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SUMMARY

The Calibration Approach proposed by Deville and Sarndal (1992) is a popular technique to efficiently use auxiliary information in survey sampling.
In this study, calibration estimators of the finite population total have been developed under two stage sampling design along with variance of the
estimator and the corresponding estimator of variance. It is assumed that the population level complex auxiliary information is available at the second
stage of selection and the study variable is inversely related to the available auxiliary information. The proposed calibration estimators were evaluated
through a simulation study and it was found that all the proposed product type calibration estimators perform better than the Horvitz-Thompson
estimator as well as usual product estimator of the population total under two stage sampling design.
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1. INTRODUCTION

In sample surveys, auxiliary information on
the finite population is often used to increase the
precision of estimators of unknown finite population
parameters of study variable. In the simplest settings,
ratio and regression estimators incorporate known
finite population parameters of auxiliary variables in
estimation of study variable parameters. The Calibration
Approach, proposed by Deville and Sarndal (1992), is
one of the widely used techniques for incorporation of
auxiliary information in estimation stages of survey
sampling. In fact, the generalized regression estimator
(GREQG) (Cassel et al., 1976) is a special case of the
calibration estimator choosing the Chi-square distance
function (Deville and Sérndal, 1992). Calibration
technique implies that a set of initial weights (usually
the sampling design weights) are transformed into a set
of new weights, called calibrated weights, which is the
product of its initial weight and a calibration factor. In
the past few decades, calibration estimation has gained
significant attention not only in the field of survey
methodology, but also in survey practice. Following
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Deville and Sarndal (1992), a lot work has been carried
out in calibration estimation i.e. Singh ef al. (1998,
1999), Wu and Sitter (2001), Sitter and Wu (2002),
Kott (2006) etc. Kim and Park (2010) and Sérndal
(2007) provided comprehensive review on calibration
approach.

In many medium to large scale surveys, it is
very often the case that the sampling frame is often
unavailable or it could be too expensive to construct
one. Also, the population could be spread over a
wide area entailing very high operational expenses
for personal interviews and supervisions. Two stage
sampling serves as a solution in such situations where
groups of elements, called primary stage units (PSU),
are selected first and, then, a sample of elements,
called secondary stage units (SSU), are selected
from each selected PSU. For example, in agricultural
surveys, villages can be selected as PSU and farmers
can be selected as SSU. Estimation of the population
parameters in two stage sampling using auxiliary
information has been well addressed in survey sampling.
Sukhatme et al. (1984) suggested regression estimator
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of the population mean in two-stage sampling. Sérndal
et al. (1992) considered three different situations with
respect to availability of complex auxiliary variable
under two stage sampling and discussed extensively on
ratio and regression estimators under such situations.
Aditya et al. (2016a, 2016b) and Mourya et al. (2016)
extended the calibration estimation under different
cases of availability of complex auxiliary information
under two stage sampling. Sinha et al. (2016) proposed
calibration estimators for estimating population
mean under stratified sampling and stratified double
sampling. Aditya et al. (2017) attempted to use
calibration approach for estimation of crop yields
at the district level under two-stage sampling. Basak
et al. (2017) proposed a calibration estimator of finite
population regression coefficient under two-stage
sampling design. Veronica et al. (2018) considered
computation of calibration weights at both the first
and second stages of sample selection for estimation
of population mean by assuming the population means
of auxiliary variables are known at both the stages of
sample selection under equal probability two-stage
sampling.

It was observed that most of the work related
to calibration estimation for the finite population
parameters were mostly restricted with the assumption
of linear relationship between the study variable and
the auxiliary variable. There may be situations when it
can be seen that the study variable is inversely related to
the auxiliary variable. For instance, an inverse relation,
generally, exists between the age of individuals and
hours of sleep (Sud et al., 2014a). Again, in household
surveys, it is often the case that marketable surplus
is inversely related to family consumption for seed,
feed etc. In these situations, the product estimator,
proposed by Murthy (1964), is a feasible alternative.
In that situation the usual methodology for calibration
estimation may not fit in. Sud et al. (2014a, 2014b)
studied the calibration approach for estimation of
population total when variable of interest and auxiliary
information have inverse relation under uni-stage
equal probability sampling. However, multi-stage
designs are most prevalent in medium to large scale
surveys. Therefore, in this present study, an attempt has
been made to develop calibration estimators of finite
population total under two stage sampling when study
variable is inversely related to the auxiliary variable.

In Section 2, proposed product type calibration
estimators of finite population total under two stage
sampling has been discussed. In order to study the
statistical properties of proposed estimators empirically,
asimulation study was carried out. Details of simulation
study and discussion on simulation results are given
in Section 3 and 4 respectively. Section 5 comprises
concluding remarks.

2. PROPOSED CALIBRATION
ESTIMATORS UNDER TWO STAGE
SAMPLING DESIGN

In this section, two different calibration estimates
are proposed under two stage sampling design under
the assumption that available auxiliary information is
inversely related to the study variable. The proposed
estimators were developed with the assumption of
availability of auxiliary information at SSU level under
two stage sampling. Let, U be the finite population
under consideration and Y be the character under
study. U is grouped into N different PSUs such that

Ur ={L,...,i,...,N} and i PSU consists of M; SSUs
such that U; = {1,...,k,...,Ml-} , i€Uy. Thus, we have
N . .
U= Ui:lU ; and total number of SSUs in the population
Uis My = ZZIM i . Under two stage sampling, at stage
one, a sample of PSUs, ST, of size n PSUs is selected
from Uj according to a specified design Pj () with
mp; =P(iesy) and 7f;; =P,/ €57) as the inclusion
probabilities at the PSU level. Given that the PSU U; is
selected at the first stage, a sample S; of size m; SSUs is
drawn from U; according tosome specified design 2; ()
with inclusion probabilities 7f/; =P(k€s;/iesy)
and 7x/; = P(k,l €s;/i€sy) at the SSU level. In the
second stage of sampling, invariance and independence
property is followed. The entire sample of elements is
Sy
defined as, s = US,- . Let, Yik denotes the observation
i=l1
of the study variable from " SSU in /™ PSU and it
is observed for all kes. The parameter of interest
N M; N
is the populatlon total 7 —ZZM Dty , where
i=lk=1 i=1

z Vik = 1" " PSU total. An attempt has been made

k=1
to improve the ordinary Horvitz-Thompson (1952)
estimator for population total as given by
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:zzl:aikyik (2.1)

i=lk=1

A n mi
Iyn :Zaﬁ Z (ax/ivik)
k=1

i=l1
where, the design weights are given as

a]i=l/TE]l~,ViES]’ ak/i=1/nk/i,Vk€Si,

iesy and ik =aj-ag/;.

Under two stage sampling design, the complex
auxiliary information may be available for the PSUs
as well as the SSUs within the PSUs (Sérndal et al.,
1992). In the present study, as per availability of
complex auxiliary information at the ultimate stage
units following two cases have been considered under
two stage sampling design

Case 1: Population level complete auxiliary
information is available at the SSU level.

Case 2: Population level auxiliary information is
available only for the selected PSUs.

2.1 Case 1: Population level complete auxiliary
information is available at SSU level

Under this case, it has been assumed that population
level complete auxiliary information is available at the
unit (SSU) level i.e. the auxiliary information of Km
SSU in ™ PSU, Xk , is known for all elements k€U .

N M;
A correct value of z Z X k is assumed to be known.

i=lk=1
In addition, there exist an inverse relationship between

the study variable Y and the auxiliary variable X.
Using the well-known Calibration Approach
(Deville and Sarndal, 1992), we wish to modify the total
design weight of K SSU of i™ PSU, i.e. . =ar.ay/;,
as given in the HT estimator of population total in
Equation 2.1. The proposed product type calibration
estimator of population total under Case 1 is given by

A I’l mi
tycpl = Z Z Wik Vik

i=lk=l1
where, Wi is the calibrated weight corresponding

2.1.1)

to the design weight @t under Case 1.
In order to obtain the calibrated weight Wy ,

we minimized the Chi-square type distance
n & (wiik —aie )’
DY "1 subject to the calibration
i=lk=1 Ak ik

n m; ! N M; !
constraint Zzwl,-kxl}( =zzxi7€ , where

i=lk=1 i=lk=l

ik are suitably chosen constants. Using the
method of Lagrange multiplier by minirnizing

o 2)= 3 3 k) ) 23 g ZZX

i—1k=1 “ik9ik i=1k=1 i=1k=1

the calibrated weights are obtained as given by

N M; q n m; 4
Zlek —ZZaikxik
-1| i=lk=1 i=lk=1

Wik = @ik + Ak qif Xy - )
n

l
D aiqix x,}z

i=lk=1
Vk=1,2,...,mi and Vi:1:2,",n (212)
Using the results of the Equation (2.1.2) in (2.1.1)

considering 9ik = *ik , we have therefore proved the
following result.

Theorem 1: Under Case 1 of two stage sampling,
if we consider the calibrated design weights as

N M; : n m .
ik =aik| 2D | 2,2 iy |\ Vh=12,m;,
i=lk=1 i=lk=1

then the proposed product type calibration estimator of
population total is given as

A n mi
tycpl = Z Z Wik Yik

i=lk=1

n m; N M; 1 n m; !
=| 2 D @ik | 222 | )| 2 2 ay |- (2.1.3)

i=lk=1 i=lk=1 i=lk=l1

Corollary 1: Under an equal probability without
replacement sampling design (Simple Random
Sampling without replacement (SRSWOR)) at both
the stages of two stage sampling, the proposed product
type calibration estimator under Case 1 reduces to

B R B2

i=1 " =1
(2.1.4)
The theoretical bias of the proposed product type

calibration estimator fyCPl is obtained through Taylor
series linearization technique as
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N M; n nom; B
2> vy | Cov Zzam ZZ%km VI 22 iy
_ i=lk=1 i=lk=1 i=1k=1 i=lk=1
3 { 5 Z Vik DI
i=lk=1 k=1k=1 i=lk=1
(2.1.5)

Under SRSWOR at both the stages we obtain the
bias using Taylor series linearization as given by

. 11
Bias(iycpy) =1, K;_Wj ( PCiyCix + C2. ) n

I(_
;(pwcwycwx +Cvzvx ):| (2.1.6)

where,
2
S 2
s Shxy Cg by 13 _ Sy
—_ 9 —_ b x _2 b
D XN,

wa§wy N N
XN _FZMIXI’ N.:_ZMzYz’
i=1 i=1
— 1 Mi _ 1 Mi
Xi, =Ek:1xika i Ek_lyik,
1 X _ _
bxy_N 12( 171 _YN)(MIXI _XN )9
i=l1
1 N — - \2
Slgy_N IZ( ll_YN)s
i

LT k=1
2 & =2
Slx_Ml_IkZ::l( lk_Xl>

Usual product estimator under Case 1 of two stage
sampling considering SRSWOR at both the stages is
given by

fypr = Z sz Z szk

Mi k=1 Mi k=1

N M;
2 2 ik

k=1k=1
(2.1.7)

and, its bias is given as
LA 1 1 1_
Bias(ty,p1) =1y, W N PbChyChx +;pwcwycwx

(2.1.8)

It has been found that under SRSWOR at both the
stages of a two stage sampling design under Case 1,

product estimator (fypl) is better than usual HT

. a . Cﬂ < _l D. Cﬂ < _l
estimator (tyzr) if Pb Cor 2 and Pw Cow 2
Under these conditions in two stage sampling design,

1t can be seen that
‘Bias(tycpl)‘ < ‘Bias(typl)‘ )

Following Deville and Sérndal (1992) and Sarndal
et al. (1992), the approximate variance of the proposed
product type calibration estimator under Case 1 by
first order Taylor series linearization technique was
obtained as

g
il —j1

AV (iycpr) = ZZ% o
i= 1] 1 Tl i

> L ZZA

i=1 i f=11=1

Eyi El/z
” k/i 7

(2.1.9)

where,

ZEk/z > Eryi = J’tk_[zzylk szzk ]x
i=lk=1 i=lk=1
Aiij =R lij =ZH7l) - Mgy =7 = Th iy

Under SRSWOR design at both the stages the
approximate variance reduces to
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A B 1 2.2
AV(tycpl) =N (;_FJ(SIJ)/ Rl be—l —2R1Sbyx_1 j-‘r—

_z ( ](S2+R2S2 ~2R;S, ,1)

l

(2.1.10)

where,

N M;
=22 v

i=lk=1

N M; 1
szik )

i=lk=l

1 -1
e =2 2w X =—2M X
L k=1 i=l1
N
1 _
byx ‘mizl(Msz Ty )(MiXyi. = Xnn.)
52 N(M~X -X, )2
! li71 i*(-Di. ~2(-1N.) >
M.
1 ! =\ -1 =
iyxil :Mi _IZ(yik _Yi-)(xik _X(*l)i-)’

2 T 2
§2 - (x.— X, ) .
2 s T

[29

Following Sérndal et al. (1992), the Yates—Grundy
form of estimator of variance (Yates and Grundy, 1953)
of the proposed product type calibration estimator
under Case 1 is given by

L2
VYG(tyCP1)— szlz [ ' ”[J +
j

zl]l

_Z P szkm(%kek/z wiireri)*
=171 j=17=1

(2.1.11)

where,

N,
By = z R
ke=1""k/i

n U L 1]
i = Yik — ZzaikYik ZZaikxi} xi;c,

i=lk=1 i=lk=1

(mpzp — i) T — .
A (/K dyg; = KLU TR

d[z
/ T lij Tkl /i

Under SRSWOR design at both the stages the

estimator of variance reduces to

57 _v2(L_1)\(c2 , p2g2
V(tycpl)—N [n NJ(Sby-'_Rl Sb 2R1S _1)-1-

n
My M| -Lom (54 22 <288, )
ni m;  M; ix

1

(2.1.12)
where,
N M, S
zm zyzk ;Z;’Zml ’
i=1 "t k=1 i=1 "t k=1
. 1 & _ 2
be_l :ﬁZ;(Mix(—l)zZ _x(—l)n.) ,
A2 n
Sbyzn_ Z](M’y’ n)s
l:
. 1 &
byx" ZHE(MU’L _)’n.)<Mix(71)i. —x(,l)n,),
Sly_ 12(3’1[( yl) 5
7=l
.
9 1 <hy _ 2
ix! _mi lg(xik X l)i') ’
. R
— l_lg(nk yz)( — (- l)z)
1 U 1
] =—Zy,k, Yn. =_ZM1.V1 > x( Di. = x;{ >
i =) i=1 i k=1
X(-Dn. = ZM X(-1yi.

2.2 Case 2: Population level auxiliary information
is available only for the selected PSUs

In this case, it has been assumed that the population
level auxiliary information is available at the SSU level
only for the selected PSUs i.e. the auxiliary information
is known for all the SSUs within the PSU i€s;. The

M;
correct value of Z xl.jcl is assumed to be available for
k=1

each /™ sampled PSU. Suppose, there exist inverse
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relationship between the study variable Y and the
auxiliary variable X. Using well-known Calibration
Approach (Deville and Sarndal, 1992), the design
weight at the second stage dk/; has been revised.
The proposed product type calibration estimator of
population total under Case 2 is given by

m;
tycp2 :Z;ankzlwzikyik (2.2.1)
1= =

where, wyji is the calibrated weight corresponding
to the design weight ak/; .

In this situation, we minimized the Chi-square

w a
type distance function ZM—M) subject to

=1 Yk/idik

ZWsz x,k lek , where gk are suitably chosen
k=1 k=1

constants. Using Lagrange multiplier technique, by
minimizing

i (whip —a
ol )= S ol
k=1 ki 9ik

i -1
Z Wik X = DX
k=1

the new set of calibrated Welghts is obtained as

M;
xlk Zak/l lk
Wik =4k /i t /i qth,kl k= 1mi
Zak/iql'kxif
k=1

Vk=12..,m (2.2.2)

Using the results of the Equation (2.2.2) in (2.2.1)
considering ¢k = Xjk, we have therefore proved the
following result.

Theorem 2: Under Case 2 of two stage sampling,
if we consider the calibrated design weights as

M,
W2ik:ak/i{ X /zak/,xk] Vk=12..,m
k=1

then the proposed product type calibration estimator of
population total is given as

1
Lycp2 = Zdﬁ z Wik Vik
i=l k=l

M;
-1
i D agivik X
k=1 i=1
S
i=1 - -1
Z“k/ ik
i=l1

Corollary 2: Under SRSWOR at both the stages
of two stage sampling, the proposed product type
calibration estimator under Case 2 reduces to

fyep2 =—Z, {ml kzlyzk][ ixzk J/[Z;éxﬁcl] '

(2.2.4)

Using Taylor series linearization technique, its bias
is obtained as

(2.2.3)

o 1 2
Bias(t,cpp) =ty { ;(pwcwycwx +Cix )} (2.2.5)

where, the terms are as defined in Case 1 (Eqn.
2.1.6).

Usual product estimator under Case 2 of two stage
sampling with SRSWOR at both the stages is given by

{zz [iguel gt

i=1k=1
(2.2.6)
and, using Taylor series linearization technique, its
bias is given by
. oA 1 _
Bias(t,py)=t, [ ;pWCwwax} (2.2.7)

It has been found that under SRSWOR at both
the stages of two stage sampling design under Case

2, product estimator (fypz) is better than usual HT

C

s owy 1 . .
—_ < —_—
estimator ( y,,) if Pw Coux 5 Under this condition

in two stage sampling design, it can be seen that
‘Bias(lycpz )‘ < ‘Bias(typz )‘ .

Following Sarndal et al. (1992) the approximate
variance of the proposed product type calibration
estimator under Case 2 by first order Taylor series
linearization technique was obtained as
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tE»
2
AV (iycpr) = ZZ% p—
i=1j=1

S LSS g

i=1 i f=11=1 " mg

Tri 7Z'IJ

(2.2.8)

where,

M.
. -1
E, =2Ek/i , Ersi =ik _Rixik 5.
k=1

Mi Mi 1
Ri=| > vik X |
i=1 i=1

Under SRSWOR design at both the stages, it
reduces to

5 _a2(1 132
AV(tycpz)—N (n N)Sby-‘r

—Z (_——J{S2+R2S2 ~2R;S, ,1}
M iyx

1

(2.2.9)

where, the terms are as defined in Case 1 (Eqn.
2.1.6 and 2.1.10).

The Yates—Grundy form of estimator of variance of
the proposed product type calibration estimator under
Case 2 is given by

. 2
tE-
1 2

VYG(tyCPz)— E > d]ij{_z - ”] ] +

11]1 i I

5 Z Z zdkl/z (Waiker /i —wairer)i)?

J =1 i j=11=1
(2.2.10)

where,

n;
Z ”k/z

;i 7
5 -1
R; {z ak/iyikJ/[zak/ixik ]
k=1 i=1

dj =(wmy —7p;) /7 and

51
, €k/i = Vik — Rix;

digti =(7psimisi = 7w i) 7w -

Under SRSWOR design at both the stages it
reduces to

—ZRS 71}

(2.2.11)

where, the terms are as defined in Case 1 (Eqn.
2.1.12).

3. SIMULATION STUDY

In order to evaluate the statistical performance
of proposed product type calibration estimators, a
simulation study was carried out. We have considered
the case of two stage sampling where sample
selection at each stage is governed by SRSWOR
for the situation that the size of the PSU and the
corresponding SSUs were fixed. For the simulation
study, a finite population of 5000 units considering,
number of PSU, N=50 and PSU size, M=100, was
=px.' +e,, k=1,..,M,,

generated from Y, where

My= Zi]\ilM ; - The auxiliary variable was generated

from normal distribution with mean 5 and variance
1 ie xx~N(5, 1) and the errors, ¢, kK = 1,.., M,
from normal distribution with mean 0 and variance
ie. er ~N(0, szlzl)- We have fixed the

value of B = 20 and chosen four different values for

2 -1
ooXy

o? as 0.25, 1.0, 2.0 and 5.0. In this way, we generated
four sets of population, denoted as Set 1, Set 2, Set 3
and Set 4, with different correlation coefficient values
between study variable Y and auxiliary variable X as
-0.91, -0.85, -0.78 and -0.64 respectively. The value
of left hand side of the Condition 1 and Condition 2

i P be<—1 d o _Cwy<__ 1 h
1.€C. A Cbx ) an WCWX 2 are lesser than

-0.5 in all the population sets which can be seen in the
following table:

Set Set 1 Set 2 Set 3 Set 4
Condition 1 -1.1 -1.17 -1.23 -1.34
Condition 2 -1.11 -1.1 -1.1 -1.08

Then, from each of the study population sets, we
have selected a total of 10000 different samples of
following sizes using SRSWOR at both the stages of
the two stage sampling design and calculated different
estimates of population total under Case 1 and 2:
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n =10, m; =20
n =10, m; =25

n =15, m; =25
n=15,m; =30

n =20, m=30
n =20, m=40

n =25, m=40
n =25, m=50

Developed product type calibration estimators
as well as all other usual estimators of population
total under two stage sampling were evaluated on the
basis of two measures viz. percentage Relative Bias
(%RB) and percentage Relative Root Mean Squared
Error (%RRMSE) of any estimator of the population
parameter 0 as given by

o IN(6.-06
RB(H):SZ[ ’g JXIOO and

i=1

A 2
TN 0.-0
RRMSE(0)=,|— ——— | x100
0)=\I5 Z( 5 ]
where, 19: are the estimates of population parameter
6 for the character under study obtained at i"™ sample in
the simulation study.

4. RESULTS AND DISCUSSION

Table 1 shows the %RB of the HT estimators (fyn ),
product estimators (f yp1 and ¢ yP2 ), ratio estimators
(tle and 1yR2 ), linear regression estimators (tylrl

and ;ylr2) (as in Sérndal et al., (1992), pp-323) and
propoged product type calibration estimators (¢y,cp]
and ?,cp2) of population total under both the

Case 1 and 2 respectively when available auxiliary
variable is inversely related with the study variable.
Table 2 presents comparison of performance of all the
estimators for all the population Sets on the basis of
%RRMSE.

From Table 1 it can be seen that, the proposed
product type calibration estimators of the population
total for both the Case 1 and 2 of availability of
auxiliary information were giving consistently least
amount %RB in all the sets compared to their usual
linear regression, product, ratio and HT estimators
under two stage sampling design when available
auxiliary variable is inversely related with the study
variable. It is evident that ratio estimator is not at all
suitable for this situation.

A close look of Table 2 reveals that, the product
type calibration estimators of the population total
developed under two stage sampling design under
Case 1 and 2 were always more efficient than the
respective linear regression, product, ratio and HT

estimators in all the population sets with respect
to %RRMSE. The %RRMSE of both the proposed
product type calibration estimators of the population
total under Case 1 and 2 were decreasing with the
increase of sample sizes. With the increase of negative
correlation between the study and auxiliary variable,
%RRMSE of both the proposed product type calibration
estimators of the population total under Case 1 and 2
were decreasing. The proposed product type calibration
estimators of the population total developed under
Case 1 of two stage sampling design was producing
least % RRMSE in all Sets. Therefore, for the situations
of availability of population level complete auxiliary
information at SSU level i.e. Case 1, performance of
the proposed product type calibration estimator is best
among all other competitors. On the other hand, for
more practical situation of availability of population
level auxiliary information only for selected PSUs i.e.
Case 2, proposed product type calibration estimator
can be preferred over usual HT, product and linear
regression estimators of population total.

5. CONCLUSIONS

In this study, following the calibration approach
(Deville and Sirndal, 1992), we proposed product
type calibration estimators of the finite population total
under two stage sampling design when the available
auxiliary variable is inversely related to the study
variable. Here, two different cases under two stage
sampling viz. “Case 1: population level complete
auxiliary information is available at the SSU level”
and “Case 2: population level auxiliary information
is available only for the selected PSUs” have been
considered. In order to study the statistical performance
of proposed product type calibration estimators as
compared to existing estimators of population total
of study variable, a simulation study was carried out.
The simulation results show that the proposed product
type calibration estimator of the population total were
performing better than usual linear regression, product
and HT estimators under two stage sampling design
when available auxiliary variable is inversely related
with the study variable. The proposed product type
calibration estimators of the population total developed
under Case 1 performs better than that of Case 2, since
more auxiliary information was available under Case 1.
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Table 1. Comparison of all the estimators under Case 1 and 2 with respect to %RB in case of all four population
sets when available auxiliary variable is inversely related with the study variable

Case 1 Case 2
Sample Size 2
Set (n m:) e | g ; i ; ; i i ;

n_m; yCP1 yP1 yirl yR1 yCP2 yP2 yir2 yR2

Set 1 10 20 -0.016 0.001 -0.026 -0.057 0.013 -0.005 -0.029 -0.058 0.014
(p=-0.91) 10 25 0.015 -0.001 -0.011 -0.035 0.055 0.000 -0.009 -0.031 0.050
15 25 0.000 0.002 -0.009 -0.024 0.019 0.000 -0.006 -0.020 0.015

15 30 -0.005 0.002 -0.015 -0.026 0.012 0.002 -0.011 -0.021 0.007

20 30 0.013 -0.001 -0.005 -0.016 0.037 0.001 -0.003 -0.013 0.034

20 40 0.010 0.003 0.000 -0.007 0.024 0.006 0.003 -0.003 0.020

25 40 -0.001 -0.001 -0.008 -0.013 0.009 -0.009 -0.013 -0.018 0.013

25 50 -0.007 -0.002 -0.005 -0.008 -0.007 -0.007 -0.009 -0.012 -0.004

Set 2 10 20 -0.004 0.001 -0.024 -0.054 0.034 0.006 -0.016 -0.044 0.024
(p=-0.85) 10 25 0.006 0.000 -0.018 -0.041 0.044 -0.006 -0.020 -0.042 0.042
15 25 -0.026 -0.011 -0.025 -0.039 -0.018 -0.011 -0.026 -0.039 -0.018

15 30 -0.015 -0.004 -0.020 -0.030 -0.002 -0.009 -0.021 -0.032 -0.002

20 30 -0.024 -0.006 -0.019 -0.026 -0.024 -0.004 -0.017 -0.024 -0.026

20 40 0.003 0.001 -0.008 -0.014 0.019 -0.003 -0.009 -0.015 0.019

25 40 0.024 0.003 0.001 -0.006 0.050 0.003 0.002 -0.005 0.048

25 50 -0.010 -0.001 -0.004 -0.007 -0.012 -0.002 -0.006 -0.008 -0.012
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Set 3 1020 -0.014 -0.005 -0.022 -0.047 0.012 -0.011 -0.023 -0.047 0.011
(p=-0.78) 10 25 -0.008 0.000 -0.023 -0.044 0.021 0.000 -0.019 -0.039 0.015
15 25 0.016 0.000 -0.010 -0.027 0.052 0.001 -0.007 -0.022 0.047

15 30 -0.001 0.006 -0.003 -0.013 0.009 0.006 0.001 -0.009 0.004

20 30 -0.011 -0.015 -0.019 -0.029 0.002 -0.014 -0.020 -0.029 0.002

20 40 -0.008 0.004 -0.004 -0.008 -0.009 0.000 -0.007 -0.011 -0.007

25 40 0.004 0.004 0.001 -0.003 0.009 0.002 0.000 -0.004 0.010

25 50 -0.001 -0.005 -0.008 -0.011 0.007 -0.002 -0.005 -0.007 0.004

Set 4 10 20 0.005 0.002 -0.021 -0.049 0.048 0.007 -0.017 -0.043 0.042
(p=-0.64) 10 25 0.031 0.030 0.016 -0.003 0.061 0.031 0.020 0.003 0.054
15 25 -0.014 -0.014 -0.023 -0.036 0.005 -0.018 -0.023 -0.036 0.004

15 30 0.018 0.016 0.003 -0.008 0.041 0.012 0.004 -0.007 0.039

20 30 -0.007 -0.014 -0.017 -0.025 0.009 -0.019 -0.023 -0.031 0.014

20 40 -0.008 -0.007 -0.013 -0.018 0.001 -0.009 -0.012 -0.017 0.000

25 40 0.006 -0.003 -0.007 -0.012 0.022 -0.002 -0.005 -0.009 0.018

25 50 -0.008 -0.010 -0.011 -0.014 -0.003 -0.011 -0.011 -0.014 -0.003

Table 2. Comparison of all the estimators under Case 1 and 2 with respect to %RRMSE in case of all four population sets of all the
estimators when available auxiliary variable is inversely related with the study variable

Case 1 Case 2

Set Sample Size iyﬂ: N R R N N " R "
(n_m,-) tyCPl tyPl tylrl tle tyCPZ tyPZ tyer tyRZ
Set 1 10 20 1.677 0377 0.726 0.714 2.975 0.690 0.899 0.890 2.841
(p=-0.91) 10 25 1.469 0.333 0.638 0.630 2613 0.677 0.827 0.819 2.461
15 25 1.199 0.271 0.524 0.513 2.112 0.521 0.659 0.651 2.011
15 30 1.059 0.246 0.466 0.457 1.873 0.516 0.619 0.613 1.750
20 30 0.921 0.212 0.404 0.395 1.626 0.420 0.522 0.516 1.535
20 40 0.770 0.176 0.343 0.336 1.355 0.401 0.473 0.469 1.246
25 40 0.663 0.154 0.299 0.294 1.170 0.332 0.399 0.397 1.091
25 50 0.576 0.133 0.258 0.253 1.013 0322 0.369 0.365 0.917
Set 2 10 20 1.781 0.755 0.967 0.958 3.002 0.971 1.116 1111 2.876
(p=-0.85) 10 25 1.562 0.668 0.848 0.841 2.639 0.892 1.011 1.006 2.486
15 25 1.260 0.536 0.682 0.676 2.128 0.708 0.804 0.801 2,018
15 30 1.139 0.485 0.615 0.610 1.931 0.666 0.746 0.744 1.812
20 30 0.983 0.420 0.537 0.532 1.656 0.556 0.635 0.633 1.567
20 40 0.829 0.356 0.454 0.448 1.392 0.518 0.574 0.572 1.279
25 40 0.716 0.307 0.389 0.385 1.209 0.429 0.478 0.476 1.128
25 50 0.620 0.267 0.337 0.333 1.045 0.398 0.434 0.432 0.949
Set 3 10 20 1.907 1.081 1.220 1215 3.048 1.229 1343 1.341 2.924
(p=-0.78) 10 25 1.708 0.954 1.076 1.071 2.744 1.131 1218 1217 2.601
15 25 1372 0.763 0.864 0.860 2.209 0.888 0.964 0.961 2.102
15 30 1.246 0.700 0.794 0.789 1.990 0.840 0.909 0.908 1.869
20 30 1.073 0.588 0.667 0.662 1.731 0.696 0.751 0.749 1.644
20 40 0.894 0.497 0.561 0.557 1.439 0.621 0.664 0.663 1.329
25 40 0.787 0.435 0.493 0.489 1263 0.532 0.572 0.570 1.179
25 50 0.672 0.380 0.427 0.424 1.073 0.484 0.513 0.512 0.979
Set 4 10 20 2316 1.685 1.767 1.767 3.353 1.807 1.876 1.877 3.222
(p=-0.64) 10 25 2.063 1.510 1.576 1.574 2.982 1.635 1.690 1.690 2.840
15 25 1.665 1.220 1.286 1.284 2394 1314 1.366 1.366 2.288
15 30 1.505 1.090 1.143 1.139 2.177 1.192 1.239 1.237 2.055
20 30 1271 0.931 0.975 0.972 1.837 1.007 1.048 1.047 1.749
20 40 1.072 0.777 0.810 0.807 1.553 0.869 0.895 0.895 1.445
25 40 0.947 0.697 0.725 0.722 1364 0.767 0.789 0.788 1.283
25 50 0.822 0.603 0.626 0.623 1.180 0.679 0.699 0.698 1.084




