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CHAPTER - 1
INTRODUGT ION

Yhen different factors influence a character undex study,
it is always desirable to test different combinatlons of the
fﬁcto}s at various levels., Such experiments are called factorial
experiments and axe widely used because of the wider inductive
basis on the conclusions drawn from them and of estimating the
'effects on intexractions betueen different factors. By this approach,
the consistency of each effect may be tested, and when 1t is
shown to be dependent on the other factors, any intere-relation

may be studied,

With increasing number of factoxrs or levels of factors,
the size of thefactorial experiments becomes unmanageably large.
In factorial set up, often higher order interactions are found
to be insignificant and difficult to interpret. To rdduce the
size of the experiment, Finney (1945) suggested the use of
fractional replication in factorial experiments. The device
consists of selecting a fraction of all possible treatment
cobbinations such that main offects of the factors and lawer
order interactions of interest are estimable, assuming certain
higher order interactions to be negligible.

Vhen interest of the experimenter is to estimate the main
effects ohly, 4t is possible to select a subeset of assemblied
{treatment combinations) from a complete factorial design which
enables the main effects to be estimated with a fair degree of
precision. Such plans have been called main effect plans.
Plackett and Burman (1946) introduced optimum plans for multji-
factorial experximents vhich enable the estimation of the main
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effects with the same accuracy as if the attention had been
concentrated on varying the levels of a single component
throughout the expeximent. A good survey on the work done on
main effect plans foxr symmetrical factorial experiments have
made by Davies and Hay (1980), Davies (19%4), Fry (1936),

Box and Hunter (1961), Addelman and Kempthoxne (1961) and
Addelman (1962a, 1962b,1963). Rao (1946,1947) developed the
concept of orthogonal arrays and has shown that the orxrthogonal
estimates of main effects and intexactions of order k can be
obtained from an orthogonal array of strength d (d> k) vhen
higher-order interactions are absent. Chakravaxti (1957)
observed that the main effects can be estimated from an orthogonal
array after om-itting certain assemblies from it and defined

a new type of array as paxtially balanced array. Hotelling
(1944), Kishen (1945), Mood (1946) and Raghavarao (1959) also
developed certaln main effect plans for weighing desions.

Some main effect plans for asymmetrical factorial
experiments were developed by Chakravarti (19%6) and Horrison
(1956) which require a large number of treatment combinations.
Addelman (1962) obtained main effect plans for asymmetrical
factorial from orthogonal main effect plans for symmetrical
factorials by collapsing the factors.

Orthogonal main effect plans provide optimum designs.
But since they do not exist for all k, the number of assemblies
and,p,;the No. of parameters to be estimated, there is a need
to select a best design for a given situation. Since the
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purpose of any design is to estimate each of the individual
effects with whatever accuracy we estimate the individual
effects, it is reasonable to expect the design to give
minimal average variance for all the estimated effects. This
led Kishen {1945) and Kiefer (1959) to define A - optimal
criterion for efficiency, Mood (1946) and Kiefer {1959)
defined the D « optimal critexrion for efficilency of the design
which gives a minimum generalised variance for the estimated
effects. Ehrenfeld (1955) and Kiefexr (1959) defined the

E - optimal criterion for efficiency. These have been discussed
in detail in Chapter -~ III.

It is interesting to note that a design need not
satisfy all the three aforesaid criteria simultancously.
Thus a compromise has to be made for providing the set of
points which pexrform uniformly better with respect to all the
three criteria of optimality. This led to a new concept of
C ~ optimality which has been elaborated in Chapter ~ I1lI,

The implications of these different criteria for
optimality have been studied for the designs adopted for
fertilizers trials on cultivator's fields. This has led us
to show that the design being currently adopted by 1.C.A.R.
on cultivatox's flelds is of very low efficiency. Designs

more efficient than this have been obtained and presented
in Chapter - IV.

A situation may also arise when the experimenter
may be interested to estimate ¢he lth ordex effect of one
factor and the mth oxder effect of the other factor with a



fair degree of precisjon. In this case the design selected
considering any criteria for optimality defined above need not
fulfil the aim of the experimenter, Fox this the concept of

C - orthogonality has been introduced and i5 discussed in details
in Chapter - III.

The designs for cultivator's field trials have been
also used to demonstrate the concept underlying C-orthogonality.
A dlscussion of these appears in Chapter V. In the last Chapter

VI presents summaxy and conclusions of the study.



CHAPTER»IIX
Cultivator's Fiéld Txials,

The conclusions based on the results of experiments
conducted at research stations can not be immediately recommended
for general adoption under actual farming conditions in the
country because of the fact that the number of experlmental
statioss in the country is small and that €he fertility of the
s0il and the level of management at the experimental stations
are superior to those in the surxwxounding cultivator's fields,
experimentation at reseaxch station cannot provide a xeliable
guide for general adoption in actual farming conditions on
cultivator®s fields. A satisfactory method of bridging the
gulf between the results of research at experimental stations
and their adoption by cultivators is to conduct experiments

in the flelds representative of the entire tract.

Since the experiments are to be conducted in normal
cultivation practiceé of the farmers So in order to gain his
confidence and Co-operation it is necessary to ensure that
the design of the experiment should bp simple enough to be
conducted within the limited resources available on a
cultivator!s field and such that it can easily bg fitted into
the normal routine of his work and that utmost care should be
taken while choosing the treatments for the experimentation

8o that the farmer mey not incur any loss through trying these
treatments on his fleld.

Following are the problems which one come across while

conducting the edperieménts on cultivator's field.



1. Selection of fields,

2, Choice of treatments,

3. Chofce of design, and

4, the number of experimental fields and its distribution

between and within places.

While each of the above considerations have their own
dimensions, here we shall restrict ourselves with the choice of

the design.

Choice of the desiagnte-

Apart from the proper choice of the treatments, the
design of an experiment on cultivator's fields must be extremely
simple and possess a demonstration value for the success of

the experiment.,

The simplest of experimental designs for fleld experim-
ents is the randomized block design. But even a R.,B.D with
its replication involving numerous small plots lying side by
side in the field cannot fulfil the requirement of enabling
the cultivator to carry out his normal field operation
undistrubed. This objection can however, be met by repeating
the experiment on another field. A design vhich might appeal
to the cultivator would be to devide his field into as many
portions as there are treatments, apply the treatment over
the whole of cach of these portlons and harvest the plots of
given dimensions at harvest time in the presence of the
experimenter. At haxrvest time plots of given dimension wauld
be maxked in random positions wZthin the different portions
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and the produce from these plots would be weighed and xecoxded.
It is important to note that the treatments should be allotted
at random to different portions of the field.

2.1. Fertilizer trials on cultivator's ficldse

In fertilizers triasl on cultivator's field, the aim
is to study the responses of different factors (Nitrogen,

phosphorus, potassium etc.) at different levels.

If the numbey of factoxs {s *n' each at 's' levels
then the total number of assemblies 4§ s% In oxder to have
small number of assemblies (requirement of the experiment in
cultivator's field), choose a faction 'k' (depending on the
D assemblies. The totsl number of
designs each uith k' assemblies is (kf‘ The problem arises

vhich of the (k) designs shall we choose so that it is most

plan) of assemblies from s

efficiept, i.e. it gives mimimum variance for gll the estimated
effects. Thls has been done by studying various optimality
criteria spfkt out in Chapter-IIX,

On the other hand if the experimenter aims at minimising
the extent of noneorthogonality of different oxder of effects
of different factoxrs in prefexence to optimality, one ¢an adopt
the tool of C-orthogonality.



CHAPTER-III

Optimality and Oxthoqonality Cxriteria.

3.1. Preliminariess=

For any factorlal set up the observational system can
be represented by the matrix equation
YaXfee
Whoxe X is 2 k % p design matxix,p 1s a p column vector
of single degree of freedom effects, ¢ is a k column vector
of errors assumed to be normally and independently distributed
around a mean of zero and with common variance ¢ and Y is

a k column vector of obsexvations.

A design X is optimum when the information matrix
i.e. (XX) is kIp whexe Ip is a p % p unit matrix. This led
to the formulation of orthogonal plans. But such orthogonal
plans do not exist for all k and p. Hence there is a need to
select a best design for a given situation. For this purpose
different optimal criteria have been defined for studying the
efficiency of designs.

The least square estimatos of different effects axe
given by

'x)B = x'y
if (X'X) is non~singular, that is X is of rank p, then
B o= @'xTt x'y
and the variance com~variance matrix of the estimates
is

(x'x)cpl é\__a__
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Since the purpose of the design is to ostimate each of
the individual effects, with whatever accuracy we estimate the
individual effects, it is reasonable to expect the design to
give minimal average vaxiance for all the estimated effects.
This led Kishen (1945) and Kiefer {(1959) to define the following

Definition 3.lel.t~

Of the class of 8ll k % p designs, design X &s
)
A-optimal if it has the least value for the trace of (X xt%

If (X'X)"l = (cij)' then the efficiency of the design

can be measured by the factor

p
k :ii:cai
A=Y

Instead of thinking of minimizing the average variance

of all the estimated effects, one may consider as a best design
the one that gives a minfmum generalized variance of the estimated
effects, Since (X X)"32is the dispersion matrix of the

estimated effects, one may be interested in minimizing det.

(3( X)"'L or consequently maximizing det. (X'X). This led

Mood (1946) and Kiefer (1959) to define the following

Definition 3sl.2.1w

Of the class of all k x p designs, design X is
Dmoptimal if it has the minimum value of det. (X'%)7+

Ehrenfeld (1955) and Kiefer (1959) made the following
definition

‘Befinition 3.1.3.1-



Of the class of all k % p designs, design X is
Eeoptimal if it has the least value for A\ nax. Wich is the

? -l
maximum characteristic root of (X X)7

342 Ceoptimalityse

It is interesting to note that a design which is
A-optimal need not be Dwoptimal, D-optimal need not be E~optimal
and so on. In oxder to choose a design considering all the
three aforesaid criteria simultaneocusly, a compromise has to
be made for providing the set of points which perform unifoxmly
better with respect to all the three criteria of ootimality.
This has led us to a new concept of C~optimality which can
be defined as

Definit 10!! 3.2 elete

Of the class of all k x p designs, design X is
Ceoptimal if it has the minimum value of the sum of percentage
depaxtures from the optimum points for the respective criteria

defined earlier.

Thus if Dij.is the percentage departuxe for the jth
criterion {§ = 1,2,3 for A,D and E-optimality respectively)

in the ith design then the Ceoptimal design is one for which
P; 4s minimum vhere

3
gy =) Dy
J=
3.3. C-orthogonalitx:- ‘

Any design selected on the basis of Ceoptimality
criterion formulated in section 3.2 will be an efficient design



wlle

for a given situation. But the problem may arise when the
experimenter may instead be interested to estimate the lth
order effect of one factor orthogonal to the mth oxder effect
of the okher factor. Thus if

f
Al. = 2; 5: Yf and
N

%a“Z; by Yp
(1,m = 1,2,=~=.(s=1) where s is the level of each factor).
ayxe two Llineaxr functions for estimating the Lth order effect
of one factor and mth order effect of the other factor
respectively where a, and b, are some constants then the
correlation coefficient between lth order effect of one factor
and mth order effect of the other factor is given by

~ Cov. (ar, br)
im =

_Nar. (ar) Var. (br)

R

Here Ry; will indicate correlation between linear
(first order) effect of one factor and linear effect of the
other factor, Ry, will indicate correlation between linear effect
of one factor and quadxratic (2nd oxder) effect of the other
factoxr, and so on. If le =0 forany l and m, 1,m = 1,2,~={s=1)
then the lth and mth oxdex effects of two factors are estimated
independently of each othex, f{.e., the two effects are otbhogonal.
In case of irregulax fractions, however , such orthogonality
amongst the effects of different factors is not attained. The
next best course will be to minimise Blm for lower values of
1 and m. It is seen that A,D,E or Ceoptimal designs need not

have minimum values of le for lower values of 1 and m. Thus



the choice between optimality or orthogonality will be guided
by the specific need and objective of the experiment.

But, a design vhich is R,,-orthogonsl may not be
Rlz-orthogonal, Rl2-orth090nal may not be Rla-orthogonal, and
so on. Thus, in order to ¢hoose a design considering
le-orthOQOnality\f 1,m = 1,2,w~=, (s=1) simultanecously we
may define the following indedt of C(compromise)-orthogonality

[]
I ”Z ) o Bimi
ary
¥there iﬂlmi is the modulus value of le and wlm axe

the weights to be assigned to different le. One can then

choose a design for which I is minimum.

Now the problem arises how to assign weights to
different correlation coefficients le. One of the simplest
way 1s to assign arbitrary number to different effects according
to thelr importances e.g. when s = 4

Effects Numbexs to be
assimned.
Linear {1) (s=1)
Quadratic (2) (5-2)
Cubic (3) (s+3)

Here we assume that.the importance of the effects
decreases from linear to quadratic, quadratic to cubic and
S0 on, although this may not always be the case. Thus if the
specific requirement of any expeximent is to prefer some higher

oxder effect to lower oxrder effect, the numbexr can be assigned
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accordingly. Otherwise in usual situations, the weights wim
will be given by the product of numbers attached with the 1lth
and mth effects. For example, for any experiment whose factoxs
have s levels each, wo have

wl.l 2 {g~1) {gwl)
W, = Wy = (s=1) (5e2)

Thus under the assumption stated above the index will

L)

Ta) ) (1) (sem) By, i
£ m



CHRFTER=-IV
Optimal designs for cultivator's field trials.

4.1 Selection of treatment combinationsts

The design currently being used by I.C.A.R. in
fertilizer trials on cultivatorts fleld is

N P K

0 0 0

2 0 0

3 3 3

2 2 0

2 0 2 !
2 1 2

2 2 2

2 2 1 ’
2 2 3

2 3 2

(three factors Nitrogen, phosphorus and potassium each at four
levels)
‘here 0,1,2 and 3 sre the four levels of each factors.

Here O indicate no application of fertilizer and level 2
Indicates the base level.

The object of the experiment is to study the responses
of N,P and K with a view to formulate fertilizer recommendations

for different agro-climatic conditions in the country.

In the above design the treatment combinations 000,200/
and 333 are included in order to study the responses of mean
Effec’l'-’hof nitrogen at base level and combined effect of N,P



jgher levels.
reyt of the soven treatment combinations the levels
;vayy at the base level of nitrogen in oxdex to

103ponses of phosphorus and potassium at the base uf

ibRogen.

* nBrobhlem now reduces to study the responses of

ih 5t four levels taking a fraction of seven treatment
S from the 4% design excluding the combination

"R in order to study the xesponses of P and K at

1 the combinations 20 and 02 have been included.

®rafore to choose five out of nine treatment combinations
,2,23,31,32 and 33, 0 as to have (J) = 126

%¢ts (designs) each with seven treatment combinations
h. 20 and 02.

o the problem is to examine the optimality for all
*ts for estimating the vectorp , consisting of mean
®ffects with single degree of freedom (when the

M that all the higher oxder effects are negligible is
d)

L3

"-K of optimdiityie

fere we are estimating mean and main effects and each

{
¢4 has three degrees of freedom which can fuwther

‘i%ned as
1 Lineaxr effect

Main effect 1 Quadratic effect
1 Cubic effect



To estimate linear, quadratic and cubic effects the
fo110wing three mutually oxthogonal contrasts have been

degineds
Effects Contrasts
Linear: «3 ag = 3; +ay + 3a,
Quadratics ag = 8) = 8 ¥ as
Cubics -ay + 3al - 3a, +a3_

Where ags 8;s a9 and a, denote the fouxr levels of a
facto®e

On the basis of the above defined contrasts, we can
generate the design mat@ix for each of the 126 sets and obtain
the information matrix (X'X). As an example, consider the
fo1lowing table.

scp Moo 3 Design Matrix Informat fon Matrix(X'%)
i X

02 (1«3 1ol el =3| |7 =l=3 313 3

20 L1<1-3-31 -1 23 1 «0-13 1 19

1l 1ol =L 3 «l=l 3 7 a3 1 =13

12 1ol «1 3 lel =3 47 19-3 3

13 lel 213 31 ) 23 1.9

21 l 2 wle3 «1-1 3 Te3

3l 13 11el 3 47|

All computations for evaluating the vatues of des.

f ”l
(x X}™%, characteristic xoots of (X'x)“l. etc. have been done
on Electronic Computer IBM 1420.

Cut of 126 sets, 45 sets were such for which the vector B
C
Ould not be estimated as the value of det. (X'X) Was Zero.
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Remaining 81 sets have been explored and presented in Appendix
‘ "
A along with the values of det. (e x) l, maximum characteristic
t -
root and trace of (X X) 1 and corxelation coefficients le

between various order of effects.
4.3, Discussion of resultigiw

It is seen from tho Appendix A that vhen the criterion
A~optimal is considered then the set numbers 3,7,9,37,48,60,69,
72,117 and 119 are the optimal designs and the sets upto ranks
10 arc shown in table 1 of Appendix B. Set No. 79 is optimal
with respect to criterion Deoptimal and varilous sets upto
ranks ten axe shown in table 2 of Appendix B. Set numbers
117 and 119 are the optimal designs when the critexion
E~ootimal is considered and sets upto zanks ten are shown in

table 3 of Appendix B.

As none of the set is optimal with xespect to all the
A,D and E«optimality so we go for Ceoptimality outlined in the
Chapter-III. The sets having last ten ranks have heen presented
in table 4 of Appendix B. Set No., L17 comes out to be the
optimal design when the critexion Ceoptimal is considered.
The treatment combinations for this design are

P K
0 2
2 0
1l 3
2 2
2 3
3 1
3 3
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A critical perusal of the design reveals that this
design may not be practicable as it involves higher levels of
P and K. Amongst all the first ten ranks set No. 3 may be
preferable as it involves lower levels of P and K which may
result in lowering the cost of experimentation.

The complete design is given below

+N P K P

™ ot b

o % o o0 0 i3
- 2 0 0
3 3 3

2 2 0 I
2 0 2
2 1 1

2 1 2 ’

2 1 3
2 2 1
2 3 1

Thus the design given above not only satisfies the
requirements of a good design for cultivator's field but it
is also near optimum for providing the best estimates of
parameter B . The design is thus superior to the one currently

adoPtEd bV IoCvoRc for cu1t1vat°r'3 field trial.




CHAPTERaV

C=Orthoqonal desiagns fox cultivatox's field.txials

Sele. Study of orthogonalityte

In Chapter III we considered the concept of le
orthogonality clearly, if the expeximenter is interested to
estimate the lth order effect of one factor orthogonal
to the mth ordex of the other factor then R, must be zexo.

For each of the 8L sets, which have been explorxed for optimality,
correlation coefficients le were computed between all possible
combinations of linear (first order), quadratic (second order)
and cubic (third order) effects of one factor with the linear,
quadratic and cubic effects of the other factor i.e. 11,12,13,
21,22,23,31,32, and 33 (where 1,2 and 3 stands for linear,

quadratic and cublc respectively) and are presented in
Aopendix-A,

5.2, Discussion of resultsie

542.1._Orthogonal designst«

Set number 77,100,104,105,108 and 114 are R,,~orthogonal
designs and various sets upto ranks ten are shown in table 1
of Addpedix-C. It may be seen that R,,-orthogonal designs
are neither C nor A,D or E-optimal. Set numbers 115,119 and
120 were R,,-orthogonal designs and various sets upto ranks
ten are presented in table 2 of Appendix-~C.

Ry q-orthogonal designs were set numbers 4,45 and 54

and various sets upto ranks ten are shown in toble-3 of
Apnend ixaC,
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Set nugbers 88,117 and 120 were R,,-orthogonal} 5,9,12,
22,24,25,28, 30,31, 39,48, 58, 60, 61,65, 69,74, 77,93, 95, 96, 100, 104
and 108 were R22-orﬁhOgona1 and 24,60,69 and 100 were 323-
orthogonal designs and various sets upto ranks ten are presented

in tables from 4 to 6 of AppendixeC,

Set numbexrs 20,30 and 70 were Ral-orthogonalt De9,48
and 77 were Rgyeorthogonal and 5 and 24 were Ras-orthogonal
destgns and various sets upto ranke ten are shown in tables

from 7 to 9 of Appendix.C,

From the above we sce that not a single set is Ry=
orthogonal for all l,m & 1,2e~-=, (s=l). So in order to choose
a design considering le-orthogonality for all l,m = 1,2, eww-
(s=1) simultaneouslly the index I was completed for each of the
sets giving weights to different le as

Correlation Coofficients Vieights
Ry, (s=l) (s=l) = 9
Ryp oT R,y (s=1) (s=2) = 6
Ry or Ry (swl) (s=3) a3
Roo (se2) (s=2) = 4
Ry3 OF Ry, {se2) (s=3) = 2
Raqa (s3) (s=3) &1

Set numbers 47 and 66 vere C=orthogonal designs as the
index computed above has minimum value for these sots and the

various Sets upto ranks ten are presented in table=l0 of
Appendix<C,

Set number 92 which is the design currently being used
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by I.C.A.R. for cultivator's field has been shown in all tables
of Appendix=B and C for the sake of comparison.

5.2+2. Optimal and orthogonal designsi-

Here wevwill consider the designs which are optimal
as wel)l as orthogonal. Amongst the first ten ranks we see
that 117 and 119 were A-optimal and C-orthogonal designs.
From table 1 of Appendix B and table=l0 ?f Appendix-C.

From table-2 of Appendix~B and table-10 of Appendix-C
we see that set number 52 is Deoptimal 4nd C-orthogonal design.
From table-3 of Appendix B and table-}o of Appendix-C we see
that set numbers 117 and 119 were E-optimal and Ceorthogonal
designs., From table 4 of Appendix B and table~10 of Appendix-C
set numbex 117 comes out to be Ceoptimal and Ceorthogonal
design.



CHAPTER-VI

Summary and Conclusionss=

Kishen (194%) and Kiefer (1959) defined A~optimal
critexion for efficiency of the design which will give minimal
average variance for all the estimated effects. Mood (1946)
and Kiefer (1959) defined Deoptimal criterion which will give
minimum generalized variance for all the estimated effects.
Enhrenfield (1935) and Kiefexr (1959) defined E-optimal criterion
for the efficlency of the design. As none of the design will
satisfy all these criteria simultaneously so a compromise has
to be made for providing the set of points vhich perform
uniformly better with respect %o all the three criteria of
optimality. This led us to défine a new concept of Ceoptimality.

On the other hand 4f the expexrimenter aims &t minimizing
the extent of noneorthogonality of different oxder effects
in preference to optimality he can adopt the concepts of le
and C~oxthogonality which have beén introduced in Chapter-I1II,

The designs for cultivatox's field txrlals have been
used to demonstrate the above concepts of optimality and
orthogonality.

Bhen the criterion Ceoptimal was considexed then amongst
the 1lst ten ranks set No. 3 comes out to be best design vhich
not only satisfied the xequirements of a good design for cultie
vator's field but it is also near optimum for providing the
best estimates of parameters B . This design is superior to
the ofe currently being adooted by I.C.A.R. for cultivator's

fleld trials and also $nvolves lower cost of experimentation.
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