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Summary 

This article glves some modified and. or rotatable response surface, symmetric as \"ell as 
asymmetric designs that are more precise than the usual rotatable response sur/ace 
designs for a quadratic response surface. The article restricts the discusslOns to the fittmg 
of a quadratic response surface though the generalisation is straightforward. The 
methods of construction given are very simple and work for factors With t1rree and more 
levels. The designs are small in the sense that the number of design pomts are wlthm the 
reach of the experimenters. 

SOllie key words a1ld phrases : Modified rotatable designs, quadratic response surface, 
symmetric designs, asymmetric designs . 

1. Introduction 
\ Investigation of input-output relatIOnship IS a useful activity in many situatlOns. 

Fitting input-output relations to unorganised data involves complex computations and 
control of precision of estimates of response at desired points is not possible. An 
alternative is to use for fitting planned data obtainable through appropriate deSigns . nlCre 
are some series of such designs in literature. Data from symmetrical factorial experiments 
with quantitative and equispaced factor levels can be used for fining such relations 
conveniently. Box and Hunter (1957) introduced a series of response surface deslgns with 
the property that the variances of estimates of response al points eqllldistant from the 
centre of the deSIgn are all equal. They called these designs Rotatable deSIgns when the 
relationship between the response variable and severa l input variables IS a quadratiC or 
cubic polynomial. Considerable research activities followed the introduction of these 
designs though mall1ly for constmctlOn of these deSigns. For an excellent review on this 
subject a reference may be made to the text books by Box and Draper (1987). Khun and 
Cornell (1987) and Myers and Montgomery (1995) beSides two excellent reviews by Hill 
and Hunter (1966) and Myers. Khuri and Carter (1989). Very little work eXists 111 

literature to obtain further senes of response surface designs which may provide more 
precision of estimated response at specific pomts of interest. Another area that has 
received little attention IS the investigation of the more flexible asynU11etrical response 
surface designs. Some useful references on this aspect are Ramchander (1963), \1ehta 
and Das (1968), Draper and Stoneman (1968) and Dey (1969). Ramchander ( 1963) gave 
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two series of response surface designs for asymmetrical factonals of the type 3-.5111 
• hUI 

110 systematic method of construction was developed. Mehta and Das (1968) gavE a 
general method of construction of rotatable response surface designs for asynmlclrical 
factorials by applying orthogonal transformations on the design POll1ts of a suitahl) 
chosen symmetrical rota table design. Although these methods of construction control the 
degree of asymmetry, it appears that there could be no control on the number of levels of 
the resulting deSIgn. Draper and Stoneman (1968) also studied the response surrace 
designs for asymmetrical factonals when some factors are at two levels and olher ractor~ 
are at 3 OJ 4 levels each. However. all these methods are for Situations \\. ilh uncquispaced 
factor levels. Dey(l969) gave methods of constructIOn of both rotatable and nOI1­
rotatable designs when levels of factors are eqUlspaced or have unequidose ranges. The 
non-rotatable type of designs have a special feature that a part of the dcsign relains Iht: 
property of rotatability and as such these designs have been called as partially rotalahk 
designs. The analysis of such designs and their blockmg has also been discussed. l\ 
direct and straight forward method of construction of asymmetrical rotatable deSigns IS 

also given. But the method YIelds response surface deSIgns when some factors are at 
three levels and others are at five levels. 

In this paper we llltroduce some series of symmetrical response surface designs thal 
provide more precise estimates of response at specific points We also obtain several 
series of asymmetrical response surface designs both rotatable and/or modified. We 
restrict the present investigation to quadratic response surfaces only. although the 
generalisations are straightforward. 

Quadratic polynomials for response surface involve (l' + f )(1' -7- ] II] parameters 
when there are" input factors. For v = 3, the number of parameters IS fO. and for l' = 4. 
the number of parameters IS f 5. These deSigns contal11 large number of deSIgn POl11ts and 
thus large number of observations are generated through the designs. All sllch thirgs 
make estimation of parameters III the response relation very much complex unkss 
proper care is taken to obtain the designs using appropriate spacing of the levels of each 
of the input factors . When the level codes of each of the factors arc the same and 
equispaced and the level combinations of the factors that form the dcsi!!o are properly 
selected, computations [or estimating the parameters in the polynol1l1al becomes WI}' 

mllch simple and the design can be made to possess some useful properLJes . 

It may be interesting to note that Draper and John (1988), Aggarwal ami Ilan<;al 
(1998) and Wu and Ding (1998) gave some designs for fitting response surface~ \\ hL'n: 
the factor Ie, els are both qualitatIve and quantitative or quantitative alone 

In agncultural and other similar experiments any number of experimental units :'JI'(~ 

available and any factorial combinations can be applted on them without lIlu:.:h 
restriction. But in industnal experiments machines or some industrial I manufacturing 
processes are experimental units. The number of such UJ1lts arc limIted. There IS also 
limitation on the choice of number of levels of factors involvcd in such experiml'l1ts. 
Certain factors may not be allowed to have more than 3 levels while others also may 
have restrictlOns on number of levels. For example. If temperarure is factor under study. 
may be that this factor is not allowed to have not more than 3 levels. nllS type or 
situatIOns has been pOinted out by Draper and John (1998). Asynm1erncal factonal 
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response surface designs with control on choice of numbers of levels of different factors e 3x5"1
, but 

are needed in such situations. Some series of response surface designs obtained in this68) gave a 

paper are suitable for experiments in sucb situatlons. 
ymmelrical 


a suilably 
 2. Some Preliminaries Regarding Symmetrical Response Surface Designs 
cOlllroltht 
of levels of A design for fitting response surface consists of a number of suitable combmatlons 

IDse surface of levels of several input factors . We, shall use v for number of factors and N for number 
ther facial's of combinations in the design each factor baving a constant number of levels. 

equisp<lced Users of such designs for applied activities usually provide range of real physIcal 
Ie and 110n­ level for each factor under investigation with the ongin of levels at zero for most 
'anges The factors . Designs, on the other hand, are usually constructed using coded levels and not 
relains rhe the physical levels. The level codes are obtained as below. Fust the origin of the levels of

'IIv rotatable 
I ' each factor is shifted at or near the middle of the level range of the factor. This level 
scussed. A generally corresponds to the approximate optimum level of the factor. The code for the 

designs is changed origin is taken as zero . Further level codes of a factor are taken in pairs like ka 
Clors are ar and -ka one on each side of the changed origin where k is a positive constant and a is a 

scaling constant for the factor. 
designs lha t The values of k have to be so taken that the physical doses corresponding to the 
tain severa I maximum value of k remain within the range. Such pallS of codes have been called 
odified. We equidistant codes. 
"hough the 

he physIcal levels can be obtained from the above level codes as discussed below 
Let MN and MX denote the minimum and maximum physIcal levels of a factor and the 

parameters level codes corresponding to these physical levels are denoted by Ian and -km. Treating
Id for v - 4. the values of a physical level and the corresponding coded level as the co-ordinates of a 
npoints and point, the different points from possible physical levels within the range lie on a straight 
such tJlings line. Taking the equation of the line as 
Iplex unless 
vels of each y= A + Bx 
~ same and 

and with the points (MN. -km) and (MX. Ian) on the line it is found that 
lIe proper!Y 

comes very A = (MN + MX)12 and B = (MX - A)lkrn. 


Thus, the equation of the line is known. Now, given any level code, the 
and Bansal corresponding physical level is obtained from y by substituting the code value k for x in 
faces \\ hert the equation of the line. 

A response surface design can be written as N rows of v columns each. Each row IS 
tal lI nils are a combination of v level codes one from each of v ordered factors. xiu denotes the level 
hout much code of the i-til factor in the u-th combination in the design (u = J.2, . . N , = 1.2.. 1'). A 
IlU factu I'i ng combination of level codes is also called a design pOint. The combination WIth 0 code fOI 
lere is also each factor is called central point. 
~periments . 

's also may 
Ider mldy . 
lis type 0 (' 

I factonal 
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Choice of a proper set of combinations for inclusion in a design aims at satIsfying 
several conditions. One of them is S(pqrt) = 0 where S(pqrt) stands for 

N 

'xP fJ ' IL,.' ;ux)ux.ux",u 
u~1 

where the summation is over the design pOlOts, u; and p, q, r, f can take integral values 
from 0 to 4; p + q + r + t < 5; 

(i) S(pqrt) = 0 when at least one of p, q, r. t is odd and i. j, k, m stands for any set of 
factors. 

Three more conditions are that S2, S22, S4 are constants, where 

N 

(ii)S2 =LX;' = R(a constant), 
u.. l 

(iii) Sn =L
N 

x;'xJu =L(a constant) and 
u=1 

N . 


(iV)S4 =L.i:~ = CL(a constant). 

jj=-I 

These restrictions are known as conditions of symmetry and are satisfied by proper 
choice of level codes of the factors as discussed subsequently. 

The following quadratic polynomial will be used: 

Yu = Po + I.PiX,u + I.PaXi: +I. I.p"x'Ux}U +e". 
1=1 i~1 ( ~I »1=1 

Here Po' p" Pi(' P'l are the parameters of the model and Y. is the response observed at 
the uth design point, u = I, ... ,N. 

3. Construction Of A Series Of Symmetrical Modified Response Surface 
Designs 

The usual method of construction of symmetncal designs is to take some 
combinations with unkn<?wn constants, associate a 2v factorial combinations or a suitable 
fraction of it with factors each at + I and -/ levels to make the level codes equidistant. 
All such combinations form a design . Generation of design points this way ensures 
satIsfaction of all the conditions even though the design points contain unknowns. 
Fixing the unknowns arbitranly also gives a deSign without aSSOCiating the deSIgn with 
any property . 

Alternatively, by putting some restrictions indicating some relation among S. S2_, 
S4. some equations involving the unknowns are obtall1ed and their solution gives some of 
the unknowns and the rest, ir any, are fixed arbitrarily. In rotatable designs the restriCtion 
used is S~ = 3S:: i e. C=3. OthcI restrictions arc also possible though. it seems, no! yet 
exploited. We shall investigate the restrictioll S2_, - NS:!:! i.e. R2 = NL to get another 
series of synmletrical response surface designs which provide more precise estllnatcs of 

1999] 
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below: 
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N 

b, = Lx,.y,,/ 
u:.1 
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u~1 
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atisfying response at specific points of interest than what is available from the corresponding 
existing desIgns. 

The parameters In the response relation are estimated using least squares technique 
Solving the resulting normal equations the estimates of the parameters are obtained as 
below; 

tI values 

!y set of bO =[L(C + V-I)~YII - R2:>i:YU} D 

N 

b/=Ixjuy"IR , 
11= \ 

b,j = Ix,:,y" {I +(R 2 - NL) / D} - Iyu {RL(C -1) / D} + IIx;uyu /(R" - NL) 
U 

N 

blj =Ix ju x}uYu / L 
u~1 

where D = v(NL - R2) + NL(C - 1). 
proper 

Using these solutions variances and co-variances of these estimates are obtained as 
below: 

Var(bo)= {L(C + v - J)/D}a2 

var(bJ= a2IR 

var(biJ= a2 IL 
rved at var(bij)={I+(R2 - NL)/D} / {L(C - 1)}a2 

lrface 
co-var(bo,biJ= (-RID) a2 

coval' (bu. b1J = (R;> ­ NL) ci /(DL(C-I)}, 

some 
uitable 

It is seen that if R2 = NL, then coval'(bii, bj} = O. 

listant. 
nsures 

Further, var(bii ) becomes a2/{L(C ­ I)} and D becomes NL(C - I) 

lowns. These modifications of the variances and co-variances affect the variance of 
n with estimated response at specific points considerably as will be discussed subsequently. 

Using these vanances and co-variances, variance of estlmated response at any poinl 
i~1 S1J, call be obtained. 
Imeof 
'jetion 
101 yet 
nother 
Ites of 
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Let )}o denote the response at the point (x/O XJO Xl0· •..•.x,fj) as estimated using 

the response relation . Then 

Vm·( Yo) = [L(C + II - J)/D + d2(D - 2R2 )/RD + d4 {J + (R2 - NL)/D) /(L(C - i) 

+ Bo(C - 3)/(C - l)Lj a2, where Bo == I>,2
oxJo . 

Construction of a senes of modified response surface designs is the same as for 
rotatable designs except that instead of taking C = 3 the restriction R;;. NL is to be 
used and this will provide different values of the unknowns involved 

Remark 1: BesIdes rotatability, D-optimality criterion has also been widely advocated 
in the literature for selection of a response surface design. D-optimal design is one whIch 
mmimises determinant of X'X in a specified experimental region, where X is the design 
matnx for the response surface design. Another criterion for seleclIon of a desIgn is the 
minimIsatIon of variance of predicted response at a given point. It may be seen easily 

that R~ == NL maxImises the determinant and minimises the variance of the predicted 
response to a reasonable extent, if not the absolute maximisation and minimisation. For a 

rotatable design, I.e, C = 3 and also if R: = NL is satisfied, then D == 2NL and 

4 

• ar 1/ ('Yo )_[C+I'-l + --2
d J 

(J" 
1- • 

2N 4NL 

Therefore, the application of the condition R~=NL 111 obtaining D-optimal designs 
needs further attention. 

After a design IS obtained Lhe expressIOns R, Land CL can be obtall1cd as functions 
of level codes of the factors and other parameters of the design as discussed below. 

Let "k denote the number oflevels of the k-th factor and M (kp) == gt" ' where gkm is 

the ill-til level code of the of k-Ih factor and p is an even integer less than 5, that IS, M(kp) 
is the sum of the p-fh power of the level codes of the k-fh factor where p is even and 
takes values from 0 to 4. 

M(pqim)= L x.'>~u' where i and I1l indicate factors. 

Then M(pqllll)== Na!,a:~,MiI'M"",Il,llm where ai, am are the scaling constants of the 

i-til and m-tll factors respecti,ely. 

Accordingly, R = M(20l0) = L x.~, . L = M(22im) and CL == M(40iO) . TIles!: bcmg 

constants are mdependent of i llnd m. In asymmetncal designs these are not constant but 
vary with i and m and as such we shall use symbols like RI .R~. R.!, etc for different 

factors. 

1999] 
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Further discussion. is based on the following example with v=3 and N-14 and 
N=15. 

The design is obtained by using the sets (1) (a a a) • (2) (b 0 0) , (3) (0 b 0) and (5) 
J 

(0 0 b). where a and bare wlknowns. Associating the factorial 2 with these sete; the 
distinct combinations give the design. The above method of construction is on the 
sinlilar lines to that of central composite designs of Box and Wilson( 1951). The points 
obtained using (a a a) are factorial points, with (±b 0 0) as axial points . Some more pomts 
of the type (000) can be added to the design which are known as central points. 

The design points are the following 

a a a 
a a -a 
a -a a 
a - 0 -a 

-a a a 
-(I a -a 
-a -a a 
-a -a -a 
b 0 0 

-b 0 0 
0 b 0 
a -b 0 
a 0 b 
a 0 -b 

R = 8a l + 2b 2 
, L =8a 4, CL =8a 4 + 2b 4 . 

Using the condition R2 = NL the following equallon IS obtamed 

(8a2 +2b2
) 2 = 14 x 8a4

: or 8a! - 2b2 = 4x 2.645751311 al 
: or b2 

= 1.291503 a2 

Now fixing 0 conveniently b is known. Thus the design as combmations of level 
codes is obtained along with R, Land CL. For a=l. b=J 136443 For a rotatable design 

i .e., for C=3, b4=8a4
. For a=l, b=1.682, It may be seen easily that as N changes for a 

modified response surface design, the ratio bla also changes, e.g., with the addition of 
one central point in the above deSIgn N = 15 and for a = 1, b = J.21541 / 69. 
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Taking a = / the variances of estimated responses at the central, axial and factorial 
points of interest for modified and rotatable designs are presented in the following table. 

Number of Design 
points 

Nature of point Variance of the estimated 

response ( Var ( Yo ) /( 2 
) 

Modified Rotatable 

14 Central 0.5853\ 85.65518 

Axial 0.62203 0.70716 

Factorial 0.78347 0.71966 

15 Central 0.43327 0.98846 

Axial 0.50113 0.60831 

--­ -

Factorial 
- - - - - - - - -­ - -

0.76553 
- - --­ - - - -­ - - -

0.67021 
- - - - - - - -- ­ -­

It can easily be seen that fOI this design both the conditions viz. C = 3 and R~ = NL 
caIUlot be satisfied simultaneously. There can be a further senes of designs which are 

RCboth modified 111 the aboye sense and rotatable using both the restrictIons C ~ 3 and = 

NL together for fixed N ~ 14 or N = 14 + no' where no IS the number of central points . To 
construct these designs one more unknown is to be introduced as there \vill be two 
equations. For example, the initial combinations (1) (a a a a), (2) (b h b b) and 
(3) (a 0 () 0) and three more with a ill different positions give a modIfied rotatable 
design. ThIs design has 40 points. 11le equations can be solved conveniently as below by 
first taking a = I. 

R = 16(/ + 16bc + 2«:CL= 16a4 + 16b4 + 2a4;L=16a4 + /6b4 Usmg C = 3, 
RC = NL. and a = /, one gets 16ac = 4.3245 - /6b2

. Now selecting b 50.51, a may be 
obtained. 

The above method can easily be applied for obtaining response surface designs from 
balanced incomplete block (BIB) designs as given by Das and Narsimham (1962). 

In agricultural experiments, the factors may have equispaced doses (levels) as 
discussed below. The response surface designs with v factors each having equispaced 
doses may be obtained through a central composite design by using the following 
procedure. Get 2" points by associating (a,a . ...• a) with i factorial (k 5 \', such that no 
interaction with less than 5 factors is confounded), and call these points as factorial 
points. Then add 2v aXIal points (:th. O..... 0), ... , (0. 0, .. :th) and I/o-central points to the 
factorial points. Take s copies that is, repetition, of the factorial points, and t copics of 
aXial POlDts such that N = s.2' 1· 21V + 110. Let the dose codes be -2, -I. O. 1.2, i c .. (J == 1 ~ 
b = 2. These are equispaced doses . Subsequently we shall use w for i. 

1999] 
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"1966 
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In this situation 

R = s.w. +-8 t 

L = s. w., CL = sw + 32 t 

To make the design rotatable, we take C=3 and get the following equation 

sw + 32 l = 3 5W 

or 161 = 5IV 

5 16 
or -=­


t W 


Therefore, a central composite type rotatable design with equispaced doses can now 
be obtained by taking's ' and '/' in the ratio 16 ' w. Some central points can also be 
added when required. We know that for a modified and rotatable design R! = NL and 
C = 3. These two condItions are satisfied simultaneously by addmg lin central points 
where 110 = 21 (/ 0-v). TIlls is so because of the following ; 

5~W:' + ()41:' + 16 IsIV = (~·w + ltv + 110) sw 

eSigns which ~re 
C= 3 and R- = 

eotra] points. To~ere will be tw 
( b b b b) and 
odified rotatable 
ntly as below by 

C:: 3, 

05/ , a may be 

ce designs from 
(1962). 

ses (levels) as 
ing equispaced 
the follOWing 

v, such that no 
Is as factorial 

al points to the 
and 1 copies of 
I. 2. i.e .. a :: 1. 

1f C = 3, then 5111 = 16/ Substiltlting for s. w in the above, we get 

256 i + 64 12 + 256 i = 16 I (16 t + 211' + lIa) 

I.e. 36 t = 16 t 1- 2 tv + no 

i.e. no = 2 I (10 - v) 

Thus, choosing 5, t and no as above, we get modified and rotatable designs when 
each of the factors is at 5 equispaced levels. For number of factors (v) ranging from 3 to 
6, the values of s, I, 110 and N are shown in the following table. 

v k S ( II" N I 

3 3 2 I 14 36 

3 4 1 1 12 36 

5 5 J 2 20 72 

6 
-

5 I 2 16 72 

To obtain a modified design only, the condition to be satisfied is . 

S\/ + 64 ,: + 16 15W = (s\\' t 2 tv + l70J sw 

By fixing 5 = / and t = I, we get 

64 + (l62v)2w 
no = 

HI 
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For. v 0= 3 to 6, the values of no and N are given in the following table 

V k Do N 

3 3 18 32 

4 4 12 36 

5 5 8 50 

6 5 6 50 

It will be seen that total number of design points required for a modified design in 
different cases are less as compared to a modified and rotatable deSign. 

4. 	 Asymmetrical Response Surface Designs 

The technique used for construction of asymmetrical response surface designs IS 

fust to take v factors with number of levels, ti" 111, .. . nv where n/s are not all equal. 

For each factor equidistant level codes like ka and -ka are taken in pairs where some of 

n,. ",the k's may- be unknown. Using such codes the complete factorial with N = level 
I I 

combinations IS written. Some of the level codes in these combmations are unknown. 
Denoting the level codes in the design by xiu for the level codes of the i-til factor In the 

u-lh combination of the design as used for the symmetrical designs and taking the same 
quadratic polynomial , the expressions for 5~, 5 ' 54 are obtained for each factor. 

JJ 

In such designs the conditIOn S(pq/'I)=O holds when the dose codes for each factor 

are eqUidistant and the factorial is complete. The condition S2 = Ix;;, = constant for 

different factors and similar others do not hold as such in these designs. We shalt denote 

for these designs expressions like L:>,:,byR,'L:>,:,x;",byL,,"andI.<byCL; . The 

unknowns in the level codes will be obtamed by solving equations like Ri Rill ' L,m 

= Lik ,and eLl = eLm for di rCerent values of i. 11/ • k etc 

The main problem is how best to place the unknowns among the level codes of each 
factor and how many of them . This problem is discussed first and then the problems of 
forming the eqflatlons and their solutions are taken. 

4.1 	 Choice of level codes: Scheme A 

For factors with 3 levels the codes are taken as -G 0 a where a is an unknown 
constant and same for all factors with J levels. For factors with 4 levels the codes are 
-k2a -k /a k /el k2a where k 1 and k2 are unknowns. For factors with 5 levels the 

codes are similar as for 4 levels and one code is taken as O. The unknown constants are. 
however, different from those for 4 levels . For factors with 6 levels there are likewise 3 
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unknowns. Actually, the scaling constant is the same for all factors in this scheme and 
for factors with same number of levels the codes are the same. 

The response surface design is now obtained from the complete factonal obtamed 
by using such level codes. For example, let there be 3 factors A, Band C wIth numbers 
of levels as 3, 4 and 5 respectively. 

The following level codes are used. 

Factor A -a 0 a 
Factor B -k,a -k 

I 
a k,a keG 

Factor C - p,a -Pia 0 p,aPp 

Number of combinations in the design is N=60. 

Using this design and method of obtaining sum of squares and products as discussed 
111 section 3 the following are obtained' 

R I = N 202 13, R2 = N 2a2 (k," + k;) / 4, 

= N2a 2 (p,2 + pi)/ 5, RJ 

L'2 = N2a 22(k,1 +k;)a 2 /( 3x4) = 4Na 4 (k,1 +ki)1I2, 


LiJ =4Na 4(p,2+ p;)115, 


Ln == Na 4 
(k,2 +k; )(p~'+ p;) 120, eli == N2a 4 /3, 


CL 2 == N2a 
4 (k,4 +k;) / 4, CLl = N2a 4 (P: + p;) / 5, 

RestrictIOn R I = R2 gives the equation 

N2a 1 /3 == N2a 2 (k,2 +ki)/4 
( 4.1) 

orK ,2 + k; == 4/ 3 

Restriction R / = R3 gives the equation 

N2a 2 /3= N2a2(p~ + p~)/5 

or p ~ + p ~ == 5 13 ( 4.2 ) 

It will be noticed that R,
I 

that is, the expression for the factor A without any
• 

unknown constant in its codes beside the scalmg constant has been necessarily used in 
each such restrictIOn. 
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Restnchon L,c - L • gives the equation 
I 1 The 

4Na"(k I
1 +k;)1l2=4Na 4 (pl: +p;)115 

or(kl:+k;)/, , =4/ 5 ( 43 )
/(p~+p;) 

Restriction L! 2 = L23 gives the equation 


4Na 4 (k I: + k;) / 12 =4 Nil' (k I: + k i )( P~ + pi) / 20 


or PI: + P; == 5/ 3 (4.4 ) 

It will be seen that when conditions (4.1) and (4.2) hold then conditions (4.3) and 
(4.4) automatically hold. ll1is fact is true in general for all deSIgns constructed as 
discussed above. 

Restriction CL 1 = CL2 gives the equation 

N2a 
4 

13=N2o"(k
I

4 +k;)/4 

or k" +k: =4 / 3 (4 .5) 

Resu'icl!on CL I = CL3 gives the equation 

N2a' / 3= N2a J (p: + p;)/4 

or p; + p~ = 5 / 3 (4 6) 

Solving the biquadratic equations at (4.1) and (4.5) k , and k , arc obtained . Again , ­
solvmg simllar equations al (4.2) and (4.6) PI and p , are obtamed. PUltlllg 

x=kl:andy = k; lheequaliollsat(4.1)and(4.5) become 

X -t- J = 4/3 

) ? 4.x- + y ~= 4/3 


The equations at (4.2) and (46) become 

;II 

x ~)' = 5/3 k 
x2 + y2 = 5/3 

where x =: p !: and y = p~ 
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The solutions are given below. 

ki = 0.44 19 

k2 =1.0668 

pI = 0.6787 

p2 =1.0982 

111esc solutions for each of 4 and 5 levelled faclOrs remain Ule same whatever tht: 
design. 

For 6 levelled factors 3 unknowns al e involved In the codes. But tllere will be only 
two equations to solve tllem out I'i::. 

x + v + :: =613 
? 2 ?x- + -' +::- = 613 

To get unique solutions one ofx, y or: has to be fixed conveniently. 

ow in the level codes only the scaling constant (/ remains and this has to be fixed 
convenientl y. 

At th is stage the design IS asynU11ctncal response surface design but without any 
added property like the moddlcd designs 01 rotatable designs although conditions of 
symmetry are satisfied. But these designs can be conver\l~d to them by taking some more 
iniual sets of level combinations and the unknowns in them appear III the equatIOns to 

satisfy C = 3 or R2 ~ NL or both . We shall dISCUSS an example III this regard 
subsequently. 

It will be seen that the Ic\cl codes of one of the factors in the above design l'iz 
factor A do not involve any unknown beside the scaling constant and the expression R 
for this factor has been used in each restnetion for f0n11ing equation. 

ft is necessary to have a faclOr with known constant hke the facIoI'II in the abovc 
exanlple and in al l the restricTions Rand CL corresponding expressions of this facLOr 
have to be ased. 

4.2 Choice of Inel codes: Scheme B 

In thIS scheme also a factor with conveniently chosen known codes have to be lakcn 
along with a scali ng constunl. If there IS a factor wllh 3 le\'e\s then tillS is the factor vV'lth 
known constant vi:. I along \\,Ith a scalmg constant. 

For other [actors only one paIr of equidistant codes need l\lvolvc an unknO\vn aIling 
with its ow n scaling constant and the rest can be fixed suitably in equidistant paIrs. 



30 M.N. DAS, RAJENDER PARSAD AND V.P . MANOCIlA [No.1 

The codes for some number of levels of factors are sho""n below 

A - 0 0 a 


B -k b -oS Ib , s b , , k,b ,.
I I 4.3 
C -k,b, -s ,b, () .1 ,b, k,b, 

D kb are-k Ib! -sJ}J -s In 1 SJ,bJ SJJbJJ . .1 J no: 
In all these factors except A the extreme codes involve one ltnkno\\'!1 for each factor pro 

and the rest codes are known except the scaling constants, that is, all k \ are lInknO\\'ns 
and s's are known. 

For these factors 

R 1 = (N13) 202 

ha' 
R2 =(N / 4)2(kt1+S ~)bl: D 

WI 

R3 = (N / 5)2(k; +S~ )bi an 

R4 =(NI6)2(k; +.1';2 +s;l )b~ 

Different restrictions involving R's give the following equations 

2(k12 +S~) = (4 1 3)(hI2 I a ) (47) 

(k; + .'I ~ ) = (5 13)(hi 1a 2 ) (4 .8) 

(k; +S;I +s;2)=(S/3)(b~ l( 2 
) (49) 

The equations to make L expressions equal come out to be the same as above . 
tIl 

The equations to make CL expressions equal come out as the ahove equation~ p
except that wherc ever there is power 2 it should be made 4. that is. 

(k: +.'1 1
4 

) = (4 13)(h I
4 1( 4 

) (4. 10) 

(k; +s;)=(S/3)(b; la') 14. 11 ) 

(k; +S;I +s::,)=(5 '3)(b: / (/ 4) ( ·tlll 

lllcse equations are biquadratic equations In palTs. (4 7 and 4.10) form ont: pillL (4.8 
and 4.1 I ) another and the rema Illing two the third pair. nle unknowns in each pair are 

k,1 and the ratio b,z 1(/" (I == 1.2.3) AIl.\'s are constants as given while \\Tiling Ihe 

codes . After the codes are kno\\ 11 through positIve solutIons of the equations these e::In he 
used in any design provided one of the factors has 3 levels. One of the scaling constants 
can be fixed conveniently and the other is worked from the solutIOn of lheir ratio. 
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The design is now an asymmelncal response surface dcsihTfi where R. Land (,L .Ire 
constants <lnd as such can be treated j ust like symmetTical response surface deSigns 
regardi ng parameter est imates, yariances and co-variances. Taking rurther sets of 
combinations with fresh unknowns these designs can be converted into rolatable or 
modified deSigns. 

4.3 Fractional asymmetrical response surface designs 

The designs In previolls two sec tions are based on complet~~ factorial. When there 
arc more than 4 factors suitable fractIOns of the complete asymmetrical factorial where 
no interaction with less than 5 factors is confounded can be llsed without any change in 
procedu re and solutions except for change of N. 

Another procedure of getting fractiona l designs IS first to take some imtial sets with 
unknowns and generate design points as is done for obtaining symmetrical designs wllh /I 

as number of levels of each factor . Let this design be denoted by 0 Next each unknown 
level code of an additional factor X With /11 levels. m not equal to 1/ is associated (pre­
fixed ) with e<:lch combination of thc symmetrical design D . TIle resulting deSIgn will 
have IIlN combinatIOns where /I.' is the number of combinations in the symmetrical design 
D. ]f facto r X wh ich \ve call faclor 1, has 3 levels with unknown scahng const<:ln! there 
will be only two unknowns. The constancy restrictions are three VIZ. R, . R.. L" L 'l 

. . ­
and CL I '-CL: and each one gives a separate equation wllike what happened m deSign 

based on complete factorial. Thus a 3-levelled factor cannot be used as the additional 
factor X. As there are 3 equations there should be at least three unknowns in the sets or D 
and in the additional factor togethcr. The following illustration clarifies different issues . 

The deSign 0 is obtained as below: 

1. We take the factor X at 4 levels involving two unknowns. Design D is ohtamed 
from the sets (1) (II (fa II ) . (2) (b () 0 0), (3) (0 b 0 UJ, (4) (0 () h 0) and (5) 
( I) Ii () hJ 

nle factor X has the 4 levels viz -p -q q p. These codes are each associated 
with the 16 pomts from set (1) only . Against the pomts generated from set<; (2) (0 (5) 
the factor X wi ll have levels I <lnd - 1 as shown below The deSign Will thus have 72 
points in 5 factors with X at 6 levels including -1" 1 and -1 and rest at 5 levels each . 
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The design IS shown below: 
Oi 

Design Combmatiol1s 

factors ' 
TaX If B C D X A B C D X A B C D sallslie -p (t a a a -q (/ u {/ 	 ()a I b 0 0 ,-p ([ a -{/ a -q (I {/ -([ Q 1 -b () {J (J 	 p. 

-p [[ -{/ {/ {/ -q {J -(/ {/ a - / 0 h () 0 
-p a -Q -{/ a -q a -C/ -Q ([ -/ 0 -0 r; () 	 l 
-p -{/ a Q ([ -q -l/ a a {/ / () () b 0 	 Soh' 
-p -(f a -a II -q -(/ (J -(l 	 ()a 1 0 -0 0 


- p -(l -(J a {{ -q -([ -([ a 1/ -/ h () () h 

-p -([ -Q -{; {/ 
 -q -0 -0 - C/ a -/ 0 0 -h0 

.p a 1I a -{/ -q a a ([ -a 

-p a a -a -a -'l (J a -([ -{/ 


-p (/ -0 {/ -(I -q a -{J ,/ -{/ 


-p {/ -a -0 -([ -q 1I -(1 -{/ -{/ 


-p -l/ a a -II -q - {/ 
 1I a -u 

- p - (/ {/ - ([ -a -q -{l a -0 -(/ 


-p -([ -{/ ([ -a -q -{/ -{/ {/ -a 

-p -(1 -(J -([ -{/ -q -([ -(/ -{/ -([ 


There are 4 sets of 16 POlllts each set having a different level of X. Two of !he sets 
with levels -p and -q arc shoWJl along with the 8 POInts from dle initial sets from (2) to 

(5). There arc two more groups of 16 points which are idenlicalto !he abO\c t\\'o groups 
except that -p has to be replaced by p and -q by q. Tim way all the 72 POInts In the design 
are obtained. 

Different R, L etc. expressions are shown below 
AnOI 

R I ~ 32( p2 + q2 ) +8 design is 

R] -= 64a2 + 2b2 R3 	 using lhe 

equation.L12 =3] ([2 ( p2 .~ '/) ,- 2 b2• 

L23 ~ 64 (/4 , Usin 

CL I "" 32( p4 + q4) + 8 (31(p 

CL2 = 64 {/4 -l 2h4 or 

The following 3 equations follol\' from the constancy reSLnctlons : Solvi 

? J ?)32( p~ T q- ) + 8 == 64 {/.L + 26-	 (4. 13) a 
I 

J 2 (/2 ( p2 -<- (/ ) + 2 h] - 64 114 14.14) 

31( p4 + '14 ) or 8 =64 (/4 ~ 217" 	 (4 .151 

http:26-(4.13
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Dividing the second by (/2 and then subtracting from the first equation 

2b1 2+ 2b" / a = 8. 

Taking a = I we get b2 = 2. With these values of a and b the first tWO equatIOns are 
satisfied . Substituting these values in equations (4 13) and (4.15) above 

p2 + q2 = / 5/8 


p4 + q4 = 2. 


Solvmg these equati.ons 


pl= ( / 5 +5.568)// 6 = /.285 

q2= (/5- 5. 568 )//6= .5895 

and p = 1./3 and q = a76 

All the unknowns are now known and the design is complete except for its 
conversion to actual levels whIch can be obtamed by following the method givcn earlier 
after the level ranges for the factors are known. 

4.4 Conversion to rotatable or modified designs 

By taking the initial set (el d d d d) we obtain J6 design points from it using half 

fractIOn of 25 The sets (d a () 0 0) that give J0 additional points can also be taken . 

lets 
Takmg these points along with the 72 points of the design obtained above each value of 
expressions R . L and CL will increase by a constant separately for each category of 

to 
expressions. Thus the asymmetrical design obtamcd earlier is not dIsturbed due to 

ps 
addition of these POlllts except for change of number of levels by increase of 2 or 3 fOi 

.gn 
each factor. Now by Llsing restrictions either C = 3 or R2 =NL. d can be obtall1cd and 
the deSIgn will be rotatable 01 modified . 

Another method for converting the design to rotatable or modified response surface 
design is to generate another equation in addltlOn to the three at (4 .13). (4 . 14), (4 15) hy 

using the restriction C = 3 or R2 = NL. This is possible as there arc 4 unknowns in the 

equations. When C 3 no posItive solution ofp2 is possible. 

Using R2 = NL we get the equation 

(32(p2 +(/) +8/ = 72 x 64a4 

or 32(p2 +1/) +8 = 8.r 8.48828 (/2, ( 4 .16) 

Solving these 4 equations 

0: - 1.06073) 
/1: = ]115888 

P = /. 1679
4) 
q ~ f) 79 75 

5) 
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With these values of the unknowns the deSIgn becomes modified response surface 
design with 72 pomts 'and with 82 points the design becomes both modified and 
rotatable as discussed earlier. 
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