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I, INTRODUCTION 

In progeny row trials as also ill exper1ments wSth tmimals 

as the experimental units it becomes necessary to atiopt 

designs with unequal number or repl1cat1-ona as also unequal .,. 
blocks .. 

A goad deal of research has been done to get-4.\W,~n~ 

with unequal block sizes as also unequal number or replie.al.1ons• 

The quasi-factorial des1gns~g1ven by Yates (1936a) when 

v::: pq·' have blocks of' sizes "p 1 and tq' .. Again the designs 

developed by Itishen (1941) have, 1n general, 1m• different 

block sizes, kt, k2 t •••••• km• More recentlY Graybill and 

Pru.;ttt { 1958) introduced a seriea oX designs called staircase 

designs which aocor.mnoda:tes bJ.ocks of all. sues l.ess than and 

equal to the number of trea't.ments. Recently Bose and S.hr1k.ha.nde 

(1959) have used such incomplete block designs with unequal 

block sizes and :A = 1 to get orthogonal latin squares ot 

Sides 4t + 2. 

Nair and Rao ( 1942) introduced the intra and inter-grollp 

B.I.B+ designs in which the block size is constant bUt the 

number o:f re plicatGls or the d1f:feJ:ent. groups o:f treatments 

are unequal..._ 

For meet1Eg experimental Situation 1n physical, chemical 

and other sciences, Youden and ConnQr (1953) developed the 

chain-block designs, which have great flexibility and require 

only smaller ntimber of re plioat.es which ~ be Wlequal 1n 

number.. Das (.J957 1 1958) has also some designs with unequaJ. 

replications and blocks. 
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As mentioned above, Graybill and P.ruitt ( 1~.58) introduced 

a design called staircase design which proVides for different 

block sizes and replications. The~e des~s are ;ius suitable 

tor the above types or experiments. One drawback 1n this 

design is that it does not provid~ for any blo~ize which can 

be gr_eater than the number of treatments. Henc~ 1n experiments 
~~·--· ..... : 

on litter-mates, tor which alone, they say, these experiments 

a:re more usei'u.l, all the animals 1n those litters o:f which the 

size is grea~a- than the number o:r treatments, cannot be 
• 

ut1l~zed and thLs may lead to some wastage or animBJs. Co.x 

(1958) has also em_phasized on obtaining design to sui~ such 

situations.. A class of ttgenerali~ed staircase des~gns" t.o 

su1t all such oomplex1t1es has thus been derined. A method or 

its analysis which does not tollow trom the1r method, has been 
' 

worked out together with the expressions tor finding the 

variance of treatment differences, 

A :further problem which 1s encountered with non-orthogonal 

data is to have suitable partitioning of the adjusted sum or 
squares. There seems ~o be no method of getting such subdivision 

with more than one degree of freedQm. An attemp~ has been made 

to evolve a suitable syat.emat1c methods fo:r getting suqh . 
sub-divisions. 
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II. DEFINITION OF S~IRCASE DESIGN AND ITS 
. . gENERAQZA!!§N. · 

Graybill and Pruitt defined the st.a.ircase design as an 

incomplete randomized block des1gn __ with ~ treat.ments and 
~'!>, 

b -blocks sucll that. when the treatments are ~rattgeii_ 1n some 

order the 3th. block contains the .first kj tre!!~~~: where 

kj = t. for at.. least one block and 't,akes values f:r'Qm 1 t..o ( -t-1) 

not nedessaily all of them for the other blocks-. This 

definition implies that ea.c!). block wlll have two types of 

.trequeneies or occurrence of' the ~eat.mentsf v1Z.. 1 t end 0 

such that the jth block w.1ll have the frequency 1 tn 1.he .first 

kj cells and 0 t.n the rest. and also 'the treatmen-ts wUl have 

unequal ~epl1cat1ons. 

Al.l the blocks having the same value or k1 wlll be said 

to belong 'to a step of blocks.. Again all the treatments which 

have the same repl.icat1ons will bE! sBJ.d t.o belong to a step or 

treatments. 

For agricultural. experiments using somewhat. larger plots, 

such des-igns cannot be or mt1ch use as the blocks al"e unequa1 and 

the 1ntr~look varianca 1s dependent bn the block stze~ But 

in experiments with. the antmals as experimental unit. and the 

blocks being the litters, unequal blocks do not orrer ~ 

difficulty as it. 1a not so much llkel.T t.hat. the J.nt.rablock 

~variance 1s dependent. on the lltter sue. In e.xpe:-J.rnents with 

smaller plots unequal blocks ~ not be ot much Qbject1on 11' the 

blocks do not. differ much 1n s1zeA 

-One more peculiarity with these designs is that the 

treatments are unequally replicated and hence dif"ferent 



treatments are estimated with different precision. As such the 

authors in the original paper suggested that the treatmen~s 

should first be arranged in an ~cending Ol"der or importance so 

that the treatment considered most important. will have the 

highest number of replications. 

One ?estrict1on 1n the design original~ defined was that 

there was no prov1s1on or blocka of'" size greater thSJ'l the number 

ot treatments. .This mey lead to some wastage of e.xpe:tt1mental. 

resources, l;>eQa.USe ot the n~cessit..y of discal."d1ng animals, say, 
-.:... .... 

from certain litters. In order to remove tl;l1s r~?trlot.iqn• as 

also to get the method of analysis of a particul~---~~pE: of 

non-orthogonal data the staircase designs have been defined 1n 

a general way as gi ~n below. 

The "generalized. staircase design" has been defined to be 

a design with t- treatments apd b- blocks, such that when the 

treatments are written down in some· suitable order the jth 

block cont.{Uns each of the first kJ t..reatmellts in it (nj+Xj) 
' 

times and the rest or the treatments n3 t~s. wheJ>e :&j ~ 0 

and n3 ~ 0 provided both XJ and n3 do not. vanish t.ogethe.r. 

By givi~ suitable values to nj and Jtj var1QUS designs .. can be 

obtained. Thus when 

(1) Xj c 0 and Dj ; 1, 

(11)xj = o and nj = n, 

We obtain a randomdzed block design 
with one observation per cell. 

We get randomized block design with 
one fixed type. of c~aas frequency •n•. 

HanQomized block design witb propor
tionate class frequencies is obtained. 
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(iv) Xj : 1 and Dj : nJ, 

(v) .XJ c 1 and n.1 = o, 

(vi) Zj = 1 and nj = 1, 

We get a more popular generalized 
s-taircase design (To be discussed 
in detail in article 3). 

Graybill and P.ru1tt•s design is 
obtained. 

We get. a particular type ot 
gene~altzed design with cell 
frequencies 2 and 1-. 

Most gener~ type :;of generalized 
staircase design 1s obtained. 

It is necessary that 1n each of these designs, there is 

at least a block which contains all the treatments of the design. 

One more fact of interest with. these designs is that 

they constitute one more type ot non.orthogonal data for which 

the algebraic soJ.ution ot the normal. equations is possible • 

For obtaining the leyout or the design, the same pr1nc1~es 

as described 1n the case of Gra;vbill and P.ruitt.•a~sign hold. 

The t.requeno1es in the generalized design are shawn 

' below 1n a tabular form together with the number -crr-·repl1ca.t1ons, 

block sizes and 'the different block and treatment steps. 
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III. METHOD OF ANALYSIS 

On t.he model 

Y"ij ~ • tm1 t- 't>k:j • e1~ where . 

;u. is a constant,J 'tmit the- effect of 1 th treatment 1n the 

mth stept bJtjs the errect of' the Jtb l)~ok· in. the ktb 

step and e13 a random val'1abl.e with Z~,!?--~~ and aonst.ant. 

variance cr 2, the treatment and block at'f'eqts can be 

estima~ed by so~Ving the following normal equations 

obtained tram the principles of l.east squares. The case 

.XkJ • 1, gives the more 1.1:Be.tul. case as mentioned earlier. 

Solut,ion to this caae has been provided r1rst.. Solution 

t.o ~he more geneJi"al case when n J =r n j has been indicated 

in a latter sect1~. 

General normal. equation tor treat.olents 1s 

Rmtmi • (b11•h12 • ••• • • btt•1) + (b21 • • •• • • · • b:ar2> • •• • • •• 
I 'tl h\(. 

• <1>m1 • ••••••• • bmrm) • L :L: nk.Jb}rj • Tm! (1) 
1<."'1 ~:.J 

Equa~ion (f) can be written as 
....... 4 

Rmtmi ... L L. 'bJcJ •. Tm1 - s • Tmi' 
K=•"':..J = l JJ.~~, 

Where S = ?2 _L: bJtJnkj 
- 1<..=-t ..1"'-1 

(m a 1,2·, ••• q) 
( 1 = 1 t 2' • • • Sm) 

Similarly, generaJ. normaJ. equation for blocks 1s 
'\1 s .... 

NkJ~j • (Dkj + 1) ~~ tmi- (t11•t12• ••••• • t181) 

- (t21 • ~2· •••••• tasa> ••••••••• 
- ( t(k-1) t • t(k-2)2"' ••••••• • 1r(k-1)s(k-1) ) -=- Bt<j 

(2) 

(S) 

(4) 
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Equation (4) ·oen be wri-tten as& 
~t.-1 s-
.2: ~ 't.mJ. =: Bkj .,.,,_, .... ...,.. 

"ll s ..... 
L'L.:tmJ.~O 

«h't":.\ ·c..=• 
( j • 1, 2, ••••• ; --~) 

(k. ,, 2, ••••• , q ) 

q being the total number of steps 11L~he .design. 

(5) 

(6) 

Sm • number o~ treatments in the mth st.ep (treatmentwise) 

l'k : number or blocks 1n th~ kt.h step (blockwise) 

Further, the total number or steps, blockwise ·and treatment-

wise are the ~a.me, each being equal to q. 

In equations ( 1) and(4), Tmt and Btc:J denote 1:eapeot1vely 

the corresponding block and tre~t.-nt. total&. 

Solut.&op ot norgl egv.p.t.-'9ns '· 

Putting k. • 1 1n (fi) 

N1J'b-tJ -= ·B11-, as the second ·term on right ·hand 

31.de becomes non e.xist.en~ 

(SIS3) (7) 

'h.., 14 

.':. r.-:b1t·= .J;;. r·~ <a> 
Putting a.- 1 1n (2) 1 we get. 

').., . 

R1t11 • L b1~ : 1"11, 
"J=I h_.l' ' 1t-o 

but rrom _ ~8) ~ ~1j • _[· f•j 
:~ t11 c ;11 '"'"./;.f•j . : Z11' Say. 

R1 , 

s; 
0 Zt~' 

.__I 

Patting k : 2 in (5) we get 

(9) 
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s. 
Substituting ror z ~ti trom (9) 

'<.-"-1 

b2J • B2j to 
rf2j ~. ·z11, , where Xkj • 1 

N2J 

b2J • f2.j •• '· 
Adding over 3 trom 1 to ~"2 

1!_.,_ h...... - "" s, ; 

L \8 ~1 '\'ZI 
'.l=r b2j --~ rz.j + ( -~ N23 ) { ~ 11 ) 
~~ ~- ~ 

"•··""-· 

L b2j =L ~,.j + p2 ( ~ Zti'') 
• .J =• · J "r f · Jz.JC. u I 'l 

Where in general ik, • .f NkJ • see tabl.e 1. 

Adding (8) and ( 10) 

"-• h-'1... \.r ' ~ "~~ b1J • L. b2J = L I u 
J-1 ",J-:, 'J'"I 

Putting~~· 2 in e~~ti?n 

R,2~1 ... L b1J • L baJ 
'J =-r · • .J = 1 

So.l;>at1tut1ng trom ( 12) ,.,_, ~ ... 

'ea1' - L 13u ~ L. ~;zj 
t ~~I J=,) 

21 • R2. 
"%. .1c.rc.. 

"'"f T •-L...L ''i 
t 2 - 21 I""' 'J:: I 

1 - R2 .. 
Defining 1n general 

-. k ... 

Tm1'- ;; ~f·~ 
Hm 

1t.'1.. 
~ 

•_Lf~ 
J=-1 

(2) 

:: T21' 

s, 
~ 

.. Pa L-.. . ,_ ....... , 

s, 
- P2 \ Z11' ..... _L 

R2 i..=-r 

s, 

-~[z11' 
2 ·~.-=• 

- ZJni' -
and .taking !a= ct2, 

R2 

~4. 
p. \' l 
-..= L ll-...j 

'J::I 

equation or ta1 becomes 
s, 

t21 = Z21~ -c1a ~ Z11 1 

~~, 

(10) 

{11) 

z11t 

{13) 

(14) 

(12) 
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Adding over 1 trom 1 t.o ~ 
s~ s~ · s, 

I:.~1 ~ L. z2i' - sac12 L' z11' (15) ..... , 
Repeating the above prtacess, we put. 

1: • ~ in equation (5) so tbat. ~~ 
s, s..._ - ..• 

N3j~J ~ ~ t11 - L t21 :t Bsj . . .. _, s ...... , s.,_ 
I '"' SUbst.ituting tor L: tt·1 :trotn (9) 8l'l<fn-t21- from ( t5) 

: '$I • c..· "'1 ,S L • S ·c..: I 

NaJbsJ • I: Z11' • L. Z21 • .. s2c.1a t Z11' • B3.1 
'c.= I '<..:::I •._,::.1 

s, s .... 

(1-s2c12) L Z11' • L. z21• • B3J ~~ , 
'b3~ : _____ -... _=_• ":":"--____ -... _=_• ______ , s~ '1'3"'2_. ~ 

lhJ 'J"-1 J 
l.ll e .k..u...' t.J 

?t., s, 51- h..s 

L bsj • 13( 1-s~c12> L Z11' • P.5 I' Z21 • + L faj 
:J-=. 1 't.=r ·""'' 'J=r 

(16) 

w1th the help or (8)• (10) and (16) we have 

h.!> .h., Jr...._ s, 

ba.1 • L. bsJ •.L f~ • I' f7.J • l2 L. z11' • 
'J=r .J .. , J e, s, -.. =-• s..__ 

P:5{1...s2c1
2> L .z11' • P3 L' Za1• 

.. 

P.5 s,_ 

- R3 -~ Za1' 
putting 

R3c13 = F3S2ct2 - Fa - P3 

and 

: P.sL s~c12 - 1) .. .1?2 
-2 9t3 

B3c-3 : p.3 = \ -' 
L N1j 

:J =1 

·c..=r ·c.=\ 

s, -

• L Z11' {%_•%-P3S2c1
2> ·c..=, 

z2i' (17) 

(18) 
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\t'e ba.ve 

'· . . .s, 

z21• •.s3c13 L z11' (19) 
--. •••• >,• - : .: .. ~. 

For I :·,4 and m • 4 we get s~milar!y, e.xpres.s1en tor 
Stt 

~t41 as given below: 
sit · .._-:., s4 s3 s1-

.r,t·U" -~.; Zu• 5~ s4c34. 2~," Z:l:r.' • s4c24 /«,'. Z21' 

-s4c14) Z11' (20) 

Where 

(21)• 
. . 

R4c14 • P4ssc13 - s2c12(Pz•P4) • {P4.•P3•Pal 

:, P4 ' 53C1z -sac12 ~ 1) - Rzc1z 

and Fk and z.u • Q-e obtained trom ( 11) and { 13) res pect1 vel;y. . . 

Lastly when m a 5 and k • 5 we get exa.ct.ly on the same 

lif!_~~' s!r 

[: t:>1 • [. z51' - ~5c4:; ..... , ·.,:::, 
s. ~ 

Sc.. 

L · .. :::, 
- s5c2s ·L Z21' • S5C15 2.. . Z11' (22) 

.•. :=, 
q..'> 
VI 

: %-::::LN. 
'J"'r YJ 

= PsS4~4 - (P, • Ps> 

= P5Cs4c34 - 1) - p4 

'c..-=1 
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~c2s :; Ps$4C
24 - s3c23 CPst-P4) • <i>5•P4•Pzl 

= l>5cs,c2"-ssC2:s•1> ·-a,c2"' 
(23)* 

R.5c15 : Pss,c14_ ~ct3'-P5•.P,)• ~c1a(P5t-P4•Pa·> 
~-

! % (s4c1,-s3c13 " sac1a .. 1) -~ R4c14 

{ • For turth~~ details about the co~ff'ic1ent.s C t 
2

, 91
3 etc • ••• 

see formulae (31), (32) 1 (33) 1n note 1, fUrther). 

Proceeding on the same lines the ·ao+u:t.1on tor 'tm1 cpmes 

out as; 

and p <m1 ma1t.oq 

When .P : m, sm c& = 1 

When p <.m, 3m~ e.xists and S.S non zero 

c.0 - o em .. 0 -m- .. r m.., 

(* See note 1, turther}. 

•••••• 

• •••••• 

(2:4) 

(25)* 

(26) 
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The 1"1nal solution or "tmi -cannot be obtaine.d trom (24) as 

the solution is a tunct1on ot Tm1' which involves t.he unknown 
'il kiL 

quant.tt.y' s = [ L btc:Jnk.J . 
"~ :J::.• ~~ ·.'\1 s-. 

S has been obt~ned by using the relation ,. L t,u :; 0 aa 
L -... =, 

s "W'\-=-1 

shown below,. -.... ·--.. - . 

Equation (24) can be writ.te.n in autnmat.1on rorm as 

Se_parat1ng S we ob~n 
"" S'--~+1 

tm1. = zm1 • b.~ ( (~1)r-1 ("r•1 .; z!llll-r•1)1] 

~ s[ [ (•1)r-
1 

c;:-r•1 Sm-t•l • \ 1 (27) 
"-='2-- Rm-r•1 ~ ] 

1 ' ( m-1 ) 
- 7z.~c. 

where zm1 = Tmt .... Ii '11; ~1<-j 
Rm 



It all the nkJ •s are .zero, s becomes zero tram the relation 

(3) and so we ge~ trom the t"~t- term or (27) ~ solu~ion or 
the design of Graybill and PrU1 t.t• .Further ~e Zm1 • • Zmt and 

Tlfd.' • Tm1• 
-~~. 

ForJWl.a (28) can also be expressed by collecting the 

coe:ft1oients ot different. Zm1 •s as beJ.owa

(28) gives 

I ..... ·-~ 

• ••••••••••••••••••••••••••••••••••••• 

S1m1larly,denom1nator ot S 
~ 

• 2: ~ (1• 
'ln=l m 

ss;y (30) 

This .6 t the denominator or s is independent of .zm1, 
tJlere:rore will not a.rrect 'Rl"iance or two treatment. dirt"erenoea. 

s-. 
Further trOJil (29) and (30), coet1"1o1ent .a-r L Zm1 1s same as 

cteff1cient ot (smfRm>t so t~ese coe:ft1c1ents can be 

calculated once tor all, 1n any example. 

• NOTE 1. It 1s evident tha.t we will have to caJ.culat.e every 

· C: ao as to find all tm1 1 s whicb requix"e the ~l.p or tormulae 

{14), (18) 1 (21} and (23)t and other similQ' eipx-esstons. Tb1s 

indicates~ t.ha.t. every t.~ eaoh c£ will have to be calc;ulated 

independently. However it 1s possible to obt.a.in relation 



.between any c£ and the pr-eceding C~tt as shown belowa 

Let us take the relAtion {at), a.s (14) and (18) ere not 

at all d1:f:ficul t to caJ.oulate . ~ --... 

R4c14. = P4s3c13 - ~a1~(P4•P:5> • (P4•%•P2) 

• P4(s3c13-sac'a•1) ... {~%·P3Sac1a> 
-~"' ·. 

Since c13, c1
2 have alr~~ ~n cal.cula.~d :rrom ,14) and 

(1a), c 1
4 now can be obtained easi.J¥. 

Similarly in (23) we have• 
' . 

R5c25 • %S4ca, - s3ca3<Po•P4) ..,. <P&•P4•Pz> . 
. 2 

.~ ~ac25 = P5(s4c24- s3c23tl> - n,c 4 (32) 

Where c24 has been obtained 1n (21) and (s3c23 .,. 1) 

has been evaluated_ '!bile calculating c2 ~ _ 
Lastly ~c15 .;. p5 (s4c14-~c1a• ~c12-1l - R4c14 (33) 

-
where c1

4 and (~c13 .. 3ac12 • 1) ha.ve already been obtained 

1n (31). 

Itt! _I, Ttl8 :following tab~e shows the dif':ferent cA! 'a 

required :for t.he solution o:f the normal equation. The entries 

are to be obtained ,col.umnwJ.se as the ·coetf1o1ent.s ln the same . 
aolumn are conneoted tbrough re~rence !'elation. After the 

table has been comple-ted then the en~.t.es wi.t.hin the (m-1)th 

oblique .row are required ft);v t.he so1Ut.1<;>n ot taa--
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\ 
r• 

, .. 

I 
I ................. 
~ 

I 

Where any particular Szn occurs w1 tb aaoh of C~ 

sucoess1vel1, (shown obliquely), p • 1, 2, ••••• (m-1), in the 

expression of 'tmi• This t.able No. 2 helps us in obt.aining 

any ~ it all the preceding calQUlated c! •s are :re presen~d 
1m the above 1nd1oa.ted t.abula:r .torm. 

Anal,yeis of E£1apcea 

Arter the solution bas been ob1#8.1ned thus, the part.itioning 

tor the analysis or varianQe can be obt.sJ.ned as below: 

The adJusted aum or ~que+'e& d\1e w trea.tlllents, (4)1 sa:g 
'V ,s...., 

• L L t..nz.Qaa, whe:re Qm1 JJi t.he adJusted total tor the 
....,,., ·._;, 

(m1) t..b treatment and 1£~ g;tven by' 
'V h.l<. 

Q rYt \ ""' n_ .. ( m1 a .&.In1 .... L . 0 ·--uu. lt3) . /3,<-J. ' 
....... J-1 /-

(34) 
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where ~(kJ) denotes the number or observations under 

t.he (mi) th ·treatment. in the ~th bl.ock and f3tcJ , t.he aver.age 

ot t.he Jth block, 1n ltth step (blockwise). 
or 

Next t.he unadjust.ed bl:ock sum/squares (B) is t.o be 

obtained as usual. The block ·and treatme~1nt.eract1on sum or 
squares (l) is to be obtained t.rom 

(35} 

where lbt denotes the total. sum of squares due to the 

cell totals (with their proper div.isors) in the treatment, .x 

block, tab~e. The error sum or squares 1s. now obtained by 

sublltract.ion, &om the tot.al sum of squares of the table, the 

quantities {A), {B), (I). Other way 1s t.o subtract Pt>t, trom 

total sUZil or squares and obtain error sum or sq~es d1rec1;.J.y, 

then interaction sum or squares is obtained by usual subtraction 

from all quantities. 

The analysis 1s shown below in a tabular :form. 

Table 3 

Qf '{iianc-e ~or generiY:1z,eg swroyp desi&n 

Blocks unadJusted 

Treatments adJusted 

Interaction 

-
Total 

I d, t, I Sum ot agp.erea I Mean sgyares 

by dif:ference 2 2 Est..ot o-: s 

:0 s ..... "'·~ • 2 
~~'\'y 
~~L- 1j 

-.... .. ,_ "t.-=t·:r 

""'-"' ...... , 

general.ized 

{36) 
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"v 'h.J<..- 'V s 'W\. 

where G = Grand t.otal ~ L .L Bkj • L L Tm1 
1<-=1 J"-1 ')rt::.t ·c.. ""-1 

Ier1ance or treatment d*rre£Sncesa 

The variance has been obtained by' using the tec.hn1que 

&1-ven by Das { 1953). . 
·The variance· ot ( tm_ •tmi t) where bo~ths treatments 1 ~d 

1• belong to the same mth step, comes out 1-0 be 2 a?; Rm• (37) 
. ~----·., .. _ : 

The variance or (tmi-'tmigi t) has been obtained as below 

l:q .first collecting the coefficients ct Tm1 and T(me-g} 1• and then 

taking the difference, (m) and (m•g) be1ng two diffe~ent steps) 

mtg ~ q, g >- 1. 

We have' :trom (24) by replacing (m) by (m•g) and taking 

(38) 

With the help or (29) and (30), a.rt.er subst1t.ut!ng tors, 

which will contribute later t.owarQ.s .YErianoe, we .getJ 
· - 1 ~~ r m 

[t.at-t(!DI'B)i•) : Zm1 (1- ;::_{1• _ k,., (-1) s.-7c~~»r} )1. 

{ t (.-1)~-1c:-r•1 :!rrtJ • ~m j J 
l ~:~ ~-r•1 J 

- f-. f ( .. 1)r-1f'~rt-1 s"'--h.~, Z . ] 
• h.~rz- l -m -~ (m-r.') 1 
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.,,_....,_,_ 

-z••c> 1' {_ 1- t { 1t- k <-1>r Sm.g+rC::+r} )( 

{ 
~ , ... 1 )r.1c;tn-~•g•1 :5n•s-r•l • 
~ m+g Bm.g-:r-.1 

-m+.,.- 1 s...,~~+' 

£:. ((-1{- c::-r•~.[. z,~-~•1>1') -
Replaoing Zm1 by • 1/Rm and ~ .. g)1!.:_.~~ :"' 1/ Rmt-g a¢ 

p.ttting rest of" the Zmt's ~qual to .zero, we obtain the variance - " ~ 

ot [tm1- 't(~g)i• ]. However z~~r~1)1 will be .zero but z(Ul9g~r;1)1• 
will be zero e.xce pt w~en r .. g t' 1, thus Zm1' will contribute 

towards variance •. Lastly it has been obs'erved that. when 'g' 
1s odd than coeff'icent or Zm!·haS positive a1g~, when 'g' 1a even 

then coetf1o1ent or Zm1 bears negative sign. 

Putting al~ thes~ points ~ notation tarm we obtain :f'1nally 

the algebraic f"orm or the variance t'ormula together with the 

contribution of S t.owarda variance, as 

v f tm. -t.(m.g > 1 'l ; { 1·<. ~gC::.S • . nlm..g)} ~r 2 

a-2 ( { ~- _J_) • 0 '-1. )x--1CUJ.ftg-r•1 
t' '.6 -~ Hzn' L-- ... Illt8 

1t-=2.. Rm.g-rt1 

~ ( .. 1.)r-1~rt-1 ,.. ~ J X 
.h.t:'l ~r•1 

. "11--. 
( 1• J.; (~)r§m ~. 

'b--...-,... 

t• b ( .. 1)r5mfg~~•rl 
Rznt,g J (39) 

m. • g ~ q, g ';? 'l 
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If we _put g ~ o.., C: ~ 0 1n (39 )." we obt.ain 
2 -

v [tm1 .. t(m.g)t•) : ~ : v (tm-tm•>• same aa (3'1)• 
~ 

&rt.•J From .rormul.a (39) we aan get <lea ·possible Dumber of 

variance e.xpr~ssto~_s where ct-.,. ta.t.al number of' steps 1n the 

.· 

' -
IV. A PAR1~CUIAR CASE ~ when-n)tjil- 0 

CMe l! 
When nkj 1s zero f.he general. design :rec.luces t.o 'the design 

considered by art\yb1ll and ~tt. The diff'ere:at. results ·in 

this case come out as 1nd~cated below 1 
"' 

(1) SinCe llJtj :: 0 
'\J 7t,,._ 

S • 2: _L.l%jnkd : 0 
: 1'--=-r J=-1 

(11) Tlll1 t : Tm1 

and • Zmi. 1z_.._ . -
where Tmt"" L: sr:_•'-,j = !ir!l:J"' , f•c.j = 

(111) Thus formula. (24) re4uces tot 

~k_j_ 
NkJ 

m-1 s..,.._, __m..4 s,.,_z. m-1 1 s, 

t.1 • Zmi-CBi 2 . z(.m-1)1 ... ~ ~ 2· .· z(m-2}1 ~··•'·1 > Crit LZ11 -,_:::., ·- ... , -.__::, 

- (40a.) 
y 

(iv) C~ can now be o~tained easily through the recux-rence 

relation~ 

~ .. cr-1 .:.. (-1)m-p.1 
R. 9 a- - v (1/Rp..., 1/R.Pt1)' P < Ill ~ q (40 b) 

p Pt'f L:Sa: 7 
l<.:::p+l 

conven1entJ.T t c:-1 is 'to be obts.lned ti:om ~~lim,_ as :the {)t.her 

e:•a bew obtained .trom the re~t1oll (40 b)., This relation 

could be established t.hrough a. method which hats been discussed 

1n section 10, page ( S""f ). 
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where Qmi : 
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beCatlBe for k :; 
Dkj;: 

(a.dJUBted) 

{41) 

(42) 

and block sum of squares (unadjusted) 

-... 2 
~~Bkj 
" L. --L 'J:::, mk .. 
\~=· tl 

Now analysis of variance tabl.e can be completed• 

Tabl.e 4 

J Sum o.f squaresl Mean I F--
1 lsquareslrati~ 

Blocks ~(; Bkj2 
I~-
~ ~"'-1 NkJ 

'\1 s .... 
Treatments [[RwaZm1tm1 T T/E 

...,=i -'-=r 

Error (R-1)(N•1) By difference E 

~ 
'!) 

where Rm = .L lit • R =t L rk 
s<--=::.t 1<- ... , 

'U 

Sm "" L 
-=-1 

Further, since S = o, its cont.1but1on t.ow~ds variance 1s 

nil. Hence t.rom tormul.a (39) 

[ J ( 1-(-1)8 C:.,g t } ~ 2 (43) 
V tnn•t(rn.,.g)1' : Rm • ~ v -

Whenever g • o, C: :; o, i.e. two t.l-eatments. belong to the 

same step, 
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Y(tm,-t.llli') : 2~ 
~ , same as ( 37) 1 which also tol1ows 

.f'ral the above relation it we take C:. : o. 

Y. Jl CLASS OF MORE GEN~IZED pESIGN~ 
txkJ : ~kJ, llkJ= .nk.1) 

We have got the analysis or the des~ tcu- which the 

frequency of observation in any cell in the, {kj)t.)l block is 
.. ~· .... ·-·· ..... 

eit.her (llJtJ•I) or (nkj)• This however 1s a particular case o:r 

110re generali~ed design obtainabJ.e by taking the :frequencies in 
' 

the cells as (nltJ+X]tJ) and (nkJ) as defined earller. 

Tbe solution or the normal equation tor this design does 

Mt in<'¥011'8 any fresh· difficulty. As a matter or fa.ot t.he 

ex_preas1on giving the soluti-on or tm. remains the same but tor 

the new meaning or some or the notations. 

Thus in this case, we havea 
. 1 5.n-l 

(1) t.w. = Z.t' - c:- L Z(aa-1)1 1 

·~.- =1 

......... 
which ha8 the same !"orm u (24) .. 

(111) .1\ = 

{45) 

(46) 

(47) 



!ariD!' _torppl.a: 

Tbe form w~ll remain same As in (39). Hence the variance 
y 

or two treatments difterencee, lying in different stei)S 1S 

g1yen by: 

{ 
1-, ... 1)gcm 1 j 2 

'{.'tm1-t(m.g)1•J = ~ '?*& " Rlilltg,__:; cr_ 
2 1 ""~ r-1 mtD'•l"t-1 

,. ~ { (- - .J_) • \' {:..1)- em 
6 Rzn.g Rm &:. ... . . Rm.g-r 

-
~ <-1>r-1cm-r.,1) - L m X 
1<-::'2.. Rm-r .. 

'U-.,.,_ 'V---,. 
(1• ~ (-t)r~ ~ 1•k,(-1)rSm.prc::Lr) 
t R.m Rm.g 

where xkj is involved directly in Bm and Rzn.tgt here. 

Analysis of' variance remains unaltered as indicated 1n 

table number 3 o:r tbe design (nkJ• nkj, xkj • 1). Me-thod or 
. , ..... 

obtaining var1ous sums of squares .is also unatrected, and has 

been described tallY 1n art1ole 3. 

Table 5 

Interaction 

Error 

Total (N-1) 

whe~e N : total number o:r experimental units in this 

4esign. 

(48) 
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n. py!TICVLAR CASE: obt.a.1ned :!'.rom t.he more general. designs 
(.xkJ. = xkjt nk.J = nkJ} · 

-~~ Ilt 

When .xkj• 0 and nkj : 1 we get the random.Ued block design. 
. .. 

Tbe ao1uti;on ot trm. comes out (i;'om· the to~la (44} ~ given 

below& 
-~~~ ..... ~ .- . 

In llkJ • 1 and XkJ = o designs we have - : 
~ - ~ 

Rm : ~~ : R sey• NkJ ; ~' Sm = .N sq, 
From fQrmulae (?)• (10) and. (46l and other similar 

expressions 1~ 1s clear tbat, when Xkj• 0 9 ·we have 
- :h_l<... 2 . 

(1) ik = \ Xkj 
L Nkj 

"'.J==-t 

:o 

(11) c: : 0 tor all p and m, !t-om (14), (16), (21), (23) (49) 
and (25) 

4 ~"-

and (111) L bkj : [ ~ , from (8),(10) 1 and (16) since 
'J =-r j.,, 

every .Ptt is zero here. 

i.e. btJ : Bkj N only when . .xkJ : ·and 11t : o, hence 

btj'tl :Jr<-j in randomiZed blocl£ design. 

JiJaDoe s : 2 [ bJtjDJs:j reduces to • sinCe nkJ a 1 
1'-=<1 'J"'-l 

: G/H 1n randomized bJ.ock. desigli1 with the hel_p of (4.9) 

Further 1n ( .xkJ ~ xkJ' ~J : nl£.1) design .t.rom (45) and (46) 

• ........ ~1<,. 

Tmi' - £):'g . .Xk;J Zm1• : ... K~J :r-, ,~1<-J f wldah 1n randomized block 
Rm . 

design red.u.Ces to, as xkj :: o 
t a - T-- G - . 

Zw! : : ~ mtR N' , Zm1: ~ (50) 

Thus ultimately :formn.la (24)" -ror ·t.rni with the help of (50) , 

beCO!lleS l ,. -
.a.m1 _!L, tm • Zm1' : ( -r • --m ) 1n randomiZed block design as 

e& :0 
and OkJ • BkjiN, sinae XkJ : Q 

every } 
(51) 
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In analysis of variance {xkj ;: xkjt nkj = llkjl,. tram 

table number 5, original 1nt.eraotion componen't w1ll now become 

error componen~ Thus interaction 1s absent in the randomized 

block design. 
or 'U s .... 

Further treatment sum/squares • E.~ tro1Qmi, from (42) &{51) 
"ll s._ T t? 2 -=· L-, 

becomes = E.~ ( r - ~) il\..{andomized block design. 
- '--.I • 
•n";Of 'V 'Ltc.. B , ;' 

whe:-e Q,m1 : Tm1 .. [ f ~ = ( Tm1. -~ ~) {52) 
I( =I J I ClJ ?z._"";C:: . . " . 

and block sum of sq~es .= J:.J;; hit3Ba:3 
rc..=r B 2 

= ~ L · ~J , 'Ule usual one. 
L., 

(t.~ "~~ 

Below given table summarizes these results. 

Table 6 

Random1;ed block design with-one observa~ion per -cell 
{nkj = 1, XkJ o 0) 

I I 1 l 
Source of ygr1at1onl d.r. 189m of sgumtes I Mean sguaresl F-ratto 

BJ.qcks 

Treatments T T/E 

Error E 

Total 

Since S : G/N and every c&_ = 0 in randomized block design, 

the variance formula (39), for two treat.ments'ditterenoe lying 

1n different. ste.pst 

Y(tm!-t(m~g~i•] = 
because Rm = Rm.g 

variance is n11. 

becomes: 

2 0'
2 = V(tmi•tmi') (53) 

~ 

? g = 0 and contribution of S towards 

Note& Whenever xkj o 0 we alwa;ys get a randomized blook design 
with one or more observations per cell~ as inQicated 
1n srt.icle 2• 
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VII. PN!TITIONJ:NG Of .ADJ'U~ SVM OF SQUARES 

In r:aany experiment,.$ part~-o~~lY ~ progeny row tztals 

1t baCKllllea necessary to part1 t.~n th~ adjus:ted treatment. sum o~· 

.~ea into components-.: The method of part1:t19~ 1n t.he case 
ot ort.hogona.l data ~s known, In the~f:! of' non-orthog01,1al 

data me tho&! are available tor obta1ning components w1 th only 
' ....... __ .. 

1 degree or freedom each. But. for such data there seems to be no 

suitable method tor obtaining components based on more than 

1 degree or freedom. It. is known that in the case of non• 

orthogonal data, through the total of'· 't.wo or more components 

each of' 1 degree or f'reedom, the sum of squares due to the total 

degree of .t"reedom can not be obtained .. 

An attempt has thus been made to evolve a suitable metll,od 

ot obtaining components of adjusted sum of' squares having more 

t.han one degree or f're~'?m• 
General method: 

The method tor finding a component with 1 degree or treedo~ 
consists in first obtaining a solution of' the normal equations 

aDd then substituting these values 1n 2:: llti where :t1 •s are the 
·c. 

t.rea.taent e:rreots and 2.':l1t1 a contrast among the t.1 •s tollct~ing 
· ... ' 

.tram the hypothesis corresponding to the degree or treedom. 

The sum of squar.e.1 is then obtained trem 

(~l1t.i)2 ..._:;;.......,,__ , where 
I:::lia1 ... 

<f'-
2 L:= l1 &t 1s the variance ot the 

'c... 

oo:atrut 0 l1t1o .. 
When a component. having, S83, • p .. degrees of treedom is to 

be obtained, f'1rst '.P' mu.tua.lly orthogonal linear contrasts 

among the t1 •s are t9 be def'ined such that. the total. of' the sum 

or squares :trom these contrasts lead to the required component. 
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1n t.he orthogonal esse. Let W3 denot.e these contrasts by 

L1 t La • • • • .. • •-• • t Lp•· 
Jlext. de.t1ne (~1) roore oon~asts among the t1•s which a:re 

or~gonal among thern.se~ vea as . a.l$o to any contrasts ~3 , 

(j • t, 2, •••• , p) where v denotes ·the ~"th· ~r or t.reatmeat.s. 

Let these latter contrasts be denoted by 

When obtained as us~, the normal equations sui table tor 
• 

twc-w~ non-orthogonal da~ come as 

LC1kt.k ~ Q1 
fl. 

where Q1 is the adJusted 'total or the 1 th treatment and cik•s . 
are tunations o.f the cell .rrequeno.J.es or observations 1.D t.he 

two-w&\Y table. These equations are obtainable ea.s1J.y by 1'ollow1ng 

Kempthorne ( 1952) or Das ( 1953) • . 
Next let us torm contrasf.s among the Q1's to be obtained 

'b;r replacing t1 by Qi in the contrasts LJ, ( J : t, 2, ..... ,cv-1~. 
Let these contrasts o.f Qi's be denoted b.Y Pjt (J = 1,2 ••• ,(v-1), 

auch that Pj corresponds to Lj-• Taking the expected vaJ.ue o-r 

q1, to beE C1k~ the expected values or Pj 'a are written and 
k -

these will give another set ot (v-1) equations, one ~respondJ.Ds 

to each Pj.. Let t.hese equa:tions be denoted by 
-

2: K13t1 • PjJ (j : 1, 2? •••••• (V'-1)). (A) ... 
The next. step consiSts in expressing each t.1 as .functions 

at LJ '•• Tb..1s asn be done with the help of' t.he tablA s1ven below. 



.. 't1 ta 

1.;. . 111 112 

!a la1 122 

Ls ~1 ~2 

L3 lj1 lj2 

Tab~e 7 

~ ..... , ... lilt t.1 ............ 

113 ~1 
123 121 

133 131 
~"'-. 

,. 

lj3 lj~ I .... ;.._ ..... 

t:v· 

11v 

lav 

13y 

. ljv 

IJ . 
{v-1)v 

The l 1J.•s a:.re t.he constants def'1n.1ng the L con~B4'ts, 

such that LJ • f 1f1t+ 
L. .112 
't. 

We can now get t1 as tunot$Qns of' LJ's t.rom the table 

through t.he relat.ion 

t1 ;: 111L1. • latl.a • •••••.••• to 1314 • •••• • l(~1}1Ly_1 
'V--1 = L l.J.1LJ (B) 
'.J.:: I 

Ne.xt substituting t1 as obtained above 1n equations {A) we shall 

getlv-1)equat1ons in Lj~s. 

The ex.PJ."essien F L3Pj ·wtll give the adjusted su.m or 
squares du.e to treatmentsha.vlng (v-t) degrees of treedom. In 

order to get a oomponen~ with P• degreesor freedom d~ to the 

t1r~t p contrasts L3 •s, we make the hypothesis that Li' • La : ••• 
:Lp • 0 and sol w ( v-p-1) equations corres pond1ng t.o Pj t 

( J = .P't 1, ••.••• 1 { v-•1)) under the assumption that L1 a La • 
I- - - L ~ - ••••••• - p • 



The sum of' squares f= L3 t PJa (;l;: ~1, ••• •••, (v-1) ) where 

LJ ~ is the solution :trom t.he set. of equations, will have 

( v-p-1) degrees 0 r .freedom. 

The componen~ of,snm pf squa;es with the p degrees of 
... 

treedom can now be obta.inca from·· . 
v-1 V-1 

. 2:L~.Pj • . 2_.' Lj' Pj ... (C) 
J :1 ..1=}>+1 "1>-1 """";, 

The swa of s9.uareal'LjP-j..i·· can also be o'b.~~. by first 
:..1 ::::., 

obtaining a solution of' the ~ ts and t.hen by getting Lj's 

through the relation 

Lj : -~ 1Jft.1 
.r ~J1a ... 

But the sum of squares ['LJ•PJ (J ;: Pt1s •••••, {v•1) ) cannot 
'J 

alwqs be obt.ained f'rom a solution ot the original normal 

equations. It, however, Jl?ne of the (v-p-1) equations correspond

ing to LJ~<~.• 1. a, ••••••• (v-~1) ·)contains the :rest o:r the 

L3's ( .1 :: V"-9t v-~1, ....... ,(v-1) ), the sum ot squares 

2: LJ' Pj can be obtained direct~ trom the solution of' the 
-j 

original normal equations 1n t1•s. 

VIIl. AN EXAMPLE 

The exampl.e g_1ven belew1 illustrates the met.hod of' analysis -
of the generalized staircase des1gn with Xkj•1• 

The generalized staircase design given below has twelve 

treatments and stx blockw1se as well a.s six t.l"eatmentwise, steps. 

The dif'ferent block-steps 1n this design have unequal number of 

blocks. Similar~ the differen~ treatment-steps are also unequal 

1n size. 



_.,.~$;:~t~t trt~jng table t!lG ceneralized, staircase design 
• :.o,. < 

~- ,_aied tocet.her w1t.h the observations and their 

~~~---- 1Jl t.he 41tt'ere!it cella. The 1"1gure written tirst. in 

•1•1. d.Wf . .,_ ~~ or t.l;e obserl'&t.ions in the cell and t.he 
"'-·~ _,., •.. .-lfw are U. cwrespondi.Dg obaerva~ions.. The observa.tiobs 

-. ~ liiMA ~- llro• a un!rormtty .\f~~ da'ta on llalv1 

~---~by Pense and SUkhatme (1954). 



~ 
TA B L E" a. 

,. t, "'---TRE"A"T t"l &NT 5 

YuoL, oF S&SD- C:.OTTON i'E" R PLOT\X a..:.~ '"' ~!tAPIS, To4 E THIOR.. "-liTH TJ-tE F RG QoeNc:.l ss OF 
:Z.ooo 

[.,_ "' (: 
~fc.~ {, . ,. OB'iGRVAToONS 11'1 TtiG 'J)I FFE~c:-1'4T C.~LLS. 

~ 
~r~~ 1.. 

~ 
~I<. ~ ~-. 

~ ~ .{; 
Sic: / 6LOC.IC.- e,Loc.J<.- P..LO<.K-

~I s~ ... r 3 . S~\>'1.· rcz,;, ToTAL 1'\VE:~I\Gii p~J...tr 
~" ~6"2. ~'3 !s 1 ~~1 ! ... h-z. hi ~h J:,_, .t: .. ~.'Z. N •<j St<-i 1~1<.\:~ • • ":l 

• f\ 3 3 3 'l. :2. 2. 2.. 2. '2. 2.. 2 2.. ((,'>"l+j.._l to· ~ .21 I E.5'f 

-fr- b~t- l~l.s-1,~;) ((.l,n.~o-s) (.l<),~~~~J (.f.'!o,"?o) lr1 >'<s-) l8~· So) (.€8, 9"1) (8?, ''*> lB h4"7J (.11~,73) <.;•., 'l9) (1~, '!4-) P,::: 
.4. 2 :1.. 2.., I I I I I I \ , I c +' . q. "' 15'" 718 1\11'/15" .,, .. 1'2.7 ._.., 

.:; b" (l~,18) '-'It ,<;"I) (.'lo•'19) l'Lo) ('-9.> (.Z.'l.) (. ft.o) t~S) (.7'2..) ('2..0) (.S"C) l:!o) 

" I I! \.f \ I. 
, -s. ' s- 23{ 'l17f-s- ) 

~ bs~ (II) ( 7'2.) ((,5") <. il) (IV 

2. ~ '2.. 'L 2. I I I I I \ I 
on~>t/ P~-:: 1- .A. ll '114-

V) "' 'o~ (9h '1J (Ito, 1.3) (2-o) (io) 
ll ~Ys-"'X, ... ~ .L (_71..• c,-r) (.39>11>) (n,u) (99) ( 7') (9'\) 0'7) l9o) 

:i 
VI '2.. 2 "2... "L 'L I I \ 1 I I I 

c;. 11 '?)~7 '}~'7/11 
) ,if bs-\ ('OJ73) (.1,,S"3) l"1Ji') (·n,~t9) (6o>82) (.7.9J OH) Oo) (IS") <.39) l '1-6) {.Is-) 

~ 

t.t I I· I I \ I I 31'S";...,} s. 0 1 31.) e .. = ('h) 
V>~ t,..;, 0~) (.'2.') (f. I) l'lo) (I~ l'9) OS) 

,..J 

tl Jl 3 ' 3 3 3 3 3 3 3 2.. 2. 2.. 
ft. . 33 1 E,S'lt l(.t."lj./~3 f'3:('tn) d) ' ('t:,Jo,99) t~!!>·~~~ <.. '2.~, 1~~ f.'7) 'o1( QS"',<t8,(,1) (.'1 ,,'<'$,I 'a) ·cr"' ,,3,9!. ,((,r, ~1, /o) ('!i'2.,!!S", 11) ..... (r.&.-.~,38) l'1(.,21) (44.2.5) ('2.'1.,~9) .. 
3- "' 'fit It It 4 It It It a., I+ 3 3 

c-1 4G 23'4- '2.'3(,~ 
'JP,.i_Y,}l., .A- \,.'1.. 'II> If I '>l>'t't' •••• 3.h", !i'7 n.~l.rt.,ti IC~tJ," '" ':i ('t"Z.,U,11,g!i 'rl,, 19,98•Stt C.~,,2.t,3.'t,n (68·11,,9,,81 'L~.83,'<S',,q (,lh ilo,'lg,Ji;l <..t.C),rq, 3't1 l<.3<t,81,8~ 

't(, 

!! 2. 2. 2.. 2. 2.. 2. 2.. 2. 2. 2. I I 1.,. "' 2'L I I S'lf II 'St.+ I 
b'l.l (.'2.,, >S) (.49,9•) (.E.'S',9'1) (38t 2b) ('<"• €.61) ('<3. ,'1.&) c.rr.,H) (lt.J>,S2.) (.11~·'»1) (.~,9,8lt) (.Sl) ('-'1) l.'l.., 

.I 

~I 
3 3 3 3 3 3 3 3 ' 3 $ 3 3 1- 3~ (gl9 11"19/3b 

bu ( 11>!>"1., '19) (.lo 1 It 3, '1) ('2-9,')•>8~ . (&'Z.J9't,2<;) ll'-•'"•'1) ('.Ho>1o,'t.,; (9D,It'f>3i (&8 r),S\ ~ (84>'11 '3(1 t 'tf.t,l'3,1tt' (6'3,n,s~) (.<;1, ltl ,9~ 

R'W\. 23 23 2) 2.1 21 18 18 11 ll 16 14- 14- 225". 

l'lrlt- Jo82.. 
"'*'' 
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From the above gtven tab+e, we obtain t.he :following 

~ametera of the des1g~ 

I Nq•~of treatmentS lsnm ofreclprocSla 
Replications I 1n the di:ff~e~ .lor b1ock sizes 1n the 
_ · Rw I .s~~Qf! ldi.fterent. block st.etl§ 

R1 = 14 81 =a 

Ra = 16 

R3 = 11 

a4 : 1a 

R5 : 21 

R6 : 23 

... • t-

%: '1fr3> ... _, 
P4:, t1/7) 

Pfr: {1/5+1/17•1/~7) 

Pe: ( 1/27•1/15) 

For va-1 t_:ting the normal equations the following are to be 

obtained_ first; ...... ~'" 

( T,...r- \' 2: B~<-. 
1) Zm1 : w,&. s,f, ital J 'Rm 4 

, Glving m and 1 different values. 

one 
, as there 1s onl.y/block in the tirst 

bloc!t ate!)

: 710~ ~:"19136 ; 46..986111 l 
z12 = T12- fon : ¥Jp4:-J§'19/3~J l , 

Rt 14 
: cso .. 12896$ 

Ta1- f" -[32.,-p~L 
Za1 = 1\a. 

-

= 879-18?9/30•1154/22·23§4{46 
16 

-. 

s, \ -
[Z11•97,1150.79 

·., "'I 



S'?, 

, I z31; 94. 569233 
l."'-1 

= 41.461087 

Silti;arly .the other Zm1 ts ·have been obt.a.tne~ .. ~1ven be~& 
s-. 

z41 : 43.7.68aos, Z42; 36.65'7690, r. z41::ao.4264r95 
.... ....,.;.~- - ... = • 

.. - S'~·· 

Zr;1 : 31.8:50404, z52: .28.211.356, -... ~, z5:r.: 60,01l1760 

s, 
z 61 : 24.404894, z 62: 27.317937,z65:3a.491aoq [z.61:. 84.214681 

"'._.:::I 

(11) Next. we have to calculate wriotis. ~ts trom the 

tbllowing recurrence rela~1on. 

R,nCPm : Pm (Szn-1C~1 - Sm-aci.zt" ••••••• + (-1)m-p-1 )•Rm-1c£-1 
<- {""-- p) kc.Jv....s ------~ 

P < m. 
As indicated in no'te 2 1 artiel.e 3 we calcuJ.ate C~•s tor var~ous 

values or tm•, keeping •p• fixed till ·m. q. Thus -
(a) Rac12 ; Pa 

c1 _ P.J _ ~1/46•1/22l .:. 
2 - 2 Ra- 16 . .. 

~ 

.. oo420Q 

(b) ~c13 :; P3{sac1a~t~Racta 

:; 1/33{ 1- X a004200-1) • ~ 1"/46fo1/22) 

.-:.c13 = - .005728 1 where Hz : 11. 

(c) n4c14 ~ P4 ts3c1
3-s2c"2•t) - R3c13 

; 1/7 (-2 x .005728- 1x .004200•1) •17 .x .• 005728 

• c-1 -•• 4 - ,g1§22l 

(d) R5c15 ; fb(s4c14-s3ct3~c12 -1> -~4c14 

: (1/5 • 2/17)(2x.013221•2 %.005728•1x.004200-1) 

-1a.x.o1:s221 
1 :. c 5 = -·025822 
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(e) Rac16 • P6(s5c15~s4c14•%Ct~3-sac1a•1)-R5c15 

: (1/2?•1/15)(~ax.o2Ba22.ax.o13221-2X.OOo728-1x.004200•1> 

<t .02~22 X 21 

:.c16 : .027662' where R0 • 23 

Similarly tor other values or Pt we obta.1n all~e rema1n1ng 

c~ •s and represent. them in the tabular torm: 

,>. ... ,.._..- -- -
-c1

2
:::.oo4.200----C2:;=•001.J63"'-c34;oo7937 ..... C45=.o15_!2£Y" 6c.00450J ..... 

/ ..... ..... - -- _.... --. - :...--". ...,..... 4"..-1' -
/ c1-.:.:: 005728 ~:-.009592 c3~::-.021689--C 6-=-.o1e1s3 ,.._......---

'!. ..... 3-. ........ 4 ........ - ___...,.....-...... ..... ,.........--- -_,.... ,.._......... ........- --
..... ......-c1 ;:.013~1--- -c2~•.023_903" 'C3.6:.o24~4~-------------

,..... - . - ..... ~ . ~ ~ -
cc. .... c 1 5"=-.o258~ c2"6:: •• o21>2o~- __ ........ 

........ - _ ..... 
..... c 16:;02?662 ...... / .,- .,- ---

...... ~~, - _(3) ·Caf~t1on or S: It 1s convenient. to use formulae (29) 
......... 

........ ar;d (30),.. get~ the numerator and denomina~ ~ s, se_parately.· 

Numerator o!' s c. -~ z1_.(1~c12.s3c13-s4c14..,s5c15...s6c16) 
• -~. Za1<1~3c23.s4c24-s5c25.s6c26> 

~~ - . . 3 3 -~ • -b.. Z31'1-s4c 4-.sf)c 5-s6t,--6) 

• ~&, Z41 < t-sac4 5...ssc4 6> 
.,. st Z5tC1-.96C56) 

St~..o<=-1 

... L z61(1) 
t.=\ 

Subst1 tu:t.1ng the val.uesc 
·s. - -

The numer~tor =.~ ZtiC1•1 .x.00~200 •..2 x .005728 • 2 .x .013221 ... 

2 X .025822 ~ 3 X ,027662). . . 
St. 

~ .. ;z21 < 1-ax.oo17s3-2x.Oo9592-2X.o23003-3 .x: 
~ .025202) •••••••••••••••• 

+ ~Z61 (1) 
'c.."'l 



~ 1J ft'j\f110'9 .X .-8232'72 • 45.164981 X .855638t- •••••• 

.. u.a146a 1 .x 1 .. 000000 

a j17e810224 

s·intlsrly', denominator of' S j.s given by: 

~na.tor or s ~ ~ ( 1-s2c12.s3c13...s4c14~5c15 ... s 6c1 6) 

~ ~ ( 1~c23.s,c24..:S5c25.s6c2fi2.. ·. 
s - -

• ~ <1...s4c34.s5c35-s6c36) 
s -

... ff ( 1-s5c45.s6c4 6) 
4 

• Ss -Pi % (1-56~-6) 
s . t (1) 

6 

De~ominator Of S : 2/14 X .8232'12 * 1/16 X .855638• • • •• •• • 

... 3/23 JC 1.000000 

= ,599351 
-

Hence .. s = 417.810224. 697.1Q41Q8 
.599_351 

('1t) Calculation oS Zzni's and their totals over the 

di.fferent steps can now be af"f'eo.t.ed eas.i.J¥ with t.he help ot 

tormulaa 
- s 

Zmi' = Zm1 - Riii • 

z11 •: 46.986111 ~ 697i}044Q~ = 
Z I - c:.o 1289 6S 697 •1Q44Q8 .:. 

12 - ~ • - 14 -

Similsrly 

z21 ' • 1.615956 ], 

1=1t.oSm} 
m=tto6 

.. 2.80'1061} ~z , _ 
, ·'-=- 11 -

0.335796 ~-t 

~2-

-2,4'71265 

z31 '-= 12.102oo5, z32t: .454946], 
-~,z21' • 1.615956 
.I).L z31 • = 12.55§951 .. ._c., 



It® e ;~~Tal, z4a • • -2..0'703~2 }, 
.t•·".' ' 

~~ • -tdAN4l, z52 ' = -'· 964092}. 
~-

i:Z51' : -6.349136 
'I.>=\ 

... , ;, 

'-t41 -= ~.oo.:sggz, z82 • : -a. 990950, z63 • = 2 .. 182963 ~, 

iF 
~.::. 

s, 
5: Z61 ~c .-&,'7119Sp 

'<.P'\ 

Subflti tutin.g the required values the estimates are: 
~ 

t11• z11 • = -2.80?061 

t12 = Z12' = 0.335796 
- ~, 

t21 = Z~ 1 ·-e12 -~ Z11' 

: 1.615956~.004200%2.471265 

• 12.102005 - .0017~ X 1.615956 + .005728 X 2.471265 

• 12,1132'79 
S"~ s, 

~2 • Z32 • -c23 S Za1' • C13 2: Z11' 
• .. =-r ·._;:::, 

: .454946 - a001783 X 1.615956 •• 005728 X 2.471265 

= .46622Q . . 
s3o 

t41 • Z41~·· ... c34 L' ·z31' • ca4 
....... , 

, II l?•040:183-.l)()793'1 X 12•556951 - .009~92 X 1.615956 

.... 013221 .X 2.471265 , 

= ~ .. 958291 
s ~ SL 

t4~ = Z42 • - c3 4 L Z31 • • c2 4 L 
. · .. =I • ... :::, 

":' -2.070332-.007937X12 .• 556951-.009592X1.616956 

! e013221 X 2.4'71265 

= -2.152824 

' 
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. s s:!. s,_ 1 s, 

~\It·• z~,· .. c'o f; Z41' • c35_~ Z31'-c25_~ Za:t'.~ o_~ Z11' 

,: -1a365044 .. .,015126 ~ 2.970451 - .021689 ·X. 12.556951 

• a023003 X 1.615956 • .025822 X 2.4?1265 

: -4.984092 • .015126 X 2e970451 - e021689 X 12.556951 

-.023003 X 1.615956 •• 025822 X 2.471265 

= -5,274730, 

: •5.903993'• a004509 X 6.349136- .018183 X 2.970451 

••Q24044 X 12~556951 ·- .025202 X 1.615956 

• ,027661 X 2.471260 

._024044 .1: 12.556951 - .025202 X 1.615956 

• •027662 X 2.471265 
a: -3.290618 

.s;,- S SJ. 

t63 = Z03 •-c5 o 2: Zs1 ••c4 e f: Z41'..C3a 2.: 
• S, \..:=.c ""~.::::..\ .-'->:::::..f 

_ -c~s,L Z11' . 
t..=-1 

• 2.182963 • .004509 X 6a349136 - .018163 X 2.9704Q1 
' -

~ .024044 X 12a55?951 - .025202 X 1~6159,Q6 

+ .027662 X 2.4'11265 

- t.S83295 -
•b s .... 

As ~"' 1im1 ,L,L 
: . oo t'3GoJ the cheok 1s sat1sf1ed. 

'l1t =r -c..=, 



<vi) calculation or Qm1 's, the usual adjusted to tala trom 
~ 7l-t<-

Qm1 = Tm1 - £): nm1(k)) ·(.3'0 
• • • lv=r ··J·"'-f · 

SUbstituting the dtfferen~ values . 
" , - Qo ~ 

Q 710 
. 2 X 1654 718 X j - 237 X 0 - 974 ~ 1 

11 = - 27 ¥ - f!) I~ 5 
4 
1,7 

947 X 1 ~ 315 XQ - 1~ ! g • 3 X 2364 • 1154 X 1 
: j 1.7 • 7' 3 46 22 
- 1879 .X 3 . 

36 
= ... ~6.8394Q 

Similarly, 

Q12 : !t16Qpc? 

Q21 ~ 2~}.31476 . . 
Q31 ; 208.19355, 

~ . . 

: • it 

Q32 = 10.19355 

-
Q 51 = ~~6,20645, ; Q52 ; -1~2.20§!5 . . 

(;; 5-. 

Q63 Ill 52.66'763 

As ·]_. '.2:: Qm1 :: . ooo\~-, ~e check 1s satisfied~ 
....... -::.\ ~ :01 

(v11) Hence 'the adJUS'Wd sum of squares ror 11 degrees o~ 

freedom is glven ~~ 

(a) 

G s-...._ 

.~X:tmt~ . ' """'-! "t.'=l 

• •2•601061 X ...36.83940 ... ~35796 X 7.16000 ... 1.626335 X . ... ~ , 

28.31476 • •••••••• • 1.883295 X 52.66'7S3 

~ " 
: 4942,657044 on 11 degrees of f'reedom. 

(viii) .Analysis of' variance: f'rom table a, we obtain, 
• - 'tl ~ • ._ B 2 

Unad3ust.ed block sum o:r squares {B) = · :2.': 2:, kJ 
\<:.=-f :..~=t NkJ = 3698 .. 5195 

6 s~ 

(b) Adjusted t.i-eatznent suin or squares(A): L, L tm1Qm1 
""'""' . (.,. "'' = 4942, 65'7Q4i 
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~ s., 7t.c<-

{c) Total sum or square& = ~ ~ 2: YiJ2 
.,..J...~:_I' 'I..=- I "J= I • 

= 51
2 

• 512 ., ···~· • 902 ~ c.F. 

: 15Q1"lo.2622 

(d) Pl>t = SUm of squares due to cell - totals 

_ ta52 14o2 1402 1222 1a32 · - -r • :S t' 3 • ~ + • • • • • t- *'3" - C. F. 

= 28915,4289 
-~ ~. 

(e) Hence 1nter~t1on sum or squares(l) : %~-(A) .. (B) 

= 78915.4289 - 4942..6571 - 3698.519!>·' 

: 7Q274.·2523 

{!) and the error sum of squares : 150175~2622-70274.2523-4942.6571 

... 3698.5195 

= 71259,8333 

= Total s.s. - %t 

Representing these in a tabular tormJ 

Table 10 

Anw.tsis of variance table 

Source of variation [ d.:f, Jsum of sgUii,esl Meiri sguareslf-rat.io • 

Blocks unadjuated 

Treatments a.dJusi.ed'· 11 

Interaction 99 

Error 105 

Total 

369S.,5195 

4942.6571 

70274.2523 

?1259.6333 

150175.2622 

449.3325 

709.8409 

678.6651; ~ 

(1X) Vartanae of treatment di:f"ferences• 

0.6621 

1.0459 

(a) When two treatments lie within the same step 

the variance of' their difference 1s ~ , calculation of' 

whtch presents no difficulty. 



40 

(b) But when two treatments lie in different st.eps, 

we can get it f"rom (39). This bas been applied to obt.~ 

V(t41-t61) and V(t21-t51), as shown below: 

(I) Putting m : 4, m•D = 6, ~ ::~ 2, q :: 6 in (39), and 

expanding we have 

Substituting the values we haves . 
~ 1+.018183 1 ""2' { ( 1 - 1•.018183 ) 

: 0'
2 ( • \a • z > • .59§851 · 23' · 18 

_ .004609 • ,oo7937-,.02404f. • ... 025202 • .oo9592 
21 - 1'1 1.6 -

.Q13221• 02'7662 1 f .. 1.-2 X .015126-3 X .018183 .,.. 1 ] 
• . .._ 141 ~ X l ~8 '2!" 

= 0'2 ( 4~~4~8~9 ) .. a-2 ( 1.6684'11 I)( 5-~~~~~9 •• 0~509 
• .016107 • .015610 • .014441) x ( ~s049577 ) 

1? ... 16 14 16 X 23 

::: 4r1.4182Q9 '*- (1 .• 6684'71)~ X ( 0:07t248'130 17-o) .X 
18 X 23 . 2 X18 X 7 X ~ 

,3.049577 ) 
18 .X 23 

: .41.4]8209 "'2 - 9.088131· .X 6407. 24873Q o--.2 
18 x 23 18X23x18X23x7.xt'7xa 

= t62914?1.41512 ~2 
163168992 

V{ t.41•t61) :: .099844 ~ 

' 



( 1-ax.oo1~3-2x.00959g-ax.02XOQ3-3~.0252Q2 
:. 16 - '.,3 X ,gQ45Q9 ] 

.. 21 

v<ta1-ts1> -- 641b61,741~9~~ .111340 ~ 
- 575'1696 



IX. MRTITIOHING 'lV ADJyS'l'ED SUM OF SQU@E§ • an example 

.('fhe _same data as indicated 1n table 8 were used) 

(1) For ~t1t1on1ng the sum or squares we have .tust to 

4e.t1ne t.he Ol"thogonal contrasts. These contrasts can be det1ned 

1n en 1n1'1n1te number ot· wqs. Taking·- the contras~ t.o 
~-

represent between and w1th1~ steps comparisons, we havec -

Lt --
.La = 

L3 • 

L4 --
~ -.. 
Lts --

ts1-t.6a 
2 

t6l•tsa-2~63 
6 

t51-t52 
2 

t41-t42 
2 

t31-t3a 
2 

t1,-t12 
2 

I • 

x., = (t61•t.sa•tsa> -s/a(t51•t5g) 
. 15/2 

{~st•t6a•~~·tat•t52)~5/2(t41•t•a> ,_ .. . 
~ - I a572. " 

lg = Cts1f'··~ ... t-t.42 >-'1la_c_t31•t32l 
63/2 

r~ - Cts1•·····•tza>·9(ta1> -,p .. - 90 . -

L11= <~at••···••ta1)•10/2(t11.t1a> 
so· 

(2) Next. step is tCJ t'orm twel-ve normal ·equations as 

. requjred .tor tlle analysis o:r variance o.:t non ... orthogonal data 1n 

1.wo-way classit1cat1on (Kempthorne, 1952, article 6.31 page 80). 

Using table a. the normal equat!o!l corresponding ~ the ~1rst 

t»eatment ist 

[23-(9/2?~/15.1/5+4/17~/17+1/799/3~1&/46+4/22•9/36) ] (t61) 

-(9/27•4/15+11594/17~/17+117+~/33+16/4a.4/22+9S6}(taa-~63) 
' .. 

·(6/27+2115.1/s.4/17+4/17+117+9/~3+16/4a.4/2a.9/36)(~1·t52) 

-(o/a7.:2115t0/5i2/17•2/17.,1/'7•9/3s•io/4694/22+9/36)(~41.t.42> 

-(P/2~211~.o/5•21~v.~/17tOI7+9~33,16/4~/22•9/36)~1·ta2> 
·{~27+2/15+0/5.a/17•a/1?t0/7+6/33e16/46+4/22+9/3o){t21> 
-<61a?..a/15t0/5i2/17•2/1?.;()/7.6/3Jt.12/~2/i2+9/36) C'tr11•t.12)= Q61 



The other eq1.1at.1ons .can be obtained similarly• TheBe 

equat.ions !lave been shown in a. tabular but reduced rorm 

below a 
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{3) Yitb the help or t.he following table we can get the 

solution or tm1 • s as f'Unctions of LJ' a. 
-- Table 12 

\',61 t.62 1.63 1.51 t52 t.41 t,42 t.31 ~2 ~1 t11 1,12 

X, 1 -1 
~ 

~ 1 1 -2 

~ 1 -1 '~ . 

L4 1 .. 1 

ltJ 1 -1 

La 1 ·1 

X., 1- 1 "1 .a/2 -3/2 

La t 1 1 1 1 -5/2 -5/2 

Lg 1 1 1 1 1 1 1 •1/2 -v/a 
L1o 1 1 1 .. 1 1 1 1 , .. g 

~1 1 1 1 1 1 1 1 1 1 1 -5 -5 

Th114 

to1 = L1•~·<~•Ia•~•Lto•L11l 
- --

tsa = -Lt•La•<Lt•la•~•Lto•~ 1 > 

t-63: ·~·u·,•La•~•Iio•~ 1> 
-

t51 = ~·312L,+\I.a•Lg•Lto•Ltt> 
. -

t52 =-~•3/2t,~(le+Lg+Lto•L11) 

t.41 • L4-5/2La~(lg+~o•L11) 

t42 ; -L4·512La+(I.'9•L1o•~t) 

~1 • ~-712!9•<Lto•Lt1) 

~2 : -~-'1/2~'t'~LlO•L11) 

~1 ;: -9~o•Lt1 
,. \) 

~-:#' ' I 

t11 • l.6-5;u 
t12 : -1..6-5 1 
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(4)_ The equa:tions 1n terms or Lj •s oan now be obtained 

as belows 

The ~1near contrasts o~ Qm1 •s corresponding to those ot 

tmt•s in LJ •s are 

. (1) (Q61-Q62) • p1 

' 11> (Q61.Q62-2Q63) = p2 

<111) (Q51-Q52) : p3 

<iv) (Q41-~2) ; P4 

(vl CQ31-Q32) ~ P5 

~vi) (Q11~12> = Pe 

(vii) ((Q61'tQo2.c(63)-3/2(Q51~>> • P7 
- . 

(viti) ((Q61.Q9?•QQ~+Q51~52) • 5/a(Q41•Q,2) ~ Pa 
. 

(.tx) ( (Q61't•• ••••• • • •• .Q42)- '7/a(Q31-.Q32) ~ Pg 

(x) ((Q61• ••••••••••.Q32> - 9CQa1> = P1o 

(xi) ((Qa1•· ••••••••••9Q21> - ti(Q11+Q12> • P11 

The equations oorres ponding to the above 11 contr:'~ts 

have been written below1 a.rt.er reterring to table 11 or the 

normal equations, 

(1)... \S3384Q231t'!008§709 
1625?760 

or 23(t61..-1.62) 

or 46lat 

(t.61·tea> e. (Q61-QsV 

:: (Q61...Q62) 

as (t.s1-t.62> : 2~, &om table 12 .. 

(ii) ~33840231~§;~9t2 x 4~887Q~_ (t61.t62-2t63) 

= (Q61'tQsa•2Qe3> 
or 23 (t~t•t62)·lt63 ) : {Q6t•Q62-aQ63> 

or 138~ = (Q61~sa-2Q63) 
as (t61•t62-2t.63) = 6Lg, trom table 12. 
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Proc:eedillg in this wrq we obtain the rollowing other normal 

equations: 

(111) 42~ 

(iv) 36L4 

(v) M~ 

{vi) 28~ 

: (Q51-Q52) 

= \Q41-Q42) 

= (Q31-Q32) 

::: (Q11-Q12> 

S1m1larlt the remaining normal equations corresponding to 

between st.e ;p oompaJr1sO.ns have been obtained as s~wn below: 

(vii) We have .trom. table t 1 

16.257'180 x(Qe1•Q62~Q63) : 253662813(t61.t62 .. t.63)•10SM3755(t.51•t5a> 
. . 

-a7113007(t41-tt42>- aot45387(t31.t32> 
- -

' -75711447{~21)~67036347(t11.t.12) 
. ' 

and 16257780 x 3i2 (Q~1~~~) : 3/2(•72229170(te1+t62tt63) • 

2?3760414(t51.t52)-53499074 (t4t•t42)• 
- - -

. . . . . ·-48853994{t31·~2)-458980~4(ta1> -

401146M(t11.t12>l 

Hence (Q61.Q62..ct63) • 3/2 (Q51-.Q52) = 36200656S{t.61 ,..t62•t.63> -

516~84466(t51.t52)-6864396{t41.t42• 

· ts1•~2·~1 .t11•t12>> I 16&57780 
6 s-..._ 

Since L I:tmi = 0 
..... :., ·c.. "'-I 

: [s6200656B~to1•t62.t63)-51B984466(t51.t52)+6864396(t61• 
t.62•~6;s+t51.~2 0 J I 19257'1-SO 

~ - - . 
= (3688?0964(t61.t62.t63)-512120070(t51.~52>j /16257780 
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Now subst.1tut1ng tor tm1 ts trom table 12 we get 
-

i~~~~~ ( 3(1Jr~. ····•Lt1)]~ ~l§~~~Q (·3t,+2(La•····•Lt1>] 

= <Q.s1•Q62+Qs3l-3/2{Q5t•Q52) 

: (Q61~629Q63) -S/2(Q51+Q52) 
~~~ 

S1m!larly t.he ot.her equations have been o~e¢1 as 

( v111) 5~066"1Litt:S2? .1255J.s~12.1255(1gt-L1ot-L1t) 

= CQe19Q62t'Qs3•Qs1•Qsa> -5/a {Q41~~) 
' 

Ctx> 5.os6?~•12.1255la•547.625olg+12.1255Ct,0•L11 > 
"" = (Qs1• ••••••••••~42> -7/2 CQ319Q3a> 

(x1) s.066~~~1a~~255(la•~•1a.671o~10ta71.951oLt 1 

;: (Q61•• ....... • ••••·41!•-.Q21> ""'5 (Q11•Qt2> 

E~tj.ons (1} .. to (vi) aorrespond to with.tn step oompar~~ons. 

Here eaob L3, J : 1 to 6 is obtainable direqt.Jy, since ea.ah 

equation invo~ ves onJy one, Lj• 

Thus solving these equations ~e have 

~ • ~~~ • -1.456522 ~ • 128/~ :: 3.555556 

~ = ·305/138 :.2.210145 

I.e = '75/42 : 1. 785714 

I.e = ~ 98/34 = 5.8235.29 

Ls ---44/28 =-1.571428 

·Equations ( ~i) to (xi) comprise the s~cond set. or equations 

and oorre~pond to between-st.ep comparisons. So~ut1on or these 

normal equations 1s not straight forward. These equations have 

been solved through the 1t.erat1w method. The solutions are 



as g1ven belows 

Lt • 0.3'11280 

lg a -1 ... 231'1~4 

I.e = -1.'1'10291 
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~0 ~ ... 1532456 

Lt 1 = 0.24'1105 

~0. 1,he adjusted treatment sum of squares tor 11 degreea or 
.t.reedom 1s g1 ven· ltYl 

-
_ {(.371280)~ 45.~31~ ••• ~.247105x178.0830} 

~ 2586.62?2 • 23~6•1302 

• 4942, 6574 on 11 degrees ot treedom 

It w.tll be .seen that. the sum or squares agrees e:xsotly 

with that. obtained earlier wh1l.e 1ll.ustl."at1ng the generalized 

staircase design.· 

In or~er to cet a parti t1an component. or the sum squares 

to cones~nd to betmeen step sum et squares, we meJte the 

bypot.hes1s that all the step mea.na are equal wh.1ch 1s tbe same 

as gutting z, • La • Lg ::. 11o • J...s 1 : o_. on this eypothes1s 

the normal equations become 't-he t'irst. six equ.at.io.ns corresJlOnd.inB 

to L1 to Le as shewn earlier. As these equa-ttons do not. tnvolve 

~ L3's (j = 7 to 11), the solution o~ these remains the same 

as bet'ore. Hence the sum or squar~s du~ to the~e LJ ·~ 

tf • 1 to 6) on the 1U'.pothes1S X., • I.e • •• •. • • Lt 1 • 0 1s 

' L L.1 p3 • ~58t>,p212 
'J=-1 

So the adjusted sum ot squares due to the between step 

contrasts with t>~ d&grees ot tr~dom is 
II 
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·Similarly the component. of' wit.hil;l. step sum <>f squares with 

6 degrees of:- freedom comes out as 

4~6571-2356.1299 : 2586.52'/2, 

It will ba.. seen that 'tthis method of finding the adjusted 

tzeat.ment aum Df squares provides an al.ternat.ive method of 

-a.naJ.ysing non-orthogonal. data. We have seen t.bat i.f the data 

corne ft'om a generalized staJ.rcase design, the analysis becomes 
' very much s.1.mplif'1ed if the contrasts are taken·~ ~ to 

re.Pl"esent the between and within ste,.P. cop1parisons. lf the 

contrasts are formed in any other way7 the analysis· may be 

complicated, as 1n that ·~aae t.he equations in LJ 's will be lll)re 

involved. This has 'been il.lust~a.ted below., 

There are nine treatments giving rise to five st.eps 1n the 

3 2 a 2 2 2 

2 2 2 1 1 1 1 1 1 

1 1 1 1 1 1 0 0 0 

4 4 4 4 4 4 4l 3 3 
"; 

2 2 2 2 2 2 2 2 al - -
•• r • 

lf DOl?. the aont.rasts a:re formed as below: 

L
1 

• t51-t52 , ~ ·= t.51'tt52-2t41 , 1.:5 = ts1""t32 
.. a, - . 6· 2 

~; t31·-tt:5~-~s , Ls ~ ~1;t11 ~-

~~ ~~v;a·t~~~ • :~!:;r·%~~ ~<~1;~!!> ~ '!fa: 



- -
_ t.to,-.tga•t4,> .:. lt31•~2•t~3) .<~1;t11> _ ¥ 

1? : 13/6 

The nor.mal- equatJ.ons 1n Lj • s come out. as c 

24~ Q (Q51.Q52) 

6'1.800Lg ... 009(~•Lz•Iel I# {Qe;1'tQ52-2Q41) . - . . 
20~ ¥ (Q31~2) 

60L4 :: (Q~1~32-2Q~3) 

16 .. 971lt; - .54·5~ •• 485(X,-Is> = (Q21-Q11> 
and : 

.600~ - .545~+18-63~X..6<t4•17BU,-3•278ls: 
( .Q51 -t- l.ls-1...+ .9<u) + ( .2:u -t Q·n. +'In) ~ L~'LI -t-.Qn) _ 

t -· :!> ~ "L. 

.60~~ •··~a5~94.17a~•19.359Lf-5.126~ = 
( .o, .... ) 

' 

(_Os-t-t-.Q-,-'2--~:.Q..,.,) _ (!:211+~-s'L+Ql'l) -+ (~:>.r+.Q,.) _ l_62t.2..) 

3 - 3 2- \ 

.soots- .4ss~+3.279L6.a,12et,•19.~59La = 
Q ( Q 1 -t cllu) (_ Jlp .. ) 

( .Qs- 1-r.Rs-2. +.&1,.1) _ (.Q.lt+t12n-t- ~"!>) - 2- ~ -t- \ 

3 3. 

Evidently the~e equations are ~ invol ,ed to have eny 

easier solution,.. tb:rpJ JWO'Ving the statement given 1n preceding 

paragr~ph. 

I't, tney:. be mentioned 1n this connection that m progeny 
·' 

row trials with _plants coming .trom different ·~am1l1es, such 

st.atroase designs ~oome more sUitable., The en.~s~s also 

<t,url?s out_ very simple 1f the tam1l1es ar~ ident.t.fied with the 

tzeatmant-steps and the ttoeatments withirl a step with the plants 

tn a t'arn.tl;r • 
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We have seen that 1n the case or generalized designs 

solutions ror the LJ'S co~reapond1ng to the betwee~ ste1 

contrasts ~a not straight forward aa 1n the case or w1thiD step 

Eantrast.s. ln the case or the staircase desigDS given by 

Gr~bill and PrUitt thM d1tf"1cu.lt.y also vanishes. For such 

designs ~!le equat.+ons in Lj •s a.ome out as ob~ below 

£or the present, ~sign (tab~ a) .. wit.h nkJ a 0 following the 

method 1ll~tra.ted earlier. 

(1) 2 .x 10Lt • (Qs1-Q62} :: P1 
,, 

- '1-

wh~e 10 = Rs, 2 :; -~ lij2 

-
(11)6x 1~La : ~Q~t•Q62·~63) : P2 wher: 10~6' ~ _t, l1j

2 

- - R- o w ~ lAj2 
(1ll)2x S.J.s : (Q51-Q52) : i3 where 8 : ·--oJ ~ - -~ .. 

-,. ...... ~· .. 

(1v} 2 x5~ : (Q41-Q42) = P4 

(v) 2 x 4~ : (Q31•Qsg) = PS 
"' .:: . -

(vi) 2 x L6 : (Q11.•Q12) : P6 where 1 : R1 

Cv11)a(<te1~te2i~s3>~3/a{~1~t5~>J ~ {Q~~62~e3>~312(Q51~Q52)~ Pr, 

or B x 15/at, = ftr, :trom def'init.ton or r-,, 
viz.. ~ 't61•t62•te3)-~/a(ts1•t52) 

~ • 15/2 
(vi~) or ro~ = " where % = a, i.e. the number of" blocks. . 
where ~ contras' oc~ar' qomsleteb(,with1n ~te;s. Hence it 1s 

.,R9S~ible in ~fbYblll ,and B'Jlit.t.•s c~~ to f1X'~ta. ,dovm normal. 

eQW\t.iGM .. H\. LJ •t directlz• 

(v111) a7.5~ : (Qat., ....... <tQ52> - 5/2C~1fQ42> = Pa 
(~) 1261~ :: (Q61· • ······~41) ~ 1/2-(Qat•Q32) .:: .PQ 

(x) 270~o ~ (Q61•·······~z2l ~ 9Qa1 ~ P1o 
&: (JLt) 60L1't = (Q.61+·•·····~a1> - 5(Q11.-Q12> = P11 
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Thus tht sum of squares due to the contrast.s vu., 
II 

L LjPJ comes out. as 
:J ::., 

- -
P12/20 • P22t«> • .PJ2/18 + •••••+ P1121oo on 11 degrees of 

freedom. 

In genel'al. if' ~J denotes any oontrclst f: ltJti where al.l 
" ~ 

t.he t 1 's belong to the same mth step wi:tJ! Sa¥ 1\n rep]J.cations 

the equation corresponding to tb1s w1 tJlin step oon~t comes 

out as 
~ -~~ 

11j2)Ll :_~ lijQi; Pj~ j a 1 to (v.p;1) 

where there are(~1)ateps. 

Again let Lj_ denote another aont.rast among the step.totaJ.s as 

shown belowt 

Li = tq. • t(q-1).• ·-···• t(1;1). - (n1) ti. ' 

where ( t1.) denotes the S1lm of the treatment et'fects 1n the 

1 th ste ~ and •n1 t is so chosen that. Lt becomes a contrast aJJX)Dg 

the tts. Ac~ . _ 

n ~ 51+1 .s1+2 • •••••• .Sq-1+5q 1 • -
si 

where S1 denotes the number of treatments 1n the 1 th ate P• 

The equation 'for Lt is thenJ 

R1 Lj_ n1 (n1t-1) S1 = P1, 1 : Cv•j)) t.o (v•1) 

where R1 1s the :repllcat~n or a treatment 1n the 1th step 

haVill8 S1 t.reatmen~ and P1 is the contrast among the Q • a 

corres _pondj,ng to Lj, • 
-

Thus the solutions ar the equatJ.ons can be directly 

obtained ror such deSi~ns. Mcn:eover the t.reatment. sum of 

squares can be partitiOned into mutuallY independent. contrasts 

each or 1 degree or freedom. Actual;Iy components with !!!1-Y number 



-of degrees of O:eedom can be obtained by adding toget..her the 

sum of' squares due to two or more appropriate contrasts. 

We have now two methods or solution of the normal equations 

1n 'tm!s viz. one following r.rom the general method and th1s 

<solution has been presented 1n(40$) and the other through the 

solution of the equat1.ons in LJ~and then getting tm.~m the 

L3 r s as indicated 1n the ,Pt"esent section. As both the solutions 

are linear .tunct1ons of Qmi •s, some identity relations ·are 

avai~able by equa.t1ng the coe.frio1ents of Qlll1 •s 1n the two 

solutions ror, tm11 With t.he help or these identi~ relations 

it has been p:>ssible to get a very mu.ch s1mpl.1!"1ed procedure o:r 

obtaining ~ra which are required :t"or the solution of tm!'s 
through the :former method. 

y 

In general the procedure has come out to obtaining the 

d1fferent.c£•s through the ~ecurrenae relation 

' 

Its derivation has been illustrated below with reference to tne 

example considered tor this design. 

Recurrence formula tor obt~ning c&s~n Grgybi~l and ErHitt.•s,design. 

The general recJqrenae formula (25) tor c& .:ts suitable 

for all. types or staircase designs-. As mentioned 1n article 4, 

page ( lO )_, 1t is possible to obt.a.in a very s1mpl11"1ed torm 
• or thiS formula 1n the case or Gr~bUl and Pruitt.•s design. 

Derivation or this simplified formula with re1'erence to the same 
• 

exampJ.e, as given in table a, (but with nkJ. = 0) is explained 

below. The eleven contrasta, Lj •s, theret"ore remain u.natrected 

(page 42, article 9). 
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Let. us derive 't.he reAurrenoe· .f'ormuJ.a for the 6th set., 
- -

i.e. m = q :;:: 6 and 1 o 1• 

f'loom tabl.e 121 page ~-; (which remains unaffected 'due to 
. . 

contrasts) 

t61: L1•L.a•CL,•la~~•Lto•L11> 

Conver~1ng e~h of t,.hese LJ 1 s into ~mi 'a w1 t.h the help 

o£ normal equations given on page 5'2,art~cle 10 (Qra;yb1ll and 

1ruittts case), we obtain 

te1 =- (Q61-Q62) • <Q61•Qsa•2Q63) ..,. CQ61.c(aa~s3)-3/~(Q~u~oa> 
2R6 • 6116 15/2R 

-.. 5 -

~ \~en• • • •*Qja}-5/2(Q4,t~a1 ~ (Q6l"*'*··..Q~2>•7l2<Q:,1'1'Q~a> 
35 mt4 63/2R3·-

- - . 
; CQort ••••Q3a>-9~a.l. ~ CQs1••••••.Qa1)-5CQ11•Q;;> · · 

90~ 60R1. .. 
- - -

where R1 c. 1~ R2 = s, R3 = 4,. R4 :;: a, R5 :a and R6 : 10 

s, S5- 5~t-
Collect1ng coett'icients of'·-~ Q.61t _0 Q51' }_; Q41t 

5!> S'L. 51 L -J ... -1 Sf. '--I 

end~ Q31' -~ ~is. and .t-; Q11 and elJ.minating _ z Q61 
<""""" .,... '-"'~· • with the help ot 2._. i: Qmi ~ 0 and collecting terms t 

.,.,.9-... =· 
tet = ~!1 ~<Qs1.q5a> (i!~~5 - ~· ~ > •<Q4t~a> x 

( - ! - 5/2 - 1 • 1 ) (Q -A ) 
• 15/2Ra 35/2R4 - 3·5729.4 '"3R"~"'"'6-. t 31'~~''32 .x 

• C ~~~ .:. eJaBa~ s~72Ri.::. 1~/2Rs 
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- . . 

- i-' ~ - gJti2 · - 6~/2R3 - ~57an4- 1 lnm5 • 3~6 ., • 

(Q. ~ ) ' -5 - 1 .=.__t__ ., 1 - 1 " 
11 12 60Rt -· OOR, -wmi- 63/2H:3 - 357D4 - -15.;..7-!m""':a • 

s-. 
wb.ere aoef'f1cients ot each I:: Qm11 m = 1 to 5, Sl,'"e nothing but 
- - ·(..:::.( s-.. 

~ sUm.1 ot reci'prdaals of' different -~ 113
2 ~ 

Convertirig ea.Qb Qm1 into Zzni f'rom the re.lation 
~ ..... 

Qlll1= BmZmit we obtaJ.n · 
-

te1 • Za1•R5(Zst•45a><- 3~ • zh >• R4CZ41.,.z42><~1n4 --·l572R5 • 

1 < 1 . l 
$6 ) t- Ra (Z31'tZ32) { .. ,R3 .. • ... 35-/-::-2R-4 • 1~72R6 • ~6 .. ) 

- -
- R Z • ·,·_: 1 - 1 • 1 • , .. , .;;,_. 1 ) • 
-. 2 2f, a · §ft.., T' ~ 63/2R3 35/2R4 15/285 3R6 

- - -
' I • '• 1 1 . 'l • ' ' 1 1 

R1{Z11•Z12l (- ioR1 - 90Hz • e3/2R
3 

.- S5/2R
4 

• l572R5+~) 
(A) 

Comparing the various coefficients of Zm1•s, with (40a) i.e. 
: ~- .Stt . - S3 · s2- - 1 s, 

t.a1 = Z6t,.~6 -~- Z511c~e i: i41 • c3a L Z31 .&6 L Z21 ... c 6L Z11 
... -1 -t..=-. ·c.=r ·c..-=t (B)'~-'"1 

we obtain 

1 = 1 
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Same result. is obtained wit.h m :: 6, but 1 = a and 3 

( since sa : 3 in this design). Other sets of eM •s can be 

obtained similarly f'or m.;; 5,4,3,2 and 1 successively" ... 

It 1s not difficult t.o generalize the resuJ.ts as 1ndicated 

- ~ (C), only point. is that they 1nvol.ve .i:' lij2ts or various 
.... "' '2-, 

Lj cont.rasts. In order to make f"ormula. 1nde,pendent. ot_2 ... liJ s 
v 

we apply the following devices 

l"ak1n8 successive di.fferences in (C) we obtain 

c16 a -
R

1 
• ~2ti = 1/10(1/R1'·1/~) Here 10 is the n~r of' treatments 

with replications r sk. 
\<. :.,_ 

r? 3 - - -
~ • C 6 - ~1/9(1/Rn-1-IR-) Here 9 is the number of treatments 
n2 R- w ..... ~~ ' 

3 with re pllcations r: ~· 
":3 .. 

~6 • i6 ; 1/'1C11R:s-t1R4> Hel:'e '1 .f.$ the ~ or ta-eatments 
4 with re pl1cat.1ons I; SJ:t• (D) 

Jc. =If 

~4§ • c5a: ~1/5(1/R4~1/Rt;) Here 5 is the numbe: or treatments 

4 Rs with replications 2:~· 
lc. :::<; 

These relations are independent. or.r: l 1J2is, but. depend 
.... 

only on the number of' treatments.. Act.ual.ly each or the above 

relations connects -c& wi'tll cf:1 ., General.Uing over all sets 

(like (D)) and connectJ.ng any ~ wit,h c~1 we obtain as 

mentioned 1n article 4 1 page Jo and on page 5 't ... 

(~1)m-p.1 . = f sk · (1/Rp- t/RP't1), p < m~ q, (40b) 

~::. J7-t-l 

p; 1 to {m-2) 

- m : 1 to q With c& a o tor p ' m. 
where c:-t : Pu/Rm being the start..tng point ror each m, and 



then varying p .n-om 1 to (m-2) ~or each such m. 

This tbrm.ula (40b) 1s comPJ,etely independent. ~f nature or 
contrasts (art1c~e 9 gS&a 42)~. \ Thua with the belp or 'these 

devices· the sol.ut1on or t.he normal equa:t.i.OM 1n GrS\YbUl and 

_ F.rU1tt'sdes1gns can be obtaJ.ned very easily and 1n a much 

simpler way thiUl. what has ·been given bf Graybill and Pruitt. 

-·- --. 

. , 
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SUMMARY 
"' 

Graybill and Pruitt (1958) introduced a class of desi~DS which 

they called Staircase deSi~RS. These des1sns provide for the analysis · 

of one more type of non-ort~~gonal ~ata havil'll. 9nlY two. types Pf 

cell frequencies viz.,O and 1. Such designs have the draw back that 

they do not provide tor any"bloek or· Size ~eater than the number of' 

treatJbents. Both to remove such limitatiol)s as ·~ to· :Provide for 

the analysis ot one mere ty:re of' non-orthogonal data, a generalised 
I • 

definition of the Staircase designs bas been !iven~ ·Th& !ftneralised ; 

staircase desi!P;ns lullve in ea~b block two ty]l's of :0:-equeneie s which 

may clia~e from block to bloek and need not be zero and unity. The 

number of treatments havinl one typ!t or frequency need not be the s•me 

from block to block. Such d.esi&ns are particu~~rly suit~~tble tor plant 

breed1IJ8 trials as also for e.xperiments with ~~i}llals ae, tlle experimental 

units. A complete m!thod o! analysis. of meb d.e.si!fts ~.1$ been presented 

in the thesis in a simplified and systematic way. . ' 
A much more 

; "'J 

simplified •ethod or analysis or the staircase desi!;ns of Graybill 

and Pruitt bas also been presented in the thesis. 

In many investigations it beeomee necessary to get Bl.lbdivi sions 
and 

of' the adjusted treatment st1m of squares. No general/simplified 

method for obtainia« the comporents of adjusted sum of squares havill8 

more than one degree of freedom seems to be ayailable in 11 terature. 

In the present thesis a general method of obtain1D8 sueh su.bdivisiODB 

has been presented. It has been shown that in the case of staireaee 

designs such subdivisions to suit some particular hypotbe sis can be 

obtaiD!d in a very simple way. 

These investigations ba ve be en illustrated by Ill! ans or two 

examples. 

-------
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