algorithms for 

implementing classical and Robust DF-REML estimation algorithm procedure is shown as 
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follows: 

Table 1: Step by step procedure for Robust DF-REML 

Step Model Expected mean Variance Distribution 

1 Y=Xβ+Iu+e X)y(E   







2
e

)IK2
*

2(2
e

I2
eK22)y(V







 

)2
e,X(N   

Consider a transformation of step-1 model through an )rn(n   matrix XTU:U =0 

2 

)eIu(TU

)eIuX(yTUy



 
 

0)y(E   









2
e

UTU2
e)y(V




 

)2
e,0(N   

Assuming  is known, step-2 model is considered and transform as 1))(chol(    

3 )eIu(TUyy     0)y(E   I2
e)y(V   )I2

e,0(N   

4 Now we need to estimate 2
e from step-3 model 

Classical REML: ))1p(n/(yTy2
eˆ  Initial estimate of scale 

Robust REML: 2)y(nQ2
eˆ  2)y(MAD  , 2)y(s'huber  or others 

5 Get the profile log-likelihood from step-2:

 log
2

1
)2

eˆlog(
2

)1p(n
c)y,2

eˆ2
e|2

*
(pI 


  

6 Plug-in the classical and robust estimates 2
e̂  obtained in step 4 in the profile log-

likelihood function lP and optimize for 2
  

7 Now we need to compute 1))ˆ(chol(ˆ,U)IK22(TUˆ     and final 2
e̂ from step-3 

model as : 

Classical REML: )yˆvar(2
eˆ    

Robust REML: 2)yˆ(nQ2
eˆ   2)yˆ(MAD  , 2)yˆ(s'huber  or others 

8 Calculate 2
eˆ22

e   for both classical and robust estimation 

9 Consider a 

transformation of 

model in step-1 through 

 X)y(E  I2
e)y(V   )I2

e,X(N   



9 

 

matrix 1))ˆ(chol(    

eX

)eIuX(yy








 

10 Estimate the fixed parameters   via model (4) 

classical REML: classical least-squares estimation 

robust REML: M-regression 

 

 

1.3 Estimation of robust coefficient of determination: 

Nakagawa and Schielzeth (2013) proposed a general method for obtaining 𝑅2  from generalized 

linear mixed-effects models. They defined a coefficient of determination for the variance 

explained by the fixed factors, marginal 𝑅𝑚
2 , and another for the variance explained by both the 

fixed and random factors, conditional 𝑅𝑐
2. 

A general technique for determining 𝑅2 from generalized linear mixed-effects models was 

proposed by Nakagawa and Schielzeth (2013). They explained a marginal coefficient of 

determination for the variance explained by fixed factors, marginal 𝑅𝑚
2 and another by using both 

the fixed and random factors and conditional 𝑅𝑐
2.Those coefficients rewrite in the LMM as 

    𝑅𝑚
2 =  

𝜎𝑓
2

𝜎𝑓 
2 +𝜎𝑒

2+𝜎2  and   𝑅𝑚
2 =  

𝜎𝑓
2+

2

𝜎𝑓 
2 +𝜎𝑒

2+𝜎2                               ( 9) 

          

Here  𝜎𝑒
2    and   𝜎2   are residual variance and the unknown genetic variance respectively.  𝜎𝑓

2is 

the variance of fixed effect components. 𝜎𝑓
2can be estimated by the sample variance of the 

elements of the vector X𝛽̂, i.e. 𝜎̂𝑓
2 = 𝑣𝑎𝑟(X𝛽̂), here degrees-of- freedom correction ( Snijders 

and Bosker, 1999) can be avoided. 

Here, for the robust DF-REML approach,  esti mate  𝜎𝑓  
2 is done by using the robust location-free 

scale estimator Qn of Rousseeuw and Croux (1993), the Huber M-estimator of scale (Huber, 

1981). Both the estimators are implemented using R packages MASS and robust base, under the 

functions Hubers() and Qn (), respectively. These functions are used to estimate𝜎𝑓
2 and 𝜎̂𝑓

2 = 

𝑄𝑛 (X𝛽̂)2and 𝜎̂𝑓
2 = (ℎ𝑢𝑏𝑒𝑟𝑠(X𝛽̂)$𝑠)2, respectively. 
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1.4 Linear Mixed Models for heritability estimation:  

In quantitative genetics, the linear mixed effects model proposed by Yu et al. (2006), which 

assumes a single observation per genotype and is shown as- 

                                           Y=Xβ+u+e            (10)     

where y is the vector of phenotypic observations,𝜎2  is an unknown genetic variance; and e ~ 

N(0,R = 𝜎𝑒
2𝐷)  is the vector of random errors, with 𝜎𝑒

2 an unknown residual variance, and D a 

diagonal matrix with entries equal to 1/𝑟𝑖 , where 𝑟𝑖  equals to the number of observations from 

which each phenotypic data point was obatined. When there is no information on D then D = I is 

considered. In any case, rescaling the data with the weight matrix  𝐷∗ = 𝐷−1/2   allocates us to 

the case where R = 𝜎𝑒
2I and therefore we herein consider, without loss of generality, that D = I. 

Hence, we have that y ~N( Xβ, 2𝜎2K+ 𝜎𝑒
2I)with K a kinship matrix. Since var(y) = 𝜎𝑒

2 (
2𝐾𝜎2

𝜎𝑒
2 +

𝐼) =  𝜎𝑒
2(2𝐾𝜎2 + 𝐼) = 𝑉 , the vector ofunknown variance components that needs to be 

estimated is the two dimensional vector θ = ( 𝜎∗
2, 𝜎𝑒

2).  

 

Estimation of narrow-sense heritability is crucial in plant and animal breeding for determining 

the response to selection and in human studies for evaluating the potential to predict genetic risk 

for disease, among other things. The general formula for estimating heritability is given as 

 ℎ2 =  𝜎2/(𝜎2 +  𝜎𝑒
2)                                                                                                      (11) 

where   𝜎2 and 𝜎𝑒
2  are the genetic additive and residual variances. Note that (i) only a single 

observation per genotype is considered; (ii) u ~N( 0, 𝜎2G) with G a genetic/GRM; and (iii) e ~ 

iid N( 0, 𝜎𝑒
2 I). 

  

Point wise SNP-heritability (ℎ𝑆𝑁𝑃
2 )proposed by Yang et al.(2014) suggest to estimate ℎ𝑆𝑁𝑃

2  as  

 

    ℎ𝑆𝑁𝑃
2 = ( 𝜎̂2 +  𝜎̂𝑒

2 − 𝜎̂̂2 −  𝜎̂̂ 𝑒

2
)/(𝜎̂2 +  𝜎̂𝑒

2)      (12) 

      

where  𝜎̂2 and 𝜎̂𝑒
2 are the estimates obtained by the fit of model (10) with SNP removed from the 

fixed effects component, and 2ˆ̂  and 2
e

ˆ̂ are the estimates obtained by the fit of model (10). In 
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this work propose, based on the previous model formulations, to estimate  ℎ𝑆𝑁𝑃
2 as the difference 

between the marginal 𝑅2  obtained from the fit of the full model (10) and the marginal 𝑅2 

obtained from the fit ofmodel (10) without the SNP (𝑅2 computed as in Section 3), i.e. as  

             

   ℎ𝑆𝑁𝑃
2 =  𝑅𝑚;(10)

2 −  𝑅𝑚;(10)𝑆𝑁𝑃−𝑜𝑢𝑡∗
2                                            (15) 

 

The robust DF-REML estimation approach is presented in table 1 as a step-by-step methodology 

for the estimation of variance components in LMMs with only one random effects variance 

component, such as models The acronyms DF-REML-h and DF-REML-Qn are used to the robust 

DF-REML methods that use Huber's (1964) and Rousseeuw and Croux's (1993). Below we have 

briefly discussed M-regression, Huber's (1964) and Rousseeuw and Croux's (1993) respectively. 

            

1.5 M-regression: 

The general multiple linear regression model can be written as 

 eXy                  (16) 

under the usual assumptions of independence, homoscedasticity and normality of the 

errors,where 1ny   is a vector of observations, pnX  is the design matrix for the fixed effects 

(intercept included), 1p  is the vector of unknown fixed effects, and 1ne  is a vector of non-

observable errors with E(e) = 0 and covariance matrix   nI2evar  . Note that we are considering 

the case where n > p. 

The least squares (LS) estimate of   is obtained by minimizing the residual sum of squares, 

  

2n

1i

iXiyminargLS 


 



                                                                                          (17) 

where  ipX,,1iX,1iX  . If X has rank nP  we obtain yTX
1

XTXLS
ˆ








 , with covariance 

matrix
1

XTX2
LS








  . Since in the classical approach we have e~ 








nI2,0N  then LS̂ is 

also the maximum likelihood estimate (MLE) of  . Additionally LS̂ is an UMVUE estimator of 

 (Gauss-Markov theorem). 
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When considering robust approaches in the estimation of the unknown parameters, the normality 

condition on the error distribution is relaxed and the estimators are obtained by methods other 

than maximum likelihood. In this study we restrict our attention to M-estimators, which have 

been shown to have good computational and efficiency properties(Maronna et al., 2006; 

Rousseeuw& Leroy, 2003). In the M-regression approach, the  estimates are the solutions to 

the following minimization problem, 

 
 



















n

1i
ˆ

ir
minargR

ˆ







              (18) 

where   is an appropriate function,     iXiyir and ̂  some robust estimate of scale,usually 

the re-scaled mean absolute deviation (MADn; Rousseeuw and Croux, 1993): 

     jxjmediximed483.1XnMAD                        (19) 

One can easily see that   2xx  then R̂ is the least squares estimate. Differentiating (3) with 

respect to every j  , and equating to zero we get the p score equations 

 
 

p,1,j        ,0ijX

n

1i

jir
 
















 


                (20) 

Although (3) and (5) are not always equivalent, (5) is useful in the search for solutions 

to (3). Moreover considering the weights 

 

 

  p,1,j        
jir

jir

iw 


























            (21) 

leads to WyTX
1

WXTXR
ˆ








 , where W is a diagonal matrix with elements wi. This shows that 

(5) can be solved by Iteratively Reweighted Least Squares (IRWLS) (Holland & Welsh, 1977; 

Maronna et al., 2006). 

Within the class of M-estimators we have considered the _ function proposed by Huber(1964) 

  
 













bx   if2/bxb

bx    if
2

2x
x                        (22) 

which assumes a quadratic form in the middle of the distribution and a linear one in the tails. 

Also, we have taken the tuning parameter b = 1:345 to achieve a 95% asymptotic relative 

efficiency when the data are normal and to allow for substantial resistance to outliers when the 
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data departs from the normality premise. Changing the value of b allows for different levels of 

compromise between efficiency and robustness. Specially, the bigger the value of b, the bigger 

the efficiency but the lesser the robustness. 

It can easily be seen that in this case, the derivative of  writes as 

     
















b xf i   b

xb,-maxb,min   b    xb

bx   x

xb             (23) 

1.6 Estimates of scale for the robust DF-REML method 

 

In the case of the proposed robust DF-REML approach, we consider two distinct estimators 

of scale: 

(i) Huber's proposal II estimator (Huber, 1964; equation (9)), which, when consideringa tuning 

constant b = 1:5, is known to tolerate up to 26% contamination, i.e, has a26% break down point, 

and has 96% efficiency at Gaussian distributions. Huber'sproposal II estimator is defined by a 

function with two components, 

     












   2zb,zbz  

with b as in equation (8), 





x
z and        b12b2bb21b2   with  the density and 

distribution functions of the Gaussian distribution, respectively. Specially, the estimator is given 

as the solution to the following system of equations: 

 0

n

1i

ix
b 










 
 


 and 0

n

1i

ix2
b












 
 




  

 

where the scale and location estimates need to be obtained by iterative procedures. This 

estimator corresponds to a combination of minimax results from the location and scale models, 

and the estimates of scale and location need to be estimated via iterative procedures (technical 

details can be found in Hampel et al., 2011). 

 

(ii) The robust estimator of scale Qn (Rousseeuw and Croux, 1993; equation (10)), which 

presents a break down point point of 50% (the best possible one) but has only 82%efficiency at 

Gaussian distributions.  
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    
 k

ji;jxix219.2xnQ   

 with k≈
4

n

2













the k-th order statistic of the 












 n

2
inter-point distances. 

Again, changing the values of the tuning constant b will allow for different compromises 

between Gaussian efficiency and robustness in the case of (i). More detail on this topic can be 

found in the works of, e.g., Huber (1964, 1981); Rousseeuw (1984); Rousseeuw and Croux 

(1993) and Rousseeuw& Leroy (2003). 

 

1.7 Data description: A dataset has been collected from International Maize and Wheat 

Improvement Center (CIMMYT) of wheat improvement. The study consisted of 453 advanced 

parental lines from the CIMMYT hybrid wheat breeding program. The lines were planted in 2-

m-long, double-row linear plots, with 20-cm inter-row spacing at El Batan, Mexico (20.83° N, 

100.83° W) in 2017 and 2019, and at Obregon, Mexico (27.48° N, 109.93° W) in 2018 growing 

cycles. The population was genotyped with the 20K Infinium is elect SNP array by Trait 

Genetics (Gatersleben, Germany). The marker dataset was filtered for polymorphism and minor 

allele frequency (<5%) and >50% missing data were removed.  

 

1.8 Result and discussion: 

We have applied DF-REML estimates in LMMs to to incorporate Huber's proposal II estimator 

and robust estimator of scale Qn (Rousseeuw and Croux, 1993). Both the estimators are well 

known for their property of robustness. A real dataset (Wheat dataset) was analysed to detect the 

impact of the both robust estimators. Finally these estimators are compared with classical Linear 

mixed model and it is seen that robust estimators performed well as compared to the classical 

model. Table 2 describes the estimated variance components of the three different approaches 

and table 4 describes estimated heritability of three different methods. Here we have 

incorporated 1%, 3% and 5% contamination and checked that incorporation of outlying 

observations changes the estimated heritability values. 

 

  



15 

 

Table 2: Estimated variance component 

 Without contaminated 1% contaminated 5% contaminated 10% contaminated 

2̂  2
e̂  2̂  2

e̂  2̂  2
e̂  2̂  2

e̂  

Classical 0.41  0.73  0.39  0.86  0.39  1.01  0.43  1.30  

Huber 0.33  0.58  0.33  0.65  0.38  0.74  0.37  0.80  

Qn 0.35  0.62  0.33  0.64 0.36 0.73 0.34 0.76 

 

Table 4: Comparison of estimated heritability using different methods 

 Heritability 

 Without contaminated 1% contaminated 5% contaminated 10% contaminated 

Classical 0.36  0.31  0.28  0.25  

Huber 0.36  0.34  0.34  0.32  

Qn 0.36  0.34  0.33  0.31  

 

Conclusion: 

In this study, we used robust heritability estimation methodologies in this study to estimate SNP-

based heritability when observations in the dataset were contaminated with outlying 

observations. For estimating variance components using LMMs, the robust DF-REML estimate 

method has been described. For the estimation technique and the derivation of the coefficients of 

determination, Huber's (1964) and Rousseeuw and Croux's (1993) robust estimations of scale 

were used. The robust approaches were applied to a real dataset, and several procedures were 

followed, such as estimating heritability and variance components using both original and 

contaminated data (1%, 3% and 5%). Finally the robust approach is compared with classical 

approach. It is seen that for all cases heritability estimates decrease as contamination percentage 

increases. 
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Development of heritability estimation procedure in case of correlated random effect as 

well as error 

 

 2. Introduction: 

In order to study the statistical properties of the genetic parameters one of the basic 

requirements was to simulate the statistical –biological models with the known population 

parameters. Basically there are two approaches in the estimation of heritability, one based on 

the regression of offspring on parents and other based on sib correlation or sib analysis. Both 

the approaches have their own merits and demits. The precision and bias of these estimators 

depend on the relationship chosen. In the present we confine only to the estimation of 

heritability by sib analysis. The generation of data for correlated and uncorrelated cases are 

undertaken in one-way and two way classification model as discussed below.  

 

2.1 Models for Heritability 

2.1.1Introduction 

Two important simulation models, namely one way and two way nested models( Half- Sibs 

and Full – Sibs models) for the estimation of heritability given by Roningen(1974) are used 

in this study. A brief discussion of these Monte Carlo methods are as follows: 

  

2.1.2 One Way Classification 

The one-way classification or half-sib analysis model can be written as follows:  

;ijiij esy   i=1,2,…,s;     j=1,2,…,p.  

where, ijy is the observed value on the progeny of the  jthdam mated to the ithsire,   

μ is the general mean,   

is is the effect due to ithsire,   

ije is the random effect associated with  jthprogeny of the ithsire.  

The simulation model (Ronningen, 1974) to generate half-sib model will be carried out as 

follows:  

ijesij aay     

     Where a and  ija are random standard normal values.  

The value of heritability is given by  
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components  varianceerror   ,components  variancesire               
4

h 2
e

2
s2

e
2
s

2
s2 



  

Correlated Case:  

Suppose that sires are independent but within sire progenies are correlated. Further, assume 

that the correlated errors follow AR(1) i.e.,  

        componetserror  random  ,1  ijijiij jee  ,                                                          

(1) 

    where  
2

2

ij
1

Var1, ||






 e    and    1.j     .  for10IIDNij  

Generate ije   using the equation (1). Then, we can generate the correlated observations syij '        

by using the following modified simulation model:  

 ijeisij eay   '
 

Notations have the same meaning as defined above, and seij '  are the values generated from 

equation (1).  

In case of AR(2) 

    componetserror  random  ,21 21  ijijiiij jejee   

In the similar fashion, we can generate the correlated data for different error structures other 

than AR(1) e.g., AR(2), function of a distance, etc.  

 

2.1.3.  Two  way nested Model 

 This is popularly known as full-sib analysis model  and can be written as 

ijkijiijk edsY    

where is  the effect of ithsire 

 ijd the effect of jthdam mated to ith sire 

 ijke the random effect associated with kth member of the ijthfull-sib group. 

 The simulation model used for generating full sib data is given as follows: 

ijkeijdisijk aaaY    

Where ia , ija and ijka are standard normal variates. 
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 Results and discussions: 

Data have generated using different heritability values i.e. high and low(0.5, 0.1) Half sib 

AR(!):and different sample size 100 and 500 and different correlation of errors A(1) and 

AR(2). ρ=-1 to +1. After generating the data variance components are estimated using SAS 

varcomp  proc. ANOVA,ML,REML and MIVQUE methods are used. Estimates of 

heritability are obtained using the formulae give in the last chapter. Results are tabulated in 

different tables.  

 

5.1 Half sib Estimate of heritability and MSE values in case of correlated errors (AR(1)) 

and  different sample sizes for  different parametric value of heritability  

The data generated from population with low and high heritability for various sample sizes 

and family structures. The heritability estimates  along with MSE( Means Square Error) are 

obtained and shown in Table1  and Table2.  It is seen that value of estimates of heritability 

changes negative to positive when ρ changes from -1 to +1. MSE value decreasing up to ρ=0, 

then again increasing ρ is positive. For ρ= -1 to ρ= -0.5  the estimate of heritability is 0 in 

case of ML, REML and MIVQUE methods and MSE values are not changing. Estimate value 

of heritability are increasing from ρ=-.4 to ρ=1 .MSE values are showing the same trend.  

Increasing sample sizes it is noticed that the MSE values are decreasing.  

 

2.2Halfsib Estimate of heritability and MSE values in case of correlated errors (AR(2)) 

and  different sample sizes for  different parametric value of heritability  

The data generated from population with low and high heritability for various sample sizes 

and family structures. The heritability estimates  along with MSE( Mean Square Error) are 

obtained and shown in Table3and  Table4.   It is noticed that in case of AR(2) if fixing AR(1) 

value changing AR(2) values, the MSE value decrease  with increasing the correlation value 

in general. Sometimes haphazard trends are noticed. We found some good combination of  

AR(1) and AR(2) values (-0.6,,0.4),(-0.5,-0.1) , (0, 0) ,(0.1,0.1) and (0.1, 0.5) combinations 

are giving better estimates of heritability. Increasing sample sizes it is noticed that the MSE 

values are decreasing.  
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Table 1:  Half sib Estimate of heritability and MSE values in case of correlated errors 

(AR(1)) and  different sample sizes for parametric value of heritability 0.10 

MSE 

Rho            ANOVA              ML           REML             MIVQUE 

P=100  P=500 P=100         P= 500                                                                                                                               P=100           P=500 P=100          P=500 

        

-1 0.2293 0.2311 0.0095 0.0095 0.0095 0.0095 0.0095 0.0095 

(ht) -0.3811 -0.3830 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

-0.9 0.2041 0.2067 0.0095 0.0095 0.0095 0.0095 0.0095 0.0095 

(ht) -0.3539 -0.3566 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

-0.8 0.1731 0.1764 0.0095 0.0095 0.0095 0.0095 0.0095 0.0095 

(ht) -0.3177 -0.3215 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

-0.7 0.1416 0.1454 0.0095 0.0095 0.0095 0.0095 0.0095 0.0095 

(ht) -0.2773 -0.2819 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

-0.6 0.112 0.116 0.010 0.010 0.010 0.010 0.010 0.010 

(ht) -0.2343 -0.2399 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

-0.5 0.0845 0.0887 0.0095 0.0095 0.0095 0.0095 0.0095 0.0095 

(ht) -0.189 -0.1954 0 0 0 0 0 0 

-0.4 0.0601 0.0642 0.0095 0.0095 0.0094 0.0094 0.0094 0.0094 

(ht) -0.1408 -0.1481 0.0004 0.0004 0.0005 0.0005 0.0005 0.0005 

-0.3 0.0392 0.0642 0.0092 0.0095 0.0091 0.0094 0.0091 0.0094 

(ht) -0.0889 -0.1481 0.0024 0.0004 0.0032 0.0005 0.0032 0.0005 

-0.2 0.0226 0.0258 0.0078 0.0080 0.0076 0.0079 0.0076 0.0079 

(ht) -0.0320 -0.0408 0.0163 0.0149 0.0186 0.0171 0.0186 0.0171 

-0.1 0.0118 0.0142 0.0065 0.0068 0.0064 0.0068 0.0064 0.0068 

(ht) 0.0314 0.0220 0.0465 0.0430 0.0513 0.0476 0.0513 0.0476 

0 0.0095 0.0109 0.0078 0.0078 0.0083 0.0083 0.0083 0.0083 

(ht) 0.1037 0.0939 0.1006 0.0958 0.1082 0.1031 0.1082 0.1031 

0.1 0.0201 0.0204 0.0180 0.0178 0.0200 0.0197 0.0200 0.0197 

(ht) 0.1879 0.1779 0.1792 0.1715 0.1887 0.1806 0.1887 0.1806 

0.2 0.0515 0.0506 0.0472 0.0464 0.0515 0.0506 0.0515 0.0506 

(ht) 0.2884 0.2784 0.2775 0.2681 0.2884 0.2787 0.2884 0.2787 

0.3 0.1176 0.1157 0.1096 0.1079 0.1176 0.1157 0.1176 0.1157 

(ht) 0.4114 0.4018 0.3991 0.3896 0.4114 0.4018 0.4114 0.4018 

0.4 0.2434 0.2409 0.2301 0.2279 0.2434 0.2409 0.2434 0.2409 

(ht) 0.5659 0.5570 0.5520 0.5432 0.5659 0.5570 0.5659 0.5570 

0. 5 0.4753 0.4733 0.4542 0.4524 0.4753 0.4733 0.4753 0.4733 

(ht) 0.7647 0.7571 0.7490 0.7415 0.7647 0.7571 0.7647 0.7571 

0.6 0.8976 0.8980 0.8651 0.8656 0.8976 0.8980 0.8976 0.8980 

(ht) 1.0252 1.0195 1.0077 1.0021 1.0252 1.0195 1.0252 1.0195 

0.7 1.6534 1.6585 1.6050 1.6103 1.6534 1.6585 1.6534 1.6585 
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(ht) 1.3663 1.3632 1.3472 1.3442 1.3663 1.3632 1.3663 1.3632 

0.8 2.9268 2.9386 2.8600 2.8719 2.9268 2.9386 2.9268 2.9386 

(ht) 1.7950 1.7948 1.7752 1.7750 1.7950 1.7948 1.7950 1.7948 

0.9 4.7491 4.7670 4.6678 4.6858 4.7498 4.7670 4.7491 4.7670 

(ht) 2.268 2.2703 2.2491 2.2515 2.268 2.2703 2.268 2.2703 

1 6.5406 6.5607 6.4551 6.4753 6.5406 6.5607 6.5406 6.5607 

(ht) 2.6502 2.6538 2.6333 2.6370 2.6502 2.6538 2.65024 2.6538 

 

Table 2 :Half-sib Estimate of heritability and MSE values in case of correlated errors (AR(2)) and  different 

sample sizes in case heritability of 0.10 

MSE                           

Ρ1 Ρ2            ANOVA                                                                                            REML           ML MIVQUE 

       

P=100                     P=200 P=100                P= 200                                                                                                                                P=100                P=200 P=100                 P=200 

      

-1 -1 0.2460 0.2428 0.1093 0.1093 0.1095 0.10927 0.1095 0.1093 

(ht) -0.2484 -0.2383 0.0023 0.0022 0.0074 0.00842 0.0074 0.0084 

-1 -0.5 0.2123 0.2114 0.1095 0.1098 0.1110 0.11177 0.1110 0.1118 

(ht) -0.1738 -0.1589 0.0014 0.0047 0.0132 0.02025 0.0132 0.0202 

-1 0.1 0.2113 0.2108 0.1100 0.1103 0.1121 0.11297 0.1121 0.1130 

(ht) -0.1648 -0.1510 0.0035 0.0075 0.0170 0.02418 0.0170 0.0242 

-1 1 1.6856 1.5547 1.3008 1.1860 1.6802 1.55046 1.6802 1.5505 

(ht) 1.0906 1.0491 0.9288 0.8041 1.0946 1.06020 1.0463 1.0602 

-1 0.5 0.2081 0.2085 0.1115 0.1119 0.1155 0.11657 0.1155 0.1166 

(ht) -0.1359 -0.1261 0.0128 0.0161 0.0325 0.03861 0.0325 0.0386 

-1 0 0.2114 0.2108 0.1099 0.1101 0.1118 0.11272 0.1118 0.1127 

(ht) -0.1865 -0.1724 0.0031 0.0069 0.0061 0.02332 0.0161 0.0233 

-0.8 -0.8 0.1813 0.1866 0.1128 0.1130 0.1200 0.12220 0.1200 0.1222 

(ht) -0.0561 -0.0626 0.0285 0.0381 0.0594 0.07405 0.0394 0.0740 

-0.6 0.4 0.1898 0.2026 0.1266 0.1326 0.1472 0.15760 0.1472 0.1576 

(ht) 0.0318 0.0454 0.0752 0.0889 0.1256 0.14283 0.1256 0.1428 

-0.5 -0.5 0.1800 0.1920 0.1196 0.1236 0.1359 0.14411 0.1359 0.1441 

(ht) 0.0074 0.0239 0.0628 0.0777 0.1284 0.14865 0.1284 0.1286 

-0.5 -0.1   0.1818 0.1954 0.1220 0.1269 0.1398 0.14960 0.1398 0.1496 

(ht) 0.0187 0.0359 0.0674 0.0838 0.1152 0.13602 0.1152 0.1360 

-0.5 0.9 1.1004 1.0563 0.8026 0.7701 1.0954 1.05161 1.0954 1.0516 

(ht) 0.8736 0.8557 0.7282 0.7104 0.8864 0.86772 0.8764 0.8677 

-0.5 0.1 0.1834 0.1074 0.1233 0.1287 0.1415 0.15201 0.1415 0.1520 

(ht) 0.0219 0.0387 0.0685 0.0850 0.1176 0.13779 0.1176 0.1378 

-0.5 0 0.1825 0.1063 0.1226 0.1277 0.1405 0.15069 0.1405 0.1507 

(ht) 0.0202 0.0372 0.0678 0.0843 0.1163 0.13684 0.1163 0.1368 

-0.3 0.2 0.1850 0.2008 0.1249 0.1317 0.1444 0.15685 0.1444 0.1569 
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(ht) 0.0309 0.0486 0.0726 0.0903 0.1229 0.14424 0.1229 0.1442 

0 0.5 0.1968 0.2135 0.1323 0.1417 0.1574 0.17260 0.1574 0.1726 

(ht) 0.0653 0.0807 0.0921 0.1075 0.1513 0.16892 0.1513 0.1689 

0 -0.5 

 

0.1785 0.1945 0.1196 0.1258 0.1360 0.14798 0.1360 0.1480 

(ht) 0.0124 0.0328 0.0638 0.0827 0.1101 0.14345 0.1101 0.1345 

0 1 3.4235 3.3116 2.7851 2.6810 3.4232 3.31139 3.4232 3.3114 

(ht) 1.7385 1.7171 1.5444 1.5209 1.7396 1.71769 1.7396 1.7177 

0 -1 0.2063 0.2085 0.1095 0.1107 0.1113 0.11391 0.1113 0.1139 

(ht) -0.1594 -0.1635 0.0036 0.0096 0.0181 0.02844 0.0181 0.0284 

0 0 0.1818 0.1990 0.1232 0.1302 0.1415 0.15478 0.1415 0.1548 

(ht) 0.0255 0.0461 0.0691 0.0891 0.1177 0.14282 0.1177 0.1428 

0.1 0.1 0.1823 0.2000 0.1237 0.1312 0.1421 0.15604 0.1421 0.1560 

(ht) 0.0258 0.0476 0.0688 0.0896 0.1174 0.14368 0.1174 0.1437 

0.1 0.5 0.1960 0.2132 0.1319 0.1417 0.1568 0.17244 0.1568 0.1724 

(ht) 0.0641 0.0802 0.1114 0.1271 0.1503 0.14865 0.1503 0.1687 

0.3 -0.2 0.1791 0.1965 0.1215 0.1290 0.1386 0.15284 0.1386 0.1528 

(ht) 0.0187 0.0436091 0.0650 0.0869 0.1118 0.14012 0.1118 0.1401 
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Table 3: Halfsib Estimate of heritability and MSE values in case of correlated errors (AR(1)) and  different 

sample sizes parametric value of heritability 0.5 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 MSE 

 

ρ ANOVA                                     ML                                      REML                                  MIVQUE 

P=500          p=100              P=500          p=100                P=500          p=100          P=500          p=100     

-1 

(ht) 

0.023877 

0.445295 

0.0234756 

-0.288932 

0.024161 

0.432653 

0.0249525 

0 

0.023128 

0.445295 

0.023225 

0 

0.023867 

0.445295 

0.023982 

0 

-0.8 

(ht) 

0.364419 

-0.100169 

0.3774184 

-0.110188 

0.247697 

0.001928 

0.247914 

0.002351 

0.247569 

0.00239 

0.2477293 

0.0028794 

0.247569 

0.00239 

0.247729 

0.002879 

-0.6 

(ht) 

0.182937 

0.083117 

0.1956736 

0.0695232 

0.1764717 

0.086983 

0.1854192 

0.0771334 

0.171117 

0.0940338 

0.1807118 

0.0833611 

0.171117 

0.0740338 

0.1807118 

0.0833611 

-0.4 

(ht) 

0.0814276 

0.2404321 

0.0917786 

0.2240275 

0.0859963 

0.2306491 

0.0960323 

0.2148756 

0.0810401 

0.2408062 

0.09088 

0.2248447 

0.0810401 

0.2408062 

0.09088 

0.2248447 

-0.2 

(ht) 

0.0332794 

0.3789856 

0.0401821 

0.3606091 

0.0358849 

0.3670671 

0.0428798 

0.3491262 

0.0332794 

0.3789856 

0.0399805 

0.3608014 

0.0332794 

0.3789856 

0.0399805 

0.3608014 

0 
(ht) 

0.0233299 
0.512632 

0.0262235 
0.4934539 

0.022699 
0.4992923 

0.0260297 
0.4934539 

0.0233299 
0.512632 

0.0262235 
0.4934539 

0.0233299 
0.512632 

0.0262235 
0.4934539 

0.2 

(ht) 

0.0455013 

0.8933214 

0.0540885 

0.6456959 

0.1421093 

0.8765713 

0.0494531 

0.6311033 

0.0530136 

0.8933214 

0.0540885 

0.6456959 

0.0520136 

0.8933214 

0.0540885 

0.6456959 

0.4 

(ht) 

0.0408098 

0.2983176 

0.1729434 

0.8612289 

0.0453822 

0.2872631 

0.1607734 

0.8448825 

0.0408098 

0.2983176 

0.1729434 

0.8612289 

0.0408098 

0.2983176 

0.1729434 

0.8612289 

0.6 

(ht) 

0.1033029 

0.1787041 

0.5898351 

1.2307069 

0.1095355 

0.1691348 

0.5626328 

1.2122075 

0.1033029 

0.1787041 

0.5898351 

1.2307069 

0.1033029 

0.1787041 

0.5898351 

1.2307069 

0.8 

(ht) 

0.1388044 

0.1274907 

2.011267 

1.8967213 

1.9755056 

0.1185919 

1.9567327 

1.8770366 

0.1388044 

0.1274907 

2.011267 

1.8967213 

0.1388044 

0.1274907 

2.011267 

1.8967213 

1 

(ht) 

4.7689802 

2.6779269 

4.7782916 

2.6796665 

4.6970401 

2.6612699 

4.7064034 

2.6630292 

4.7689802 

2.6779269 

4.7782916 

2.6796665 

0.1689802 

2.6779269 

0.249825 

0 
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Table 4: Halfsib Estimate of heritability and MSE values in case of correlated errors (AR(2)) and  

different sample sizes in case heritability of 0.50 

 MSE                             

Ρ1 Ρ2 ANOVA 
 
P=100                        P=200 

ML 
 
P=100                    P= 200                                                                                                                                
 

          REML 
 
P=100                 P=200 

MIVQUE 
 
P=100                   P=200 

-1 
(ht) 

-1 0.488917 
-0.061335 

0.5055455 
-0.071945 

0.3217234 
0.033848 

0.3192378 
0.0346013 

0.3085184 
0.0625768 

0.3033904 
0.0658638 

0.3085184 
0.0625768 

0.3033904 
0.0658638 

-1 
(ht) 

-0.5 0.3874837 
0.0541088 

0.4094116 
0.041723 

0.2940606 
0.0912773 

0.2924512 
0.0941407 

0.2804843 
0.1413845 

0.2794069 
0.1446804 

0.2804843 
0.1413845 

0.2794069 
0.1446804 

-1 
(ht) 

0.1 0.3789359 
0.0694036 

0.4013475 
0.054783 

0.2902304 
0.0995042 

0.2883118 
0.1014682 

0.2753359 
0.1539653 

0.2743213 
0.1554791 

0.2753359 
0.1539653 

0.2743213 
0.1554791 

-1 
(ht) 

1 1.2395441 
1.212535 

1.1178785 
1.1554846 

  0.9417583 
1.0454333 

0.8370438 
0.9927172 

1.23188 
1.2188096 

1.105354 
1.1653236 

1.23188 
1.2188096 

1.105354 
1.1653236 

-1 
(ht) 

0.5 0.3698658 
0.3977362 

0.392958 
0.0783994 

0.2861523 
0.1163135 

0.2843872 
0.115657 

0.2713197 
0.1776563 

0.2705514 
0.1752478 

0.1613197 
0.1676563 

0.2705514 
0.1752478 

-1 
(ht) 

0 0.3799107 
0.0671508 

0.4021615 
0.0530114 

0.2905735 
0.0983257 

0.2888736 
0.1003191 

0.276074 
0.1518926 

0.2750476 
0.1537561 

0.276074 
0.1518926 

0.2750476 
0.1537561 

-
0.8 
(ht) 

-0.8 0.2903288 
0.2614686 

0.3182769 
0.232986 

0.2531953 
0.2078014 

0.2543523 
0.2033567 

0.2442571 
0.2989456 

0.2497993 
0.2881403 

0.2442571 
0.2989456 

0.2497993 
0.2881403 

-
0.6 

(ht) 

0.4 0.2826397 
0.4343475 

0.3152194 
0.3975651 

0.2403634 
0.3355253 

0.2500989 
0.3229166 

0.2561565 
0.4556018 

0.2715525 
0.4331193 

0.2561565 
0.4556018 

0.2715525 
0.4331193 

-
0.5 
(ht) 

-0.5 0.2787143 
0.4059834 

0.3077416 
0.3726499 

0.236489 
0.3159194 

0.2466598 
0.3027095 

0.2492345 
0.4304707 

0.2632248 
0.4088362 

0.2492345 
0.4304707 

0.2632248 
0.4088362 

-
0.5 
(ht) 

-0.1 0.2792245 
0.4276538 

0.3102599 
0.3940909 

0.2352523 
0.3327088 

0.2468307 
0.3196436 

0.2523936 
0.449757 

0.2682417 
0.4282556 

0.2523936 
0.449757 

0.2682417 
0.4282556 

-
0.5 
(ht) 

0.9 0.9536738 
1.1322028 

0.8881722 
1.0788252 

0.6875301 
0.9630872 

0.6432396 
0.9135354 

0.9428112 
1.1409783 

0.8767566 
1.0880374 

0.9428112 
1.1409783 

0.8767566 
1.0880374 

-
0.5 
(ht) 

0.1 0.2791354 
0.432518 

0.3116034 
0.3984701 

0.2355222 
0.3359199 

0.2472748 
0.3234566 

0.2536769 
0.4531939 

0.2703652 
0.4319457 

0.2536769 
0.4531939 

0.2703652 
0.4319457 

-
0.5 
(ht) 

0 0.2790786 
0.4301217 

0.3108332 
0.396394 

0.2352239 
0.3344087 

0.2469746 
0.3216225 

0.2529008 
0.4515585 

0.2692483 
0.4301811 

0.2529008 
0.4515585 

0.2692483 
0.4301811 

-
0.3 
(ht) 

0.2 0.2814987 
0.4480096 

0.3158521 
0.4144742 

0.2367753 
0.3474886 

0.2495999 
0.3360006 

0.257519 
0.467428 

0.2761758 
0.4467596 

0.257519 
0.467428 

0.2761758 
0.4467596 

0 

(ht) 

0.5 0.2956891 

0.4782523 

0.3281732 

0.4428285 

0.2442001 

0.373028 

0.2558624 

0.3595952 
0.2717972 
0.4980278 

0.2879008 

0.4759263 

0.2717972 

0.4980278 

0.2879008 

0.4759263 

0 
(ht) 

-0.5 0.2790868 
0.419876 

0.3117267 
0.3901806 

0.2364726 
0.3261852 

0.2491653 
0.3161415 

0.2518388 
0.4428596 

0.2698825 
0.4243884 

0.2518388 
0.4428596 

0.2698825 
0.4243884 

0 
(ht) 

1 2.6243948 
1.8872541 

2.4941297 
1.8343796 

2.0959868 
1.6908519 

1.9766438 
1.6423128 

2.6242349 
1.8874116 

2.4891787 
1.8381763 

2.6242349 
1.8874116 

2.4891787 
1.8381763 

0 
(ht) 

-1 0.3512803 
0.0844258 

0.3785129 
0.0687792 

0.2821327 
0.0983011 

0.2816984 
0.1026436 

0.2601747 
0.1581338 

0.2625201 
0.1615042 

0.2601747 
0.1581338 

0.2625201 
0.1615042 

0 
(ht) 

0 0.282824 
0.444284 

0.3170387 
0.4137827 

0.2377139 
0.3452012 

0.2508368 
0.3353194 

0.2588365 
0.4642377 

0.2777029 
0.4459368 

0.2588365 
0.4642377 

0.2777029 
0.4459368 

0.1 
(ht) 

0.1 0.2840212 
0.4442807 

0.3185621 
0.4145428 

0.2395047 
0.3447372 

0.2520232 
0.3360139 

0.2611644 
0.4632117 

0.2794824 
0.4464846 

0.2611644 
0.4632117 

0.2794824 
0.4464846 

0.1 
(ht) 

0.5 0.296347 
0.4761647 

0.3285226 
0.4417194 

0.2453556 
0.3711972 

0.2563454 
0.3586618 

0.272962 
0.4955892 

0.2884083 
0.4746562 

0.272962 
0.4955892 

0.2884083 
0.4746562 

0.3 
(ht) 

-0.2 0.2849197 
0.4296791 

0.3177481 
0.4046221 

0.2417599 
0.3335078 

0.2528274 
0.3279882 

0.2619686 
0.4491103 

0.2788514 
0.4365253 

0.2619686 
0.4491103 

0.2788514 
0.4365253 
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0.5 
(ht) 

0.5 0.3036513 
0.4685222 

0.3305955 
0.4459214 

0.2566313 
0.3627324 

0.2623538 
0.3589103 

0.2858575 
0.4833918 

0.295549 
0.4746578 

0.2858575 
0.4833918 

0.295549 
0.4746578 

0.5 
(ht) 

-0.5 
 

0.2885923 
0.4091254 

0.3172444 
0.3932704 

0.2484051 
0.1264 

0.2570623 
0.3165383 

0.266052 
0.4283446 

0.2795664 
0.4243574 

0.266052 
0.4283446 

0.2795664 
0.4243574 

0.5 
(ht) 

0 0.2936112 
0.4327986 

0.3220002 
0.416346 

0.2528368 
0.3332121 

0.2595727 
0.3342653 

0.2750082 
0.4484656 

0.2871999 
0.4450301 

0.2750082 
0.4484656 

0.2871999 
0.4450301 

0.6 
(ht) 

-0.4 0.2998758 
0.4299095 

0.3230446 
0.422885 

0.2568548 
0.3326517 

0.2630846 
0.3377191 

0.2812265 
0.4460873 

0.2922839 
0.4485868 

0.2812265 
0.4460873 

0.2922839 
0.4485868 

1 
(ht) 

0 2.2652188 
1.7376081 

2.5328067 
1.8491667 

1.777259 
1.547399 

2.015278 
1.6560534 

2.2597589 
1.7419088 

2.5291173 
1.872141 

2.2597589 
1.7419088 

2.5291173 
1.852141 

1 
(ht) 

0.5 2.2945728 
1.7477899 

4.4698334 
2.4391805 

1.8049469 
1.5570371 

3.8228249 
2.258803 

2.2913326 
1.7504548 

4.4692683 
2.4396932 

2.2913326 
1.7504548 

4.4692683 
2.4396932 

1 
(ht) 

1 4.4170039 
2.4444643 

1.2540997 
1.2343611 

3.7461251 
2.2615587 

0.946702 
1.0669236 

4.4158735 
2.4454899 

1.2436536 
1.2327839 

4.4158735 
2.4454899 

1.2436536 
1.2427839 

1 
(ht) 

-1 1.103853 
1.133445 

2.4429774 
1.8138037 

0.8195423 
0.9771187 

1.9379834 
1.6210762 

1.0883625 
1.1557986 

2.4391544 
1.8168861 

1.0883625 
1.1457986 

2.4391544 
1.8168861 

1 
(ht) 

-0.5 2.1795182 
1.7037757 

0.5055455 
-0.071945 

1.7034232 
1.5141305 

0.3192378 
0.0346013 

2.1736527 
1.7183973 

0.3033904 
0.0658638 

2.1736527 
1.7083973 

0.3033904 
0.0658638 

-1 
(ht) 

-1 0.488917 
-0.061335 

0.4094116 
0.041723 

0.3217234 
0.033848 

0.3924512 
0.0941407 

0.3085184 
0.0625768 

0.2794069 
0.1446804 

0.3085184 
0.0625768 

0.2794069 
0.1446804 

 

Table 5 :  Full sib Estimate of heritability and MSE values in case of correlated errors (AR(1)) and  

different sample sizes for parametric value of heritability 0.10 

 MSE                           ; 

Rho Method 

 
Sample 

ANOVA 

 
P=500                       P=100 

            ML  

 
P=500                    P= 100                                                                                                                                
 

REML 

 
P=500                 P=100 

            MIVQUE 

 
P=500                   P=100 

-1 
(ht) 

ℎ𝑠
2 0.098271 

-0.181885 
0.0983139 
-0.183327 

0.0152324 
0.0014007 

0.0153534 
0.0002801 

0.0152362 
0.0014926 

0.0153524 
0.0003057 

0.0152362 
0.0014926 

0.0153524 
0.0003057 

 ℎ𝑑
2  0.9578841 

-0.383885 
0.9598772 
-0.383327 

0.6379551 
0.0015007 

0.639591 
0.0002901 

0.6378347 
0.0914926 

0.6395554 
0.0013057 

0.6378347 
0.001526 

0.6395554 
0.0023057 

 ℎ𝑠+𝑑
2  1.1207918 

-0.28 8885 
1.1210013 
-0.283327 

0.76337 
0.0015307 

0.765174 
0.0003001 

0.7632358 
0.0024926 

0.7651345 
0.0004057 

0.7632358 
0.0014896 

0.7651345 
0.0013057 

-0.7 
(ht) 

ℎ𝑠
2 0.0379526 

0.2647565 
0.0389461 
0.255177 

0.0305571 
0.2545453 

0.0314585 
0.2460257 

0.0378693 
0.2650561 

0.0345774 
0.2563335 

0.0338693 
0.2650561 

0.0345774 
0.2563335 

 ℎ𝑑
2  0.3046345 

0.3947565 
0.3145789 
0.295177 

0.3150439 
0.2545453 

0.3234633 
0.2460257 

0.3041462 
0.2775056 

0.3126467 
0.2563335 

0.3111462 
0.3650561 

0.3126467 
0.2563335 

 ℎ𝑠+𝑑
2  0.390546 

0.28257565 
0.4019273 
0..2815517 

0.4024871 
0.2545453 

0.4121844 
0.2460257 

0.3900127 
0.2850567 

0.3998217 
0.2563335 

0.3900127 
0.2695561 

0.3998217 
0.2563335 

-0.5 
(ht) 

ℎ𝑠
2 0.1491833 

0.5039313 
0.1595625 
0.4903359 

0.1488045 
0.4906877 

0.1495852 
0.4773262 

0.1691833 
0.5039313 

0.1595402 
0.4904137 

0.1591833 
0.5039313 

0.1595402 
0.4904137 

 ℎ𝑑
2  0.1125158 

0.6037113 
0.121275 
0.5903359 

0.1200414 
0.5906877 

0.128886 
0.4773262 

0.1125158 
0.5139314 

0.1211475 
0.4904137 

0.1125158 
0.5989313 

0.1211475 
0.5904137 

 ℎ𝑠+𝑑
2  0.1625511 

0.5145313 
0.1733496 
0.5090335 

0.1720633 
0.5986877 

0.1829121 
0.4773262 

0.1625511 
0.5239317 

0.1732105 
0.4904137 

0.1625511 
0.5187313 

0.1732105 
0.5104137 

-0.3 
(ht) 

ℎ𝑠
2 0.3455414 

0.6860825 
0.9612935 
1.0813578 

0.3284329 
0.6711132 

0.9270483 
1.0635749 

0.3455414 
0.6860825 

0.9612935 
1.0813578 

0.3455414 
0.6860825 

0.3612935 
1.0813578 

 ℎ𝑑
2  0.0426168 

0.8860825 
0.1239811 
1.5813578 

0.0457459 
0.6811132 

0.1137773 
2.0635882 

0.0426168 
0.9863581 

0.1239811 
2.0813578 

0.0426168 
0.6860825 

0.1239811 
2.0814579 

 ℎ𝑠+𝑑
2  0.0653294 

0.8860825 
0.0874024 
1.0983578 

0.0707039 
0.6921132 

0.0798661 
1.5635231 

0.0653294 
0.7860831 

0.0874024 
1.6781359 

0.0653294 
0.6860825 

0.0874024 
1.3893576 

0 
(ht) 

ℎ𝑠
2 0.6271941 

0.893568 
0.603396 
0.8764351 

0.6014082 
0.8769554 

0.5783213 
0.8599561 

0.6271941 
0.893568 

0.603396 
0.8764351 

0.6271941 
0.893478 

0.603396 
0.8764351 

 ℎ𝑑
2  0.043762 

0.983568 

0.0431264 

1.8014351 

0.0404352 

0.8769554 
0.0403303 

1.8599332 
0.043762 

1.993535 
0.0431264 

1.8764345 
0.043062 

1.803216 
0.0431264 

1.8764321 
 ℎ𝑠+𝑑

2  0.0353518 
0.895568 

0.0372861 
0.9884351 

0.0345169 
0.8769554 

0.0369619 
0.9599542 

0.0353518 
1.043569 

0.0372861 
0.9964323 

0.035351 
0.993568 

0.0372861 
0.9764363 

0.3 
(ht) 

ℎ𝑠
2 0.9853297 

1.096046 
0.9578041 
1.0798574 

0.9504265 
1.0781632 

0.9236276 
1.0620805 

0.9853297 
1.096046 

0.9578041 
1.0798574 

0.9453297 
1.096046 

0.9578041 
1.0798574 

 ℎ𝑑
2  0.1281597 0.1225202 0.117433 0.1123769 0.1281597 0.1225202 0.1201597 0.1225202 
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2.096046 1.1798574 1.0791632 2.0620836 1.106046 1.0798574 1.066046 1.0798574 

 ℎ𝑠+𝑑
2  0.0893778 

1.196046 
0.0861666 
1.1985741 

0.0813335 
1.07781632 

0.0786898 
1.5627685 

0.0893778 
1.119604 

0.0861666 
1.0798574 

0.0853778 
1.096046 

0.0861666 
1.0798574 

0. 5 
(ht) 

ℎ𝑠
2 1.4527074 

1.310457 
1.4237997 
1.2956129 

1.4079084 
1.2915827 

1.379705 
1.2768211 

1.4527074 
1.310457 

1.4237997 
1.2956129 

1.4227074 
1.310457 

1.4237997 
1.2956129 

 ℎ𝑑
2  0.3056672 

1.810457 
0.2968278 
1.3956129 

0.286385 
1.2934827 

0.2781384 
2.2768342 

0.3056672 
2.315468 

0.2968278 
1.2956129 

0.3056672 
2.317894 

0.3168278 
1.2956129 

 ℎ𝑠+𝑑
2  0.2347236 

1.420457 
0.2281108 
1.2985129 

0.2182726 
1.2978827 

0.2122402 
1.8768215 

0.2347236 
1.587567 

0.2281108 
1.2956129 

0.2347236 
1.657892 

0.2381108 
1.2956129 

0.7 
(ht) 

ℎ𝑠
2 2.5966888 

1.7202475 
2.5703997 
1.7088652 

2.5339041 
1.7004875 

2.5082108 
1.6891521 

2.5966888 
1.7202475 

2.5703997 
1.7088652 

2.5466888 
1.7202475 

2.5703997 
1.7088652 

 ℎ𝑑
2  0.8956373 

2.1202475 
0.8847362 
1.7288652 

0.8595667 
1.7004875 

0.8491983 
2.6891534 

0.8956373 
2.7202475 

0.8847362 
1.7088652 

0.8756373 
2.7292471 

0.8847362 
2.7088652 

 ℎ𝑠+𝑑
2  0.7632251 

1.8902475 
0.7540315 
1.7788652 

0.7301186 
1.7004875 

0.7214505 
1.9891567 

0.7632251 
1.8802462 

0.7540315 
1.7088652 

0.7432251 
1.8892476 

0.7540315 
1.7988865 

1 
(ht) 

ℎ𝑠
2 6.7818181 

2.7242263 
6.8135921 
2.78902 

6.6974755 
2.7078968 

6.7295237 
2.7127551 

6.7818181 
2.7242263 

6.8135921 
2.72902 

6.7818181 
2.7242263 

6.8135921 
2.72902 

 ℎ𝑑
2  3.7234494 

2.9842263 
3.7487426 
2.9810223 

3.6611832 
2.8178968 

3.6866634 
3.7127583 

3.7234494 
3.7242973 

3.7487426 
3.756935 

3.7234494 
3.7242289 

3.7487426 
3.72673 

 

Table 6:  Full sib Estimate of heritability and MSE values in case of correlated errors (AR(1)) 

and  different sample sizes for parametric value of heritability 0.50 
MSE 

Rho Method             ANOVA                                                                   ML REML MIVQUE 
 Sample 500 100 500 100 500 100 500 100 

-1 
(ht) 

ℎ𝑠
2 0.4745049 

0.072369 

0.4821838 

0.078842 

0.3576657 

0.0136716 

0.3628984 

0.0084092 

0.3563739 

0.0149473 

0.3615089 

0.0096753 

0.3563739 

0.0149473 
0.3615089 

0.0096753 

 ℎ𝑑
2  0.7696736 

0.082369 
0.7798103 
0.088842 

0.6201683 
0.0336716 

0.6273989 
0.0184092 

0.6183922 
0.0299473 

0.6255288 
0.0196754 

0.6183987 
0.2149465 

0.6255288 
0.0296765 

 ℎ𝑠+𝑑
2  1.684612 

0.080469 
1.7002153 
0.098842 

1.4624506 
0.0134716 

1.4741249 
0.0086092 

1.4595972 
0.0178647 

1.4711857 
0.0099975 

1.4595972 
0.0199478 

1.4711857 
0.0099798 

-0.7 
(ht) 

ℎ𝑠
2 0.0362448 

0.5215111 
0.0402199 
0.501621 

0.038248 
0.5081017 

0.0426125 
0.4884681 

0.0362448 
0.5215111 

0.0401717 
0.5016599 

0.0362448 
0.5215111 

0.0401717 
0.5016599 

 ℎ𝑑
2  0.1059406 

0.5675111 
0.1174672 
0.541621 

0.1130348 
0.5381017 

0.1248533 
0.4984681 

0.1059406 
0.9265113 

0.1174041 
0.9501659 

0.1059406 
1.5215784 

0.1174041 
1.50187534 

 ℎ𝑠+𝑑
2  0.5193806 

0.5215111 
0.5477033 
0.531621 

0.5377983 
0.5181017 

0.5661963 
0.4804681 

0.5193806 
0.6289117 

0.5476073 
0.5516598 

0.5193806 
0.5900151 

0.5476073 
0.6016556 

-0.5 
(ht) 

ℎ𝑠
2 0.0754066 

0.8097071 
0.0878031 
0.7851935 

0.068745 
0.7937283 

0.0619276 
0.7694161 

0.0754066 
0.8097071 

0.0678031 
0.7851935 

0.0754066 
0.8097071 

0.0678031 
0.7851935 

 ℎ𝑑
2  0.0356855 

0.8397071 
0.0373889 
0.7951935 

0.0350905 
0.8937283 

0.0375035 
0.794161 

0.0356855 
0.8697071 

0.0373889 
1.1125193 

0.0356855 
1.6797895 

0.0373889 
1.4851989 

 ℎ𝑠+𝑑
2  0.20576 

0.8497071 
0.2281638 
0.7871935 

0.2186582 
0.8537283 

0.2416015 
0.8694161 

0.20576 
0.8597071 

0.2281638 
0.7981934 

0.20576 
0.895432 

0.2281638 
0.8964321 

-0.3 
(ht) 

ℎ𝑠
2 0.2017277 

1.0127343 
0.1839696 
0.986424 

0.1875438 
0.9953401 

0.170756 
0.9692075 

0.2017277 
1.0127343 

0.1839696 
0.986424 

0.2017277 
1.0127343 

0.1839696 
0.986424 

 ℎ𝑑
2  0.0849251 

1.043343 
0.077156 
1.786424 

0.0773452 
0.9953401 

0.0704789 
0.9692075 

0.0849251 
2.0127363 

0.077156 
1.999427 

0.0849251 
2.0127376 

0.077156 
1.186421 

 ℎ𝑠+𝑑
2  0.0835544 

1.0537343 
0.0980029 
0.9996424 

0.0906629 
0.9953401 

0.1058641 
0.9692075 

0.0835544 
1.3127347 

0.0980029 
0.9964398 

0.0835544 
1.0887344 

0.0980029 
0.999421 

0 
(ht) 

ℎ𝑠
2 0.4109657 

1.2165893 
0.3847571 
1.191063 

0.3884926 
1.1981041 

0.3633111 
1.1727144 

0.4109657 
1.2165893 

0.3847571 
1.191063 

0.4109657 
1.2165893 

0.3847571 
1.191063 

 ℎ𝑑
2  0.2167674 

1.3165812 
0.2002501 
2.191063 

0.2013123 
1.1981041 

0.1857704 
1.1727144 

0.2167674 
2.2165887 

0.2002501 
2.191026 

0.2167674 
2.2165894 

0.2002501 
2.191066 

 ℎ𝑠+𝑑
2  0.0432525 

1.4165833 
0.0482907 
1.291063 

0.0434071 
1.1981041 

0.0493054 
1.1727144 

0.0432525 
1.3465875 

0.0482907 
1.401069 

0.0432525 
1.3965896 

0.0482907 
1.291061 

0.3 
(ht) 

ℎ𝑠
2 0.6359402 

1.3780468 
0.6090954 
1.3566075 

0.6066396 
1.3589356 

0.5806974 
1.3375917 

0.6359402 
1.3780468 

0.6090954 
1.3566075 

0.6359402 
1.3780468 

0.6090954 
1.3566075 

 ℎ𝑑
2  0.3804428 

1.4280464 
0.3617376 
2.3566075 

0.358398 
1.3589356 

0.3405591 
1.3375917 

0.3804428 
2.3780445 

0.3617376 
2.3566075 

0.3804428 
2.3786732 

0.3617376 
2.4560985 

 ℎ𝑠+𝑑
2  0.070586 

1.4480321 
0.0699851 
1.4566075 

0.0646795 
1.3589356 

0.0648645 
1.3375917 

0.070586 
1.4380473 

0.0699851 
1.4076607 

0.070586 
1.978046 

0.0699851 
1.4568347 



26 
 

0. 5 
(ht) 

ℎ𝑠
2 0.910936 

1.5387524 
0.8871555 
1.5216589 

0.8748306 
1.5192238 

0.8518017 
1.5021967 

0.910936 
1.5387524 

0.8871555 
1.5216589 

0.910936 
1.5387524 

0.8871555 
1.5216589 

 ℎ𝑑
2  0.5944249 

1.6387524 
0.5771342 
2.5216545 

0.5657337 
2.5192238 

0.5491693 
2.5021967 

0.5944249 
2.5387524 

0.5771342 
2.5213583 

0.5944249 
2.5387556 

0.5771342 
2.5216554 

 ℎ𝑠+𝑑
2  0.1488611 

1.5688752 
0.1460049 
1.5983481 

0.1366608 
1.6192238 

0.1344748 
1.6421967 

0.1488611 
1.6587524 

0.1460049 
1.8212567 

0.1488611 
1.7687528 

0.1460049 
1.7216521 

0.7 
(ht) 

ℎ𝑠
2 1.6325969 

1.8683506 
1.6172951 
1.8580999 

1.5833143 
1.848602 

1.5685335 
1.8383872 

1.6325969 
1.8683506 

1.6172951 
1.8580999 

1.6325969 
1.8683506 

1.6172951 
1.8580999 

 ℎ𝑑
2  1.1909502 

1.8883506 
1.1795402 
2.8580912 

1.1491653 
2.848602 

1.1382628 
2.8383872 

1.1909502 
2.8683513 

1.1795402 
2.8580999 

1.1909502 
2.8683507 

1.1795402 
2.8580991 

 ℎ𝑠+𝑑
2  0.4670591 

1.8553506 
0.4643053 
1.8980991 

0.4419508 
1.899863 

0.4396741 
1.8999872 

0.4670591 
1.8989508 

0.4643053 
1.8980999 

0.4670591 
1.8983502 

0.4643053 
1.8980993 

1 
(ht) 

ℎ𝑠
2 4.612573 

2.7529176 
4.6506737 
2.7603397 

4.5441372 
2.7368118 

4.5824519 
2.744318 

4.612573 
2.7529176 

4.6506737 
2.7603397 

4.612573 
2.7529176 

4.6506737 
2.7603397 

 ℎ𝑑
2  3.8350907 

2.9529176 
3.8703735 
3.7603366 

3.7727696 
3.7368116 

3.8082345 
2.744318 

3.8350907 
3.7529112 

3.8703735 
3.7603345 

3.8350907 
3.7529171 

3.8703735 
3.7603332 

 ℎ𝑠+𝑑
2  2.3642319 

2.8529176 
2.3932471 
2.7897323 

2.3155112 
2.7868112 

2.3446376 
2.744318 

2.3642319 
2.9529178 

2.3932471 
2.9803332 

2.3642319 
2.9529173 

2.3932471 
2.8903393 

 

Table 7: Full sib Estimate of heritability and MSE values in case of correlated errors 

(AR(2)) and  different sample sizes in case heritability of 0.10 

 

  
METHOD 

 
Sample 

 

MSE 

            ANOVA                                                                   ML REML MIVQUE 
 

     100    500 10    100 500 1        100 500 100 500 

Rc1=-1 
Rc2=-1 

MSE1 

(ht1) 

0.159 
-0.247 

0.157 
-0.231 

0.015 
0.005 

0.014 
0.009 

0.015 
0.010 

0.013 
0.017 

0.018 
0.017 

0.017 
0.015 

 MSE2 

(ht2) 

17.018 
4.247 

16.899 
4.231 

14.989 
3.996 

14.956 
3.991 

14.945 
3.989 

14.895 
3.983 

14.895 
3.983 

14.895 
3.983 

 MSE3 

(ht3) 

3.519 
2.5 

3.324 
2.4 

3.654 
2.6 

3.519 
2.7 

3.543 
2.8 

3.512 
2.4 

3.588 
2.6 

3.467 
2.2 

Rc1=-1 
Rc2=-.5 

MSE1 

(ht1) 

0.122 
-0.168 

0.120 
-0.151 

0.015 
0.014 

0.0169 
0.025 

0.016 
0.029 

0.021 
0.044 

0.021 
0.044 

0.021 
0.044 

 MSE2 

(ht2) 

16.392 

4.168 

16.273 

4.151 

14.915 

3.986 

14.835 

3.975 

14.809 

3.972 

14.698 

3.956 

14.698 

3.956 

14.697 

3.956 

 MSE3 

(ht3) 

3.519 

2.7 

3.123 

2.6 

3.413 

2.5 

3.351 

2.6 

3.567 

2.7 

3.534 

2.2 

3.619 

2.5 

3.519 

2.3 

Rc1=0 
Rc2=-.5 

MSE1 

(ht1) 

0.085 

0.049 

0.085 

0.049 

0.024 

0.087 

0.024 

0.087 

0.042 

0.138 

0.042 

0.138 

0.042 

0.138 

0.042 

0.138 

 MSE2 

(ht2) 

14.723 

3.951 

14.722 

3.942 

14.379 

3.912 

14.379 

3.913 

14.014 

3.862 

14.012 

3.762 

14.014 

3.866 

14.011 

3.862 

 MSE3 

(ht3) 

3.519 

2.5 

3.319 

2.3 

3.534 

2.8 

3.519 

2.6 

3.546 

2.5 

3.522 

2.1 

3.523 

2.8 

3.509 

2.6 

Rc1=0 
Rc2=.5 

MSE1 

(ht1) 

0.104 

0.103 

0.103 

0.103 

0.038 

0.117 

0.037 

0.114 

0.064 

0.181 

0.063 

0.180 

0.064 

0.181 

0.062 

0.179 

 MSE2 

(ht2) 

14.339 

3.897 

14.335 

3.892 

14.169 

3.883 

14.166 

3.881 

13.717 

3.819 

13.713 

3.812 

13.715 

3.819 

13.712 

3.813 

 MSE3 

(ht3) 

3.519 

2.4 

3.565 

2.2 

3.654 

2,3 

3.542 

2.1 

3.519 

2.4 

3.322 

2.2 

3.632 

2.8 

3.519 

2.6 

Rc1=1 
Rc2=.5 

MSE1 

(ht1) 

2.996 

1.674 

2.357 

1.783 

2.387 

1.484 

2.225 

1.340 

2.995 

1.677 

2.357 

1.434 

3.357 

1.784 

3.257 

1.674 
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 MSE2 

(ht2) 

5.444 
2.326 

4.989 
2.217 

6.261 
2.516 

5.803 
2.410 

5.419 
2.323 

4.975 
2.216 

4.975 
2.245 

4.655 
2.216 

 MSE3 

(ht3) 

3.519 

2.6 

3.521 

2.5 

3.996 

2.4 

3.987 

2.1 

3.874 

2.5 

3.765 

2.3 

3.519 

2.8 

3.432 

2.5 

 
*  ht1 ,ht2 and ht3 are obtained using formulae considering only sire component, only dam component and both sire and 

dam component same for MSE1,MSE2 and MSE3 

 

Table 8: Full sib Estimate of heritability and MSE values in case of correlated errors (AR(2)) 

and  different sample sizes in case heritability of 0.5 

 

 

MSE 

  ANOVA                                  ML                                        REML                                     MIVQUE 
P=100           p=500           P=100              p=500P=100             p=500P=100                p=500 

Rc1=-1 
Rc2=-1 

MSE
1 

(ht1) 

0.4721022 
0.016912 

0.5050107 
0.018518 

0.3201617 
0.0649644 

0.3161979 
0.0800881 

0.3003282 
0.1002332 

0.2967683 
0.1201476 

0.3003282 
0.1002332 

0.2967683 
0.1201476 

 MSE
2 

(ht2) 

11.684765 
4.0169119 

11.726601 
4.0185178 

11.077648 
3.9350356 

10.989606 
3.9199119 

10.861744 
3.8997668 

10.747473 
3.8798524 

10.861744 
3.8997668 

10.747473 
3.8798524 

 MSE3 
(ht3) 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

Rc1=-1 
Rc2=-.5 
 

MSE
1 

(ht1) 

0.345269 
0.135154 

0.3922886 
0.1243975 

0.2758018 
0.1379398   

0.2771179 
0.1522402 

0.2508905 
0.200361 

0.2591862 
0.2143679 

0.2508905 
0.200361 

0.2591862 
0.2143679 

 MSE

2 
(ht2) 

10.712549 

3.864846 

10.819367 

3.8756025 

10.627594 

3.8620602 
10.54941 

3.8477598 
10.255663 

3.799639 
10.18609 

3.7856321 
10.255663 

3.799639 
10.18609 

3.7856321 

 MSE3 
(ht3) 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

Rc1=0 
Rc2=-.5 

MSE
1 

(ht1) 

0.2095713 
0.0492439 

0.290843 
0.5069488 

0.1715443 
0.0870818 

0.2234997 
0.416119 

0.1858822 
0.1380682 

0.2489659 
0.5358269 

0.1858822 
0.1380682 

0.2489659 
0.5358269 

 MSE
2 

(ht2) 

8.3296764 
3.9507561 

8.5911957 
3.4930512 

8.9155416 
3.9129182 

9.0288042 
3.583881 

8.2115175 
3.8619318 

8.3887754 
3.4641731 

8.2115175 
3.8619318 

8.3887754 
3.4641731 

 MSE3 
(ht3) 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

Rc1=0 
Rc2=.5 

MSE

1 
(ht1) 

0.2233608 

0.5393713 

0.2985235 

0.5609866 

0.1762173 

0.4271468 
0.2259265 

0.4595421 
0.2030454 

0.5563644 
0.2633412 

0.5854255 
0.2030454 

0.5563644 
0.2633412 

0.5854255 

 MSE
2 

(ht2) 

8.0183033 
3.4606287 

8.2984624 
3.4390134 

8.6522973 
3.5728532 

8.7898279 
3.5404579 

7.9190841 
3.4436356 

8.1274165 
3.4145745 

7.9190841 
3.4436356 

8.1274165 
3.4145745 

 MSE3 
(ht3) 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288
7 

2 

1.9316288 
2 

1.9316288 
2 

Rc1=1 
Rc2=.5 

MSE
1 

(ht1) 

0.2233608 
0.5978609 

2.2715493 
1.9058696 

0.1762173 
0.4753393 

1.787283 
1.7112097 

0.2030454 
0.612054 

2.2702529 
1.9068249 

0.2030454 
0.612054 

2.2702529 
1.9068249 

 MSE
2 

(ht2) 

8.0183033 
3.4021391 

2.7948503 
2.0941304 

8.6522973 
3.5246607 

3.3927611 
2.2887903 

7.9190841 
3.387946 

2.7882435 
2.0931751 

7.9190841 
3.387946 

2.7882435 
2.0931751 

 MSE3 
(ht3) 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 

1.9316288 
2 
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2.3Full sib Estimate of heritability and MSE values in case of correlated errors (AR(1)) 

and  different sample sizes for  different parametric value of heritability  

The data generated from population with low and high heritability for various sample sizes 

and family structures. The heritability estimates  along with MSE( Means Square Error) are 

obtained and given in Table5and Table 6.   In almost all cases biased estimates are obtained. 

Estimates for considering only sire components are better than considering both sire and dam 

component and dam component alone.  

 

2.4 Full-sib estimate of heritability and MSE values in case of correlated errors (AR(2)) 

and  different sample sizes for  different parametric value of heritability  

The data generated from population with low and high heritability for various sample sizes 

and family structures. The heritability estimates  along with MSE( Means Square Error) are 

obtained and shown in Table7 and Table 8.   It is noticed In almost all cases biased estimates 

are obtained. Estimates for considering only sire components are better than considering sire 

and dam component and dam component alone. Combination of correlation i.e. (0,-.5) and (0, 

.5) are giving better results than any other combination. Increasing sample size decrease the 

MSE values. 

The random effect model for the one-way classification is- 

 ijeiijy   i=1,2,…,a;     j=1,2,…,n.  

where, ijy is the observed value of the ith class,  μ is the general mean, i is the effect due toithsire,  ije  

is the  residual error. 

Under the normality assumptions  

,0







ijeE   ,0iE ,22

eijeE 






 ,22
 









ijiE   ,i'i  0', iiCov   

Correlated Case:  

Suppose that sires are independent but within sire progenies are correlated. Further, assume that the 

correlated errors follow AR(1) i.e.,  
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        componetserror  random  ,1  ijijiij jee  ,                                                          (1) 

    where  
2

2

ij
1

Var1, ||






 e    and    1.j     .  for10IIDNij  

Generate ije   using the equation (1). Then, we can generate the correlated observations syij '        by 

using the following modified simulation model:  

 ijeisij eay   '
 

Notations have the same meaning as defined above, and seij '  are the values generated from equation 

(1).  

We generate sire component and error component following different combination of 

distribution i.e. normal, beta, Cauchy and t-distribution with different heritability values and 

estimate of heritability and rmse values obtained by  four different methods i.e. ANOVA, 

ML,REML and MIVQUE methods with different parametric values of heritability. 

The results are tabulated here. From the results it is noticed that when we increase 

correlation value –ve to zero the rmse values decrease . If   we increase from zero to higher 

i,e. nearer to +1 it is noticed that rmse values increased for all the combinations of 

distribution. 

Table 9:  Half sib Estimate of heritability and MSE values in case of correlated errors 

(AR(1)) and  different sample sizes for parametric value of heritability 0.10 when sire is 

distributed as Normal but error follows Beta distribution 

Heritability(Ht) Correlation(RC) Estimated  Heritability M.S.E 

0.1 -0.7 -0.779 0.780 

  0.000 0.009 

  0.000 0.009 

  0.000 0.009 

0.1 -0.3 -0.323 0.215 

  0.004 0.005 

  0.006 0.007 
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  0.006 0.007 

0.1 0 0.099 0.049 

  0.095 0.018 

  0.107 0.020 

  0.107 0.020 

0.1 0.3 0.578 0.287 

  0.554 0.263 

  0.579 0.287 

  0.579 0.287 

0.1 0.7 1.315 1.532 

  1.288 1.467 

  1.315 1.532 

  1.315 1.532 

 

Table 10:  Half sib Estimate of heritability and MSE values in case of  Correlated errors 

(AR(1)) and  different sample sizes for parametric value of heritability 0.10 when sire is 

distributed as Normal but error follows Cauchy distribution 

 

Heritability(Ht) Correlation(RC) Estimated  

Heritability 

M.S.E 

0.3 -0.7 -0.740 1.196 

  0.000 0.089 

  0.000 0.089 

  0.000 0.089 

0.3 -0.3 -0.427 0.589 

  0.005 0.090 

  0.006 0.090 

  0.006 0.090 

0.3 0 0.015 0.095 

  0.035 0.076 

  0.044 0.072 

  0.044 0.072 
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0.3 0.3 -0.427 0.589 

  0.005 0.090 

  0.006 0.090 

  0.006 0.090 

0.3 0.7 1.390 1.634 

  1.365 1.579 

  1.390 1.634 

  1.390 1.634 

 

 

Table11 :  Half sib Estimate of heritability and MSE values in case of correlated errors 

(AR(1)) and  different sample sizes for parametric value of heritability 0.10 when sire is 

distributed as t- distribution but error follows t- distribution 

Heritability(Ht) Correlation(RC) Estimated  Heritability M.S.E 

0.9 -0.7 -0.872 3.148 

  0.000 0.810 

  0.000 0.810 

  0.000 0.810 

0.9 -0.3 -0.722 2.643 

  0.000 0.810 

  0.000 0.810 

0.9 0 -0.118 1.072 

  0.025 0.769 

  0.030 0.761 

  0.030 0.761 

0.9 0.3 0.477 0.231 

  0.455 0.247 

  0.478 0.228 

  0.478 0.228 

0.9 0.7 1.326 0.233 

  1.300 0.211 

  1.326 0.233 
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  1.326 0.233 

 

 

Table 12:  Half sib Estimate of heritability and MSE values in case of correlated errors 

(AR(1)) and  different sample sizes for parametric value of heritability 0.90 when sire is 

distributed as Normal but error follows Normal distribution 

Heritability(Ht) Correlation(RC) Estimated   

Heritability 

M.S.E 

0.9 -0.7 -0.218 1.301 

  0.019 0.779 

  0.023 0.774 

  0.023 0.774 

0.9 -0.3 0.349 0.376 

  0.340 0.374 

  0.361 0.353 

  0.361 0.353 

0.9 0 0.734 0.113 

  0.710 0.120 

  0.735 0.112 

  0.735 0.112 

0.9 0.3 1.318 0.275 

  1.292 0.253 

  1.318 0.275 

  1.318 0.275 

0.9 0.7 2.157 1.663 

  2.133 1.604 

  2.157 1.663 

  2.157 1.663 
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Table 13:  Half sib Estimate of heritability and MSE values in case of correlated errors 

(AR(1)) and  different sample sizes for parametric value of heritability 0.90 when sire is 

distributed as Cauchy distribution but error follows Cauchy distribution 

Heritability(Ht) Correlation(RC) Estimated  Heritability M.S.E 

0.9 -0.7 0.929 3.212 

  1.262 2.251 

  1.273 2.266 

  1.273 2.266 

0.9 -0.3 1.672 3.052 

  1.741 2.839 

  1.755 2.860 

  1.755 2.860 

0.9 0 2.022 3.403 

  2.008 3.381 

  2.023 3.401 

  2.023 3.401 

0.9  0.3 2.431 3.403 

  2.413 3.365 

  2.431 3.403 

  2.431 3.403 

0.9 0.7 3.583 7.273 

  3.576 7.235 

  3.583 7.273 

  3.583 7.273 
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Objective-III 

 

1. Introduction: 

Occurrence of outlier(s) is very common in every field in which data collection is involved. 

An outlier in a set of data is an observation (or an observation vector) that appears to be 

inconsistent with the remainder of the observations in that data set. Outlier(s) in genetics and 

breeding experiments is/ are also likely to appear. The impact of outlier in plant breeding is 

erroneous results in heritability estimation and genomic prediction. Here, our objective is to 

develop a suitable robust procedure for heritability estimation. The existing methods are not 

robust against the presence of outlier and non-normality of error or random effect for 

estimating heritability. There is a need to modify the existing methods or to develop the 

robust procedure for estimating heritability under different distributional assumptions of the 

random effect as well as the error term. 

Since in most of the practical situations in plant as well as animal breeding data the 

assumption of independent errors is not fulfilled and they may be correlated. There is little 

work (no work) towards the development of methods for estimation of heritability in case of 

correlated error and correlated random effect for common   dam as well as common dam and 

sire.  So there is need to develop methodology for estimation of important genetic parameter 

heritability by considering the correlated random effects and error structure in the models. 

The assumptions of uncorrelated error in Henderson’s mixed model do not hold always in 

practical situation. Therefore, there is a need to modify the above model for correlated error 

as well as random effect. The researchers estimate genetic parameters by assuming 

independent errors. The consequence of this is the upward or downward biased estimates of 

genetic parameters depending upon the nature of correlation among errors. So there is a need 

to develop breeding value estimation procedure using Henderson’s Mixed model under 

correlated errors. 

 
2. Statistical methodology: 

The Usual Representation of the Mixed effect linear model is given below: 

Let the linear mixed model is represented as 

Y= Xβ+Zg+e 

where, 

Y= [𝑌1,𝑌2………….𝑌𝑛]′is the vector of Observations 

β= [𝛽1,𝛽2………….𝛽𝑛]′is the vector of Fixed effects 

g=[𝑔1,𝑔2………….𝑔𝑛]′is the vector of random genetic effects 
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e = [𝑒1,𝑒2………….𝑒𝑛]′is the vector of random residual effects 

𝑿𝒏×𝒑   = Incidence Matrix relating element of Y to element of β 

𝒁𝒏×𝒑   = Incidence Matrix relating elements of Y to elements of g. 

The distribution of fixed and random effects are as follows 

[
𝑌
𝑔
𝑒

]   ~  MVN {[
𝑿β
0
0

] [
𝑍𝐺𝑍′ + 𝑅 𝑍𝐺 𝑅

𝐺𝑍′ 𝐺 0
𝑅 0 𝑅

]} 

Maximizing joint density of y and g  

f(y,g) = f(y│g) f(g) 

             Where  f(y,g) ~ MVN ( 𝑿β + Zg, R) 

             f(g) ~ MVN (0, G) 

The generalized BLUP estimate of  

𝛽̂ =[ 𝑋′𝑉−1𝑋]−1𝑋′𝑉−1Y 

𝑔= 𝐺𝑍′𝑉−1 (Y-X𝛽̂) 

for independent error where R= I𝜎𝑒
2 

             V(e) = 𝜎𝑒
2 

V(𝑔) = 𝜎𝑒
2 𝐺𝑍′𝑃𝑍𝐺                  [Where P = 𝑉−1- 𝑉−1𝑋(𝑋′𝑉−1 𝑋) 𝑋′𝑉−1] 

V(𝑦̂) = ZG𝑍′+ I𝜎𝑒
2 

 

For correlated error Structure 

               R = [
𝜎1

2 ⋯ 𝜎1𝑛
2

⋮ ⋱ ⋮
𝜎𝑛1

2 ⋯ 𝜎𝑛𝑛
2

] 

V(e) = R 

V(𝑔) = 𝐺𝑍′𝑉−1𝑍𝐺′ − 𝐺𝑍′𝑉−1𝑋(𝑋′𝑉−1 𝑋)−1𝑋′𝑉−1𝑍𝐺′ 

V(𝑦̂) = ZG𝑍′ + 𝑅 

for correlated Random Effects 

               G = [

𝜎𝑔1
2 ⋯ 𝜎𝑔𝑞

2

⋮ ⋱ ⋮
𝜎𝑔𝑛

2 ⋯ 𝜎𝑔𝑛𝑞
2

] 

                       V(e) =R  

                      V(𝑔) = RG𝑍′PZG                  [Where P = 𝑉−1- 𝑉−1𝑋(𝑋′𝑉−1 𝑋) 

𝑋′𝑉−1] 
                      V(𝑦̂) =  ZG𝑍′ + 𝑅 

For both correlated error and random effects 

                 G = [

𝜎𝑔1
2 ⋯ 𝜎𝑔𝑞

2

⋮ ⋱ ⋮
𝜎𝑔𝑛

2 ⋯ 𝜎𝑔𝑛𝑞
2

] 

                   R = [
𝜎1

2 ⋯ 𝜎1𝑛
2

⋮ ⋱ ⋮
𝜎𝑛1

2 ⋯ 𝜎𝑛𝑛
2

] 
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                       V(e) = R 

                       V(𝑔) = RG𝑍′PZG                

V(𝑦̂) =  ZG𝑍′ + 𝑅 

 

3. Data description: The data generated from population with low and high heritability 

for various sample sizes and family structures. Two dataset has been generated, incorporating 

correlated and uncorrelated error structures. SAS programme for data generation is given in 

next section. 

4. Results and discussion: 

The dataset is analyzed and variance component estimation is done using the 

Henderson’s mixed model. Table 1 shows the variance component estimates 

done by analyzing linear mixed model approach using Henderson’s mixed 

model equation. Results show the mean heritability of the trait of the interest is 

0.39. The table also shows the estimated breeding values for all the animals of 

the study. 

 
Table 1: Comparison of breeding values in correlated and uncorrelated case 

 

Without  Correlated Correlated 

Heritability Yield 

Breeding 

Value Heritability Yield 

Breeding 

Value 

0.39 0.55 0.2145 0.32 0.55 0.176 

0.39 0.77 0.3003 0.32 0.77 0.2464 

0.39 0.77 0.3003 0.32 0.77 0.2464 

0.39 0.97 0.3783 0.32 0.97 0.3104 

0.39 0.98 0.3822 0.32 0.98 0.3136 

0.39 2.73 1.0647 0.32 2.73 0.8736 

0.39 0.56 0.2184 0.32 0.56 0.1792 

0.39 2.29 0.8931 0.32 2.29 0.7328 

0.39 0.59 0.2301 0.32 0.59 0.1888 

0.39 0.3 0.117 0.32 0.3 0.096 

0.39 2.11 0.8229 0.32 2.11 0.6752 

0.39 2.38 0.9282 0.32 2.38 0.7616 

0.39 0.52 0.2028 0.32 0.52 0.1664 

0.39 1.87 0.7293 0.32 1.87 0.5984 

0.39 0.55 0.2145 0.32 0.55 0.176 

0.39 0.3 0.117 0.32 0.3 0.096 

0.39 1.37 0.5343 0.32 1.37 0.4384 

0.39 3.17 1.2363 0.32 3.17 1.0144 

0.39 1.26 0.4914 0.32 1.26 0.4032 
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0.39 0.25 0.0975 0.32 0.25 0.08 

0.39 0.68 0.2652 0.32 0.68 0.2176 

0.39 0.5 0.195 0.32 0.5 0.16 

0.39 0.02 0.0078 0.32 0.02 0.0064 

0.39 0.76 0.2964 0.32 0.76 0.2432 

0.39 0.98 0.3822 0.32 0.98 0.3136 

0.39 0.75 0.2925 0.32 0.75 0.24 

0.39 0.79 0.3081 0.32 0.79 0.2528 

0.39 0.23 0.0897 0.32 0.23 0.0736 

0.39 3.37 1.3143 0.32 3.37 1.0784 

0.39 1.44 0.5616 0.32 1.44 0.4608 

0.39 0.33 0.1287 0.32 0.33 0.1056 

0.39 0.14 0.0546 0.32 0.14 0.0448 

0.39 0.46 0.1794 0.32 0.46 0.1472 

0.39 0.88 0.3432 0.32 0.88 0.2816 

0.39 1.76 0.6864 0.32 1.76 0.5632 

0.39 0.56 0.2184 0.32 0.56 0.1792 

0.39 0.17 0.0663 0.32 0.17 0.0544 

0.39 0.38 0.1482 0.32 0.38 0.1216 

0.39 0.01 0.0039 0.32 0.01 0.0032 

0.39 0.44 0.1716 0.32 0.44 0.1408 

0.39 2.15 0.8385 0.32 2.15 0.688 

0.39 0.68 0.2652 0.32 0.68 0.2176 

0.39 1.19 0.4641 0.32 1.19 0.3808 

0.39 2.11 0.8229 0.32 2.11 0.6752 

0.39 0.97 0.3783 0.32 0.97 0.3104 

0.39 1.55 0.6045 0.32 1.55 0.496 

0.39 0.02 0.0078 0.32 0.02 0.0064 

0.39 1.06 0.4134 0.32 1.06 0.3392 

0.39 0.69 0.2691 0.32 0.69 0.2208 

0.39 0.29 0.1131 0.32 0.29 0.0928 

0.39 0.94 0.3666 0.32 0.94 0.3008 

0.39 3.08 1.2012 0.32 3.08 0.9856 

0.39 0.06 0.0234 0.32 0.06 0.0192 

0.39 0.45 0.1755 0.32 0.45 0.144 

0.39 1.25 0.4875 0.32 1.25 0.4 

0.39 1.56 0.6084 0.32 1.56 0.4992 

0.39 1.74 0.6786 0.32 1.74 0.5568 

0.39 0.05 0.0195 0.32 0.05 0.016 

0.39 0.65 0.2535 0.32 0.65 0.208 

0.39 1.15 0.4485 0.32 1.15 0.368 
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0.39 0.35 0.1365 0.32 0.35 0.112 

0.39 0.23 0.0897 0.32 0.23 0.0736 

0.39 0.76 0.2964 0.32 0.76 0.2432 

0.39 0.67 0.2613 0.32 0.67 0.2144 

0.39 0.17 0.0663 0.32 0.17 0.0544 

0.39 0.26 0.1014 0.32 0.26 0.0832 

0.39 0.67 0.2613 0.32 0.67 0.2144 

0.39 0.16 0.0624 0.32 0.16 0.0512 

0.39 0.71 0.2769 0.32 0.71 0.2272 

0.39 3.83 1.4937 0.32 3.83 1.2256 

0.39 0.87 0.3393 0.32 0.87 0.2784 

0.39 0.6 0.234 0.32 0.6 0.192 

0.39 0.03 0.0117 0.32 0.03 0.0096 

0.39 1 0.39 0.32 1 0.32 

0.39 0.24 0.0936 0.32 0.24 0.0768 

0.39 3.21 1.2519 0.32 3.21 1.0272 

0.39 0.13 0.0507 0.32 0.13 0.0416 

0.39 0.39 0.1521 0.32 0.39 0.1248 

0.39 0.11 0.0429 0.32 0.11 0.0352 

0.39 0.28 0.1092 0.32 0.28 0.0896 

0.39 1.14 0.4446 0.32 1.14 0.3648 

0.39 0.3 0.117 0.32 0.3 0.096 

0.39 1.23 0.4797 0.32 1.23 0.3936 

0.39 0.51 0.1989 0.32 0.51 0.1632 

0.39 2.02 0.7878 0.32 2.02 0.6464 

0.39 1.26 0.4914 0.32 1.26 0.4032 

0.39 1.25 0.4875 0.32 1.25 0.4 

0.39 1.28 0.4992 0.32 1.28 0.4096 

0.39 0.59 0.2301 0.32 0.59 0.1888 

0.39 1.42 0.5538 0.32 1.42 0.4544 

0.39 1.27 0.4953 0.32 1.27 0.4064 

0.39 0.22 0.0858 0.32 0.22 0.0704 

0.39 0.15 0.0585 0.32 0.15 0.048 

0.39 1.44 0.5616 0.32 1.44 0.4608 

0.39 1.75 0.6825 0.32 1.75 0.56 

0.39 1.08 0.4212 0.32 1.08 0.3456 

0.39 2 0.78 0.32 2 0.64 

0.39 1.03 0.4017 0.32 1.03 0.3296 

0.39 0.89 0.3471 0.32 0.89 0.2848 

0.39 0.47 0.1833 0.32 0.47 0.1504 

0.39 1.67 0.6513 0.32 1.67 0.5344 
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0.39 0.18 0.0702 0.32 0.18 0.0576 

0.39 2.54 0.9906 0.32 2.54 0.8128 

0.39 0.1 0.039 0.32 0.1 0.032 

0.39 0.44 0.1716 0.32 0.44 0.1408 

0.39 0.41 0.1599 0.32 0.41 0.1312 

0.39 1.45 0.5655 0.32 1.45 0.464 

0.39 0.55 0.2145 0.32 0.55 0.176 

0.39 1.5 0.585 0.32 1.5 0.48 

0.39 0.29 0.1131 0.32 0.29 0.0928 

0.39 0.3 0.117 0.32 0.3 0.096 

0.39 1.79 0.6981 0.32 1.79 0.5728 

0.39 0.88 0.3432 0.32 0.88 0.2816 

0.39 0.54 0.2106 0.32 0.54 0.1728 

0.39 1.06 0.4134 0.32 1.06 0.3392 

0.39 0.79 0.3081 0.32 0.79 0.2528 

0.39 1.08 0.4212 0.32 1.08 0.3456 

0.39 0.2 0.078 0.32 0.2 0.064 

0.39 0.1 0.039 0.32 0.1 0.032 

0.39 0.76 0.2964 0.32 0.76 0.2432 

0.39 1.98 0.7722 0.32 1.98 0.6336 

0.39 1.05 0.4095 0.32 1.05 0.336 

0.39 0.15 0.0585 0.32 0.15 0.048 

0.39 0.28 0.1092 0.32 0.28 0.0896 

0.39 1.11 0.4329 0.32 1.11 0.3552 

0.39 0.07 0.0273 0.32 0.07 0.0224 

0.39 2.09 0.8151 0.32 2.09 0.6688 

0.39 1.55 0.6045 0.32 1.55 0.496 

0.39 0.66 0.2574 0.32 0.66 0.2112 

0.39 0.47 0.1833 0.32 0.47 0.1504 

0.39 0.34 0.1326 0.32 0.34 0.1088 

0.39 0.67 0.2613 0.32 0.67 0.2144 

0.39 0.33 0.1287 0.32 0.33 0.1056 

0.39 1.29 0.5031 0.32 1.29 0.4128 

0.39 0.6 0.234 0.32 0.6 0.192 

0.39 0.73 0.2847 0.32 0.73 0.2336 

0.39 1.42 0.5538 0.32 1.42 0.4544 

0.39 0.65 0.2535 0.32 0.65 0.208 

0.39 0.15 0.0585 0.32 0.15 0.048 

0.39 0.76 0.2964 0.32 0.76 0.2432 

0.39 1.23 0.4797 0.32 1.23 0.3936 

0.39 0.23 0.0897 0.32 0.23 0.0736 
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0.39 3.9 1.521 0.32 3.9 1.248 

0.39 2.89 1.1271 0.32 2.89 0.9248 

0.39 0.19 0.0741 0.32 0.19 0.0608 

0.39 0.72 0.2808 0.32 0.72 0.2304 

0.39 0.69 0.2691 0.32 0.69 0.2208 

0.39 1.4 0.546 0.32 1.4 0.448 

0.39 0.73 0.2847 0.32 0.73 0.2336 

0.39 1.3 0.507 0.32 1.3 0.416 

0.39 0.51 0.1989 0.32 0.51 0.1632 

0.39 1.58 0.6162 0.32 1.58 0.5056 

0.39 1.32 0.5148 0.32 1.32 0.4224 

0.39 1.68 0.6552 0.32 1.68 0.5376 

0.39 0.8 0.312 0.32 0.8 0.256 

0.39 0.95 0.3705 0.32 0.95 0.304 

0.39 0.87 0.3393 0.32 0.87 0.2784 

0.39 0.45 0.1755 0.32 0.45 0.144 

0.39 0.46 0.1794 0.32 0.46 0.1472 

0.39 2.22 0.8658 0.32 2.22 0.7104 

0.39 0.35 0.1365 0.32 0.35 0.112 

0.39 1.74 0.6786 0.32 1.74 0.5568 

0.39 1.26 0.4914 0.32 1.26 0.4032 

0.39 1.94 0.7566 0.32 1.94 0.6208 

0.39 1.63 0.6357 0.32 1.63 0.5216 

0.39 0.13 0.0507 0.32 0.13 0.0416 

0.39 0.45 0.1755 0.32 0.45 0.144 

0.39 0.03 0.0117 0.32 0.03 0.0096 

0.39 2.85 1.1115 0.32 2.85 0.912 

0.39 1.36 0.5304 0.32 1.36 0.4352 

0.39 0.76 0.2964 0.32 0.76 0.2432 

0.39 1.25 0.4875 0.32 1.25 0.4 

0.39 0.3 0.117 0.32 0.3 0.096 

0.39 1.62 0.6318 0.32 1.62 0.5184 

0.39 1.65 0.6435 0.32 1.65 0.528 

0.39 0.4 0.156 0.32 0.4 0.128 

0.39 1.25 0.4875 0.32 1.25 0.4 

0.39 2.01 0.7839 0.32 2.01 0.6432 

0.39 2.92 1.1388 0.32 2.92 0.9344 

0.39 1.55 0.6045 0.32 1.55 0.496 

0.39 0.08 0.0312 0.32 0.08 0.0256 

0.39 1.53 0.5967 0.32 1.53 0.4896 

0.39 2.39 0.9321 0.32 2.39 0.7648 
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0.39 0.82 0.3198 0.32 0.82 0.2624 

0.39 2.18 0.8502 0.32 2.18 0.6976 

0.39 0.49 0.1911 0.32 0.49 0.1568 

0.39 0.13 0.0507 0.32 0.13 0.0416 

0.39 1.47 0.5733 0.32 1.47 0.4704 

0.39 1.14 0.4446 0.32 1.14 0.3648 

0.39 0.78 0.3042 0.32 0.78 0.2496 

0.39 0.47 0.1833 0.32 0.47 0.1504 

0.39 2.72 1.0608 0.32 2.72 0.8704 

0.39 1.33 0.5187 0.32 1.33 0.4256 

0.39 1.66 0.6474 0.32 1.66 0.5312 

0.39 0.89 0.3471 0.32 0.89 0.2848 

0.39 0.44 0.1716 0.32 0.44 0.1408 

0.39 0.45 0.1755 0.32 0.45 0.144 

0.39 0.75 0.2925 0.32 0.75 0.24 

0.39 0.9 0.351 0.32 0.9 0.288 

0.39 0.53 0.2067 0.32 0.53 0.1696 

 

 

Conclusion: 

In the classical analysis approach of the field experimental data, the correlation present in the 

data is ignored. In the presence of significantly correlated trends in the data, we cannot 

neglect the correlation effect. Because of this reason it is therefore, becomes necessary to 

look for these situations and methods of analysis. Since theories for estimating the variance 

components are available in the literature only for uncorrelated errors, the theory for 

estimating the variance components in case of correlated structure will be developed. The 

influence of the correlated errors on the estimates of random effects is empirically examined. 

Again, using the concept of variance component estimates, further the effect of correlated 

errors as well as uncorrelated errors is checked. The estimate of important genetic parameters 

are empirically examined. 
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Development of appropriate computer programme for the developed methodologies using 

SAS/R. 

 

 

Objective-I 

 

# The "diff-REML" function is used for robust DF-REML method  

# The output includes: 

#  -Coef: model coefficients (for intercept, PCs and SNPs) 

#  -weights.sum: sum of the per observation weights used in the robust fit  

#  -rand.var: estimated variance for the random effects (genetic variance) 

#  -res.var: estimated variance for the residual errors 

#  - Conditional.R2: Adjusted conditional R2 

#  - Marginal.R2: Ajusted marginal R2 

 

diff.REML<-function(response,fixed,random,method,intercept,ubound){ 

  ## 

  ## response : continuous response variable; coded as numeric 

  ## 

  ## fixed    : matrix or dataframe of fixed effects == explanatory variables 

  ##            coded appropriately 

  ## random   : variance-covariance structure of the random effects 

  ##            needs to be a symmetric positive semi-definite matrix 

  ##            if it is a Kinship matrix K, multiply by two when calling the function function 

  ##            if it is NRM, GRM or just the indentity call the function directly 

  ##            throughtout the algorithm semi-definite matrices are needed; if problems 

  ##            are encountered please refer to the paper of  

  ##                Rousseeuw&Molenberghs (1993), Comm in Stats -Theory &Meths, 22(4), 965-984 

  ## method   : DF-REML approach of the lmekin() function 

  ##            from package coxme which optimizes a different likelihood 

  ## intercept: one may choose between estimating or not the intercept 

  ## ubound   : upper bound for the initial estimate of theta needed for the optimize() function 

  ##            function instead of the optim() function, in which case one should change the code 

 

require(MASS)         # for hubers() and rlm() functions 

require(robustbase)   # for Qn() function 

 

  y<-response; X<-fixed; K<-random 

K<-as.matrix(K) 

X<-as.matrix(X) 

nn<- dim(X)[1] 

pp<- dim(X)[2] 

 

robfs<- function(xr){hubers(xr,mu=0)$s^2} 

robfs<- function(xr){Qn(xr)^2} 

robfs<- function(xr){mean(xr^2)} 
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# Step 2  

  if(intercept==T){Xstar<- cbind(rep(1,nn),X)}else{Xstar<- X } 

 

  # Qr decomposition of XX'; U matrix corresponds to the U' in the algorithm 

mX<-Xstar%*%t(Xstar) 

 

  # code added for the specific data set 

eigenmX<-eigen(mX)$values 

if(length(eigenmX[eigenmX<0])>0){ 

lambda<-abs(eigenmX[length(eigenmX)])+1e-9 

mXpd<-(mX+lambda*diag(dim(mX)[1]))/(1+lambda)     

rownames(mXpd)<-rownames(K) 

colnames(mXpd)<-rownames(K) 

mX<-mXpd 

  } 

  U<- t(qr.Q(qr(mX))[,((pp+1)+1):nn]) 

 

  # transforming phenotypes y 

  y.dot<-U%*%y 

 

# Steps 3-5 

ploglik<- function(theta){                     # defining the profile log-likelihood function             

 

    # defining ther variables as in the algorithm 

phi<-theta*K+diag(nn) 

    phi.dot<-(U%*%(phi)%*%t(U)) 

    Delta<- t(solve(chol(phi.dot))) 

 

    # transforming phenotypes y.dot 

y.star<-Delta%*%y.dot 

 

    #profile log-likelihood 

if(intercept==T){ 

loglik<- (nn-(pp+1))*(log(2*pi)+1+log(robfs(y.star)))+log(det(phi.dot)) 

}else{loglik<- (nn-pp)*(log(2*pi)+1+log(robfs(y.star)))+log(det(phi.dot))} 

   } 

 

# Step 6 

 

  ## using the optimize function() 

sol<- optimize(function(x) ploglik(x),c(0,ubound))   # optimizing the profile log-likelihood 

function 

newtheta<-sol$minimum 

 

# Step 7 
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phi.dot.hat<- U%*%(newtheta*K+diag(nn))%*%t(U) 

Delta.hat<- t(solve(chol(phi.dot.hat))) 

 

  s    <- robfs(Delta.hat%*%y.dot) 

if(intercept==T){ 

logl<- -(nn-(pp+1) 

}else{logl<- -(nn-pp)*(log(2*pi)+1+log(s))/2-log(det(phi.dot.hat))/2} 

 

# Step 8 

  sa2r<- s*newtheta         # variance for the random effects (genetic variance) 

  se2r<- s                  # variance for the residual errors 

 

# Step 9 

V.hat<-s*(newtheta*K+diag(nn)) 

  Delta.dot<- t(solve(chol(V.hat))) 

 

# Step 10 

fit<-rlm(Delta.dot%*%y~0+Delta.dot%*%Xstar) 

      #use rlm(Delta.dot%*%y~0+Delta.dot%*%Xstar 

#method="MM") in the case the predictor variables are continuous and may be contaminated 

fit<-lm(Delta.dot%*%y~0+Delta.dot%*%Xstar)} 

fit.coef<- fit$coef 

 

# computing the marginal residuals 

  y.res   <- y-Xstar%*%fit.coef 

 

# computing the conditional residuals 

rm(fit) 

new.Delta<-  t(solve(chol(sa2r*K))) 

if(method!="ls"){ 

fit<-  rlm(y.res~0+new.Delta) 

        #use rlm(Delta.dot%*%y~0+Delta.dot%*%Xstar, method="MM") in the case the predictor 

variables are continuous and may be contaminated 

}else{fit <-  lm(y.res~0+new.Delta)} 

rcoef<- fit$coef 

y.hat<- Xstar%*%fit.coef+diag(length(rcoef))%*%rcoef 

  fit.res   <- y-y.hat 

rm(fit) 

 

# Preparing the output 

wsum<- sum(rlm(Delta.dot%*%y~0+Delta.dot%*%Xstar)$w) # Sum of the per observation 

weights used in the robust fit 

 

fit.aux<- matrix(rep("NA",length(fit.coef)), ncol=1) 

  if(intercept==T){row.names(fit.aux)<- c("Intercept", paste("X",1:dim(X)[2], 

sep=""))}else{row.names(fit.aux)<-c(paste("X",1:dim(X)[2], sep=""))} 
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colnames(fit.aux)<- c("Estimate") 

fit.aux<- as.data.frame(fit.aux) 

fit.aux[,1]<- round(fit.coef, 5) 

 

results<- list(Coef=fit.aux, rCoef=rcoef,weights.sum=wsum, rand.var=sa2r, res.var=se2r, 

Conditional.R2=R2c, Marginal.R2=R2m, 

Fixed.R2=sf2r,MargResiduals=y.res,CondResiduals=fit.res,loglik=logl) 

return(results) 

 

  } 
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Objective-II: 

prociml; 

vs=0.225; ve=0.775; 

print vs ve; 

ht=4*vs/(vs+ve); 

printht; 

p=1; 

m=12; 

rc1=1; 

rc2=-2; 

doiter=1to p; 

doi=1to10; 

si=sqrt(vs)*rannor(800); 

do k=1to10; 

if k=1then do; 

 

eijk1=sqrt(ve)* rancau (12345)*rc1; 

eijk2=sqrt(ve)* rancau (23145)*rc2; 

end; 

else do; 

eijk1=rc1*eijk1+ rancau (1000); 

eijk2=rc2*eijk2+ rancau (1000); 

end; 

z=m+si+eijk1+eijk2; 

yd=yd//z; 

sr1=sr1//i; 

num=num//iter; 

gm=gm//1; 

end; 

end; 

end; 

/*create no_selectvar{yd sr1 num gm};*/ 

/*append ; */ 

run; 

print sr1 yd; 

quitiml; 

 

 
prociml; 

*vs=0.225; 

ve=1; 

*print vs ve; 

*ht=4*vs/(vs+ve); 

*printht; 

ht=0.2; 
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vs=ht/(4-ht); 

print vs; 

p=200; 

m=12; 

doiter=1to p; 

doi=1to10; 

si=sqrt(vs)*rannor(800); 

do k=1to10; 

if k=1then do; 

 

eijk1=sqrt(ve)* rancau (12345)*rc1; 

eijk2=sqrt(ve)* rancau (23145)*rc2; 

end; 

else do; 

eijk1=rc1*eijk1+ rancau (1000); 

eijk2=rc2*eijk2+ rancau (1000); 

z=m+si+eijk; 

yd=yd//z;sr1=sr1//i;num=num//iter;gm=gm//1; 

end; 

end; 

end; 

createno_selectvar{yd sr1 num gm}; 

append ; 

run; 

quitiml; 

data pop1; 

setno_select; 

procmixedmethod=type3 noclprintnoinfonoitprint; 

class sr1; 

model yd=gm; 

random sr1; 

make'covparms' out=canv; 

by num notsorted; 

run; 

data pop2; 

setno_select; 

procmixedmethod=ml noclprintnoinfonoitprint; 

class sr1; 

model yd=gm; 

random sr1; 

make'covparms' out=cml; 

by num notsorted; 

run; 

data pop3; 

setno_select; 

procmixedmethod=remlnoclprintnoinfonoitprintnoprofile ; 

class sr1; 
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model yd=gm; 

random sr1; 

make'covparms' out=creml; 

by num notsorted; 

run; 

data pop4; 

setno_select; 

procmixedmethod=mivque0 noclprintnoinfonoitprintnoprofile ; 

class sr1; 

model yd=gm; 

random sr1; 

make'covparms' out=cmivque; 

by num notsorted; 

run; 

prociml; 

usecanv; 

read all intoanvc; 

p=200;v={0.0251};ht=4*v[1,1]/v[,+]; 

anvc=anvc[,2]; 

anvc=shape(anvc,p); 

anvcmn=anvc[+,]/p; 

printanvc; 

anvcbias=anvcmn-v;  

anht=4*anvc[,1]/anvc[,+]; 

anhtbias=anht-ht; 

anhtbiasmn=anhtbias[+,]/p; 

anhtmn=anht[+,]/p; 

anhtbs=anhtmn-ht; 

anhtmse=ssq(anht-ht)/p; 

**print anvcmnanhtmnanhtbsanhtmse; 

use cml; 

read all intomlvc; 

mlvc=mlvc[,2]; 

mlvc=shape(mlvc,p); 

mlvcmn=mlvc[+,]/p; 

mlvcbias=mlvcmn-v;  

mlht=4*mlvc[,1]/mlvc[,+]; 

mlhtbias=mlht-ht; 

mlhtbiasmn=mlhtbias[+,]/p; 

mlhtmn=mlht[+,]/p; 

mlhtbs=mlhtmn-ht; 

mlhtmse=ssq(mlht-ht)/p; 

**print mlvcmnmlhtmnmlhtbsmlhtmse; 

usecreml; 

read all intoremlvc; 

remlvc=remlvc[,2]; 

remlvc=shape(remlvc,p); 
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remlvcmn=remlvc[+,]/p; 

remlvcbs=remlvcmn-v;  

remlht=4*remlvc[,1]/remlvc[,+]; 

remlhtbias=remlht-ht; 

remlhtbiasmn=remlhtbias[+,]/p; 

remlhtmn=remlht[+,]/p; 

remlhtbs=remlhtmn-ht; 

rmlhtmse=ssq(remlht-ht)/p; 

**print remlvcmnremlhtmnremlhtbsrmlhtmse; 

usecmivque; 

read all intomivqvc; 

mivqvc=mivqvc[,2]; 

mivqvc=shape(mivqvc,p); 

mqvcmn=mivqvc[+,]/p; 

mqvcbias=mqvcmn-v;  

mivqht=4*mivqvc[,1]/mivqvc[,+]; 

mivqhtbias=mivqht-ht; 

mivqhtbiasmn=mivqhtbias[+,]/p; 

mivqhtmn=mivqht[+,]/p; 

mivqhtbs=mivqhtmn-ht; 

mvqhtmse=ssq(mivqht-ht)/p; 

**print mqvcmnmivqhtmnmivqhtbsmvqhtmse; 

vc=anvcmn//mlvcmn//remlvcmn//mqvcmn; 

ht=anhtmn//mlhtmn//remlhtmn//mivqhtmn; 

htbs=anhtbs//mlhtbs//remlhtbs//mivqhtbs; 

mse=anhtmse//mlhtmse//rmlhtmse//mvqhtmse; 

printvchthtbsmse; 

run; 

 

 

 

 

Objective-III: 

# Data 

#----------------------------------------# 

 

# given parameters (page 37) 

sigmaE<- 40 

sigmaA<- 20 

alpha  <- sigmaE / sigmaA 

print(alpha) 

# Data (Paul) 

calf<- c(4:8) 

sex<- c("male", "female", "female", "male", "male") 

WWG    <- c(4.5, 2.9, 3.9, 3.5, 5.0) 

 

# Dataframe 
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data.3.1 <- data.frame(calf, sex, WWG) 

rm(list=(c("calf", "sex", "WWG"))) 

 

# print data 

print(data.3.1) 

#----------------------------------------# 

# Pedigree 

#----------------------------------------# 

 

# set up pedigree 

Calf    <- c(1:8) 

Sire    <- c(0, 0, 0, 1, 3, 1, 4, 3) 

Dam     <- c(0, 0, 0, 0, 2, 2, 5, 6) 

ped.3.1 <- data.frame(Calf, Sire, Dam) 

rm(list=c("Calf","Sire","Dam")) 

print(ped.3.1) 

 

# Create A ############### 

 

`createA` <- 

 

function(ped){ 

 

if (nargs() > 1 ) { 

stop("Only the pedigree is required (Animal, Sire, Dam)") 

    } 

 

    # This is changed from Gota's function 

    # Extract the sire and dam vectors 

    s = ped[, 2] 

    d = ped[, 3] 

 

    # Stop if they are different lengths 

if (length(s) != length(d)){ 

stop("size of the sire vector and dam vector are different!") 

    } 

 

    # set number of animals and empty vector 

    n <- length(s) 

    N <- n + 1 

    A <- matrix(0, ncol=N, nrow=N) 

 

    # set sires and dams 

    s <- (s == 0)*(N) + s 

    d <- (d == 0)*N + d 
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start_time<- Sys.time() 

    # Begin for loop 

for(i in 1:n){ 

 

      # equation for diagonals 

A[i,i] <- 1 + A[s[i], d[i]]/2 

 

for(j in (i+1):n){    # only do half of the matrix (symmetric) 

if (j > n) break 

A[i,j] <- ( A[i, s[j]] + A[i, d[j]] ) / 2  # half relationship to parents 

A[j,i] <- A[i,j]    # symmetric matrix, so copy to other off-diag 

      }            

    } 

 

    # print the time it took to complete 

cat("\t", sprintf("%-30s:%f", "Time it took (sec)", as.numeric(Sys.time() - start_time)), "\n") 

 

    # return the A matrix 

return(A[1:n, 1:n]) 

 

  } 

 

########################## 

library("Matrix") 

A <- Matrix(createA(ped.3.1)) 

A <- as(A, "sparseMatrix") 

print(A) 

 

# inverse of A 

Ainv<- solve(A) 

print(Ainv) 

 

# set response variable 

y <- Matrix(data.3.1$WWG, ncol=1) 

print(y) 

data.3.1$sex <- factor(data.3.1$sex, levels=c("male", "female")) 

 

# set up X 

X <- Matrix(model.matrix(~ sex - 1, data=data.3.1)) 

print(X) 

 

# set up Z (n by n*) n* = number of animals in whole pedigree (8) 

Z <- Matrix(0, nrow=nrow(data.3.1), ncol=nrow(ped.3.1)) 

 

# change row/column names 

colnames(Z) <- ped.3.1$Calf 
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rownames(Z) <- data.3.1$calf 

 

# fill in Z 

for (i in 1:nrow(data.3.1)) { 

index = data.3.1[i, "calf" ] 

Z[i, index] = 1 

} 

 

# print Z 

print(Z) 

 

# set up MME for PE solutions 

basicMME<- function(X, Z, A, y, alpha) { 

 

  # Calculate blocks of LHS 

XpX = crossprod(X)                           # same as t(X) %*% X 

ZpZ = crossprod(Z) + (solve(A) * alpha)      # same as (t(Z) %*% Z) + (solve(A)*alpha) 

XpZ = crossprod(X, Z)                        # same as t(X) %*% Z 

 

  # Paste top and bottom together for LHS 

toprow    = cbind(XpX,    XpZ) 

bottomrow = cbind(t(XpZ), ZpZ) 

 

  # Put top and bottom together for left hand side (LHS) 

  LHS = rbind(toprow, bottomrow) 

 

  # Elements for RHS 

XpY = crossprod(X, y) 

ZpY = crossprod(Z, y) 

 

  # Calculate right hand side (RHS) 

  RHS = rbind(XpY, ZpY)  

 

  # calculate solutions by direct inversion of LHS 

solutions = solve(LHS) %*% RHS 

 

  # Return LHS, RHS, and solutions 

return(list(LHS=LHS, RHS=RHS, solutions=solutions)) 

 

} 

 

output<- basicMME(X, Z, A, y, alpha) 

# print the LHS 

LHS <- output[[1]] 

print(LHS) 

 



54 

 

# print the inverse of LHS 

LHSinv<- solve(LHS) 

print(round(LHSinv, 4)) 

 

# print the RHS 

RHS <- output[[2]] 

print(RHS) 

 

# print the solutions 

solutions<- output[[3]] 

rownames(solutions) <- rownames(RHS) 

print(solutions) 

 

# variance of a 

G <- A*sigmaA 

 

# print G 

print(G) 

 

# variance of e 

R <- Matrix(diag(nrow(data.3.1))*sigmaE) 

 

# print R 

print(R) 

 

# variance of y 

V <- Z %*% G %*% t(Z) + R 

 

# print V 

print(V) 

 

# Take the inverse of the LHS and multiply by sigma^2_e 

solve(LHS) 

solve(LHS)*sigmaE 

 

# create data frame 

data.acc<- data.frame(Animal = 1:8) 

 

# create column with diagonals  

data.acc$DiagLHS = diag(solve(LHS))[3:10] 

 

# calculate relability from Diagonals of LHS (alpha = sigmaE / sigmaA) 

data.acc$r2 = 1 - data.acc$DiagLHS*alpha 

 

# calculate the accuracy from reliability (r^2) 

data.acc$r = sqrt(data.acc$r2) 
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# calculate Standard Error of Prediction (SEP) (using diagonals and the variance of e) 

data.acc$SEP = sqrt(data.acc$DiagLHS*sigmaE) 

 

# now the variance (square the standard error of prediction (SEP)) 

data.acc$PEV = data.acc$SEP^2 

 

# print 

print(data.acc) 

 

 

############# NOT REQUIRED############## 

######################################## 

 

# histograms 

data.acc %>% 

gather(Type, Value, DiagLHS:PEV) %>% 

  mutate(Type = fct_relevel(Type, "DiagLHS", "r2", "r", "SEP", "PEV")) %>% 

ggplot(., aes(x=Value)) + 

geom_histogram(bins=5, color="white", fill="dodgerblue3") + 

facet_wrap(~ Type, scales="free") + 

theme_bw() 

#====================================================================

==========# 

# Plot BIF vs True accuracy 

#====================================================================

==========# 

 

# BIF accuracy = 1 - sqrt(1 - r^2) 

 

# Accuracy = sqrt(1 - (1-BIF)^2) 

 

#====================================================================

==========# 

# Setup 

#====================================================================

==========# 

 

# my ggplot2 theme 

my_gg_theme<- theme_light() +  

theme(text = element_text(size=16),  

plot.title = element_text(hjust=0.5), 

panel.grid = element_blank()) 

 

#====================================================================

==========# 
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# Code 

#====================================================================

==========# 

 

# vector of accuracies 

Acc<- seq(0,1,by=0.01) 

r2     <- Acc^2 

BIFacc<- 1 - sqrt(1 - Acc^2) 

 

# combine into dataset 

data<- data.frame(Seq = seq(0,1,by=0.01), Acc = Acc, r2 = r2, BIFAcc = BIFacc) 

 

# melt 

data.gather<- gather(data, Type, Value, Acc:BIFAcc) %>% 

mutate(Type = fct_relevel(Type, "Acc", "r2", "BIFAcc")) 

 

# plot 

print(ggplot(data.gather, aes(x=Seq, y=Value, color=Type, shape=Type, group=Type)) + 

geom_line() + 

geom_point() + 

scale_color_manual("Accuracy", values=c("dodgerblue3", "blue", "magenta"), 

labels = c("True Acc", "Reliability", "BIF Acc")) + 

scale_shape_manual("Accuracy", values=c(16,17,15), 

labels = c("True Acc", "Reliability", "BIF Acc")) + 

ylab("Reported Accuracy") + 

xlab("True Accuracy") + 

my_gg_theme) 

 

#Illustration through simulation 

# load MASS for mvrnorm function 

library(MASS) 

# we can generate TBVs using the mean (0) and variance (A*sigma2_a) 

mu = rep(0, 8) 

Sigma = A*sigmaA 

 

# create 1000 samples of TBVs (random effects change each sampling) 

TBV.samples<- mvrnorm(n=10000, mu=mu, Sigma=Sigma) 

 

# row/col names 

rownames(TBV.samples) <- 1:nrow(TBV.samples) 

colnames(TBV.samples) <- 1:8 

 

# now look at the correlations between them! 

round(cov(TBV.samples), 3) 

# multiply A and sigma^2_a 

A * sigmaA 
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# now look at the correlations between them! 

round(cor(TBV.samples), 3) 

# sex 

sex<- c("male", "female", "female", "male", "male") 

 

# Let us assume that the TRUE fixed effects are really 4.4 and 3.4 

sex.solutions<- Matrix(c(4.4, 3.4), ncol=1, nrow=2)  

 

# Get fixed part of Model 

fixed<- X %*% sex.solutions 

 

# replicate 

fixed<- Matrix(rep(fixed, 10000), nrow=5, ncol=10000) 

 

# Get random part of Model (Z is (5,8) and TBV is (10000,8) 

# so the result will be (5,10000) 

random_a<- Z %*% t(TBV.samples) 

 

# so to generate y we also need the residuals 

random_e<- t(mvrnorm(n=10000, mu=rep(0,5), Sigma=diag(5)*sigmaE)) 

 

# finally we can generate y 

random_y<- data.frame(as.matrix(t(fixed + random_a + random_e))) 

 

# cov 

cov(random_y) 

# variance for y 

Z%*%G%*%t(Z) + R 

# mean of male (animals 1, 4, 5) and female (animals 2 and 3).  

mean(random_y[, 1]) 

mean(random_y[, 4]) 

mean(random_y[, 5]) 

# females 

mean(random_y[, 2]) 

mean(random_y[, 3]) 



lkjka'k vkSj fu"d"kZ 

 ikS/ks vkSj i'kq çtuu esa dbZ ç;ksxkRed fLFkfr;ksa esa voyksdu Lora= ugha gSa rFkk 
voyksduksa ds chp fdlh çdkj dk lglaca/k ekStwn gSA MsVk esa egRoiw.kZ lglac) ço`fÙk 
dh mifLFkfr esa] Lora=rk dh ikjEifjd /kkj.kk dk mYya?ku gksrk gSA egRoiw.kZ y{k.kksa dh 
çlj.k  ds vkuqoaf'kd ?kVdksa dh tkudkjh ikS/ks vkSj i'kq çtudksa dh çeq[k #fp gSA bl 
çdkj] fofHkUu vkuqoaf'kd fHkUurkvksa dk vuqeku vkSj mudh oa'kkuqØe ds ckjs esa vuqeku] 
fofHkUu vkuqoaf'kd ekinaMksa ds vuqekuksa ds vk/kkj ij ikS/ks vkSj i'kq çtuu dk;ZØe ds    
–f"Vdks.k ls cgqr egRoiw.kZ gSA 

blds vykok fefJr e‚Myksa esa] fLFkj çHkkoksa dh rqyuk ds vykok] ikS/ks vkSj i'kq çtudksa 
dh eq[; #fp egRoiw.kZ y{k.kksa ds çlj.k  ds vkuqoaf'kd ?kVdksa ds ckjs esa tkudkjh j[kuk 
gSA blds ifj.kkeLo:i fofHkUu vkuqoaf'kd fHkUurkvksa dk vuqeku yxk;k tkrk gS vkSj 
fofHkUu vkuqoaf'kd ekinaMksa ds vuqekuksa ds vk/kkj ij mudh oa'kkuqØe ds ckjs esa vuqeku 
yxk;k tkrk gSA lkfgR; esa] mu e‚Myksa ds fy, çlj.k ?kVdksa dk vuqeku yxkus ds fy, 
fl)kar miyC/k gS ftuesa vlglac)  =qfV;ka gSa ysfdu lglac) lajpuk ds fy, ughaA 
blfy,] lglac) =qfV lajpuk ds ekeys esa çlj.k ?kVdksa ds vkdyu ds fy, fl)kar 
fodflr djuk vko';d Fkk rkfd ç;ksxkRed fLFkfr;ksa dh vko';drkvksa dks iwjk fd;k tk 
ldsA fQj] tfVy =qfV lajpuk esa] ftls e‚My ugha fd;k tk ldrk gS] dksbZ Hkh 
ç;ksxfl) v/;;uksa ds ek/;e ls çlj.k ?kVdksa ds vuqeku ij lglaca/k ds çHkko dk 
v/;;u dj ldrk gSA blfy,] =qfV;ksa ds lglac) gksus ij vkuqoaf'kd ekinaMksa ds 
vkdyu ds fy, lkaf[;dh; –f"Vdks.k fodflr djuk lkaf[;dh; vkuqoaf'kdh ds {ks= esa 
,d egRoiw.kZ 'kks/k ;ksX; {ks= gSA 

bl v/;;u esa] geus ,l,uih&vk/kkfjr vkuqokaf'kdrk dk vuqeku yxkus ds fy, bl 
v/;;u esa jkscLV vkuqokaf'kdrk vkadyu i)fr;ksa dk ç;ksx fd;k] tc MsVklsV esa 
voyksdu dks vkmVfyax voyksdu ls fcxkM+k x;k FkkA ,y,e,e dk mi;ksx djrs gq, 
çlj.k ?kVdksa dk vkdyu djus ds fy,] jkscLV Mh,Q&vkjbZ,e,y vkdyu i)fr dk 
o.kZu fd;k x;k gSA vkadyu rduhd vkSj fu/kkZj.k ds xq.kkadksa dh O;qRifÙk ds fy,] áwcj 
¼1964½ vkSj :lks vkSj ØkmDl ¼1993½ ds iSekus ds jkscLV vkdyuksa dk mi;ksx fd;k x;k 
FkkA okLrfod MsVklsV ij jkscLV –f"Vdks.k ykxw fd, x, Fks] vkSj dbZ çfØ;kvksa dk ikyu 
fd;k x;k Fkk] tSls fd ewy MsVk vkSj v'kq) MsVk ¼1%] 3% vkSj 5%½ nksuksa dk mi;ksx 
djds vkuqokaf'kdrk vkSj çlj.k ?kVdksa dk vuqeku yxkukA var esa jkscLV –f"Vdks.k dh 
rqyuk ikjEifjd –f"Vdks.k ls dh tkrh gSA ;g ns[kk x;k gS fd jkscLV vkadyudrkZvksa us 
ikjEifjd –f"Vdks.k ls csgrj çn'kZu fd;kA  



 orZeku v/;;u esa geus MsVk tujs'ku ds fy, gkQ flc vkSj Qqy flc e‚My nksuksa ij 
fopkj fd;kA ;gka geus ,vkj ¼1½ vkSj ,vkj ¼2½ nksuksa =qfV;ksa dk bLrseky fd;kA iw.kZ 
flc e‚My ds ekeys esa geus =qfV esa ,vkj ¼1½ lglaca/k dh mifLFkfr esa bZ ¼,e,lbZ½ vkSj 
vkuqokaf'kdrk ds vkadyu ds fy, lw= fudkysA fofHkUu vkuqoaf'kdrk ewY;ksa ds fy, 0-1]]0-5 
dks vyx&vyx ,vkj ¼1½ eku -1 ls +1 rd fopkj fd;k gSA tc lglaca/k _.kkRed 
gksrk gS rks =qfV ds dkj.k oxksaZ ds ;ksx ds visf{kr ek/; dks de djds vkadk tkrk gS vkSj 
lglaca/k dh fMxzh c<+us ij os c<+ tkrs gSaA ysfdu bu visf{kr ek/;  oxZ ds ;ksx dks de 
djds vkadk tkrk gS ;fn =qfV;ksa dks ldkjkRed :i ls lglac) fd;k tkrk gS vkSj os 
lglaca/k dh fMxzh esa o`f) ds lkFk ?kVrs gSa vkSj 0  rd igqap tkrs gSa D;ksafd ρ bZdkbZ dh 
vksj tkrk gSA nwljh vksj] lk;j ds dkj.k oxksaZ ds ;ksx dk ek/; vkadyu djus ds fy, 
dsoy foijhr ifj.kke çkIr fd, tkrs gSa] vFkkZr oxksaZ ds ;ksx dk visf{kr ek/; rc 
vkadyu gksrk gS tc jks _.kkRed gksrk gS vkSj ;fn lglaca/k ldkjkRed gksrk gS rks mUgsa 
de djds vkadk tkrk gSA tSlk fd vius vf/kdre ewY; ds fy, lk;j ds –f"Vdks.k ds 
dkj.k oxksaZ ds ;ksx dk visf{kr ek/; dh ρ bZdkbZ dh vksj tkrk gSA ;fn lglaca/k 
ldkjkRed gS rks vkuqoaf'kdrk ewY;ksa dk vkadyu yxk;k tkrk gSA vkuqoaf'kdrk ds lHkh 
Lrjksa ds fy, ,d gh çòfÙk dk vuqlj.k fd;k tkrk gSA blds vykok vkuqokaf'kdrk 'kwU; 
ls yxHkx pkj rd c<+ tkrh gS D;ksafd v‚Vksjsxzsflo xq.kkad 'kwU; ls bZdkbZ ls vkadyu 
bZdkbZ rd c<+ tkrk gSA MsVk us fofHkUu vkuqoaf'kdrk ewY;ksa ;kuh mPp] e/;e vkSj fuEu 
¼0-5] 0-25] 0-1½ gkQ flc ,vkj ¼1½ vkSj fofHkUu uewuk vkdkj 100]200 vkSj 500 vkSj 
=qfV;ksa ds fofHkUu lglaca/kksa ,vkj ¼1½ vkSj ,vkj ¼2½ dk mi;ksx djds mRiUu fd;k gSA 

ρ¾&1 ls +1A MsVk izlj.k ?kVdksa dks mRiUu djus ds ckn SAS ProcVarcomp dk 
mi;ksx djds vkadyu yxk;k tkrk gSA ANOVA, ML, REML vkSj MIVQUE fof/k;ksa dk 
mi;ksx fd;k tkrk gSA lglac) =qfV;ksa ,vkj¼1½ vkSj ,vkj ¼2½ ds ekeys esa vkuqokaf'kdrk 
vkSj ,e,lbZ ewY;ksa dk gkQ flc vuqeku vkSj iw.kZ flc vkuqokaf'kdrk ds iSjkehfVªd ewY; 
ds fy, vyx&vyx uewuk vkdkj 0-10]0-25]0-5 fofHkUu uewuk vkdkjksa ds fy, 100] 200 
vkSj 500 ds lkFk vkSj fcuk fdlh fuf'pr çHkko ds çkIr gksrs gSaA tc ρ &1 ls +1 esa 
cnyrk gS] rks vkuqoaf'kdrk ds vuqekuksa dk eku _.kkRed ls /kukRed esa cny tkrk gSA 

MSE eku ρ¾0 rd ?kV jgk gS] fQj c<+uk ρ ldkjkRed gSA ρ ¾ &1 ls ρ¾ &0-5 rd 
ML]REML vkSj MIVQUE vkSj MSE fof/k;ksa ds ekeys esa eku ugha cny jgs gSa 

vkuqoaf'kdrk dk vkadyu 0 gSA vkuqoaf'kdrk dk vkadfyr ewY; ρ¾&-4 ls ρ¾1 rd c<+ 
jgk gSA MSE eku leku ço`fÙk fn[kk jgs gSaA uewuk vkdkj c<+us ls ;g ns[kk x;k gS fd 
,e,lbZ eku ?kV jgs gSaA 



AR¼2½ ds ekeys esa ;fn AR¼1½ eku dks fu/kkZfjr dj nsrs ,vkj ¼2½ ewY;ksa dks cnyrs gS] 
rks ,e,lbZ ewY; lkekU; :i ls lglaca/k ewY; esa o`f) ds lkFk de gks tkrk gSA 

dHkh&dHkh Øejfgr ço`fÙk ns[kh tkrh gSaA geus ik;k fd AR¼1½ vkSj AR¼2½ ekuksa ¼0] 0½] 
¼0-1]0-1½ vkSj ¼0-1] 0-5½ ds dqN vPNs la;kstu vkuqoaf'kdrk dk csgrj vkadyu ns jgs gSaA 
uewuk vkdkj c<+us ls ;g ns[kk x;k gS fd ,e,lbZ eku ?kV jgs gSaA yxHkx lHkh ekeyksa 
esa iwoZxzg vkadyu çkIr fd, tkrs gSaA dsoy lk;j ?kVdksa ij fopkj djus dk vkadyu 
dsoy lk;j vkSj MSe ?kVd vkSj MSe ?kVd ij fopkj djus ls csgrj gSA yxHkx lHkh 
ekeyksa esa iwoZxzg vkadyu çkIr fd, tkrs gSaA dsoy lk;j ?kVdksa ij fopkj djus dk 
vkadyu dsoy lk;j vkSj MSe ?kVd vkSj MSe ?kVd ij fopkj djus ls csgrj gSA ,vkj 

¼2½ ds ekeys esa ;fn ,vkj ¼1½ 0.0 eku dks fu/kkZfjr djus ij ,vkj ¼2½ ewY;ksa dks cny 
jgk gS] rks ,e,lbZ ewY; lkekU; :i ls lglaca/k ewY; esa òf) ds lkFk de gks tkrk gSA 

dHkh&dHkh Øejfgr çòfÙk ns[ks tkrs gSaA geus ik;k fd AR¼1½ vkSj AR¼2½ ekuksa ¼&0-
5]&0-1½ vkSj ¼0-1]0-5½ la;kstuksa dk dqN vPNk la;kstu vkuqokaf'kdrk dk csgrj vkadyu ns 
jgk gSA uewuk vkdkj c<+us ls ;g ns[kk x;k gS fd ,e,lbZ eku ?kV jgs gSaA lHkh ekeyksa 
ds iwoZxzg vkadyu çkIr fd, tkrs gSaA fQfDlax ds ckn ,e,lbZ eku ?kVrk gS ¼,vkj ¼1½ 
eku ,vkj ¼2½ ekuksa dks ,vkj ¼1½ eku 0-0 rd c<+krs gSa] ;g ço`fÙk dk vuqlj.k djrk gSA 
lglaca/k dk la;kstu ;kuh ¼&-5] &-1½ vkSj ¼0-1] -0-5½ fdlh Hkh vU; la;kstu dh rqyuk esa 

csgrj ifj.kke ns jgs gSaA fuf'pr çHkko ds rgr Hkh lglaca/k ,vkj ¼1½ dks &1 ls+ +1 esa 
0.5 òf) ds lkFk cnyus ds ckn ;g ns[kk x;k gS fd ,vkj ¼1½ lglaca/kksa dh òf) ds lkFk 
,e,lbZ eku ?kVrk gSA lHkh ekeyksa esa çkIr vkuqoaf'kdrk ds vR;f/kd iwoZxzg vkadyu  
yxHkx lHkh ekeyksa esa iwoZxzg vkadyu çkIr fd, tkrs gSaA dsoy lk;j ?kVdksa ij fopkj 
djus dk vuqeku dsoy lk;j vkSj MSe ?kVd vkSj MSe ?kVd ij fopkj djus ls csgrj gSA 
lglaca/k dk la;kstu ;kuh ¼0]&0-5½ vkSj ¼0] 0-5½ fdlh Hkh vU; la;kstu dh rqyuk esa 
csgrj ifj.kke ns jgk gSA uewuk vkdkj c<+kus ls MSE eku de gks tkrs gSaA 

ge ;g fu"d"kZ fudky ldrs gSa fd fofHkUu lglaca/k lajpuk,a vFkkZr AR¼1½] AR¼2½ vkfn 
dk vkuqoaf'kdrk ds vkadyu vkSj ek/; oxZ =qfV ekuksa ij çHkko iM+rk gSA csgrj ifj.kkeksa 
ds fy, vyx&vyx ekeyksa esa vyx&vyx la;kstuksa dh igpku dh tkrh gSA 

lk;j ?kVd vkSj =qfV ?kVd forj.k ds fofHkUu la;kstuksa ds ckn mRiUu gksrs gSa tSls 
ukeZy] chVk] d‚ph vkSj Vh&forj.k fofHkUu vkuqoaf'kdrk ekuksa ds lkFk vkSj vkuqoaf'kdrk 
dk vkadyu vkSj pkj vyx&vyx rjhdksa ls çkIr vkj,e,lbZ ekuksa tSls ,uksok] ,e,y] 
vkjbZ,e,y vkSj ,evkbZohD;wbZ fof/k;ksa ds lkFk vyx&vyx iSjkehfVªd vkuqoaf'kdrk ds 
eku gSA 



ifj.kkeksa ls ;g ns[kk x;k gS fd tc ge lglaca/k eku _.kkRed dks 'kwU; rd c<+krs gSa 

rks rmse eku de gks tkrs gSaA ;fn ge 'kwU; ls mPprj dh vksj c<+rs gSa] rks +1 ds 
fudV ;g ns[kk x;k gS fd forj.k ds lHkh la;kstuksa ds fy, vkj,e,lbZ ekuksa esa o`f) gqbZ 
gSA 
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Summary and Conclusion 

 

 In many practical situations in the plant and animal breeding that observations are not 

independent and some kind of correlation among the observations exists. In the presence of 

significantly correlated trends in the data, the classical assumption of independence between 

observations is violated. The  information  on  genetic  components  of variances of the   

important characters is the prime interest of plant and animal breeders. Thus, the estimation of 

various genetic variances and inferring about their inheritance, based on estimates of the 

different genetic parameters is very important from plant and animal breeding programme  point 

of view.  

Further in mixed models, in addition to comparison of fixed effects the prime interest of plant 

and animal breeders is to have information on the genetic components of the variances of the 

important characters. This results in estimating various genetic variances and inferring about 

their inheritance, based on estimates of the different genetic parameters. In literature, theory is 

available for estimating the variance components for those models which are having uncorrelated 

errors but not for correlated structure. So, it was required to develop the theory for estimating 

variance components in case of correlated error structure so as to meet the requirements of 

practical situations.  Again, in the complicated error structure, which cannot be modelled, one 

can study the influence of correlation on the estimate of variance components through empirical 

studies. Hence, developing statistical approach for estimation of genetic parameters when errors 

are correlated is an important researchable area in the arena of  statistical genetics. 

In this study, we used robust heritability estimation methodologies in this study to estimate SNP-

based heritability when observations in the dataset were contaminated with outlying 

observations. For estimating variance components using LMMs, the robust DF-REML estimate 

method has been described. For the estimation technique and the derivation of the coefficients of 

determination, Huber's (1964) and Rousseeuw and Croux's  (1993) robust estimations of scale 

were used. The robust approaches were applied to a real dataset, and several procedures were 

followed, such as estimating heritability and variance components using both original and 

contaminated data (1%, 3% and 5%). Finally the robust approach is compared with classical 
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approach. It is seen that as contamination percentage increase, the estimated heritability 

decreases. 

In the present study we considered both half sib and full sib model for data generation. Here we 

used both AR(1) and AR(2) errors. In case full sib model we derived formulae for E(MSE) and 

Estimate of heritability in the presence of AR(1) correlation in the error. For different heritability 

values 0.1,,0.5 are considered different AR(1) values from -1 to +1 are considered . The expected 

mean sum of squares due to error are overestimated when the correlation is negative and they 

increase as degree of correlation increase. But these expected mean sum of square are 

underestimated if errors are positively correlated and they decrease with increase in degree of 

correlation and approach to 0 as  ρ tends to unity. On the other hand, just reverse results are 

obtained for estimating the mean sums of squares due to sire i.e. expected mean sum of squares 

are under estimated when rho is negative and they are overestimated if the correlation is positive. 

As   ρ  tends to unity expected mean sum of squares due to sire approaches to its maximum 

value. 

Heritability values are over estimated if the correlation is positive. The same trend follows for all 

the level of heritability. Also heritability increases zero to nearly four as autoregressive 

coefficients  increase from  minus unity to  approximate unity. Data have generated using 

different heritability values i.e. high, moderate and low(0.5, 0.25, 0.1) Half sib AR(!):and 

different sample size 100,200 and 500 and different correlation of errors A(1) and AR(2). ρ=-1 to 

+1. After generating the data variance components are estimated using SAS ProcVarcomp .  

ANOVA,ML,REML and MIVQUE methods are used. Half sib Estimate and full sib of 

heritability and MSE values in case of correlated errors (AR(1)) and  AR(2) different sample 

sizes for parametric value of heritability 0.10,0.25,0.5 for different sample sizes 100, 200 and 

500 with and with out fixed effects are obtained. Value of estimates of heritability changes 

negative to positive when ρ changes from -1 to +1. MSE value decreasing up to ρ=0, then again 

increasing ρ is positive. Up to ρ= -1 to ρ= -0.5  the estimate of heritability is 0 in case of 

ML,REML and MIVQUE methods and MSE values are not changing. Estimate value of 

heritability are increasing from ρ=-.4 to ρ=1 .MSE values are showing the same trend.  

Increasing sample sizes it is noticed that the MSE values are decreasing.  
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In case of AR(2) if fixing AR(1) value changing AR(2) values, the MSE value decrease  with 

increasing the correlation value in general. Sometimes haphazard trends are noticed. We found 

some good combination of  AR(1) and AR(2) values  (0, 0) ,(0.1,0.1) and (0.1, 0.5) combinations 

are giving better estimates of heritability. Increasing sample sizes it is noticed that the MSE 

values are decreasing. In almost all cases biased estimates are obtained. Estimates for 

considering only sire components are better than considering sire and dam component and dam 

component alone. In almost all cases biased estimates are obtained. Estimates for considering 

only sire components are better than considering sire and dam component and dam component 

alone. In case of AR(2) if fixing AR(1) value changing AR(2) values, the MSE value decrease  

with increasing the correlation value in general. Sometimes haphazard trends are noticed. We 

found some good combination of  AR(1) and AR(2) values (-0.5, -0.1)),) and (0.1, 0.5) 

combinations are giving better estimates of heritability. Increasing sample sizes it is noticed that 

the MSE values are decreasing. All the cases biased estimates are obtained. MSE values 

decreases after fixing (AR(1) values increase AR(2) values  up to AR(1) values 0.0  it follows 

the trend.  .The  combination of correlation i.e. (-.5,-.1)) and (0.1, .0.5) are giving better results 

than any other combination. Under fixed effect also after changing correlation AR(1) from -1 to 

+1 with increment .5 it is noticed that MSE values decreases with increase of AR(1) correlations. 

All the cases highly biased estimates of heritability obtained. In almost all cases biased estimates 

are obtained. Estimates for considering only sire components are better than considering sire and 

dam component and dam component alone. The combination of correlation i.e. (0,-0.5) and (0, 

0.5) are giving better results than any other combination. Increasing sample size decrease the 

MSE values.  

We may conclude that different correlation structures i.e. AR(1), AR(2) etc. have impact on 

estimate of heritability and Means Square Error values. Different cases different combination are 

identified for better results. Sire component and error component are generated following 

different combination of distribution i.e. normal, beta, Cauchy and t-distribution with different 

heritability values and estimate of heritability and RMSE values obtained by  four different 

methods i.e. ANOVA, ML,REML and MIVQUE methods with different parametric values of 

heritability. 
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From the results it is noticed that when we increase correlation value –ve to zero the rmse values 

decrease . If   we increase from zero to higher i,e. nearer to +1 it is noticed that rmse values 

increased for all the combinations of distribution. 
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