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I, INTRODUCTION

In progeny row trials as also iR experiments with animals
as the experimentsl units it becomes necessary to adopt
designs with unequal number of replicatlons as alscﬁ:?equal
blocks. ~

A good deal of research has been done to get-designi _
with unequal block sizes as also unequal number of replications,
The quasi~factorial designs, given by Yates (1936a) when
Vv = pq, have blocks of sizes 'p* and fq's Again the designs
developed by Kishen (1941) have, in general, tm} different,
block sizes, Ki{y Koy wseesss Eps bore recently Graybill and
Pruitt (1958) introduced a serieg of designs called staircase
deslgns which agcommodates blocks of all slzes less than and
equal to the number of treatments, Recently Bose and Shrikhande
(1959) have used such incomplete block designs with unequal
blogck sizes and A = 1 to get arthogonal latin squares of
sldes 4t ; 2e

Nair and Rao (1942) introduced the intra and inter;gronp
B,I,B; designs in which the block slze 1s constant but the
number of replicates of the different groups of treatments
are unequals . = _

For meeting experimental situation in physical, chemical
and other sciences, Youden and Connor (1953) developed the
chaln-block designs, which have great flexibility and require
only smaller number of replicates which may be unequal in
number, Das (1957, 1958) has also some designs with unequal

repllications and blocks,
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As mentionedqabove, Graybill and Prultt (1958) introduced
a design called staircase design which provides for different
block sizes and replications. Thege designs are fhus suitable
for the ahove types of experiments, One drawback in this
design is that it does not provide for any blo&ﬁsizs which can
be greater than the number of treatments. Heggg in experiments

on litter-mates, for which alone, they say, these éxberiments
are more useful, all the animals in those litters of which the

’

size 1s greater than the number of treatments, cannot be
utilized and this may lead to some wastaée of animals, Cox
(1958) has also emphasized on obtaining design to suit such
situations, A class Qf "genefaliged staircase designs® to
sult all such complexities has thus been defined, A method of
its analysis which does not follow from their method, has been
worked out together with the expréssions for finding the
varlance of treatment differencese

A further problem which is encountered with noneorthogonal
data is to have suiltable partitioning of the adjusted sum of
squeres, There seems to be no method of getting such subdivision
with more than one degree of freedom, An attempt has been made
to evolve a suitable systematic methods for getting such
sub-divisions.
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11, DEFINITION OF STAIRCASE DESIGN AND ITS
""“‘"‘Lﬁ"_m‘fmﬁ‘m N. '

—

Graybill snd Pruitt defined the stelrcase design as an
incomplete randomized block design with t- treatments and
b = blocks sueh that when the treatments are artanged in some
order the j'B block contains the first ky treatments where
k3 =t for at least one block and takes values from 1 to (te1)
not necdessally all of them for the other blocks. This
definition implies thal eachl block will have two types of
frequencies of occurrence of the treatments, viz.; 1 énd 0
such that the J'B block will have the frequency 1 in the first
kj cells and O in the rest and also the treatments will have
unequal replications,.

All the blocks having the same value of kj will be said
to belong to a step of blocks, Agaln all the itreatments which
have the same replications wlll be said to belong to a step of
treatments,

Por sgricultural experiments using somewhat larger plots,
such deslgns cannot be of nmuch use as the blocks &re unequal and
the intrablock variance 1s dependent ‘on the block sfze. But
in experiments with the animals as exXperimental unit and the
blocks being the litters, unequal blocks do not offer any
difficulty as it is not so much likely that the intrablock

JSvariance is dependent on the litter size. In experiments with
smaller plots unequal blocks msy not be of much objection 1f the
hlocks 4o not differ much in size,

One more peculiarity with these designs is that the
treatments are unequally replicated and henece different
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treatments are estimeted with different precisions As such the
authors in the original paper suggested that the treatments
should first be arranged in an agnending order of importance so
that the treatment considered most important will have the
highest number of replications,

One restriction in the design originally defined was that
there was no provision of blocks of size greater than the number
of treatments. .Thils may lead to some wastage of expevimental
resources, because of the necessity of discarding animals, say,
from certain litters. In order to remove this régéiinticn, as
also to get the method of analysis of a particulanmgypg of
non-orthogoneal data the staircase designs have been defined in
a general way &s given below,

The Mgeneralized staircase design® has been defined to be
a design with t~ treatments and b- blocks, such that when the
treatments are written down in some suitable order the jth
block contains each of the first kj treatments in it (njexj)
times and the rest of the treatments nj times, where x3 = O
and nj > O provided both xj and ng do not vanish together,
By giving suitable values to nj and xj variqus designs can be
obtaineds, Thus when

(1) x3 =0 and n3 T ¥, We obtain a randomized block design
with one observation per cell.

(11)x3 = 0 and nj = n, We get randomized block design with
one fixed type. of class frequency 'nft,

(1if) %5 =0 and nj ¥ nj, Randomized block design with propors
tionate class frequencies is obtained.

&



(iv) xgy = 1 end ny S nj, We get a more popular generalized
staircase design (To be discussed
in detall in article 3).

(v) X3y =1eandnjy =0, Graybill and Pruitt's design is
obtained,
(vi) 2j = 1and nj = 1, We get a particular type of

generalized design with cell
frequencies 2 and 1.

(vii) Xj = XxJ and ﬁj = Nj, Most genergl type of generalized
stairecase design 1s obtained.
It 1s necessaxy that in each of these designs, there is
at least a block which contalns all the treatments of the design.
One more fact of interest with these designs 1s that
they constitute one more type of noneorthogonal data for which
the algebraic solution of the normal equations is possible.
For obtaining the layout of the design, the same princilples
as described in the case of Graybill and Prultt!s design hold.
The frequencies in the generalized design are shown
below in a tabular form together with the number "3t replications,

block sizes and the different block and treatmepnt steps.
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111. METHOD OF ANALYSIS

On the model -
yij=am ¢ tmi & bx3y » e1] where B

1 i a constanty tpt, the effect of 1B treatment in the
ath steps byj, the effect of the JB bldck in the kB
step and ejy a random varlable with zeyo mean ;and constant
variance o~ 2, the treatment and block effegts can be
estimated by solving the following normal equations
obt.a.ined from the principles of least squares. The case
Xgj » Yy gives the more useful case as mentlioned earlier,
Solution to this case has been provided first, Solutlon
to the more general case when nj £ nj has been indlcated
in a latter section,

General normal equation for treatment.s is

Botpt ¢ (D11eb12 © <oee # b1r1) * (Dot & sacee.® bgrz) . ....'.-.

hry
(bm‘! ¢ sevnces © bmrm ) f’@ Zznkjbkj n Tmi (1)
K= ;l !
Equation (1) can be written as
Rptmt + Zz,bkja'rmi-su'l‘mj_' (2)
K=y .l |
Where S = P zhfbkjnkj (3)
R BT

émaiz, sae Q)
131’ ’utcsm)

Similarly, general normal equation for blocks is
Ngjbky ¢ (ngj ¢ 1) ZZ tot = (L11eteze seeae 0 tyg,)

T

- (t21 » too# esecee ¢ tzsz) scosssess

- t(k—d)} > t(k_’z)z" sssscae @ g(kni)s(k"‘) )= BKJ- (4)

e
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Equation (4) -can be written as:

-t  Sem
MiesPey = 5120 tm = By (6)
Where f‘sﬁ tpg 5O (6)

(J 21, 25 senin; ¥yk)
(L = 1y 25 secesy ¢ )
q bc-_zing the total pumber of steps im. the design,
Sam - number of treatments in the m®} ste p {treatmentwise)
rx = number of blocks in the k'B step (blackwise)
Further, the total number of steps, blockwise -and treatment-
wise are the game, each being equal to g
In equations (1) and(4), T4 and Bkj denote Pespectively
the corresponding block and treatment totalse
Solution of normal equatiocnsg
Putting k » 1 in (5)
N1jby i ~=‘B1§., as the second term on right hand
side becomes non existent,

" B
Hencey by s gl o g (sa) (7)

Ty L5
v Z:b*‘j—.” Z:F_) (8)

Putting m = 1 in (2), we getl
X

R1t15_ ° 4__, bu = ‘1‘11' -
but from (_8) Z bl; = z__,
- 1R
Se o tyg e Int'- ZF‘J = Z4y' Say.
31 ’

and S t-u. <_~‘ Z-u (9)

u-l

Putting k = 2 in (5) we get
szbz; - Z t11 = Byy

L=y
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Substituting for g t4y from (9)

B I geat
by = ﬁ%g. » E.%g.. sy where Xxj =» %

3
b2y = Pui e .‘g_%lé.'__ ) =

Adding cver h | rrcm 1 t.a rg

4G &
Rq.
J}_’j baj :JZ P+ B ( Z Z11") (10)
Where in genersl Pc = Z NI:J s+ See table 1. (1)
£
Adding (8) and (10)
L% ha S,

R

Zbu*i_, bz “Lf” *Lﬁ“ *Pzé_, Zy1t (12)

=

Patting m= 2 in e%‘uation (2)

y
Rotgy *Z byy * Z boy = Tai!
Substiwting from (12)

ga.t’ ’:,é_.'ﬁ J-\ de * Pg \sl‘ 211,

t
il ﬁé e Rg
Tyt = Z (79 P
tgi - 21 =1 Js1 - ﬁ& Z 211’

‘U=t

Defining in general

! - ZZ:.F J
LT i = 2y’ (13)
Ao
and taking %: ety Be T‘q (14)
=

equation of o3 be::omea
tay & Zgq* ~Clg > Zyg!

=
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Adding cver 1 from 1 to Sy
St m 3 Zagt = STY > 244’ (15)

A g L F TL =)

Repeating the above process, we put
KEs3in equatien {6) so that —

Sa. .

N3sbzy = Z b1 = 2. tag = By

L=y S
Substituting for Z t‘ 4 from (2) ané‘L tog from (15)

N3jb33 = Z 293 * Z 221! - Szc‘az Z1g' » B3}

Y
S+

R VR A i I Y
i= — » s 37 )y,
We fave: st ’ . B Y

51_

s
sta « P3(1-52clp) Z 291" » B3 3 2. %21 02_. fei (16)
with the help of (8), (10) and (16) we have

o
Zﬁu* Z: %J'};%J-ZF *Af? *Pz_LZu *
Ps(1wSaC! 2) 2_2%11' v B3 Z 221! ’3";.{3”
. 3 B B
EE A o o ety
=t Se. ET1
* Py L sz_ (17)

4gatn putiing m e 3 in (zi"“‘

22y,
Rgtag ¢ 2 bu*./_d bzz*Lbsn = Tay!
Sumumung for (47) in tne above equation
3 R
’r | -~ Z 2_— tey 1
31 = b= ( Clg = )
tzy = ;ﬁ‘ﬁs d * P33_2r 233 Fp - P AR AT

s

Py =
- .ﬁg ‘L=' zzi!
Putting
R3Cls = PsS,Cly = By - Py
= Bs( Szc’a V- (18)
and Bg,Gz " J_
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We haye
Sa. s,
tsy 5 2l ~ O3 O Zzp' ¥ cls PV
u—‘l 3 7}—“; ’ o
e S xj
Wheve Zxs' = 3% " & N
R3 e
—S:i\ ) 33, 2 E—_,___‘ . 1 - _S;‘ 3

Te=y e = ! TSy

FPor X "4 and m » 4 we get simllarly expression for
Sy
D t4y as glven belows

Sy TeT Sty S3 Sa

o~ - — 2 —
) tarm ) By’ - 5,C% 2 S3gt ¢ 54C% . Zpp!
to=y Tes S, o Cest
-5l 5 a2y , (20)
~°=1 ’
Where

]

4

S P (S3C% - 1) - Py (21)*

R4c14 = P433013 - 32072(1’3’-?4) * £P40P3,p2)
= Py { sscly -82013 + 1) - BsCly
and B and Zys' are obtained from (11) and (13) respectively,.
Lastly when m & 5 and k e 5 we get exactly on the same

lines, g S s
_s.-,. ._"_-..‘ 4 -— s C3 ——\-}—-\ Z '
Yy tsi = L_ Z53' - S5C75 ) Byy' « S5C% > %51
“e= C= Sa. L=y s [P
- S5C% S Zy3' o S5Chs 3 Z4y! (22)
L=y =y
e

where B5C45 = Py = L;,'“J.

- "J:‘ s

RsCo = P5S.C% ~ (Pg & Py)
- 155(54(334 - 1) - p4
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RsC% = P5S4C% ~ 55075 (PgePy) o (PsePyePs)

= P5(5,C%4~S5C%3¢1) ~B,C°,
: (23)*
R5015 = P5S4014~ 530*5(?51‘?4)* 52012( P5"P4$P3)
L
2 B (54C1g-S5CY5 @ 5p¢7z = 1) - RySly

(¢ Por further detalls about the coeffictents ¢!y, ¢y et auue
see formulae (31), (32), (33) in note 1, further),

Proceeding on the same lines the aolution for tpg Comes

out. asg

S S.
me} <— me2 ‘2
tmi - zmi“’ - cm ,.“L._-l' Z(m‘1)1' ® Cm Z:‘ Z(mvz)i' sSenssse
o Semoan o
r~1 meret
* ("1) cm ~: z(mﬂr")i' ¢ svoense
s, o=\ .
TRE DL SI E WY (24)
Whexre

-

p “oeb " mep-1
&ncg = Pm ( St Cmu‘[ = m:,écpm.g “Honsse ¥ (-})Z »= 1)

- RputChet (25)*

and p < mmxz=1tog

N
When p = m, SmC§=1 )
When p <m, Smcg exists and is non zero > (26)
{141
Cg :-»6’ cm - 0 v

(* See note 1, further).

e
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The final solution of tp; Tannot be obtained from (24) as
the solution 1s a function of Tpy' which involyes the unknown

q, 7u_
quantity S = bkjnk;j —
IL:' 'J:| = . Saw,
S has been obtained by using the relation i‘ Y tpg = O as

L=t
s Ty

shown below, e,

Equation (24) gan be written in submation form as

- ‘vn-h.,*-\

s m-rf‘l -
= ' v > (D s Z(eret1 o -0F 1}

n=

Se parating S we obtain

Bialeis % o]

- 1 —
tmg = 2p1 ¢ 2_, {( =" ¢ gwre Z_, zﬁm—rﬂ)i}

=2 L=y
= r-1 rei
-s{ ¥ (=1 Sti.preq 1 o
{_ ,[;_,,,_ c:- Rmret *1{535 (27)
i < (m=t)
T Ry
T, L) [ -
where Zpy = md ;;"'ﬂJ s Zpgt * p;lS; = 2y

Summing over all the treatments in m®? ste p and then
over all steps,

. Y Swm
0= ZZ ‘mi S'h\—h:H
2 ijf f Zpy ¢ Sm 3 (- 10&1"1 2—' Z(m—rﬂ)i}
oy TN 1. T vl mersd Sm—rtz
- ® ,,.l; ) ,;):',_ -0 Rm»rﬁ }

r~1 s 8 | Samnet

N e P S . e
T
L,
No=p

(-07IET sppg
Foeret (28)

Substituting this value of S in all Zpy' fs we can get
any tge from (24).
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If all the ngy's are zero, S becomes zero from the relation
(3) and so we get from the firdt term of (27) the soluf::ion of
the design of Graybill and Pruitt, Further here Z,;* » Zng and
Tmy' = Tmie —

Formla (28) can also be expressed by cellecting the
coefficients of different Znmt's as belows —e

(28) 'give-? ) .
Kumerator of S = 2‘; Z44 ( 1-33C12f55013 seces ® ch1q)

!

53
* Z Zzi( 1""53‘323’ 34024.,,.'- chzq)

TeEY

’ [ I EWN N NFENEENFEENFENNINENFWEENEENENRENSWEY]

Se
4 ;2; Zqiﬁ-s}ﬂﬂgj‘), since from (26) Cgﬂ: 0

v Sem R—rm_
SN N T
=2 L Zuftr L (D5 Cnr) (29)
Simlilarly,denominator of S
i Sm Y r m z
(ﬁ T
= L v L ¢ SpeCner) * say (30)

=y

This A\ , the denominator of S is independent of Zp,,
therefore will not affect wvarlance of two treatment differences.

Som.

Further from (29) and (30), coefficient of ) ' Zp; issmme as
céefficient of (Sp/Rp), 30 these coerricie;zzt:s can be
calculated once for all, in any example.

* NOTE 1. It is evident that we will have to calculate every
cg 80 as to find all tpyg's which require the help of formulae
(14), (18), (21) and (23), and other similay eXxpressions, This
indicates that every time each CR will have to be calculated

independently. However it 3is possible to obtain relation
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Dbetween any CP and the preceding Cg-t' as shown belows
Let us take the relation (21), as (14) and (18) are not

at all difficult to calculate

—

34314.’ - 9433313 - 520‘13(?495’3) ¢ (PgePxePy)
= Py(S5C15-5,C1,#1) # (PpaPz=PsSpCly)
. e

since cl;, Cl, have already been calculated from (14) and
(18), C‘4 now can be obtained easilye.

Simuarly in (23) we haves

R5(“:25 - P554c24 ~ 53023(%91’4) + (PS'P&DPa)

2
Where 024 has been obtained in (21) and (SzC%5 =~ 1)

has been evaluated while calculating Cge

lastly Rsc‘s s P5(5,CYy -53015,» 320 -1) -~ 1’1491 {33)
where C'4 and (5,Cl, « 5., # 1) have already been obtained
in (31).
Bote 8, The following table shows the different CD ¢
required for the soluticn of the normal equation, The entries
are to be obtained columnwise as the coefficients in the same
golumn are connected through recurrence relation. After the

table has been completed then the entries within the (m-1)'®
oblique row are required for the solution of 4.



ss [ A & 2 Di“ » Sq

Where any particular S, occurs witﬁ each of Cg

successively, (shown obliquely)y p = 1y 25 waese (m=1), in the
expression of tpge This table No. 2 helps us in obtaining
any % if all the preceding calculated Cgts are represented
in the above indicated tabular forms
3 _of ces ;

After the solutlon has been obtalned thus, the partitioning
for the analysis of varlange can be obltailned as below:

The adjusted sum of squayes due to treatmenis, (A); say
I

el C =y

(mi) th treatment and 1s given by
LYR
Qi = Tmg =~ 5" Dmitk)). By s (34)

rle=ty 3=
.
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where Npt(k]) denotes the number of observations under
the (mi)t‘h treatment in the jm block and P"J s the aversge
of the 3P block, 1n k' step (blockwise).

!

Next the unadjusted block sum(/)gquares (B) 13 to be
obtained as usual, The block and treatment, interaction sum of
squarea (1) is to be obtained from . ;

I m Pyy~(A)=(B) " (35)

where Pny denotes the total sum of squares due to the /
cell totals (with their proper divisors) in the treatment x
block, tablee The error sum of squares is now obtained by
subgtraction, from the total sum of squares of the table, the
quantities (A), (B), (I). Other way is to subtract R,y from
total sum of squares and obtain error sum of squares directly,
then interaction sum of squares is obtained by usual subtraction
from all quantities,

The analysis is shown below in a tabular form,.

Table 3

An gls of agnce for generallzed s rcas
Xzj = 1, ng j= nkj)

Source of variation § d.f.. ] Sum of squares _§ Mean sguares

b
hd 2
Blocks unadjusted ( 1 T2
Le=Y) >y KL =)
= J—-\H j
_"_"_‘ 43 S
- A =
Treatments adjusted ( L8y Y ,{—;%qtmqmi (4)
Interaction ( KE__ re=1)(5_ & Sp+1) = Pyt~{4)=(B)
Error H=( %; T ( Z_: Sp) by difference Est,of °§= a®
Total (§=1) ST3TT Vg
- - '.th I't. (_i {
where N = tot.al number of ex perimental units in the generalized
design
5 . JL:“kJ L 5 ¢ Lr PSn ' (36)
=)

A fe=y



- 18
v 72-|«_ S

where G = Crand total e L_,ZBM-. ZEf Tt

k=1 Y=y m=y 6 =

Yariance of treatment differencess

The variance has been obtained by using the technique

glven by Das (1953).

The variance of (thi~tm1’) where botm‘-'*f.he treatments 1 snd

1! belong to the same m¥B step, comes out {o be 2 o2/ Rpe

-t

(37)

The variance of (tmi‘tm’gi') has been obtained as below
by first collecting the coefficients of Tpi and T(p,p.)4s and then

teking the difference, (m) and (meg) being two different steps,

mg<q,g ‘> ’.

We have from (24) by replacing (m) by (meg) and taking

difference:

S""'-—’u—l

Kt'mi t’(m*g)il {Zmi'-qm,g)i} { T (- 1)(1'-1)cm-ﬁ-1 5

oo
mty Semtgnt

T o=

*S E (Vﬁm'g - 1/RmJ * {‘M—ﬂ (="

Z(m—rﬂ)i

D=1 m-tg rﬂ
Z——' (=) Z (5&g-1‘1-1)1'}

ooeeret Smygg-rel = Z ey ET
e Rﬂ”&"“‘b ‘ K=

Zmerel § (38)
Riperel } }

With the help of (29) and (30), after substituting for S,

which will contribute later towards variance, we gels:
' —2
{tm"t(mg)i*] S om E"‘ {1' -1)° St mr} X

=TT e,
ya
{ naq Rpurel Rm 3
Rh-rti 5'm-o\.+|

g g
o) fenTe

|

Zcm;mm}

‘a—l

QCQ*-N nued )
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b e lnd =

~Z¢meg) 1 { - "{ "' > ('1) Smeger 02.’5,,}

(~ “rﬂcm-rfgol M 1
{h.rz. ne8 Bmig-rﬂ * ;g } :P

'rv\+g’ L 1 g r"lS gl
- - - S
I (G e Z(mg umv}

Replacing Zpjy by ¢ 1/Bp and Zmeg)it, bY = 1/ Rpeg and
wttingﬂrest of the Zp1's equal to zero, we obtain the variance
of (tmi= t(mgg)1! 1o However Zgn ;o4yy will be zero but Z(ps.req)qs
will be zero except whenr =« g ¢ 1, thus Zp ;' will contribute
towards variance., lastly it has been observed that when ‘'g?
is odd than coefficent of Z;4 has positive sign, when 'g' 1s even
then coefficient of Z,3 bears negative sign.

Putting all these points in notation form we gbtain finally
the algebralic form of the variance formula together with the
contribution of S towards variance, a,s

- -l gcm
U {tattmeg) = [ pmE e g} o

r-1 meg-reil

2 1 ™m+g
o - ) T (=1
BN il < SN Cmeg
= g=reot
™ ()T~ DTl
- T_‘ ( ‘) Cm X
= Rn:x—rﬂ
| E" & (=TSnyr Cpyp .
B
iv %; ("1)rsmig;r%:§1~r i .
3 (39)
Rimeg

meg < 4,8 > 1§



If we put g m Oy C° G 1n (39), we obtaln

2
V {tni~ Y(meg)1t) = B = ¥ (tpy=tmieds same as (31)s

Bote; PFrom formula (39) we can get 9Cy possible number of
veriance expressions, where q @ total number of steps in the
design, i -, .

IVe A PARTICULAR CASE s when fyjw O

gase 13

When Py 4 is zero the general design rveduces to the design
eonsidered by Graybill and Pruitt. The différent results in
this case come out as indicated bhelows

(1) Since nyy = O

14 R

S ® 2: Lﬂbgjnkj = O

(11) Tyt = 1:,,1';
and Zpt * = i o

where Zm ::_' Tm-t"_;;mn'f = ’ ﬁ.gj = gﬁ_}

(111) Thus formula (24) reduces to:
1 5'»-—; Sm-2 -1
tag ® ZutCr ' S G(met)1?® O c"““3 S Bggyyreres-0T ) gy,

Tw=y - =} =)

) (40a)
(1v) cg can now be obtained easily through the recurrence
relations

ch - oprt - (wy P
ﬁ;"“ﬁ‘*:Ts—;-—-(;/R"’/B 1)1P<m<q (40 b)
pet

fezpat

conveniently, Ca~! 1s to be obtalned fiom pRy/Bp, as the other
@b's being obtained from the relation (40 b)s This relation
conld be established through a method which has been discussed
in section 10, page ( 54 ).
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{v) Qi = PRudmi (41)

m Re

where Qui = Tmi~)’ Zgl‘i y becanse for k ¥ (msi) to q ,
wery=t VK Nicj = O heres

Hence treatment sum of squares (adjusted)

Sm
s ij’:tmi Ut

q,im

= S Ryfmitmg (42)

ey o '?’%. .
and block sum of squares (unadjusted)
: L 7lk_ Bkja
Nkj

W, A .

N
L 42
=)

Now snalysis of variance '&able can be completed,
Table 4

Graybill and Pruittls design, when mjys O

Source of variatgen §| d.Te ! Sum of squares) Mean J F-
i jsquaresjiratio
¥, :

Blocks (.}_,_M“)= Re1 ;%“ 2: ?E_f_

) = = Vi3
. " X Sm )

Treatments ( »%;S,""_l) = Ne1 L ZBmZmif’mi T T/E
DR, N may eS|

Error (R~1)(N~1) By difference B

| ) v S R

Total (BNt) S35 v

mapc=] "Ll =)

=t -

Ngy = = N = S Sp
1% ) Sms >
mai

S o
where Ry = > . rx,, R=® 5 7k
fe=q

Further, since S z 0, its contibution towerds variance is
nil. Hence from formula (39)

~(=1)8 ,
W tmi=tmegysr} = {1 (R;) = R:T;E} o U

Whenever g = 0, Cp 5 0, lees two treatments belong to the

same step,

M
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from the above relation if we take Cp = Oa

¥{tpy=~tmi') = , same as (37), which also follows

Ve A _CLASS OF MORE GENERALIZED DESIGNS
kg @ Tiegs M= ngy)

We have got the analysis hof the desigh-for which the
frequency of observation in any cell in the (Bz;j)tk block is
either (nkjﬂ) or (ngy)e This however 1s a ;;érticular case of
more generalized design obtalnable by taking the frquencies in
the cells as (nkj*xkj) and (ny4) as defined earlier,

The solution of the normal equation for this design does
not invelye any fresh difficulty. As a matter of fact the
expression giving the solution of tyy remains the same but for
the new meaning of some of the notations,

Thus in this case, we haveg
Sm~1

(1) tmg = Zgg' = G0 D Z(mep)yr ¥ eesess v (=D C‘ > By
‘v =1 ,(
(44)
which has the sam rorm as (24).
. Tag~ 5.
(11) 2y = -J e k.‘IE s Zmg' T Zyge RE (45)
Ry
= X 42
(i11) K = yookd (46)
Jé; Ny “
- »
while S = \ S bkjnkj
k= J-l
Finding S on the same lines as indicated in article 3,
we not.e that 1ts expression is also unaltered and is given by
- 1 m-rﬂ e

t {sm{ T i (-s;""”c**l-m1 ?‘n;‘.'?'“‘?.,;ﬂ

3



The form will remain same &s in (39), Hence the variance
ef two treatments difference, lying in different steps is

given hy:
-(-1) c 1 2
Wing-t(negy1] = {— 28+ @
o2 r b1y W (=niigareret
—_— 1 -2 ), peg
& { _Bm’% Rm. 232 Breger
> oy Tl meret
- ELJ 1) ¢m :} x
=0 Bm—r
(10 g ("'”rsmtrcg;r e g (=) Srm:z_@zs:..}
L Ry Rmgg

. : (48)
mg < 9 8> 1

where Xy 4 is involved directly in Ry and Bpyg, here.

Analysis of variance remains unaltered as indicated in
table number 3 of the design (nyym nyyy Xy ® 1)s Method of

obtaining various sums of squares 1s also unaffected, and has
been described filly in article 3.

Table 8

(Xicj = Xygy By = iy
Source of varjetfon ¥ d.f. ] Sum of squares J Mean squares

mel =) ‘e J-l

3 L2k R
Blocks unedjusted <tl_.rk'1) 2_’ 3 By =(B)
w1 J= k]
Treatments adjusted (‘“Sm-?) tmiqml-fiA)
Interaction (2 rk—u%)( "Sm-*‘l) 'I" Py~ (8)~(B)
Error N-( oy )€ g;‘,m) By difference Est, of o? = 82
Total (N=1) STy

where N = total number of experimental units in this
designe
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¥1. PARTICULAR CASE: obteined from the more general designs
(X3 = Zieyr Mgy = nigy)

Case Il

When X)c g 0 and nk:j we get the randomized block designe
The solution of tyy comes out from the fow.la (44) a3 glven
belows e

Inngj =1 and Zgj =0 deéigns weﬁavé :

v - U
Ry =>.Tg =R say; Mgy > Sp =N say,
=1

any
From formulae (7), (10) and. (46) and other similsx
expressions it is clear that when xk,jﬁ Oy we have

(1) A = —“xki =0

Nicj
d=
(11) €} = 0 for all p and m, from (14), (18), (21), (23)| (49)
and (25)

%

— 9!.&
and (1ii) Lbkj ~ Z %cg_ » from (8),(10), and (16) since

:|:| .
1= every B, is zero here.

1.e. -« B - .
e bkj - _;l_:_.‘}_ only when »xkj = &and B = O, hence
by 4 fJ in randomized block design.

Bence S o

[:\/J d

Z bk:“kd reduces to, since ngy = 1
J=1

[

= G/N in randomized block design, with the help of (49)

i

Further in ( x4 = X ys Py = Riy) design from (45) and (46)

T Tt SO B x
Zpg' = B f;igr [Brj Tk s which in randomized block
design reduces to, as X3 :: 0

Tai' . Tog- & - : '
Zg's Ho s I N g,z Ty

D “ » 4mi - g {50) |
Thus ultimately formula (24) for tpg with the help of (50) ,

becomes s Ty ,
tpy = Zmi ( ¢ s -ﬁg J in randomized block design as every }

=0 (51)
and bgy = Bkj/ﬂ, since xxj = Q
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In analysis of variance (Xk;; = Xpg, Pgj = nkjl, from
table number 5, original interaction component will now become
error component, Thus interaction 1s absent in the randomized

block design.

of 2 Swm
Purther treatment sum/squares = Z‘V‘thmi, from (42) &(51)
°U S‘M T 2 meoy v
becomes = 4\4 P ( m‘z f-iﬁ) %andomizeﬁ bloeck desd.gn.
M ‘\1 71-!(.
where Qmi S Tpi = ) ..Ni (Tmi - %) (52)

= g
”J q; hm"*

and block sum of squares m 4 2 bijkj

q’ M“.....é.. , the usual one.

fC=q \’ ={
Below given table summarilzes these results,

Table 6

Randomized block design with-one observation per cell
{ngs = 1, Xk = 0)

3 ] -
Source of variation] d.f. Sum of squares } Mean squares} F-ratio

Blocks Fre) =(Rel) R ByR
< ol lc/TT JLJ\-N‘L-
Treatments X )= (1), 2 Tmt® g2 T
(&)L L( w7 /E
Error (R-‘l)(N—i) By differenge E
a4 Sw ic
Total (RN=1) PRI

™= gy O Y=

Since S = G/N and every CP = O in randomized block design,
the varlance formula (39), for two treatments*difference lying
in different steps, beComess
- 2
2 o~ = ",
V{tmi t(m’gzia & —-—-g-—-— V(tmj, tmi ) (63)
because Ry = Rpeg 5 & = 0 and contribution of S towards

variance is nil,

Notes Whenever s = O we always get a randomized block design
with one or more observations per cell, as indicated
in article 2,
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VII. PARTITIONING OF ADJUSTED SUM OF SQUARES

In many experiments partlcularly in progeny row trials
it becomes necessary to partition the adjusted treatment sum of
spuares into eomponents, The method of pertitioz_:ing in the case
ol erthogonal data is Mn,, In the™emse of nonworthogonal
data methods are avallsble for obta.ﬁx;ng components with only
1 degree of freedom each, But for guch data there seems to be no
suitable method for obtaining components based on more thgn
1 degree of freedom, It is known that in the case of none
orthogonal data, through the total of two or more components
each of 1 degree of freedom, the sum of squares due to the total
degree of freedom can not be obtained.

An attempt has thus been made to evolve & suitable method
of obtaining components of adjusted sum of squares having more
than one degree of freedom.

General methods

The method for finding a component with 1 degree of freedomm’
consists in first obtalning a solution of the normsl equations
and then substituting these values in > 1iti where ti's are the
treatment effects and _Zliti a contrastcanwng the t4’s following
from the hypothesis 002:‘1;88 ponding to the degree of freedom,

The sum of squareg 1s then obtained frem
w y where 0¥ S"1a; 4s the varisnce of the
~liay o
contrast > " 1it4,

When a component having, say, ¢p' degrees of freedom s to
be obtained, first *p' mmtually orthogonal linear contrasts
among the ty's are to be defined such that the total of the sum

of squares from these contrasts lead to the required component
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in the orthogonal case. lLet us denote these contrdasts by

Liy I cosevscnsy Ly
Hext define (w=p~1) more conitrasts emong the t4*s which are
erthogonal among themselves as also to any contrasts 113 ’
{3 ;.1, 2y +snsey pJ where v denotes the td%gl'numper of treatments,
let these laitex_' contrasts be denoted by .

Lpij Lp..gy snenee LV*?;

_ When obtained as usual, the normal equations sultable for
two=way non-orthogénal data, come as M
2. Cikti = Q1

where Q1 1s the adjusted total of the 1'B treatment and Cyy's
are functions of the cell rrequencieé of observations in the
two=way table, These equations are obtainable easily by following
Kempthorne (1352) or Das (1953).

Next let us form contrasts among the Q4's to be obtained
by replacing t4 by Qi in the contrasts Liy ( J = 15 24 sesey(ve=i),
Let these contrasts of Qj's be denoted by Pjy (J = 1,2 eas 4(v=1),
such that Pj corresponds to Ljs Taking the expected value of
Qs to be %::Ciktks the expected vz.alues of Py'a are written and
these will give ancther set of (v-1) equations, one corresponding
to each Pja let these equations be denoted by '

;Kiit'i;' Pis (1 2 13 25 eveacs ("vc-t)). (A)

The next step consists 1n expressing eaeh ty as funotions

of Lj's. This can be done with the help of the table given below,
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Table 7
4 ta ts asesax L sssevossse t;@‘
L i L2 1 144 L P
b 13y 13z  1a3 121 1oy
Ly Ixy 132 1sa  1zg 13y
>y,

Ly 139 132 133 131 - gy

] 1 1 )21 1 T
Lt | “v=11" 72 Lve1ds H(v-12a (vi)v

The 1,:'s epe the constants defining the L contrasgtis,
r 3

Zl% ti
? = 4J18
We can now get ti as functions of Lj’s from the table

through the relation
ti = 1111:1 * 121_1-2 % acvonspnes @ ljj‘Lj_ T eeee ¥ 1(.?,.1)11‘3)»1

=
= 2l , (B)
J=1
Next substituting t{ as obtained above In equations (A) we shall
got (v;i) equations in Lj‘s.

The expression .}J:LJPJ will give the adjusted sum of
squares due to treatmentshaving (wv=1) degrees of freedom, In
order to get a component with p. degreesof freedom due *:o the
first p contrasts Ly's, we meke the hypothesis that Li m Lp = eae
sbp = O and solve (vep-1) equations corresponding to Pj,

(J = pely eessey (v=1)) under the assumption that Iq = Lo =
Ly = ascesee = Lp e



«‘ag

The sum of squares 3 Lgs'Py, (J= p#ly ssvses,(v~1) ) where
Ly' 15 the solution from éhe set of equations, will have
(v»p;f) degreeg of freedoms

The component, oﬂ;sum of squares with the p degrees of
freedom can now e o?%ainga from- o~

SRS 2 bR @

The sum of sqnareaEL;Pﬂ.A can also be obtained by first

obtaining a solution of the t1's and then by getting Ljy'a

through the relation

. Tl

T 1512 )

But the sum of squares '“Lg'Pﬁ (J = prls seeee,(Vv=1) ) cannot
always be obtained from a solution of the original normal

LJ:

equations, If, however, none of the {(wwp-1) equatlons correspond-
ing to lﬁw(j B 1y 25 seencsy (v~§~1)‘) contains the rest of the
Ly's ( J = v;p, v=pely evesse,(v=1} ), the sum of squares

2_Lj'Pj can be obtained directly from the solution of the
griginal normal equatlons in tg's.

VIiii« AN _EXAMPLE

The example given belew, 1llustratesthe method of analysis
of the generalized staircase design with xk3;1¢

The generalized staircsse design gilven below has twelve
treatments and six blockwise as well as six treatmentwise, steps,
The different block-steps in this design have uneqmnal number of
blocks. Similarly the different treatment—steps are also unequal
in slze,
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. §M_§ﬁm follewing table the generalized staircase design
fbem gresented together with the observations and their

wyupsEDss in the differemt cells, The figure written first in
H ,gim e frequency of the observations in the cell and the
figures Belew are ithe corresponding obaervations. The observatichs
m« wwy been takem from a uniformity trial date on Malvi
semted by Pense and Sukhatme (1954).




- TABLE 8.
; U &—TREATM ENTS
o YigL) OF SEED-cOTTON PER PLoT |/2 a.cre) ™ GRAMS , TOGETHER WITH TrE FREQUENCIES OF
o000
skbé . OBSERVATIONS i~ THE TDIFFERENT CELLS, < step L. )
7
= = e z Y| pn Block- | BLock— | BLOCK- | Jue
spls. SGH & “ steib 3. sepz. nz.s‘. ToTAL |AVERAGE pk_.:i"‘.'_
ka t62 L‘B by ey Lu Ly, €31 43, Ea £u £ N 5 Brg B“-E-%-"r‘f- n'.-.L:'Nk::
R R n 3 2 3 2 2 2 2. 2 L 2 2 2, 27 lesy  |165%/an
S bez [Jesvsuaz)| (6329903 f 370 [ty [as s | (£8,97) |87, ¢4) | L81:27) [ (83,73) | (1, 99) | (1, 3W) \, P =
=+ 1 1 1 1 \ 1
9. © 2 . ",j ! ' : 15" 178 M8/ ‘Jr ('/.s-*?ﬂ
T Y1l ba (29:18) G5y, | (3019 {20) (e (z2) (o) 98) (72) (zo0) (5¢) { 20)
Py \ A \ K ” 2317/ |
s | - s [am s )
N bsz ) (72) (e5) &) e
2. 2 P 2 1 ) 1 1 ] 1 -
v Y : ‘ S O R
) L bey. (81,69 ke, 23) [ (D] 39,19 {Q126) 99) &) %) 37) Czo) Gy (90) CYsrhat
v v 2. 2 2 - 2 1 ] \ 1 1 1 1
€ 11 247 9%
J .J/ bsy [{(6073) (16,?3) (ODBRE |(27,48) [(60,92) 297 ) (30) ) 39 | Q1Y) us)
| H 1 ) 1 \ t
5.0 E:T ' ‘7 315 36‘/7 ?-.:(‘I—,)
Y[ bw &0 (2¢) () (20> ) ) | 3@
- : 37 3 i 3 3 3 3 3 3 2 2 2 7
L. 2 . 33 [ 1est ['S¥/i3 Loy
) W b 4 o . 99, 15,55) (23, 36, 67), 16, 21) -
= n 30 1C6,30,99) {48, 67) | (26,43,19) (u.,z;,ggy (6167, 70) | €52, 85; 1) | (23, 2¢,467) | (60735} (£8:%9,38) (76, (4w,23) (2 99) j
K y o % i A 4 L 4 4 L 3 3 A
3. o hkg | 23¢4 23y kp v
E N "7—'1.. (uton, 5 3:44)Kt0,13,85, 57](73,37, 165 *(q},“LGI,U (%%24,14595) (3&,79,98.5»)L(31,u,341 17}(68:8¢,9¢,8) 23,83,45,19] (90,770,99,1 8 (29,19, 34)|(3%,87,83 1_‘( z'lﬁ.
[4 2 7 2. 2 z 2 Z 2 X 2. 1 1
Z. w 2.2 | sy |V J
A B2 jlenss) | (o0 [esyon | Garze | (veee) | (x3,28) ) ceisey | (oss) | (avs) | Ge,ee | SV 1)) >
- 3 3 3 3 3 3 3 3 3 3 3 3
1. & 36 (819 | W19/,
Y bu_ J|aws2, 49) U1 43,67) | (290,89 (62,8929 (1e:17:11) | (9570 ,4) (80,4 4,38]C 88, 39,5%) (3697, 3] (€:13,74)] (63, 52,53)| 5 te0 50
R Il 23 23 23 2.1 21 '8 18 7 17 16 4 b 225,
T,,,L [o82, &9 1268 loB0 lool lo39 91y o9 9y 879 e IS G 11896,




32

From the sbove given table, we obtain the following
parameters of the designa.

T Nos. of treatments Joum of reclprocals
Replications } in the different Jof block sizea in the

Ry [ ."??—:-ﬁ jairferent block steps
Ry = 14 54
R, = 16 Sy = " Pom (1446¢1/22)
Ry = 17 Ss :} 2 Pz Q{g}s)
R, = 18 S,z 2 Ppz (1/7)' N
Ry = 21 S; T 22 Psz (1/5¢1/1701/17)
Rg = 23 Sg =3 P6= (1/2741/15)

For writ)b/mg the normal equations the following are to be
obtained firsty .,

-

(1) Zpg = ij.“u Rt lB ) 3 Giving m and i different wvalues.

/

. T B s
Zqy = = s as there is only/block 1in the first
N - block atepe
z 0= 1879736 - 4a.086111 1
. - St - )
312 - T"g- ﬁﬁu . ':‘754*%%79/& , 2311 = 9731 !5079
‘; "o =)
> 50,128968 J
43¢ = Ta1= 50 Por

11

879-1879/36%11564/22~2364/46

16 Sy
- ﬁu /))2| "[317_ /331 o
Ry

1109~1879/36=~1154/22+2364/46~1654/33

17
= 53.108146 L

=

L
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By = T o Prfup

= 911-1879/36-1154£22-2364/46-1654/33 ) 3 Zgyz 94569233
: 37 & 222907009

= 41.461087

Bimilarly the other zmi"s ‘have been obtained~es given belows

Su i
Z4q = 43,768805, 242% 364657690, .2 344%80,426495
RNl
Zgy = 31.850404, Zgaz 284311356, 7 251z 60041760
Se
Zgy = 24.404894, 2= B74317937,265332.491850 ¥ Zg1= 84214681

e
-

(11) Next we have to calculate various. cg‘s from the

followling recurrence relation.

Rmcpm b~ (Smﬁicg’1 - Smhgcg,zt ssnense ¥ (”1)m~p-1 )‘Bmp1c891

[ P) kuuks \%
b< .

As indicated in mote 2, article 3 we calculate CRis ror verious

values of 'm', keeping *p* fixed t1l11l m = Qs Thus

() RyCly = By ~
- 1/4691/22) . .0043
cly = Py, o IR o so0ad00

() RsC'y = Py(spcty-t)eryChy
= 1/33(+ X .004200=1) ~ (1/4691/22)
.1013 = = 005728, where Rz = g7,

(6) B,Cly = Py(S5C15-55CY501) = BsCls

4%

1/7 (=2 X 4008728 = 13 «00420091) ¢17 X ..005723

"

. cl
Ot"c 4 )4 22

(@ Rgels = Py(SyQT gms50t5es,0Y, 1) -ryCly
(1/5 # 2/17)(2x.013221¢2 X,00572841x4004200~1)

-18x,013221
oe 0‘5 = =«028822

1
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(8) ReCls = Pg(S5C1575,C 14556 5-5,CT 01 )-RgC

= (1/2791/15) (=+2%,025822+2X20 1322 1=2%,005728=1x4004200¢1)

+ »025822 x 21 -

2.0', = .087662, where R, ®» 23

Similarly for other values of p, we . obtain allsthe remaining

(.‘.‘p 's and represent them in the tabular forms
/, Table 9 >

,?43; /,/’ -~ c% -

—

//
L}
-7 Cm

—

~ -~
/ / -~

14 1 2// ~= - - ”
¢ |.c 5=~.ozsazz CP45,025202 -~
¢ | ek Joareez T

A -
-~
-

p — A& N
SEECL 4::.013/2@/ /0253.025903/ 056::.024945//

-

-

—

c‘a,, .oosvza 02/ =-.009592 035..—‘021689/ 5"‘-.018183 -

/

//c’ mooezoo /c25=.001755/ c54._,007937 c45-.o151ze/ c56=.004509

—

~

::(3)— Télculation of S3 It 1s corvenlent to use formulae (29)

~“&nd (30)4 getting the numerator and denominator of S, separatelys.

Numerator of S = i’:‘ %14 (1-55C 120550 55,01 ye5, 0 5m54C )

* 3 2y (1+5508595,0%,4-5,C%5084C% )

5 34 (1-8,C%4355C%5-5,C%)
* ?5,341(1u55C45*35045)
3 253(1-34C%)

\

Zgy(1)

Substituting the valuesz

Sl

Ity PRV
NERA Nt

¢
X

¥

-

The numergtor = 2 Zq4(1~1 .x¢004200 - 2 X 005728 ~ 2 X 013221 -

3 X o025822 » 3 X 037662). .

| tL,ZQ (1-23¢001783*-21(4@09592-23.025003-3 X
-025202) ® gresssscnssassa

vy

0\—‘251 (1)

o=y
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% g 97,115079 X .825272 # 464184981 X ,855638¢ saeaes
» 84,214681 x 1,000000

= 417,810224

similm’ly, denomxnator of S 1s given by:

ninater of S = FL"' (1-820 29350‘5-3401 S 015—35@6)

r;‘% (1-s4c3 5(:35-5603
;‘i (1-S5C%#5,C%6)

55
'R (1-54C°¢)

S
"""(1)
Rg

Denominator of S = 2/14 X 4823272 ¢ 1/16 X .855638% esesess
+ 3/23 x 1.000000

= 599351
Hence, S = 417.810224 » 697,104408
« 599351

(t%) Calculation of Zy¢'s and their totals over the
dirferent steps can now be affected easily with the help of
formulas

Zn1t :Zmi-g;? N  § 1’ffOSm}
m=s 4% toé6

6974104408 = 5
Zq4" = 46,9861 = _ £974 104200 = '2‘807051} TZq1' 5 =2,471265
Z4p! = 50128968 - ﬁlﬁg&ﬁgéz 04335796

Simllarly
234t = 1.615956 ) T3o4" w 1615956

Zgqtez 12.102008, Zsp' = .454946}, 9233 = 12,556951
“e=y

{
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Sy

‘b=

BeDA0783, 245" w -2.070332}, S1244' B 22970451
g ]
i Ss"‘ “
» 16368044, Zg,! = ~4.984092), ST2g4' = 264349136

%@F © <5.903993, Zgg' = -2.990950, Zgz' = 2. 182965 {.
i | ; Zsi'*:& 62711980
{v) Caleulaxion of the treatment effect tmit where

[ N, .
5:».—1 .- S 1

mg%ﬁ! @Cm- Z (m;1)1 P s00s0s0 (-‘1)!“"0131 2 211

o=y

Substituting the required values the estimates are:

4= Z44' = -2,807061

ti2 = Z12' = 0,335796
9

tay = 2y teglz 5o Zqq"

1.615956*;004200x2.471265

13 ]

626325

S
~
L

L=t

f

S2
~ 1
t‘.’.’»‘t - Z:s“ - c‘za-‘-::( Zzi', 3 C 3 Z‘i

® 12.102005 ~ 2001783 X 1.615956 ¢ 005728 X 2.471265
= 12.113279 ‘

Sy s,
tayg & Z3g* ~C% S Za' e cly 2= aqy

(vl |

4454946 = ,001783 x 1,615956 & 005728 x 24471265

T 2466220
s z Sa 1 Sy
tyq = 249" = 034 D l3y' #C5 > 1 Zg4' =CYy Z44'
Te=p te=)

. 8 5.040783~,007937 X 12.556951 = (009592 x 1.615956
+ 2013221 X 2.471265

4, 95829! s

33 S 1

'bc"
20
n

-t _\ =)
-2.070352-s007937x12.556951-.009592x1.615956
* 2013221 x 2.471265

-2+ 152824

s
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S Sy
ﬁs‘l = 251 - Oy i“ Z41' * CssL Z34'=C? 62 sz'v.t@a‘};‘ Zqy'

= =1.365044 = 4015126 X 2,970451 =~ ,021689 X.12,556951
~ 2023003 X 1.615956 ¢ 4025822 X 2.471265

-1, 655682
ot S 2 2 Sy aecl ~-
52 = 252’ ~C5 2 Z41'eC% S B3p'~C% 2. Zag'eCy 3 Za1’

.....»

='-4.984092 - 015126 x 24970451 = .021689 x 12.556951
-.025005 X 1,615956 ¢ 025822 x 2,471265

=5,274730
S s - $1 - -

5. < 5 = S
Zgyt <CO5 T 251" 0C% T Za1"=CO O Zg"9C% T Zoy!
T =

1 - un

~5,903993 ¢ ,004509 X 6.349136 ~ ,018183 x 2,970451
~4024044 X 12,556951 = 4025202 X 1.615956

‘!' 027661 x 2,471265

t

] ~6.203661
' 3 o 2 3=
tﬁg - 362(.,(}56 z Zﬁi" 04 241'-0 \ zsi’fc 6 }___J 221’

L:'—\ =t
- <clg 5 zqy
-2.990950 * +0045609 x 5.549136 - 4018183 X 2.970451
"024044 % 12,556951 «~ 025202 x 1.615956

» 027662 X 2.471265
o ~3.290618

L 1]

Sz S

te3 = Zg3 "cseL Z51'eCty ‘i Zag'C%6 3 231"(:'26 ;:' Z21"

L)

. ‘016 )._ 211" )

= 2.182965 * 4004509 X 6.349136 - 018183 x 2.970451
- +024044 X 124556951 = ,025202 x 1,615956
* 4027662 X 2.471265

1.883295

G S .
As ZZtmi = .00'360, the check is satisfied.

M=y =

1n
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{wi) Caleulation of Qpmj's, the usual adjusted totals <from

U Ty

Ut = Tmg = g:i: Pma (i) P
Substit.uting the diff;z:;n:c. values
Rqq = 710 _ 2x 1654 _ 1218 x 237 X0 . 974 x 1
94‘71 A "‘..3._5..2‘2 1___3_35_3- :5x2364 115221: 3
18‘?9 x 3
36
S = 36.83940
Similarly,
Qi = 216060
Y21 = 28.31476
Qzq = 208.19355, Qs : 10,19355
Gy = 2019385 , Qg = 23480645
Q 51 = 526,20645,  Qgp - 102.20685
Q61 = ;1 3233237, . Qg : =66433237, Qg3 a 5266763
As : zqm = -o0ols; the check 1s satisfied,

(vis) Hence the adjusted sum of squares for 11 degrees of

freedom 1s gjven by;
= ~2.80?061 X -36.83940 * 338796 X '7.16060 » 1.626335 x

28431476 # ececasseer ® 1,883295 X 52,66763

= 4942!65704'5 on 11 degreesa of freedom,

(vii1) Analysis of variance: from table 8, 9\:3 obt,ain:
il < B
(a) Unadjusted block sum of squeres {(B) & - > > E:E[L
- =] U=
= 369845195 d

6___“ Sm_
{b) Adjusted treatment suln of squares(A)= ZJ Z. tmilng
maf =

4942, 657044

%
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G S’m M
{¢) Total sum of squares = > > Y}J
L—l J=

ma =g

512 @ 512 * carns @ 902 w Coelle
- 159175.2622

() Py = Sum of squares due to cell - totals

2 2 2 2 2
- 't'ég—" 140 14(3) g 1%‘-‘.’ opo&of}%i-"copt

= 78915,4289
(e) Hence interaction sum of squsres(d) = Ppg=(A)~(B)

S 78915,4289 = 4942,6571 = 3698,5195. - -

(f£) and the error sum of squeres = 150175.2622~70274.2523~4942,6571
- 3698,8195
71259.8333

= Total S.Se = Pt

"

Representing these in a tabular form;
Table 10
Analysis of varilsnce table

Source of verlation § d.f. joum of squares) Mean squaresjk=ratio

Blocks unadjusted 9 3698.5195

Treatmemts adjusted 11 4942, 6571 449,3325 0.6621
Interaction 99 7027442523 709.8409 1.0459
Error 105 71259,8333 678, 6681= o°

Total 224 150175.2622

(1x) Varjlance of treatment differencesz
(a) When two treatments lie within the same step
the variance of their difference is §§§§ ¢ calculation of
which presents no difficulty.

L2
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(b) But when two treatments lie in different steps,
we can get it from (39). This has been applied to obtain
V(tg4-tg1) and V(tyy=-ts5q), as shown belows

(1) Putting m = 4, m#8 = 6, 8 ¥ 2, 4 = 6 in (39), and

expanding we have mﬁ%
V(tg1=te1) = ( l."ff.ﬁ. . R" ) 0\3 o
Rﬁ 3§ 35 . C2 ,,cz
{( —_—ty 03,-C
1-35045 ’Fg;
* -_ﬁ-{'_ﬁ} { By %—-} where &> is

the denominator of S.
Substituting the values we haves

> 12.018183 3 10.018183
Doz (leQlemms L, e (s ""‘"""""“"
004609 . +007937~.024044 , %+025202 ¢ 009592
Y 17 16 )
;913221.&766:%} x {1-2 X «015126~3 X .018183 .
14 $3
41.418209 2 /4 5.418209 4 004509
= ( S8 x 25 ) ~ % (1.668471 O 5215 T T a1
o .916107 2015610 o .014441) x ( 52049517
16 18 x 23
_ 1.4182 - x ¢ £407,248730
= ——-—-——-—-Q—m ey o® (1.558471)0? (ate a7 o Treg’ *
(32049577
18 x 23
- £1.418209 _ 2 _ 5.088131 x 6407. 248780 . 2
T 18x23 18x23x18x23x7x17x8
- 16291471441512 0\2
163168992

V{t.g}"tﬁ") T 099844 of

2 ]
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£i1) Similarly when m & g, meg = 8y £ T 3y QF 6

b ncas 3 ot
Wigitsy) = ( B t§—)c\ ¢ 2 {(E"-%ﬁ—)-ﬁf
2

S
(o gl Tt
Ry

1
- 1-:3535§j e
- R -
. 5 - : 2 1.023003
z (122023003 , 1y o2, O -
_glg%é&..*ﬂ)ﬁ * =5 q_('ﬂ' 16 )

C ,g’tsigs . .gztgg - .m:x@g-.,ggsgba 3=

{ 1-2x .oo1vas-zx.oogssa-zxggzsooswx,gaszg__
16

- !§ X gQQ45Q }

' 2
-t 641@_61,74119502 »111340 of
(t217881) = Sgosqe06 —=




(The same data as indicated in table 8 were used)

(1) For pertitioning the sum of squares we have first to
define the orthogonsal contrasts, These contrasts can be defined
in en Infinite number of ways, Taking  the contrasts to
represent between and withip steps comparigons, we ha.ves :

L, = ter-tes L, = (t61¥teattes) -s/alizistss)
2 : 16/2

o = Ye1%tez-Bles 1y » Lr617b62ttestto19ts2)~0/2(te 1 tea)
~ 6 35/2

L = t51-t52 19 = (tﬁfl'ou;t aqﬂgg)""f/ 2:(.%3114’:32)

3 3 63/2

L4 = t41-t4a‘ on (t'ﬁ“’- tociftgg)-g(t21)

— .

Ly = tzq~t3g Lyy= (tgfhanno!t212910/2(t;;0t12)

2 60 -
= b=
*e 2

(2) Next step is to form twelve normal equations as

, reql_nred Jfor the analysis of varfance of non;orthogonal data in
twowway classification (Kempthornse, 1952, article 6.3, page 80).
Using table 8, the normal equatfon corresponding to the first
treatment isg _ .
[23-(9/27¢4/1591/544/1744/ 1741/ 790/ 33016/ 4644/2249/36) ) ()
«(9/2794/1541/594/ 1794/ T41/799/33916/4694/224386) (Legets3)
~(6/2702/1501/594/4744/ 1101/ 749/ 33¢16/4694/3209/36) (t519t52)
=(6/2792/1590/542/ 1702/ 1741/799/33416/4694/2209/36) (B4 10%4)
~(6/2992/1500/592/1742/ 1760/ 799/33416/4604/2209/36) (Figyat35)
~(6/2792/ 1590/ 502/ 1792/ 1740/ 196/53416/4 694/2299/36) (t24)
~(6/2792/1520/582/ 1702/ 1790/ 46/ 33912/4642/22¢9/36) (ty19t12)= Qgq
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The other equations can be obtalned similarly. Thess
equations haye been shown in a tabular but reduced form
belows
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(3) With the help of the following table we can get the

T YO ———

e -

B R it et “ul ~ oy WU S SVS S =t o s -~
£
A B L\E ll ’ Page o - 1Y
LE CoNTAINS COEEFICIENTS OF VARIOUS IC""‘;A) o,
FoR  EvERY Flgupre RENG [16259180]. : .
o — = Renirs caleulabed
Euy tys b oz, baga ko ";N__’-%lli. Lo “*L:-t’&
—27037 ¢69 ~ 29037766 9 -2 6715129 - 265 L9 — 252 37149 TG LGy ~ 223 ks L 49 =133. 3324
£ 2%03n669 ~ 29039669 — 26" $12-9 - 26msT 129 —25723714%F T R3usukg — 2RI us g Tee 232y
~ 303669 ~ 296371669 —2% N 5129 —26ms129 ~2€23 714 1 | —2213 usyyg ~223454 YW g v2. 667
~ N Zd\D‘) ALY —8oi%s387 ~ 8ol < 387 ~ 75 kYT ~-670 363un “6703(—;3'-(‘7
(e 7 — 264 <R3 24 4 26917 =24 4 26997 ~1294]0M — 2o ST ~ v 31 ~26: 206s”
26 —~toz-
1T ~ 26744527 2449 6 797 -2y 26 197 B R PYY ~ 2uo $ M) ~ w5 317 fol: 2065
e s e
"S53k 950G ) — S 550y -85 3L ~ U8 7Y ~4sg 9802y ~Uoll Lesy ~Lollye3y J
F267 %221 33 ~2Wg3357 T8 L3 - 225714 217 T Ao 3¢ 33 ~($ 4G by etk 73 193¢
Y
> @36 85 AN §0318 7 —~ 215 14 3 ~ 218 WL — o 36 1371 =leley 12y — g 1uyesy ~ R - gobs
HhToLE g +2429((326  |—Usonaesy  h —wwedesy —erereny [~ f62892ny ~3c289274
2esi4Im — 2251y 3y TLE28679%3 — LS 1 31 — 21036337 ~1gL 4 & 637 “ITIL Yy 63y 208 193¢
LT IN3 —~ 2251431 P, v oarTheyquy | MO 32T — %1% Y €37 — lgIuy 63 te- (93¢
se2desy ~ Uso 23634 + 23135300 ¢ + 23135 362¢ & Ten26TY ety 162892y
RLe3633Y —~alo 3¢137 —2103633y = 21035337 + 2400 T3 G467 “IT S 921 Tnsanm 28. 3148
— e
1o 36 377 —ate36 23y ~ 21076 337 ~ 20030337 + 2400 344y | ~ TS G 30 IR & Ry
F1 4463 — 19 L k6T —IFIY 4 68 B4 4637 —11$9 317 +zzzzq888} ~:s*36yu37;. -3¢ 827%
81
& —1RILK 61T ~(@ el 637 ~ gkl 631N ~ U 3 =153 Geo 377 + n224¢8 %8832 7 fbog
62—81179 “‘3628‘?1\’]% _ 367_&(.12‘1[" — 3¢ L@‘i?.jl{ ~3(‘.3[&63L§, +l96%888‘1£ + (96388846 1
h = 2 =
\b"’;/\ }q&k\M
ta1 = ~SLyotlyy
44 = 5‘51*
3 'L6*51'11

ty2



(3) with the help of

-

-

T A B |
f ene - ’ RBODY OF THE TARBLE ConTAINS LCogr:p\cJ:iNTs oF vArlous kmis,

OVERALL DWisoR FoR EVE BY Flaure ReE G [16251184].
e, ._ﬁgF::
Qnily ’&e\ 3 Eu tys | ke
e\ +3338‘10233’l ~ bovgs o9 ~ Yoo 88709 —36lHY4s~g s ~36NYusEs” —~29037 @69 - 29037766 9 —26Us12.9 - 2GTUE L

, ‘
Qqo ~ W08 9709 é + 33334023 — t«wsasn 09 —~ 36Uuges — 3L Nys g™ — 22027669 —~ 29039669 — 2671 1294 - 26M5 1Y
Qe —L\masujai ~ 4095705 ~ 33380 23) ? —3enas e [ —30iiusssT ~ 840377669 __.,zqog‘:(,(g‘? —2nsizg TEems
i?n: 4+ 293662 R t+ 253602 %13 + 252662813 o8 2L T |~ 1083435y | — $T I Z00Y) 8T W ey _Solwgzan ._gowggg
Qe ?-36“‘-&{‘?%“ ~36U4SES ~36llusgs” + 2075~ 9§69 2y —~:5387/<,gs—j3t ~-16749 537 - 2649587 —24 4 26947 ~24 G 269
Qv ~senus v T RenasTsY e llAEST T2FELTI |+ orsreqey | T HEUq 3 ~ 207y a5 277 ubg 6797 | ~2Wuze:
iQ : ;“m_z y - / : — mﬁ

L st 2 9 4lo 71229170 —~7222910 2736041 | 4+ 27120 (slMy 3990y — 2y S0y ~Lygs 2l —L88s13 9
R ~ 296 37 ceé ~ 290371664 ~ 29017 669 i T2 %9 537 ~L6MY9 51N +267%02) 8% —~ 22U 83688 =215 131y 228714 3¢
Rz ~7‘9°m“i. —%0377¢69 — 2027669 T7%q 52y — 26749 537 [ —2% e3¢ 85‘7 267503183 —215 14 317 - ~- 226 1L3C
\i&% T S%o Vs 3%53 TS¥ony 33s | TSBOTISTE3R TEIGGoey | TS3M990TG | 2u2966 32 42429326 —hs02R63 Y 45023631
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le — 2671 S ?% —26T\S 29 — 16| $129 ~ 2MY42 6 911 ~2_L(—q,7_(,99w7 — Ty ng(‘] — 2251437 “2rs iU + 253867
’ ﬂ{z‘ng TS 3y 309__3*% ~$I1025E ~$3%2025% —4895399 4 TLe9399Y -—Hsbwcg;m ~ 423624 + 2713536 2.( + 2313 %
oy ~2¥2. 137 lle;g —252 23149 TS 2374 1 —~27 yqel7 ~22q %9017} —RU63(33Y , —alo 3‘—33_;7—::4&337 — 2103637
\-EZ—:J?Q“‘ ~ 252 35149 ~ 2623719 Tuw.:-m{j - —~ 22349017 124901y — 21036 337 | —3l3L 137 ~ 210736 337 ~ alokgg’sg
Q‘" ~213q<;l4 22345 y4 g A LA — Ao ':‘13‘v7 ~.;zmc;*1;p7 — 1% 463 % e es . "l?l%uéf
Qo - 223 qgut\; ‘\ﬂ?—zsqrwm LG TUYY 't ~ o121 — 2 s 5 317 — B4 Y g3y b #1463 SR 144 67 S BI4 Y &
SSS— I I _
~L}ng°&q — 44690898 '/‘%QG?OEQB uouteezq = Yotk 63l -3§2.8‘1ﬂ‘+ ~3628 9214 - 36289274 — 362892
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(3) with the help of the following table we can get the
solution of tyy's as functions of Lj'ss "
. Table 12

Y61 Yoz  tes  tsy Ysz 4y Mz tst tsp oy by 3

t -1 -
1 1 -2 _
f v‘ . <
1 -1
1 ~1 ]
1 -1
1 1 1 »3/2 =3/3
1 1 1 1 1 -5/2 «5/2
1 1 1 1 1 A t «1/2 =7/2
1 1 1 ) 1 1 1 1 1 -9
1 1 1 1 1 1 1 1 1 1 =5 &5
Thus

te = Lyvlne( qula;{?fhof"b‘ 1)
tez 5 ~Lqyelge(Lyelgtigelynelyy)

Yoz 3 ~2loe(lyslgelgelygelyy)
ts1 = Ly=3/2Lyw{lgelgelygely)
teo ;—15;3/ 2Lne(lgelgslyqtlyyq)
tyy = Ly-5/2Lgt{lgtliprlyy)

tya T ~Ly=5/2Lge(lgelqgriqq)

tyy * Lg5-7/2lge{lygelyq)

tys 3 ~Lg=7/20ge(Lyyrlyq)
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(4) The equations In terma of Lj's can now be obtalined

as belows

The linear contrasts of Qnui's corresponding to those of

tmy!s in Ly's are

- (1)
(11)

(111)

(iv)
(v)
(vi)
(vit)
(viz1)
(1x)

(2)

(x1)
The
have been

(Q51"Q622 = Py
(Q 63 anz-‘ZQa;s) - P2

(R54=Rg2) = Ps
(Qq1-842) # Py
(Q31-Qz2) = B5
(Q44~R42) = P

(‘Q61’Q62'Q53>'5/2(Q511Q52)) = By
((Q51*Q520Q550Q51QQ52} - 5/2(Q41tq42) = Pg
((Qgyearsasnsenss 0d4p)m 7/2(2gq0z,) =
((Qg1# veoreersenslsg) = 9(Agy) T Py

((q51” Q!'O‘.IOQ"’QZ‘l) - 5(Q11’Q12) = P11
equations corresponding to the sbove 11 contrakts
written below, after referring to table 11 of the

normal equations,

(1).

oxr

or

(11) -

or

or

33384023 1-4008870942 X 4QQ882Q9

333840231940088709 (4 .4
16257780 (te1-%e2) & (351~362)

23(tgyrtea) = (Qgq=Q62)
461y (Qe1-Qg2)

My
-

as (tgg=tgy) = 2L4q, from table 12.
(tgyrtea—2tgy)
(Qst’qea‘zqes)
(Qﬁg*Q62—2Q55)
(Q619R62-2Q63)

16257980

1381y

as (tg1*vea~2tes) =

612, ﬁom table 120
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Proceeding in this way we obtain the following other normal
equationss -
(111) 4213 = (Q5y~Q52)
(1v) 36L, = (Qq1-R42)
(v) 34Lg = (Q31-Qs,)
(v1) 28Lg = (Q14-Q12)
Similarly the rc;maining normal equations corresponding to
between step comparisins have been obtained as shown below:
~ (v11) ve have trom table {11
16257780 x(vaQﬁa’Qfm) = 253662813(1‘.51®t620t65)-t108545755(t51f‘b52)
-e'n 1:5007(t49t.42)- 80145387 (tz4#t55)
| -.75'711447(t.m)ae'zosssw(tﬁ*t,a)

uuuuuuuu

and 16257780 x 3/2 (Qg4eQ50) = 3/3(-.73229woct.s”tezytss) .
273760474 (tgy9t55)~53499074 (tgqetyn)
: --43353994(tm;t.sz);a,sas»aosla(tm ) -
40114634 (tq44t43))
Hence (Q61eQ629Q63) ; 3/2 (Q54#R52) = 362006568(t63’t520t65) ;
518984466(t51ety,)~6864396(tyqetyge
T Eatetaorto ety et o)) / 16257780

€  Sm
Since Y'3tmg = O

= “-';'

= {352006568{t.enteanss).masa“ﬁeétma-tsa),aawsses(tep
teatoztsyatsy 9 ) / 16257780

368870964t gqot ooates)=512120070(t51ets2)d /16257780
19Lg29t63 1
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Now substituting for tpi's from table 12 we getl

gL {5“’7"""’1'11)}' 16257730 -3Lye2 (LB'”"’L“)}
= (Q61#R629%63)~3/2(Q544Q52)

(vii) 1.e., 162,5667Ly #5.,0667(LgelgeligoLlyq)

= (Qgy#Repe63) =3/2(2599052)
Similarly the other equations have been obtained as
(viil) 5.0667Ly9327,125513912,1255(LgeLliorle1)
(Qe;*Q620Q53§Q510Q52) ~5/2 (Q41’Q&2)
(1x) 5.0667L7t12'1255180547.625519f12a1255(L10f
.,(Q51’ vesesensnetlys) «7/2 (Q319Q52)

(X) 5.0667Ly#12¢1255(1gely)#145846710L1(91846710Lq4

.. - (QG"#CQO'..QQGQQ’Qsz) -9 (sz)

(x1) 5.0667L7112q1255(laﬁLg);18.67101409871-9516111
T (QggtecsnccecensesdQny) -5 (Qq40Q40)
Equatjons (1) to (vi) correspond to within step gomparisons,
Here each Ljy J Z 1 to 6 1s obtainable directly, since each
equation involves only one Lje |
Thus solving these equations we have

Ly = S5% = ~1.456522 L, w 128/36 = 34555556
Ly & ~305/138 =~2.210148 ls = 198/34 = 5,823529
Iz = 75/42 = 1.785714 - Lg & ~44/28 =-1.571428

Equations (vil) to(xi) comprise the second set of equations
and corregpond to betweenestep comparisonse Solutlion of these
normal equations 1s not straight forward. These equations have
been solved through the iterative method, The solutlions are
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_ &3 glven belows o

Ly ® 0.371280 Lig = =e153256

lg = ~1.23172¢ | Lgy = 0.247105

lg & «1.770291
Now the adjusted treatment sum of squares for 11 degrees of
freedom is gilven bys

6 m
~JT:L;P‘J s ZLJPJ * Z Lij
4=
(572 3052

*TE—O ldtna’zs‘) *

{(.371280): 45,6231 ...9.2471051(1?8.0850}

#

= 2586,56272 ¢ 23561302
= 4942,6574 on 11 degrees of freedom

It will be seen that the sum of gquares agrees exactly
with that obtained earlier while ilInstrating the generalized
staircase designa

In order to get a partitlon component of the sum squares
to correspond to between step sum &f squares, we make the
hypothesis that all the step meana are equal which is the same
as putting Lo -Leél.g s Iqp = k44 = s On this hypothesis
the normal eéuat-icna become the first six equations corresponding
to Ly to Lg as shown earlier, As these equations do not inwlve
any Ly's (j = 7 to 11), the solution of these remains the same
as before, Hence the sum of squares due to thege Ly's
(3 =1 to 6) on the hypothesis Iy w Ig ® cvevs ® Ly m O 1

i LyP; = 2586,5272

So the h{;ljuskted sum of gquares due to the between atep

contrasts with 5 degrees of freedom is

1}

Lo LPy = ZZ‘ LyFy = Z" LyFy
4942.65’11-2586.52’12 S 23561299 “on 5 degrees of freedom,
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‘Similarly the component of within step sum of squares with
6 degrees of. freedom comes_out as
4942.65?1;2356. 1299 = 258645272,
It will be seen that this method of finding the adjusted
treatment sum .of squares provides an alternative method of
~gnalysing non-orthogonal data. We have seen that if the data
come from a generalized gtaircase dgaign, the analysis becomes
very much simplifiecf if the contrasts are taken>ap as to
represent. the between and within step comparisons‘ If the
contrasts are formed in any other way, the analysis may be
complicated, as in that case the equations in Lj's will be more
involved. This has been fllustrated below.
. There are nine treatments giving rise to five steps in the

ease of generalized deslgn with xkjg 1, as shown belows;

— v > & > (- F? =& F‘t

Y51 sz | tay| vt "'32' taz | to1 X‘ t414 Y2

-

3 3 2 2 2 2 2 2 2
2 3 b3 1 1 1 h 1 1
1 1 1 1 1 1 0 0 8]
4 4 4 4 4 4 4 3 3
2 2 2 2 2 2 2 2 2
If now the contrasts are formed as helow:
1q = tm;tsg Ly = 61 tt.gz*ztm , Ly= tm;taz
t o, -
L, = 31*1’52 21!'33 32, Isw ____‘LE?_L )
(t
%ﬁm _.m*tsa*tsn (tzutjj) . (t1a)
L = ‘13/6
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t§1’t§2’tﬂ 11&31*?5_93 tz3) o EEI t11) L,}ﬂ.

13/6

(tsielsosteq) (tmtt%;g’tss) _ S(tagetyy) ;. (t42)
S A ' 2

13/6

The normal equations in lLj's come out asg
241y = (Q54=Q52)

6?.8001.2 * .500(1»511-7"18) s (Q51'Q52"2Q41)
201y 5 (R34~Q32)

6oL, = (Q31#Q32~2933)

164971k = «545Lg ¢ ¢485(L7-13) = (ng-Qu)

and
»600Ly ~ .54515"18,;6331,504.1781.«;-3,278185

CQ?I + Qs+ 8u) o (R4 Qyx + Q1) . (AntQy) _ (_‘Q'_":)
S 3 z
3 ) - -

»600L, ¢ "4351’5’4"781‘6”9‘3591‘7“5’ 126lg =

(951 + Qv + Ruy) (Q314 Qa2 +Q37) . (R +Lw) _ (Ki2)
s+ Syt Bu) K21 TXn)
3

- 3 - =

+600Ly ~ «485L5#30279Lgn50126L4#19:3591g =

L«er)’&sz +Qyy) (‘93\“’&31.'\‘@&3) — C_g_Z_[;‘::_iQ 4+
—-——4—-”—_—_’— ’_—__—______—A——.'—
3 2

Evidently these equationg are teo involyed to have any
easler solution, thus pgroving the statement given iIn preceding

paragraph,

It may be mentioned in this connection that in progeny
row trials with plants eoming from different "ramili;s, such
sbatrease designs become more sultable, The analysis also

turns oul very simple If the families are identified with the
tredtment-steps and the treatments within a step with the plants

in a famllyae
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-~

%, GRAYBIIL AND PRUITT'S DESIGN - . particular case

We have seen that in the case of generalized designs
solutions for the Lj's corresponding to the between step
contrasts is not straight forward as in the case of within step
contrasts, JIn the case of the staircase designs given by
Graybill and Pruitt this difficulty alsa vanishes., For such
designs the equations in Ly'a come out as obtained below
for the present, deaign (table 8).with myy m O following the
method 1llust.:§'ated earlier, o
(1) 2 x 10L4 - (Re1-Q42) = Py where 10 = R§, 2 ""_‘_i; 1132

- ~ © 3
(11)éx 0Ly = SQ@”Q@*,EQ%) = Py where 10=Rg) ﬁ-'—'?;; 1.‘132

11}

(111)2x 8Lz

- U=l

(Q51"‘Q52) = P3 where 8 = Rgy 2 2 21’: lﬁz

(iv) 2‘4x5L4 = (.QM-Q%) = P, where 5 = Bg,

(v) 2 x 4Ly = (Q54~Q32) = Py where 4 5 By
(vi) 2 x Iy = (Qq3=Qy) = Pg where 1 T Ry

(v11)8{(to19teattes)-3/2(Bspotsn)] = (Rgqed6e™6a)3/2(2519052)2 Py

or 8 x 15/2ly = py, from definition of Lsg,

Vizey 1, {teitteastos)-3/2(t519t52)
~ 15/2

(vii) or 60l T Py where Rz = 8, l.es the number of blocks
where Ly contrast occurs completely within stepss Hence it is
possible in Graybill and Pruittls case to write down normal
gquations in Li's directlys. )
(vii1) 87.515 = (Qgq* @;..,.¢Q52)~; 5/2(Q,49Q42) %ﬂf@
(1z) 1261 = (Qgy ® <resaa®Qqq) = 7/2(Q34932) = Py
() 270Lgp ¥ (Qgytecssssetlsa) ~ NWQpyy = Pyg

& (21) 60L11 = {QgytescccaedQng) ~ 5(QqyoR42) = P11
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Thus thé sum of squares due te the contrasts viz.,

[l
2 L3Py comes out as
J=
P42/20 ¢ Py2/60 ¢ P3R/16 ¢ weseot P112/60 on 11 degrees of

freedom,

-

= In general if LJ denotes any contrast Z‘lj_ Jty where all
the ty's belong to the same ot step with sey Ry replications
the equation corresponding to this within step contrast comes

out as
Son. 9.,~

Ry ( 2_: 1132)1'3 4_, 113Q1 P3» J=1 to (v—p—‘l)
. where there are( pﬂ)at.eps.
Again let L4 denote another contrast among the step~-totals as

shown belows

Li = tq : 4 t(q_j).'l‘ YTYYY 2 t(i’-")‘ - (ni) tvi" b4

.

where (t, ) denotes the stm of the treatment effects in the
AL step and *ny' Is so chosen that Lj becomes a contrast among

the tts, Actually -
111; 31’1 0‘33_*2 ; sssers ’sq-1’sq
1

where S; denotes the number of treatments in the ith atep.

The equation for Ly is thens

Ry Ly ngy (nget) Sy = Py, 1 = (vep) to (ve1)
where Ry 1s the replication of a treatment in the 1! step
having S3 treatments and Py is the contrast among the Q's
corresponding to Lie

Thug the solutions of the equations ¢an be directly
obtained for such designse Moreover the treatment sum of
squares can be partitioned into mmtually independent contrasts
each of 1 degree of freedom. Actually components with any number
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of degrees of freedom can be obtained by adding together the
sum of squares due to two or more appropriate contrasts.

We have now two methads of solution of the normal equations
in tpy5viz, one following from the general method and this
‘solution has been presented in{(40&) and the other through the
solution of the equations in Lgsand then getting tyg5from the
Lj's as indicated in the present section, As both the éoiutiona
are linear functions of Qui's, some identity relaticris are
availeble by equating the coefficlents of Qpq's In the two
solutions for tpgs With the help of these identitfes relations
1t has been possible to get a very much simplified proéedure of
obtaining CB's which are required for the solution of tg4’s
through the former method.

In general the proéedure has come dut to obt.ain,':.ng the
different C2's through the recurrence relation

cb - cprt Mep-1 -
v B LD (gr=zl=) > pemgw
p pet by P Tpet

Its derivation has been 1llustrated below with reference to the
example considered for this design, ‘
Recurrence formula for obtaining Cﬁfsi.n Graybill and Pruitt!s desizgn.
The general recurrence formula (25) for C,% is suitable
for all types of staircase designs. As mentioned in article 4,
page ( W0 ), it 1s possible to obtain a very simplified form
of this formula {n the case of Graybill and Pruitt's design.
Derivation of this simplified formula with reference to the same
example, as given in table 8y (but with nyy a 0) is explained
below. The eleven contrasts, Lj's, therefore remain unaffected
(page 42 , article 9). '
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Let us derive the regurrence- formula for the 6th set,

leco MBS g=6 andis e
From tsble 12, pagei’; (which remains unaffected due to

contrasts)
1= 1y *Lgt(lqtlangthtH 1)

~" Converting éagch of these L;’s into Qpi's with the help
of normal equations given on page 52,article 10 (Graybill and
Pruili’s case), we obtain

7 (Qg4~Q
te1 = _6,33 62) , (3619962+2003) . (Q619R6299 $Qg3) ~3/2(Q519452)

& . 6Rg ~ 15/2Bg
(tQﬁ‘}" seafQ ? )"5/2(Q41'Q42) (Qsti‘n . "Qja)"?MQS‘l*QQ&z_
"4 63/2.33

. _(&511' uathg)*gQgt (Qsi‘h..n’Qg-g)"fJ(Qn"Q-;g)
9032 60R4
where Ry 51, Rg..:s, Ry = 4, Ry = 5y Ry = 8 and Rsz 10
in this design. )
Nows . S.gl’ﬁé& ; Q6162+

6 6B
= 261 _ Q611600903
Rg 3R
Sc s; S4
5 Collecting coeffiaients 01" 2- Qeis > Qs4r T Qupy
51_ | =
s8 La
and£ Ragsr 2 > c21 and ,,L;;Q’%i and eliminating 2:: Q&
with the help of S5 Qg =0 and colleoting vermss

‘b\_‘ o=

Q51 -
tgy = "g" *(Q51"Q52) 4,;2,33 117253“"33"") #(Q49%2) x

. - 5/2 __1 1 L
~ o785 ~ Bo/aRy - T/E, * Wy *(siiz)

-

:ZLz_. - 5% I 1
63/233 83/2K, 35/2Rg  15/2Rg °© 3Rg ~) +(Qzp) x

4
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.-
”“W"z' ﬁéﬁ‘“ "‘7"233 "33721:4 757235"‘”3125 )»

(19Q42) ( Fog BOE; "'r ooz - 65/235 35/§§‘ 57, * 4 )

S
where coefficlents of each Ld Qmis m = 1 to 5, are nothing but

smf of reeiprogals of different <—‘ 113 Boe
Converting each Qui into Z»mi Iram ‘the relation

Qmi= Bp2mi, we obtain

tgy ® Zg1#R5(2519250) (= o=m R5 -*— )+ Ry(Zy99240) (= %HZ 1""%37'2‘1?'5' *

. | ..
# Ry (2319%32) (= e ~ 1 - A 1
g ) ¢ By (Z319Zz2 733 35728, 15/2515 * 3 )
% (=t - LR S
v Refey 2 " OR " Gy, | 5o/, 16/28, @ 3%g ) »

PUSCAPII NI I SRR ] : 1
R Z Z - - L L S !
‘!( 114212) § ‘(OR@ 90Rg 53/3123 35/2R, 5 2R5’ 2573 )
(A)
Comparing the varicus coafficients of Zmi's, with (40&) 1.e.

Sy

Ty L= 'L‘hl (B)"='
we obtain
1= A
Be*(-3m; *3mg) =~ 6
R 1 1 ct
b T - ,
x - - S - CY
Rz (~ T3~ ?113 357234 ;5/235 33 Hs ) 6 (<) ?
2 932 63/233 35/2R,  15/2Rg '3?"‘) "‘"
1 1

- - 1 ) =t
Ry (- %R; - 9@32 65/2R;  35/2R, wfzaﬁ 336 )= ~Cle J
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Same result is obtained with nm ::: 6y but 1 ; 2 end 3
( since Sg = 3 in this design). Other sets of CR ‘s can be
obtained similarly for m z 594,3,2 and 1 successivelys

It is not difficult to generalize the resulis as indicated
in (C), only point is that they involve T 134°'s of various
L3 contrasts. In order to make formula independent of 2 1;[3“5
we apply the following devices A = i

B,

Taking succesgive differences in (C) we obtain ~
c1 ; et . .
'ﬁr * —-5 = 1/10(1/Ry=1/Rg) Here 10 1s the nunber of treatments

with replications }' Sy.

lez2

026 Co¢ -1/9(1/32-1%) Here 9 1s the number of treatments
with replications L Syee

.’-U

g C46 - 1/7(1/33-1/}14) Here 7 is the number of treatments

By TH;
with replications 3 Sy (D)
le=t
4 "
c ® Ei@; = -1/5(1/34-1/35) Here 5 is the number of treatments
s B with replications 5 Sy«

le=g

These relations are independent of‘.zz:‘ 113313, but depend
only on the number of treatments, Actually each of the above
relations connects Cg with Cg" L Generalizing over all sets
(1ike (D)) and connecting any Cg with cgﬂ' we oblain as
mentioned in article 4, page 20 and on page 5%,

C& cp” (;1)m'p" ! ‘
B g

pel r—pﬂ

ps1to (m-z)

(VR »-VR 1), p<ms g, (40b)

N m= 1 togq with CR = O for p> m.
where Cm' - Pm/Rm being the starting point for eagh m, and

S
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then varying p from 1 to (m;z) fér each such m.

This formula (40b) is completely independent of nature of
contrasts (article 9 page 42)> ' Thus with the help of these
devices the solution of the normal equations in Graybill and

N frnitt’sdesigns can bé obtained very easily and in a much
simpler way th@n what has been given by Graybill and Pruitt.

.
s

4
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SUMMARY

Graybill and Pruitt (1958) introdueed a class of designs which

3

they ealled Staircase designs, Thsse designs provide for the amalysis -
of one more type of non-orthogonal data having only two.types pf

cell frequensies viz O and 1, Such designs have the draw baek that
they-do not provide far any block of sisze greater than the nmumber of
treatments. Both to removeé such limitations as 280 to'fx-ovi_de for
the analysis of one mare type of non-orthogonal data, ':; éaneralised
definition of the Stairecase designs has been 51véxfi“ ‘The genesralised {
staircase designs have in eac¢h block twe types of frequenecies which
may cHange from block to blosk and need not be zerc and tinity. The
number of treatments having one type of frequeney need not be the same
from bloek to block. Such designs are partieularly suitgble for plant
breeding trials as also for experiments with animals as the experimental
units. A complete msthod of analysis of such designs hag been presented
in the thesis in a simplified and systematie way. A much more
gimplified method of analysis of the staircase designs of Graybill
and Pruitt has also been presented in the thesis.

In many investigations it hecomes nscessmary toget subdivisions
of the adjusted treatment sum of squares. No general/:;!xgpliﬁe,d
method for obtaining the comporents of adjusted sum of squares having
more than one degree of Irsedom secems to be available in literature.
In the present thesis a gensral method of obtaining such saubdivisions
has been presented, It has been shown that in the case of staircase
designs such subdivisions to suit some particular hypothesis can be
obtaimed in a very simple way.

These investigations have besen illustrated by memans of two
examples,
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