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CHAPrEJll ................ ' ... 
!NTRODUCTlOH. 

Syatematlc .ampliq liaa aot a ale• featue that tile wUle 

umple t. clete~c! by tlae ft.l'at .a aeltc:ted. We ~ow Pat tile 

aywtematlc •un,U., b opn•atioally mo:ro co~~ tba aialpi.fl 

....Som •ampS.f.Da aad wldch at the aame Ume UIU'a tow e&clt. alt 
··--..\·--·~··- : . 

.. a~ p1'0'NMI1ty ot lac:luiOA ia ~- eample. The teclud.- of 

eyetematic aampllaa coulat• lA aelectlaa eve•y 1r. th ~ daltlac 

with the UJ1it c:one•poac:liJllto a •~• I' U.O.ea a J"aadom.l:rfJJJl 

1 to re•tprooal .t aamplbaa ll'actloa. TM l"&adom a111D'h• • c:baea 

fi'ODll to k te bowa. u the naclom ata.l't Ud the coaatut 1t lll tenDtcl, 

wU1 'N o'btaiud ll'om-- nma .. ..,... of RadOJDly located auo,U., 

pot.ata. ThU baa heea domoaatated lty W•d.bw a.J¥1 M&dow (1944). 

CocJutaa (1946) baa ahatna tlta.t fo-. ceriaia typea ol a.eoco71'e1as .. 

populatlou •Jit4lft'I.Qlc aua.pUq tl, evu IDOS"e .W.ctea.t dlaa dntlffA4 

~ra.edom •azuplbal with oae 'Pit pe• auatc.n~ Qv.eaOJJD.b (1949) 

au Daa (1910) foUowtq Cocdu-u1a aeaual Uu of approach bave 

tuepeaclutly eat•aded Coc!a.raa'• :renlU to Ua.e two dbneul.oul 

cat•· Yatea (1948) baa &leo d1rawn til. coacluloa tlal ove» a wl4e 

raaa~ of coaditloaa ayatematic Pmpliq of ... ueacu aad fuctlou 

la JlloJI'e accvate tbaJS etl'&tlflecl dadom aampUaa. S7Hematlc: 

•am,.U.., !sa• n laCh&l•• appeal tboqh •sw••dla& tu •ample 



eYel1tay ovu the popu~Uioa. Tu•• •~"• o~Jtioa advaatat•• ., fo• 

eaample • it la ea.sie:r to tab •asnple• at lwei tbae internla Ia 

aampllDs of the t.•Uty coat.al type, ecoa.Qmio tim.a eerie• _. 
I 

met~loliC~t&l c:tau., ol' at tl.a4 -pace U~t•nal w!lea AlllpliaJ aa 

apic:ulteal Cl"op o• • fol'eat .... .., • 

Th••• ••• bowtvel", cenala objea:Uoaa to ~t~~c a.mpliDJ· 

No valid •atlmate. ol au nm.,11a1 w:ro~ caa be Q~_!~~ ~ tM 

aamplee themeelv4a ancl oaly tM &~t• e•tloxat•• o1 ump1laa · 

ei'I'OI' caa be oht&laed. In ., .. spedal c&aa of clndla• aythm&Uc 

•a.mplinJ we c:aa .. ttmate-the •ampJJ.aa ••• ~••dl1J •· I• foJ" 

a • M+l /1. • Thel'e ue other tiYad...._,., auch a.a m.u.ch l .. a 

accuate a:e1 u1t1 wUl N obtallled U tbre an aay pulodicdtla ill 

the populattoa a ad the ••mp&, lAte~ it &a f.At•JI'&l rrualtlple of 

tbe p..dod. Al8o Pl"•tenet af t1'a:a4 lJl the mata-lal wU1 ••••atla.Uy 

l'educe the accu..acy of tile e.tialatehaaed on .-ptematic aamplbJ..I. 

Thil doctt aot elled much the accvaey of Hl'at.tift.d &at1 •ta40Jil 

•ampltq. £ad conecd.ou pi'CJ~o•4 1ty Yet•• (1948) •em.cw• the 

elfed ot tl'eacl iD. the popu!&tion. Bv.t tbJa' Mc•••ttat .. a loa• 9f 

i.Qfo'I'IDAtioa. CentaUy located lfdem.&tlc •am.pliaa abo •--••• 

t.he effect ol tJ'odj;' But both the centrally lc>cated ~ ••mplo with 

aample mea.u <loee not be exactly equal to the populatlo.a. m.taa. 

B.ec..Sy SiAih• Jiadal•nd Gara (1968) pl'opos•ct modltt-.1 •yeteJatle 

•ampJ.tDa which nmove• the elf•ct of tl'ead. 
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MODJF18D SYSTEMATIC SAMPLDCG 

z.. Su.~?O.Se a ,_.,le el alse a la to 'be 4dWAfnta a tialte ~oa 
I 

e&OAtt.t~f)f N ulb. I)drdDJ two ,a...-erl l UAI J •• tbat 
~. 

( N •a)/ 1• 1 ••• . (l.l) 
' ~...,.~--c .... • : 

••• ( Z.J) 

••laot a n.aclom 11qmbet lzoQDl 1 to N tad thea ••lea ( l + l ) 

c:OJUeC'llllivt ~ a.acl thea so oa a elect~ ou ab •ell tim4 

atria& .. llll•nal ( l + I ). 1M • • •• J'QdGIIl.ll11.1D'Rl' ••!ectad 

tMa tU l&lllJle drawa ta Y • • y 1'+1' y w+Z' • "'" y rtf Y •+(I+l)+l' 

y •+I+!(l+l) • •••• y l'+l+(J' ·l)(l+l) • ftla zruathod · of ael*ctioa of. •aa,l• we 

will kftlll aa JD.04Ut .. 1yete-.ttc: aampllq. Tlda •cherq ls u 

alte......Uve .a.,.te.-.tt.c hUlpUq ao.. .. ill tM teue that lint all 

••1••• •••...sat• tM waole •ample. 
The l'.t&tio• (J.l) a.a4 (2. Z) •••••' to 

H • a+ l (a •l) • wh.tch imp••• a "*btctlon O't'll" N. A ~q~~ . 
L.o;f5~ ~ caa t.e a._ple4 oaly fl'Oill a popalatloa haYlq )t ~ 2.-(:~{ ... t) 

:rl\·1"~ 

Vn4er the ~cl aJISt.-b; ....,U., acluasu tb p~okltUltlea 

of iacluioa of a11 pdl'• ol WAlta la tb aatn~ ••• 11va by 

"u • a/N fo• an 1 

vlj • 1/N U ( l • J ) • 1 o:r N -1 ..... aewl M 

'lJ • ( 1·1)/N U ( l•J) • & o• N•J + 

• 
• 

'l'lJ •l/N U ( i·J} •l• M·l 



·5-

"'iJ • 1/N U ( l•.i) • ( 1 + l) 01' N..(l+l) 

"iJ • 1-l I K tf ( l·J) _a I{ 1+1) OJ' N·~+l) 

• 
• . ·~ 

"iJ • S/tf it ( t-J) = ( J•J) ( l+l) Ol' N•()lii)(I+J). 

i 
r.....;...,.-.- .. -· ... 

• til ua1t 1a t1\f •&lr.l.pl• 1a oalr oao.• oa o1 • ,_.n.~ ·~· _. 
•*• qadom lllJirlbw ., ... eelecttd ~arulotaly fi'OJD uaaraa l to • 

' 
utta , It t. ol:wtoa tl2at 6 th u1t iom.ea u .U fbtat utt , •••* 
w:lit , •• ,.. • a th eft e&ch o.aly oace la ou aam.ple. Th4JHf-. O'll ol 

N poaailJle ~ 1 til=" c.a occ• t.a • u.mpla ~ •u • ... , 

die lactu.loa po'baldlky of l th JlO'ftdati4Jl uJ.\ It D/N In aJ1 f. •1,3, •• ,N. 

Let J • l + p. ' ~ l 1 al•u 1 th .-. luld•4 bl tb IP~plet 

J til uit c:an. c~ u tM l + ,; t.+p+l. ~ • , •• ·J &h. alt cowre.,..laa to 

l1l, •••• , (l•p+l) t)l po#~ ot t tll u!t • aP.,Jq "iJ c(ltl·Jt/N lol' 

. p ~ I. SltnU&~lylo:r J • f. + (bt•p)a "tJ a(l+l•p)/M •. 

Now let J•l • • ( 1+1~~ ' ~ ~ .. 1., 1l t tJ.1Udt cOJRft .. 

1.1, •••• , I tb a1t tlta.a J tb. ~ eUl M 1+1. l+S., ....... , 11+16 ltJl1t 

wiUch l• aat lacWed la tJua nmpt.... ll t tll a1t com.ea •• (1+1). 

2(1+1), •••• • .(J-1tt )(1+1), &lsi jIll ~,caa come aJ. IJ.(t+!)(l+l)t - -(t+J)(l+l) I • • ti • f L. • + ( .J...q•l) ./ ( J+1) le •• - J1•). ,. •• u.t. 

aampleo ollowiq "iJ " ( 11•1) /M ~· 



.Aiao la J ... 1 •I + d wlleH 0 '~ 1+1, thea lt cu k aua 

ve~y eaeUy that b.~ cue, "ts :s &/H. 

Heace the preol. 

1.1. EetiJ!!!t,! and Va~t. -~~ · .. 

JAt .,1• y 2 •••••• ,. • 11• tho •&l•• of a ~· u•wa 1»y l'llUKIW...t 
·~ ....,. __ ··,... . ; 

a-,.tematlc •amJllal. 'CC8 Wutq the ~ Thomp•o.a eatmato~ 

lew eatbaatba( popt.1l.&tloa m.u. 
~ 1 .. 
YHT • N l~ ,.1 I "t a.1.1 

.. 

~ I -1 
V('flft') •E(!H'l) ... y 

= -'J E ( ~ Yia I ,la + ~~ Yt r,•l ,..,,..l) P(a) .ya 
N • l=l ltrt.•· · 

1 N J l , 1 NN 
• ;'i G{Y1 I.,, ) 'i P(t) + ~ 11f~)t~b v1r1 1 •1••1> ~ P(a) .:Y3 

WUI'tt ~ P(l) it tM pn'babutilycf IJJclutoa of W1,u•1 t~ ia 

the caaplfl aacl Ut ...-J to "'it, • Aael' ab:llpUcaUoa •'"'• 

luacO#IU 

l N H ~ 
• --.;- E E ( 'l'i v,, • vU1 ) ( -

N"' l=l i'> i ,. "1 

l• alvoa 'by 



.. y. 

) YLt >' .,. . 

.... (l.l.J) 

1 N _N ., .,. • • I y; I y: 

" '"if 1.~ t'~" c _ __._ · • .u: l c ~ ·-:.- · •;,, ·,a "u• 
•u• 

..J.._ H N ft TJ!., )J 
• · z z _( •t•l' • "u• ) ( - -
-~ l=l l') l "t •t• 

(I.Ll) • (J.). ZJ, (1.1.1) Ia tb caue ol ....tlfltci•Jit._tct 1aa,U., 

tabtke~i--

& 
.-Lzv. 

• lal l 

,I 

Heace Ia modU-d ·~ ..,.,u., we ua t.1tltl to·~ 

tl\e aampUaa ••• l1Ulldaleclty. 

2. a. W!'dift!4 ~J!!!!!!t!s §!!!eli!!L.Jl•! .. ~~!!Y• ~~~· 

Malttataa• a. tau .... bun-loUd to 'M V4l'Y uafd t.a 

pActlc• .eat tllla pvouda. 'W.~a•bie c\J.fteatly uecl ial a a\1'Dll'Ma• ol 

tuveya. ... 1q,\ow' tM\ ..w ..... ,., ..,b., .. , ,.. D.e oldy r ... t~le 

pHCedUH ia a aum.ltel' of practlcal •iluatleu, wJttt•• a aatWMtorr 



•a.mpllaa fRJ~Ma ol dbute OlJaenatloaal alU fA aol readily 

aftlJOle aad tiM ceat crt olltttiada1 •• a fnae II psoolll1o1Uve 01' 

wu•• t1ta ceat of lecat'-1 Uti p!ayatcaUy t4..Wytq tb u•'• Ia 

cGM14•raW.. Mo411tt• ,,..._at!$ aam~~~ ~o h ••• 1a 

J'llil1iakutaa• •••lp • 'De pHCetiue ._.. ..... fa tb&1riq dl8 eaa,te 
' ' 

'-Y •tal tu teclud•• ·of aotiflecl ayatematfc
11
i**p1iq ta e&cJa 

ms•· He.e •• wU1 caui•u ealy twe aap cl•tp ucl the a&eulea 

to Jlldlt.llta&• •••lp ll alalpla aa4 atntPU•.-.a••· Let 

N be the .__.., ef p11111 Ia .._ poptdUlo:a 

N _. the a...-u of an'• Ia eadl ••• ef paptal&tloa 
' 

a h tko· aner of ,.q,tt. to l,e ••lfactetl 11y mo4Uiecl 

.,. .... u. u.aplJ.al. 

-. 1M tM •~v of ,,."\t~ t('t k aekcte• f•am. eacll pau 'r 
ID8tlifW .,.....,it ..,u.,. 
D4d'blf.aa a •I +J, M • l + l '+ tr 

m•U+V, M•U'+V+UV • 

tMa tile IDMUlefl ayatema.tlc two aase .._,u., p•ocedve coaatata 

Ia ••Ia--. a a1t1 out ef !tflty ~ t.,....Uc t&Jap11aa 

clfJft.• ••U• aact 6eal•om each ,.. .. secttaa • •••'• oc of 

M 'IIJy aetltfle4 1yat..atlc •..,U.,· 

La y IJ h t1ur Yalu ot J til ••• el 1 til ,... Also •n• h 

U. ladul-. Pl"•1allf&y ef l ..,_. l~ th ,.. •• bl d1. 1ample aacl 

t.n• tile blclatea pn'DUWty ol J ... s• t1\ ••••• Ia tile .. ..,... 

(Net•:· ).(i)JJ• • ':t.J~ )~ 



•9· 

Eetlllilata ol· poplllatt• -•lor twG "*'• •••tp It Jt'Hil 

J'rQDl (1.1 .. 1) putlf.liJ' 

•• 

M M 14 
z J) z ( l 

1:4 j-1 j'?J 

'·-: 
.•• ( l.!.l) 

, .•. t a. a. a> 

•••• (J .. J. J) 

. , ... (a. a .. ~) 

Tlae value• of "u•' 'lJ• caa1M ••ta!Md h<BD·dl• Tuonm. dltca•ed 

Arller. 



Heac• 

• M • a 
• S E J: ( 1 - ~. ~jj• ) ( yiJ • Yau )I 

llfl J-.l j*..> J -· ~ 

. -.. ,; 
B Z E J: ( ....L- -=-~) (TlJ • .,ljt)& 

14 J4. J'>J ).jj• -

H M M 
• I. z E z ( 1.-.-Mz " > { ., • ' ,a 

u • jjl lJ Ul I ... ,. s.a J'> J •• ., 

l N 
Q041 f.J 

...... ( &..1.6} 

Coa14"taa 

( i ·i )1 •Y 2 +Y1 ai i 
l tt ' ,. • l 11-

--·I JCet, Yt T 
t.• 



-u- ·. 
-a ~~ ,.. ,.. 

E~t. ( Tl• ) • T1, • V ( Yl' ) 

·-· " "a ,.... " " I' " ,... 

-.1• "' • ...,,, ,. • 't "'~,'· + Y1,. a ,.,-!l! • .,. cY'1)·vffi. > - ·. 

A " I " 1\ " ,. 

• (i l • i l f ) .. v (i l ) • v ( ~~)_ ·:-... : .. 

• "'u• ( ._.,) 

...... w., 
a • 

Jl J: J: (...!.. 
tal t.'.>l •u• 

!f N 
mat. J_ z z (1 r 1-1 l'>1. 

• • • ..!.... 7.: D (· ..!_ -
MJ l.-1 lf.>l 'If ... . u• 

- I , ) ( Tl • Y.,, ) u•, 

.... ( z. 1.1) 

• 111 - _ _a 
+ ....J_ z z :.c c 1 u- )( )a 

I • .._ - _ • Yu • Yau 
u )14• l-1. jal J'.>J Ajj' _. ~ ~ 

•••• (a. a. a) 



CHAPTER m 

USE OF AUXlLJAl\Y VAlUATES IN MODIFIED SYSTEMATIC SANP.LlNG 
~..-...-

3. Uabowa meaa Y of a popQlatloa cu. 'be ••tbDated mo•• 
... 

eftleieldly by 'tJ.tllilblJ aa aUJCill&l'y v&l'iate~ .. ·~ch la hiahly 

-coaol'elate.d ·with ehan.cter uadGr atudy ·~ -.h•• meta X '- kaowJl. 
' "-...-r~··~·-- : 

UUU.tq the Wonnatloa oa auiliary •arii.te X we coa~W.• the 

foUOW'taluttmatol'rt. 

J(a). Ratio •atbnatlli 

.aauo ••ttmat• ia cue of modlfl .. ay~tomattc auapUq t. 

cfe.flae4 .. 
I' 'MBr -Ya • • i . . . . . ( s.a.l)" 

Jr MSy 

-.Aa•uDdac Y'w.s., • Y + •o 

- -
~T • X + • ...._... :m < •o> • E ( • ) • o • 

when Ywsy, iiwsv e.t'e the meau ol Y1• Yz• • • • • • 1a .... 

~·•a· · · · ·. ••a uawa by mo4Utt4 •Jh•~.ie l~\q, V&•Wic• 

of (S. a.l) 1• at,.. lay 

t; a t-< f·.~ 
v ( y a ) • v ( Y')l&y ) + a v ~Y ) • aa c-~·'<*ia,.• f'MSJ ) 

•••• (S.a.Z) 

•hen a • v ;i 
.L N H J l 

COY ( 'w. , Yw. ) • z E ( 1 • "u• N /a )(y1 .. y1,), 
., ., •• i .s i• ' 

( "t. .... ,. ) ... N N I l 
1 E E ( l • "U' • I. ) ( ,q - ... ) 

V (iMSy) • ::1 l';f L1:1i 
H 



-lS-

-
1\ 1\ • .. 
v ,, ) • _L z 2: ( ....!....... 

.. ttl i-1 ''"l • u• 

a a 
:1} J:' (....!..
i-1 ~~ .. u.. 

~-a. . . 
~-!-~ .. !~l ~ 8 t• )I 

1fMa tile iaf.....U.ea oa p a.Uia.yvari&Ua ll avtUPla 

w• caa •• auaJU.ariate mlo ••tiaate Ia tile cue of aoclflled 

Alae 

- -wJaan -*JMBJ •XJ + 'J 
-,. y 

•• Y Ja • ~ < 1 +t0 I T )( 1 - • J /iJ l il 

- - -• Y( 1+•0 /Y~eJ/XJ) 



*a4 heace 

ccw ~.a' ~~'B.) • Y'z ( •o I Y • •J I iJ) ( •o I Y. ·~.tij,) 

Now cleuti.q 
',t. 

V ( ~ Tja ) • VJJ 

A. " - -Cov ( Y jR , Y J'll ) • VjJ' , 

~ p -YMR = I: wj 
J=« ~1\ 

wllen p 

ll "J • 1 
j-1 

\ 

Tlae w•J.ahtta ,J '• an choaeal.a. ••clt. a •Y thU tke •tof.ut.ce ol 
A -y Mll l• mhlbaus. FolJ.owtraa tJt• alplrJF• ol ollda. the wtiPt• 

•J •• an lf•aa. by· 



wJ •KJ I D. ware 1\J la &U ... olaJltb ekmn~• latJti? 

J tkl'ow of dlo matria V -1 bowlq 

vu vu •••••••• v,, ~~ . 

vll vu •••••••• va., 
' 

Y• 
~ ....... -." .. - ... 

• 

• 
v,l vpa ••••••• v 

pp 

. •l ·l· 
aad D i.e the a11m of aut»- elemu.l• ia tlul mat.:rb .. v • v 

(\. 

hill& the laYer•• of V. The ISliaU.IPil Mriaac• of '!Mil Ia ..-1 

tel/D. 

J()). llell'!~•iea Z!lim&t• 

D.•l~'•••l• eatimate la tb.6 caae of modified a.,.t--.tic 

... .,u •• ia aivea hy 

•••• (s. t.. a) 



' 
....... U.t oi(S..JJ.l. ). 

• I 

W!l!ivat'i&te R•e•••'• Eat~~ 
Let Y lie the ...... v~riata aa4 )\ X, ,x1, •• •. ,xp 

1M p au:Waay "*"iatd. ·T'Ium ..._ mtaltl'ftriate l'epaaloa 

e.U...te wltll ...-..4aal,_. coutaat npualaa caet_ftctat•• el 

pepulati• ...... y ... • ,.,_ • .. 

- -a.y +"(X•·Jl') 
MSy 

t 

fJ •! t~01• J02 •• • • • · • 'Op) u dle colmml.,.aer Gtl. p 

" i ) . ........... . 
.. . -- - t 
X • ( ~.x1 •• ,~ ••. ,xp) u eelliJIU& •ector fJI p 
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ftBAPT~B. IV 

MLAT_lVZ m~Jr~JDCCY OF J.t'?D,D'Dl!}.SYft.,MATlC fW4!LfttQ 

4. Aa aeunl c•mpari•• ol mo4lfie4 apte~atlc aampllq 

with almple l'a4om aampllq -~ uaal ..,.emltic aampltaJ Is 

flUflcult to ''" , we wl11 co•l••• tile elftci~·la ~ ca•• of · 

the 'I"'Ptd&tlou ,. ba. whlch the v&l'iaac• ~~. ele...-a ta 

uy 1roup et ceatlpoua elflMata baca-e .. ea -*ei4ilY aa the alae of 

the peup lacreaaee, Vaa-loue mathematical JDCMiela may be 

C_,tnacte• te npeaeal 6ia aitu&tl-.. J'O~,t Wtaace, we mf.Jht . . 

ceut.••a- that. the elemerata y1 al'e •..-ll'Om 4Wenat ~lou, 

the pctpv.1.aUou cba....., la •ome nplal' J'QA•••I' with l. Akel' • 

uU'Hly. the Yt'ma.y 'be U8Ul'Q4. tow-.,. the 8&ftlll ~-. 

ht to 1M ael'lally co:rtelated. We uaume futbeJ' that the aerial 

co••elatiea ......_ y1 &1\fil yl+u,la aeme .,.._., pu whlcb 4.epea«a 

aly oa u. Tba U , 11 s. poattlw aa• u a moaoaoae .aecHatlaa 

fuuttea of "• It may be upec:t•• ft'om tatutt.O.. Oat the vut.aace 

wilhta tb PMP .t elemeate t 1.yi+l' •••• yl+k i.l a m.eaataae 

....... Ia. ~~-., k. 

4.1. The elemeata ft• l •1,1, •••• ,N, a:re •••ame• to be di'&WD 

fi'Om a aupe~"-pepulatt.oa ln which 

( a a a 
E Yt ) • ~'• J: ( tl • ~') • • ' JC(yl•J&) ( 1t+u:"> ., 1u 

wheN p11 / '• ~ 0 whM.evow u '- y. 

N" we wlU ctlecua coaapuf4_. ~- ayatemattc MI'Jlpl'•l 

&114 atmple l'utlOJn aampllaa macle lty Coc.Uaa (1944)~ 
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If Y l• tJae ...,. fl a,., •. tpeclfle4 pep'll1lad•. tM.a it caa 
Jae •••that 

,. a- • • .z 
Jf Z ( J1 • Y) • Jl Z ( Yt • TJ r 

l.S 111J l 
••.• ( t.l.l) 

•'-•tM•• an lfc
1 

,..,lld.e paS.• ef v~~ ~ y1• yJ )6!1 pva 
K . . 

.: ( .,,. y ,. o(M •1/l ) J: ( ,, • "J ~.e_ ~ ~J/a.) •iJ,,.,.)oo(yf.u-

w!aue ali taka enao aUU.Oal$e ,.O..U•· !Sxpaatllq 0.. 

.-,b&Uc ... avera1&aa ••• .U .fla1te ,.,._tlou • !fe IC 

Jf • I - Jf·l -
ll i~ ( .,, ,. y} • (J1.J)r /_ l - N~·l) -f-1 (lC·•) '• .J 

••• (4.1.1) 

Z.,ecte4 •UIIl ef • ..._.. .. wtdda a lpMifle4 aystemuic Qlllple 

caa IMl elltala" j'Ut Jr.y I'.,S.Uiaa 1C tty a~ • "rlm , .tacc 

tlllt•• an a eJea~at• la the eemph aa4 •'-• the ce.-nlattM8 

Hlwea •ucc••W. ea.....ta an ,11• '•• , ••••• t.an.M ef 

,,. Pa• .,. • -·:· T!WI &-ulllt t. t1ae ...... ,., •ell ef the k eytt...UC 

·--fle·~ Heac• 
, •-1 . I 

.s ( •·~~wtWa •y.t••allc aaapto.) •1& (a·S) • Cl· •(!·l) ~(a-u.)'k• 

f,J. Aft!&le, Y&l'laac, If! a l'y4eaa !!!!!It 

r ... a ·~ ltatte ,.,..s&tl• tJ/I.e yaltaae• el tM JUaa el 

a almple n.Uea ••tJ• it • ~~ • N ,• .. .J.... 2: ( y • y ,Z 
I' N ~~ Ma l41& l 

•••• " (4.1.1) 
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4. 3. Ay•r•c• ~c• fer the aptematlc •!J!Rl• 
'· ' 

'II .., ey la tM meNa af a typlc:a1 eiiilple-, the val'laace I e. a 

•taaLa llaite pepvlatloaia I 

m ( '•" : Y )a -(1/N)L-a~ (f. • Y )
1 J ... (4. 3.1) , . ~~ ly 

wJaeur• :dte •uzn: il tata:• ., • ., ddt k •YBtematlc ,...Ple•. Slace 

TGitall.-~. lJ o.S. -.!til& ey.te.Uc .~J..e + I.S. 'betweG •'P'•• 
~ 

-..de: •aiDPi••· : .. 
..:, !iF~'tl&~ 1 ...•• Cl-

'• ':' 

•••• (4.:t.J) 

1 
N·l 

N(1t-1) I:-' ( N•ta) '· 

,- a•l 
+ .::~l) !t, ( A•U) "'" J . •. (4. :J. :J) 

4. 4. Auna• yl!if.ace .!f mecltl!~• •X!! ... ~S •a,p2\• 

Le' y ri 4len«u the value o1 l th uatt till,~ th ma4~4. 

.eyatematic ~ample· dlea·it ·d.a ·h eully ••• that 

N IC. .l. N - J 
11 2: ( "•' - i )4 

• A z; ( Yt - i ) 
l'cll•l l-1 

•••• (4.4.1) 
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'• i ............ ,_,,.- : 

a a 
"'·-' I L-., l ""' .. . J -~ , . _,_ .... ,. .., ... , 

M A\11' \& l&t J l '(J•l) 

,.. I - l N•l 
•,;. ( 1 • a/N) L 1 • N(lc;:i) ;.} N•a)J.a 

a a 
.Lzm, J 

a.Ck·llt;;t J.>l O·t) 
•••• ( •• 4.6) 

M'ow A~ caa" apr••• .. u thtl Ia.\ ef lel1owtaa thzoee 8tllll8 

L.:J-1 1 :t J J 

A "~~:;.lP(i'•l) +J~J~ p(l+l)(j'•j) + .Z~f.:(l+l)J-(1+1) 

We will c.ulda 4acll of the allove eUJ~UJ -.. ~ ••· 

l ! 

ll Jl ' i-D U>i (l*•t) • '• • 'a+ ••••••• .,, 

+pl + .,, + .•••• ···l·l 

+ '1 + 'a •· · · · · · +pi·& 
• 
• 
• 

+ 'J + 'z 
*~l 

" ••• (S ~.4. V) 

•l Pl + (l·l)Pd + (l•l) P3 +. • •• +I~J.l_ + p_,1 .• •• (4. 4. 8) 



-··-
ltailal'ly 

3 1 -
J~;;r(I+l)(IJ'•J) • (.J•l)'l+l + (J'•J)pl(l+l) + •. • • +p(l•I)(X+l) 

•.•• (4.4. 9) 

J 1 ~"'- . . 
. ' 

t!, J-z;. '(l+l)J !(l+l) • 'z(t+l)•l ~!-w~~+l)·l +. • • • • .,J(l+l)·l 

• 'a<x+~)-a ... 'stx~)~~-·· · · · · .,,(1••> .• 
• 
• 
• 

+ ' + + •••• , 
J(l+l)-(l+l)..,,(l+J}-(1+1) .1'(1+1)-(1+1) 

••••• (4.4.10) 

Heaee A caa be pat u 

l-1 J·l (1•1)(1-tol) 

.~~-~) 'u+l •;.,. ( J•&·-> '-.U+l) + !:<s+t)+w. 

......... , 
i-1 J•l 

.. J: ( , ... , +1' ~ •• z: (1·•·1},_,~+·) 
v..O a ._ a-t 1ilo\" " 

-- (.T•I)(I+l) 

a all'<') J V::t(l lf.a. +1J 

•· s. ,.,. ........ •••• t.t t• evt.•w tW .. , ... w ... ll&d-. 

caa .'lie ·•atabllaW ._~)eat U. ••latlve dideacy fll -...m-4 ,,.,_. ... 
~- ,pl/'f 

aaapllaa lllli.e1~ u•lD!IlP.UM8 •• _.. ea the lena eltbe 

pepulada. we aha1l ceutde ~ efflcteuy fw the twe.,.. el 

pep\lllUlou wafe 

(a) '• • 1•a /1- • w!l'M lilt eeae ,..ttl.,. c .. lUt 

(b) '• .• , •• wM1'8 pIa h•• ttuaa 1 
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C••• (a) Ll,Pf&~' s•nlC!M~"am. 

&l'e P • l • u/L . s "J 
.... (4.5.1) 

..... •t • J1 1l '<l• 1) 
14 l'>l • 

' 

.~-l(t=I-1)/1 .... l (.l+l~~l), 

..... 7 J 

•a· & f=4 ft}'<x+t)cJ• .. J) 

••••• (4.S .. J) 
. .. 

i f , \ -~, \ • r 

I• J ~ea • ''(7..;) i . , + ( 1-S) p (1. • • ~ • • , + ( J/l ·1 )a./Z)(l+l) 
J \ , \ ...... I , ~ +1). . .,, •.. ., .•.. 

'· 
, •••• (4. J. S) 

becauae the ciU.aQt c:an· Jtet •xc:•ecl fl/1 ia the cl•cul&r type 

',., 41JIIlema&lc aamplt••· Pdlq J. am. altove eum. beccnnes 

+ 'm·I)'H~(m+l)(J+l) + (m. ... s) 'N-tm+l)(l+l)+. • • +'N.(Im•Z) 
.(1+1) 

(lm•l) c 1· ·~ J .. (Jru+ -3) ~...-. - ~'1!1) J + ••••• 

+ <m·t)L-1 4o ~~·1l,J + <m-z) L-1- ~.1 +(I+l)/V 

- -+ (m•S) L 1 • ~1 + !(J~A> _/ + • • .. • • • 

-+ Ct _ 1f+I + (m-1){1+1) J 
lL L • • · · (4.5.4) 

u M • (m.+l)(l+l) • N • 1ral .. m • l ·1 

. • W • !i' • (1+1) c(lf+I)/J • (J+l) 



+ ( Dl•l) £-:"'1 - .,l~l) 7 ~· 
L ~"'-. 

-$(1Jn-4) + ••••• " •• +m.(ltl•l) -' 

• (ID/1) [Ill+ am .. aJ _(U;J) £ ~ ' ( Zm•t .1) .J 
L t4 

• (m/l) (Jm•3) • iml. C (lr4•1)Dl(ra+1) _ m(r.a+l)(Zm+l) J 
L a 6 

•lm..,..-&)/1 • {!2L [ ~+1}, ( 6m•3•&m • l) J 

.. 3m(lll•1) /1 • <4. r) t m (m·l)(a+l) •••••• (4.5.5) 

c-..t«utaa t~a.e •UD. 

(sa•l) C 1 • (N+!)/3 - ~X+l) J + (m•J) L- 1 _ (N:'"I)/J •l(l+l) :] 
~ L 

L
- (N+I)/.1 • ( •·1)(1+1 ) -

+ •• • •• • • • • + I - . J 
- L 

• ,(m-J)!m·ll £ l .. (!:2 J +fli+l)/1 !JL.(.•I)+14a·S}t. ~ 
J . (m-a).l .J 

• (m•l)(m-~ l L-l... O!tJl. J + G;W L-;-t{.-t .. l) J 
I · JL L t~ 

il (m•J) (m·ll . L-1. _ N + I ...1-
J IL 

+ (1+1) L (m·~)(~·l)(~·l) - lDl•lU•·!)(ZJn-J ) - J / L 

a ' 



(m.-1)(•-1) - iv+l\ - (1+1} • -------L. 1 - );.!. t _/ + L. m(m-l)(m·l)/6 a ZL 
•• -. (4 .. 1.6) 

a,. • J-.(m .. l)/1 • 1(1+1) Jr(m.•l)(lJl+l) I JL 

+ 
(JB•l)(•-•1 ) 1-. l _ (1( + l) ~,.., . a 

'-' ZL J + (1+1) m(m.;l)(m.•2)/6L 
J 

Couf.4erlaf ~'* eGl 

l 1 

., . f. J:,., (l+l)J·(l+l) 

• '(1+1) + '(J+I) + •. • • • • • • •+ft 1(1+1)·1 • • •• (4. s. I) 

Total.aUD'I1Ma• ef t•J'IIIa la alkwo •mn • M•Zl•l. ~re • will 

c:oaal4e¥ )6 ikt .cueJ wau H Ia od4 ...S N la ....... 

cue (l) H t. ..... , thea X ·11··1 la _.,., 

Let a M .. ll•l • Ju + 1 • n 1l • (N ·11·1) /I •• 11+l • (N •U) /I 

. A.alatM eaaapJIJII aclwme 41lataue -uve:.r .-.e41 Mjl,_ alMw• ...... ~ 
ZL-( 1 • ~~ 1 ) + ( 1 • I ~ z ) + •• ~ •••• + ( 1- N -Jl·:i-"J . ->J 

( M•ll+ll ) 
t 1- -·--~--

lL 

- N ... Zl- 2 
• z I. --~.--"'!- - i L- ( l+l)+(l+J)+ •••• " +(I+ N-~-2 v. 

+ ( l· K/JL) 



• ( JJ.u .. a) + < •· •t•x..} •(l/L)C 'Niz~7JL-l+l•·u-a·va +-V 

• (N ·II·&) + ( l - !1/IS..) .. (1/L) (Jf ..,JJ•I)(l+l+ ¥ ) I • 
-~~ 

• (K •Zl•l) - !.. (!-II··) (N +IJj - ... .,L~.f.::,. . . 
L 4 I • 

,, s 
' ,_, .... ..,._............. . 

• (H .. U-1) .. (1/fL) L (li·II·I)(N+ll) + bt _/ ... 

a (N ... Uwl) • ~..-.a ... t JDI • ~ • IN ,..fl + JN J / 4L 

• (lt•ll•l) • ( :N1 • 4f • ~ ) /4L ., • • • • (4. 5. 9) 

eua(U) Nt.odd 

let 1!J • 21 .. ' = av rw .,. .. (:tl-&1·1)/l ·- .. , ..... 
., 

ZL ( l •. J il . ) + ( I .. I ~~ ) + ........ + .l• { N -~1·1 +I )/LJ 
. ' 

•I C(!J•f!'l) .:-j_- (1+1)+(1+1)+ ••••• + I+ 0!-r-l.) JAil 
"", ,_ - N·JJ ·l 

•(N·Il·l) -t L- ( 1 +l) + l + \!3·~ ·l) .1 ( Zal ) 

• ( H•U·1) ~ :L l- ZJ + 1 +· !f r-
1 
Zl•} J( N ... u +-1) 

• ( K •ll·l) - ( .. + z + N .u ·1) ( M·&l - 1) I 4L 

• (N ..U·l) .. (M ·21·1) (K+U ... 1 ) I , 41, 

So ~ 1.10 f'\.J ~. s. 9 b l/4!.. 

Heace a 3 • ( N•Jl·l) • <N·'·411 - 41) I •L cp~tly. 
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•a • ( J·l)(J•J) /l • ( J•I)(NJ-41 )/8L 

H•c• 
ct + •1 + •, •1(1+1)/a • I(I+l)(l+J)/6L 

+ (1·1)(1•1) /& • (J •I)(MJ..C )/IL 
... I 2 

+ (H •11·1) • (M ·.fl -tl¥4L 

• (xi+I+31-SJtJ+ZR...t!·l)/l - l(I+l)(ltiJ l 61. . 
i 

~ 
_...,._ ··~ .. -

• (.f·~)(Nl-41)/&L • (MZ-411-41 )/4L 

• (a1-ZN+iN•a)/Z' • I(l+l)(I+l)/6L • (J•J)(NJ-41) /IL 

• <r .G1 _.,, 1 ..... 

•a(a-1)/& • ["sNAJ + 1 ( e 1 • SN1+6N·1~+8 )J 1 UL 
\ 

)1'-l 
4. 6. cautd•~ :z: (Jf ·•)p" 

••l 

a-.ove 8\UD l8 

, ••• (J.a.n) 

• (K•l)pl + (N•a)pl ........ + N ~ 1 

+ ........ + 
'w-l ) I .... (4.6.1 

• NL- 's +'a+ • ...... + '(H'-t)/3 J 
whick ..C•~ tho m.e4d p

11 
• 1 • •/L ta.ba tu lona 

afif £'Nil . - \. (.1 +Z+ •••••• (N-1)/1) j 



•HL- NW:,.A. iL (~i11 ( •: +1) J 

• NCM·l)/J. M(M·I)(K+l) 1 IL •N(H·J)/J • wCH1-4)/U.. •••• (4.6. a) 

8batla»1y .U. M U eYea Jl ·( N-u) '• I* 

(N•l)fJl + (N•J)p,. +•• •. , •• +(llt/1+1) 'tf ~ ... 
• ~-1 + (H/11 '.!!.. 

. I 
'· ... ~~·._ . .-• .. ~ .... 

• ••• (4.6.1} 

•IIJ£-,1 + Pz +. • • • .-+ (,M .. 1 lJ i(M/1) PN 
--.t . ~ 

I. J 

_. ~ - ~ 

• NL l -l/L + 1·1/L + ••••• + 1· (N·I)/JL) ;./+(lf/2) Ll -N/IL.J 

• N L- t - 1 .. ! . L-: 1 +1+ •••• + M j1 .-:7 J +(N/J) (l·N/IL) 

• N(lf/1·1) .. M(N•J)(lf)/IL + (N/1)( l• N/IL) 

•H(H•l)/1. •< M2
·2M +IN) /IL 

• N(lf -1)/1 - -r 1•1.. . .... , ... , ... ) 
le (4.6.2) ad (4.6.4)an app~oabnately~· tad we wU1 

tako ..,,. -.. eta et Uutae two. 

4-~ '· c .. we.-aa1 •·1 
E (a-'&) 'a 
·-~ 

• (a•l)pk + (a•l)pJk +. • • • • +p(a·l)k 

w~ a 1.8 _.. ahw'e •lllila take• tJ. f.-

..... 

., 

•••• (4. Y.l) 



. -u-

- -+ ' + Jp ..... + • , • .. • • • +fja-1)/V p • 
k ~ - -~ -k 

I 

• a ( "' + p ..... + ....... +p _1 ) 
... ···.!.-a 

J 

...... (4. 7 .. I) 

Q - -.. L L 1 + Z+ •••• + (a-1)/& .I 

- ' 

• a(a-J)/1 - k(b. •l} (a+J) a/IJ. •a(..,.J)/1 • kCa'·l)D/IJ. 

• a(a-•)/2 • k(a-1)(4+1~ I It,. , .. .. .. (f. ? .. s) 

-
a( '" •· 'lk + ..... ':t~a/1 ·l) " ) +(11/l)ppta •• • • <•· t.. 4) 

.• c 1 - ~ ... 1 .. :.a. + ..... ' - (at)k /I~ +(a/11.1- !! ) .., L . &L 

•• a(a-1)/a • a'l.k/(t; •·1)/6L • a~/~ 

•••• (4.7 .. 5) 

•·l !f·l 
ak ltaMtllutf.at tM val_. of Z (a••)'tt.,. JJ ( H•a)p au ... ... . 
-,_ ~ •a + •s • aet 



• _.1/ (l .. JJ/N) (N + .11 r. 4.t. 

.. :.., -t.,l·/a) (l-a/N) L-1 • . •. z . C !OJ·U _ N(N-:Jl{tftl) 7 
N(k·l) ·~ .. 8L J 

. . 

• _ ~~ . £ •t•·\1 _ <~~tl!k J J 
•tk•l) 2 11;.- : 

• •
2 

( 1 • a/M) L-1 _ a I.- n.)t(!l·ll , _ f:(Cn-l}ntt 
ll Nn(k•l) J J 

a .,;;,..~· 1 · 
_ aW(N ·1) + l"f j~ .. 1) J J 

U.. .L 
= _L( 1 .. a/N) L-1 • a r N

1e • Na - ·Mz._,.a 
• lfa(k-1) '- J 

_ aw' +Nist ·•.·~'a ::J:l 
8L 

.. .i ( 1-a/N) [ 1 _ a . L MO! ~ • ) :.:_ !YJl""a~) -J· "7 
n Na(k·l) a -' 

.,a - JaH fl+Jcl -• a- (1·11/N) L 1 ·l • · Nacsi.> -J 

" ": ( l•a/N) [ l + 4':_ J ,. ~ (l•a/l'f) ( Nit- ) 

.. ~1£1 • ~ ( 1 .. •/N ) L-1 .. ..!!!- L- .,-: ·11 - ..Jt_ J 
I;WQY D N(Jl-1) & 81. 

~, ...... 11f L- 1\'•·l > . 1 - a ._2 -+ o{N:ti) ' a "' - iTJ:L JNa +1(41-.-iNit6N·U.+8l.L 

• .. a ( l-:--v.,.) ,-1 --.aa r K::L. -:.... Nz J 
a .. ":'»>~- .... N4 L. I . 8L 

+ .:.a) L- ''n;n - z!L C 3N21l~I(4I1 ... ,NI+6N·Ul\+SJL 



+ 

z -
a ()f·l) 

J 

,_ .. J v2nl 
+ ll-N - "'' 

8.L 81- + ~~ I( 41
1

-JNI+6N ·Ua+S) J J 1 

• r: O•YH> C l - ~-• ) L-'!! ·•" + !:$ul-M ... Iif-18a+8 
~ .. 

• l.( 1 • a/N ) L-;:; ;;L ( ~ - SNl~lbT·lk~S ) J . -....: .... ·,~- : 

• .,.1~ < l·a/Nl- < •r + ot. sNI·Ua + 1 )N_ . . , 
UA (a•I) L 

" 

s. it ...... ····dta dLe mocUile4 .,....tic ··~ Q 

a.t~~t .twa,-. DI.Ch'e efllclat t1t.aa alm.plct ,.., .. A.l'l1p11q fol' tu ,... ... 

l&Uea wltlil u .. a" ,., .. ....,. "• •l•a/L _. .- ntaU•• 1a.la 

laelftda•yla 
' . 

_ , N 1 ,r. (.J+l)+ '•·• + -c"-~"" 'L-J .~ 
L - + ·-4L · 1J a J L N+l 

l ~ f ~~ (J+,l) + 6a.• I -+ 1.'':.~'1'\ i M 
• i+i + bJ (N+l ) 

~ 

n .. a iacnuu 1 &ad 1 a)ao lac:r ..... wUil tb 'Noh tM 

l'elatlve 1a1a la eaftlcieacy at.o iac:l'e&884J. How ..... loJt I-J-a/J 



+ • 
IU1L 

(ui -: SMJ +6Jf • 1la + 8 ) 

(N+a) 

'· . ..,. 
».r(N+a) 

( 411 • SNI + 6N • tzia + I ) 
I 

~----_.... . 

J"~em a-.. JtAOiq caa M co.acl.C•cl ai.oa tJae ••Jattve .stdeacy 
j 

of mocU.flecl lyR...Uc e&lft,U.I «Mar apt~• •ampliaa. 

HOW'fW•• lu I • I • a/1 ,. kve l'eldiYo Jf.la ia eUlciucy 

• + Jn(:+a)/J L 6.
1 

• 6a+S • s.J /1 J 
which la poelt1Ye tel' a ~ t2l ••• aqative l.w a ;> 2-J..:). 

T&le•dezre, .,. c•cW•.u.t le• tU ,.,.saueu wWl U..• 

CPl'olepua aodlitacl •yatematic •urplf•a le J~J.Ne el.flcieat tJau 

atmple ........ aamplf.aa &a4 -... ·~• JtLOJ"e el.ficteat 

pllaa th• aaal .,..ee.auc: ••DJtliq; ,_ 

-·· .,. 
• N{stl + Pat• •. • • • .,(M•l)/1 ) 

.... L .... ( a · (N•l}'J _~-
... "4 ,., .......... +, 'f 

f .. .P (!4 ·1)/1 0 J 
I•P 



, L-:" f (a•l)k/1 ~ 
2l (a·u)p •a · •' -' 

~ 1 lt ., 

SU.a-actiq 

-. (p•l) '~~~,a+,,+ ... ~~~• ,t + ,1+1., Jp 

• ,a 1..-1 .,.,z •. , ....• ,1-1 J . 1,. 

• ,a 1 .• _£·1 ·lp 

1-p 

a 
I e I ( l .. :_e.I·ll - !! .... 
, -1 1-, p-1 

.. ,. 

; 
~-~""- ...... 

~~ ~ (&m.-2.) P(Jtl) + iJD•I) Pz(I+l) + •• • •. • •. t(m•1) Pa(t+J) 

' 

+ (m.1t'i) p ' ' 
Dtjl , ~(1+1) + (m ... J) pN I + .. l(l+l)t ••.••• 

+ m•l) p p-... (I+i~ +,· (Di·S) p 
M+l ' I 

+ p 1 . (m.•&)(l+l) 
' l 

\ 

M +:I '.....&(X.tl).··\' , ,~ ·~ a l'l '!' ........ 
,lf 
'u 

',I 

,>\ \ \ 
·' II 



_,.,_ 
wow ... w.~taa dl• na ''""'· 

•ll ·~ (Jm•J) ,x+1 + (Za-s) ,z(x+t) + •••• + ( ~-J.) ,m(l+l) 
~ 

(2Ja.&) ,&(1+1) + ..... + ( ->~+l) +(Ja-l~tl){ltl) 

o:r Szt • (pl+l..;.l ) • ,&f1+1) t PJ(Itl) t • ••• • + ,a(l+l) + (.-4) ,~!t+l!~~l) 

~· .. (a...J) ,1+1 

or 

+ (a•l)p (za+l)(l+l) .. (Zm·l) ,1+1 

• ,a(I+l) C ....1..: .l~m.-~)~~+1) ... J + (m~l)p(•+l)(l+1) 

"u • 

1 .. ,1+1 
,._ •) l+l ... ,~-·, 

I. Z(ltl), L..-.J..::....E:~~~~;,t]. ·J+ (s:J.lf.(m+l}(l+_!} (~Z)ti+l 
,1+1 - a l .. ,x•t ,x+t .. 1 ,X+l .. I 

Si.SJ~u·ly 

l!t! ( ) 1tJL N J ••• • (••l), • • I+l + (m.S) p J • J(I+l) + +p ......! •(JI!.l•i 
•• ... • • ... a ll+·ll 

t(l.l+l) 
"' "aa • 

- .. 
+ 1 'Nt' • (•·S)(I+l) 

ay aUtl"&ctl.q, ri IC 

' •u (, •(l+l) • l ) • P u;t • J(ltl) + p !ttl. ... S(I+l) 
- 2 + ....... . ... 

+ p 1;1 • (•·S)(l+l) • (~··), Bf- • (1+1) 



• p N;l .. (1+1) Ct + ,-ti+l) + ,·(l+l)l t .. ; ... .,·(DJ)(I+l) j 

N+l 
• (m.•l), ,- • ( I + l) 

Alt!l - 'I.+l) L- ~J •(m•~)(I+l) •aa • ~ L c. I , .. (m.-1)· J 
,·(1+1) - 1 1 .. , •(1+1) 

Huce 
(zm.a) .,x+t (m·l) pCm+l)(l+~) ____ ___..._....,. 

1. pl+l 

• pi(I+l) c l • , (m.-J)(l+l) - J 
1 •( t+l ')'I 

l•P 

+ 
p N i I • (I+l) - iCZ:J' ·(m-~)(1+1) 

L ( •·J) • 1 ·(1+1) J 
l -cl+l) -, 
•p 

·, 

- -
• 1 L '<1+1) + '(l+a) + • • • • • + '<1+1'-U·l ) ...I 

J 

- l+J l+! I+ (M•U•l) _ 
•lL, ., + •••••• , 1 .1. 

- a 'N·U·l 1 ~ ZL 1 +p + p + •••• +, J i' -·1 J ,l+ 

N ..U -1' 
• 2,1+1 1..- \ • .tt.. : r.: .·1 J 

- 1·, 
.Afteriq lp.oriq tho teftlll ef 01'4e• htper IbM ,a we att 

ol• '' + (l·l)p
1

• •a • o. •s • o 
: lN .... .., . 

: .. -. 4),11 • Nl(l+, ) • :Ja•U)Pam 9 0 



.,,_ 

' 

- .,_1) t.-:,., + (l·l),.~)j.;. 

CCDilpariAI tho efllc:lucy d. ~ed eydomaUe ea=P!inl ..nth 

•yatematlc •am.pUAa 1.0'1 the populaUOD with oap~eit.tlal c:GJ"Jielepam 

we cacluAa tlai moc1Sfie4 •yatematic aampliag ~ be le•• e#J.cie• 
/~' 

d\e4 tyatematic nmpllaa ual••• p ls aeptive u4 the r.s.tlve loa• 

la dticlency ui 

n(k~~ L lp t ( 1.:1)p~ x 
l • 

u 2L-lp + (1-1) ,.,. J I A 

which 4ccl'eaaea wha. alacnasea .. 

I 
Zp(l .. -tel 

k·l 

.' 

aimple l't.radom. •ampliq we conclwle that modified aptematt.c u.mpllq 

wUl be mol'e etficient tlw.u simple l'andeJn ••~1 'WheJa !...!l1--.L 
' N•l n 

jo.r&n~ 
( p poettive) i. •· th.OJ...Ampla to be cluate.re4 S. IM• thaa .. tal to 



9&\PT,,R '-Y (b) 

8JPLATJ!S. S,lJtCIS!g,OI* MGDJFJJR SXftpuT}£_~ 
IN TERM$ O~.BiT1J:A.~&!:H CO~J ... TlQ!!$1.' .. 

4-.r-8 • z.tt.asati•., ~ iotall.n mMUle41 a.,u.-Uo 1ciuPDe 

t• pria~Jy 
" D 
Y •· ~ ·YJ~,/wl 

l=l 

I, 

"" ,·,Ma _ 1 J 
V(Y) • 1 L v ( z v ... ,. ) + v ( z: J' •+(1+1).1•·1) . 

ll 1~ ' jill2 'J 

J J 

+ ~ cov ( ~.».."~+t. • 1':/ n{t+l)J·l) :Z 

Jlfow 

~ ... v ( i y ..u ) • •
1

1 
(1+1)3 !l:L 

.,....... llll() •"Q a 1\l 

•hen p u the b&tradaa• cunla.tiGD. of I e..-.utlve ulh. 
c 

Abo 

~ v L- ~., J ., ~ <I _1,2 (l+l)CJ·l)·l 
nv s~v 1'+(1+1)1•1 7 (1+1)0•1) 

• Na (I+l)(l·l)·l . sa C 1 +(.1' ·l)p J 
•"' (!+1) • 

wbe•• , l• the muacla•• col'•ektloa of wdh (l+l) a.taaco •~JUt· • 
Let u fi.Afl 1 I 

cwC,~rii' 'f4 'ri(1+1)J·l J 

A•aumiQI Cov t 'fl. • Yj ) , * P(J •l) sl we s• 



----
-fl· 

.£ s J 
CoY L\':, "•+I . j~a. "•+(l+l)J·l 

:r l - ) 
• JJ 1: Ccw ( Ya-+t• Ytt+(I+l)J•l 

j4 lee 

1 1 
•Z E' 
iaejd (l+l)J·i-1 

Hoace the val'laace tf DlGIIUletf •yetematic ••tlrnate 

ll 

Y(Zy/w)• 
l=l l l 

I! L-N(I+l)·lJ s1 ( 1 •~JJ ) 
• A 

~. 

' -~ "'1011,.,.. '... . .• 

+ N
3 

(l+l)Q ·l) - I s& L-1+ (.J :z,, J . .z (1+1) • 

+ ZN z- 1 : 1 J 
~ ( N -l)l '- 1 !l~z' (l+l)J -t ... t 

a -: (1+1) .~ · (.,.-~ + lpc J + .. ~ (J·l) s1L .._1+(~4),,] 
a n 

I 1 -
+ a ~ s&£;E,. f4 "(l+I)J·i·l-' 

a 
·~ 

Alae we 1aunr 
,.. a ,... z a 

v ( v... ) • N v( Y ) = _N ~ -n . ) s& ;. .!l 8& 
• 81'8 NA a 

SO etflclency (if mo4ll1e4 ayatematlc ampliDs ~-- •tmple l'aaslelll 

Q.ZDpliDa ta pven by 

a 
B = l 1 

a +.~+1), + (J•l)(J..J)p8 + J z E '(l+l)J•l•l r~ c t•J•.& 

A.Caffad 

\. 
I: 



Wefle4 

""'~ M04lilmt aystem&tlc aampllq wt11 be more et.flci8rat to atmple 

radea aampllaalf 

1 l 3 
1 (l+l)pc + (J·l)(J·l)p8 + a ,Z. J~ P(l+l)J·l·l 

Allo we lmovr the variance of ual •Yitematlc aUApliaa la 
/' 

~ __ I ~ 

V(Y )•rrv('f ) . .,. .,. 

0 

So the eftldeACy ef mediflri aydeiXUltic umpllaa O"'Q ..,..1 

ayatematic aampllaJ b 

••• l J 
D. + l(l+l)p + (J ·l)(J .Z)p +J 2l z: '(1+1)'• 1 t' 

c • h:ctJc! '.1 •• ' 

s•:? 1 
l J 

U 4(A•l)p > l(l+l)p .. + (l•l)(l•l)p + I Z: %1 ll(l I)J i l 
..... • i-oj4 + -· 

I , .... ~ .. "" ...... 



CBAPTEl\ V 

Wltb a view to Awly $he "lative etltct.eaey ot.mo416ed 

•YI~ic sam~. •tm.ple l'u.iom. atmplltaa au ayttematf.c 

' aampllq we may c:ouleer tho fo11cnrtiq eumplu. Ia· each . ., 

the•• uamplea N ia a. a:a4 lor a aample 81 alae 8 ia.,..lve 

efllcieney pf Jl'l841Uie4 a-,.tematlc aampU.J ( With 1 • 4. 1 • 4 ) 

ayetematlc aam~ ( with k • J ) aa.cl •Ample na1lem eUQpllJ:aa 

hu beea calC\'Ilatri. 

JQpu;nple 1:. 

Fol' a a~oup ol14 opcu:atioaal holdioP • whoM elaea &l'e 

civea ta Bacbha Bipa vadaac•• have been calculated ltn theae 

t'fiMI• ol aampliq , ttw aample aiao a • 8. 

S.No. 
olvWaJe 

1 
I 

J .. 
5 
6 
7 
8 
9 

10 
u 
ll 

Estimatc:nr 

Total aJJea 
able lallCIIn 
Kac!a :atpr. 

60 so 
14 
10 
150 
uo 
100 
Jl 
a5 

190 
J5 
13 

S.No. 
ot vlllaae 

f 

13 
14 
lJ 
16 
17. 
18 
19 
zo 
11 
2& 
1.3 
14 

201.81 
116.36 
aaa.so 

Totalal'ea 
able- 1alu1 ta 
Kacha Bl1ha 

50 
. 10 

85 
so 
so 
70 
JO 
35 
ao 
10 
so 
YO 



-

The data pven below l'elatea to tM AGIIlbe• ot &uf.t beariq 

tnu of J.ime ol'chaM• fo11 &4 vW&J•• of VellkNaatri ta1uk ol 

AAclhra Pzode•h· Thll data wen colle~ 4vlaa the Jhll"d ~ 

1961-64 ot a pUet •an•y c:osutv.cted by 1. c. A. a. la KeUon 4latrict 

fo• the atud7 of .,teld of Urne • 

S.Me. of Jbol&alt 
Ylllale 'beariqt•••• 

1 9089 
J 4889 , 1002 
4 419 
5 4$41 • 1199 
7 176& 
8 508 
9 1901 
lQ 5916 
n lOU 
11 1568 

Table a 

1. Stmple s-aactom samp1IDa 

L Syatematic e&Dlpllaa 

I. ~lftad •yatem&Uc sampJ.iat 

Example J 

' ... ~_,. 

s.wo.o.f N•.ol ll'dlt 
vWaa• bohf.qU... 

lJ 60? 
14 1515 
l5 3568 
16 J619 
l? Z69 
18 1619 
19 uao 
zo 1614 
11 16.0 
iJ 1486 
&3 731 .. 1480 

350571 .. 11 

SS86U .. 10 

The data atve• belO\V welatu to the uea madu peppol' 

eaumeated completely Ia .ach of 14 villa&" • •elected ~amtemly 

lathe state of Kuala 4u.llaa I'01ad lei 19664~. 



... 

S.No. ol ~--··· vtllase p4ppertn 
hedai'U 

J Jll 
J 41 , .. ... 17 
5 518 
6 1056 
1' 458 
8 Z!S 
9 Q 

10 185 
u &09 
·U. U9 

1. Simple .-&Jlfllem MmpliDJ 

a. Syatematt.c: Mmplial 

3. Mo4ute4 ayatematlc aamplln1 

IS 
14 
15 
16 
17 
18 
19 
zo 
J1 
JZ 
IJ 
!4 

458S,:tS 

1309.51 

4548.83 

310 
na 
Ul 
SN 
UY 
90 

au 
143 .60 
16S 
69 

1.64 

Althoup th .. e an tyP1calozample• 11!-JlCI It g 4Uftc\1Jty 

-~~ ..... 

to •eneJ'&ll•• oa tJae hula ot'th••• •••ulh • It te evtctatly c:leaa

that the pe,tQm&Ace of tJae motlUle• ayatematic a&DSp1tq may aot 

be wol'ae thaA the uau.l aynemattc eamplb:as. Ia fact lA ,..,. 

altuats.ou lt may clo bette. thaD the uauat. eyatemattc PJOC_.1ll'e • 

Sincq .it· t.a a ccmibbaaUOil Jot clut •• Ampllaa aacl ayatematlc 

a~Q7'p1iq lta e.Ulclucy will be 'betwea the elvA•• aunpU., aD4 .. e-

WIW4}'~0m&tiC aampim,. Ill caae1 whee uual ayatematlc 

aampJh11 pea;fo~ btUv thaD. the ~· raa~ aampllq , the 

modltld ayatematlc aampllaa may also leacl te appoxtmately almllal' 

.-..'llta. 



SUMMARY 

Syatematic eamplina hu '"' a ntce loattu'e of aolec:tlac the 

whole u.mple wltb one Radom atan. The~re &J'e eome 41aa4va.Dt.aaes 
I 

'be obtained l~rozn aarnple Ita elf. Ill tiM ps-eadt lnvutip.tlon an allew • 

aattv• ayat.ematlc aampliq la aqaeatecl • The atten.a.tivo met.he4 ol. 

ayateJ:J.t&tt.c aampllaa 1• aupetlcaa to the wsual ay.tematlc am~ 

math041 lJ:a the seoae that a lt beside• pori&a Qllbiaaed estimate ol 

population ~n.. •uaauu procedu:roa toz calc:ralattq UDJ>taae'l-liaa..; 

mate '01 thtt aamplial vaJ'laQce 1-.om tbe ample &uell. The method baa, 

howeve.- ielt 80Dle Umitaalou. FO'I&JlVeA populaUOD alae then Ia 

aome a-eatriction 011 the aample alae. U the population alae 1M N &Ad 
. 

t&mple size A them n. ~ I ( /lJ + 1 .. 1 ). The limtt~-.Uon wUl Aet 

effect very much W. aampliq ~ced\U'e ll'Om a la.-ae populaUOA but 

the mjthOd may %144 be WJoful U a amaU ll"actiora to be sampled l•om 

a populat.IOD ol amall aiae. 

ModUlecl ayetomatlc aamplinala eate.o4e4 to multl•ataae 4eat.pua. 

Uao of auxtllary variate• la alao made to impl'ov• the eatimate o ill 
' 

cue of modUled eyatem•t1c sampUn.g. 

Relattve dfictecy et modified eptematic eamplt.q t.. cllacuaaecl 

'"' the populaticma with llnea» coi'J"eloarun ad it it Obaewed that 

m.ocllfiu apte.matlc s~pllnala alwaye more efllclet th&A almplo 

J'AD.dmn eamplins a.a4 aAametlmea it may pl'ove bette• tbaA uaul 

•ptomattc •ampliDs. 1/or the popul.uto.- with uponeattal cunlq~aa 

modified ayatematic ,._plilla la howPeJ- =led to be lua efflcl.-

tbaa the usual e~teatatic aampllna but aenoJ'ally mo.e oUJ•Itnt than . 
almple n.ulom aampliDJ. In the en4 some aumeaolc:al exampleAt a:re 
bakt~r~ !. ~~ tk.t tfil~..,~ ~ -m~tkfiQ..i ~'f1b1t1olct r-u.~~' 

.... .._ __ ...... 11'"*'"•-"•• •t..• ... #.t<I-J~ • ..... .f_90!'l.,.. . .ol.W..A._i1L~~-~-~~~hur~-
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