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CHAPTER. .1

Matched sampling on two occasions, with two-stage

s sampl ing. o
1el.s Introduction,

Usually the results of a sample survey are valid for the
reference period for which data has been collected in the survey.
Such results remain valid for future poriods as long as the pattern
of variation in the population does mot change its character. But,
for a dynamic population, that is, the ome, which is subject to
change from time to time, such as the extent of area under
improved seeds, the extent of fertilizer wse, or the number of
unemployed persons in a country, a single survey comducted for
a certain refesrence period is of limited use urless it is
repeated frequently at regular intervals of time to bring the
information up-to=date., In case of such repeated surveys a
question arises regarding the retention in later rounds of the
units observed in earlier rounds, that is, whether all pr & fraction
of these umits should be retained, or all replaced in successive
rounds, For studying the change inthe population chopacter it
vill be advisable to retain &l the units from the previous round.
On the other hamd, if the objective is tostudy the average or the
total of the character over a nurber of rounds, it will be better
to change all the units, This is on the assumption that the
character under study on any two occasions is ppsitively correlated,
Bub, usually wo are interested in the study of the change as well
as the population value on each round, and also the total or the
average over a number of rounmds, For such situations a partially

replaced sample may be more efficienmt, Partial or full retention
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of the sample uniths observed on each occasion cuts down on

the cost of t, he sufveys as there is a 8aving in the cost of
selection of the upits as wll as considerable saving in time
required for establlishing contacts, On the other hand, in
some cases repeated: recordmg of the same units over successive
occosions may cause, diffioulties in gettmg the cooperation of
the resporents,

Several authord such as Uessen (1942), Yates(1949),
Patterson (1950), Tikkiwal (1951), (1954), (1956), (1956),
(1956), (1960), Nardin (1953), Hansen, Hurvitz amd Madow
(1953), Cchler (195), Hansen (1955), B.D, Singh (1962),, Seshave-
dhendlu (1963), Savdasia (1964) have developed efficient estimates
for cases involving wnistage sampling for successive occasions.

Singh D. (1959)p has studied the problem of partial replace~
ment of primory unith involving twoe-stage sampling for two

occesjons only., Helhas obtained the expression for the estimato
of the population mean and variance of the estimate, .
Kathuria (1959) has extended the results of D, Singh(1959)
to more than tw occasiors, He has considered the cases when
(i) the reglacement i's done for primary stage units only and
(1i) when the replacefent is done for second stege units only.
He has elso obbained the optimum value of replacement fraction
without taking into cdnsideration the cost aspect. Further,
for a given replacement fraction, he has found optimum allocation
of primary stage unitd ard second stage units teking into consideration
a suitable cost functibn,
In the present wokk, an attempt has been made to obtain
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expre.sion for optimumm alloc:tion and sampling fraction for
a\two-stage sampling design when the survey is to da.condu¢ted
on tw succsssive occasions und cost to be incurred does not
change fromfie one occasion to ampther, For the sake of
simplicity, the digugssion is confined to & tuoestage design
where all te sampling units at both the stsges were drawn with
aqual probebility armd without replecement a:ﬂ out of the
primary stage units examined at the first occasion a fraction .
p was retained Hr the secoml occasion, '
1424 Notatjon armd Estimabion Procedure.
Let
N = Nuber of primary stage units inthe population,
which will be essumed to be large.
M = Nuber of secordary stage units in each primary
stage unit,

n = Nuber of primery units in the sample on each occasion,

m = Nmber of secordary units to be selected from each
primary unit in the sample on each occasion,
p = Proportion of primery units to be retained for the
secord occasion,
q= l-p
np is assumed to be an integer,
XSU? Value of the character X of the jth
ij ) jth secondary unit
of the ith first stage unit on the Ukoccasion,
U= 14,2
J® 1,2000v000e

i=1 2essvecans
! . for U= 1



- i\“ 1,2, o‘-"ot-vnpg‘
(m1'9'a;ap.qu) ‘ for U =2

=(U -
g(;)» sz)mre_lates' to the sample and pepulation means

of ith primary unit on the Uth occasion.

1 -
i: L = mean of the valucs of the character umder stuly
n Cha
" on the first oceasion for the mnp secomdary units
which are comron to thé secoml occasion,
(2 .
%: )m) = mean of the values of the character onthe second
be occasion of mnp secondary units common with the
first occasion,
- (1 .
K‘c )m)= mean on the first occasion based on mng units which
ng
' are not retained on the seconl occasion.
”:2) m)--= mean on the second occzsion based on mng units
n
b - which are selected afresh.
- 6 (1)) n «(U)
=4im7 I U=1
(nam) /n i=1 i(m) ¢ 2
- (1)
b:{ = population mean for ultimate unit on e Uth

R ! occasjon, (U =1,2).

Let us consider the following estimate,

A
i(Z) _ -(2) -(1) -(1)
NM,

where

| N =(2) ) i(i)
b = mg zga.m)- {no,m

2 e(1) (1)
'
q(f G2 )+v<xmy m))i

(2, (2)- (2)
b o
(np.m) %x.m) (np. )) i(i 4 % (nq‘m)

LA A N A R J 1.2 l

LA N R 0.1.2‘2
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Where o (Sb Y ¢ m
=) 2 N ~(0)
m S S adse U L N
(s, ) i==1 ‘ i f 1,2
Similarly
= X0 *(0)
= X
V((nq’m)) nq wvhgitz.e

' cessld = 1,2 ¢
ol 30 3@ S0 g2 . W
zcnp,m )" “(np,m } e . AU R

op nnp . np
&Qtﬁiczvo?'
Yhere @)
~t1) (2
v Ldh@ | 8y
) e
042 ACTIE I ey
= N Z X w X
b v i=1((M> xu,u Sap” uu )
() (2 2 30 (0
& = .
i &. ?:1 (X ij Xi(M) ) (Xij Xi(m 2
= (1) (2) N (1)(2)
o Sw %- iz:i i

= 57 = 52 say

562) 42 =(1) _ =2
(S } g(sw ? SW say
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ie0¢ oéw) = < gay U =1,2

Then after simplifications we get

@y A P -
H’n n(;d- fqz ) ‘.lej?da.
- =(2)
Where o = Sﬁ + i‘!ﬁ.....

Lebt us assume that

(1) (2 \
, L) oy

i w

(2 -
where fi( )(2) is the correlation coefficient between

the values onthe first amd second occasion of secordary
units within ith primary unit,

=t (2 .
Se ”fl o5
Similarly
Séi) (2) = fb si
Where
= PR VLR VRN

S @ YL 6 B e P
T o@n .fd 2 gx (-
) iiﬁ (xim XN’K)
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g 512{ (X.(z) -2(2) (1) =(1)

pwimizyy a0 By “Hian
YW H (D =@ 2 8 N (D D .2
/ é{;i PR iiiii 1%y ) 3

-

vesele2, 10

For futher algebraic simpl if ications we shall make use of
the following not-tions,

- g (1)(2) o 2
By "% ' b 7 %
~(1)(2) 2
2 BSw , xz = §m
Y
K ==

Expression (1.2,8) can now be written as

v(i(z) = a gi’qu ) ....1.2oii

wu ) 22

Let us assume that the total cost on both the occasions
can be represented by
t

C = Cl n+ Cz on + Clqﬂ + 03 mnp + CZ mng saenlsdel

Where :
cy= Cost of listing per primary unite

€," Cost of enumerating a secondary unit for the first time.
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;
02 % Cost of enumersting on the second occasion a secondary
stage unit which has already been observed on the

Pirst occasjion.

02 is assumed to be less than or equal to 02“\
In the above cost funetion we have also assumed that on

the second occasilon no re<listing of primary units once listed

is requiredy

| Yow we have to choose g, n armd m such as to minimise the

variance of ‘it(ffl)() subject to a fixed cost C¢

Putting the value of n from (143.1) in (1,2:11) we have

A R . ’ '
W) G tG¥e) mt (Cp CmLomla L (1 g)
N ¢ : 1-;@ )

0‘0-613332

Minimising this with respect to m and q we obtein
I = - 4 2
Yum, 0 "'?14‘1 +13q3+12¢1¢ +11q_+10 =
l - ceceilidid

Where lj (j=0,1,243,4) are polynomials of sixth degree in
'm' with coefficients deperding upon

']
C Ca =2 ,2

-%%-o = K2q2 { (c, + czéac;m? axzkci* Cm # C;m) § +
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g, tem = C
1K > 2. 2’ f:‘m
Ci-t»czm *sz

From 1,3.6 and 1@5;73 it is clear that (1,3.4) has iteal
+ve roots provided
CayEy AR TR
1 LK{yVM :ﬁﬁ? -
¢ N + sz » sz
After eliminating g from 1e3.3 aml 134D w0 got an equation
;)i degree 44 in 'm' wﬁ%ch is to be solved under restriction (A? .
The equation of degree/in 'm' depemds depends upon the b paramcters

e b (A) A -

e, ¢ . -
I 8: ‘ , [, am Py v Tor any givenset of values
2 2

for these paramsters, this equition can be solved with the belp
of electronic computer, In case this equabtion has only one +ve
real root, the gubst,itutian of this value in equation(143.5) will
give the value of q

If there are more -than one positive real rootsof the above
egquation; wo shall only consider those values of m for which
q lies betwen O arnd 1 and least value of m among those m, which
provides tie esbimate with minimum variance, After determining
the value of *q¥ and 'm* we will substitube these values in equation
(1,3»1) anl determire *n’',

Thus wo get opbimum value of g, m and n,



._13-

Numerical solution of this equation is complicated amd
wuld require considerable time even on a computor like 1620 IBM.
This equation reduces to a somewhat simpler equation if we assume
some relationship between C,, Cy, f, and Pw o One sipple case

is discussed in the following section,,

1.4 Case wiwn = P = (say) and o}~ c,

In this case from (1.2,11) w have -

HE D) - Ala g&’
N n(i- q )

BBy fatt 4 2y /o
3 + Ay M thH
y i/
Ai +A2/m

LY ¥
LN K

: .. =f
and( 1:3,1 ) becomes
C = Cin + zcznm + Ciqn . ccuriq402
putting the value of n from (1,4,2) in (1&4.1) we have
- (2)) L Cgt 2m+ Ca x*(i-P q)

V(XN M ) ) ) . (10'p2q2 ; 0;101.463

minimising this with respect to m and g we obtain

EL SSPYUIN A §Z(1—P2) -zme; +

>a
' (1"" 2 - 2 = )
¥ éi §) S i 0 eroelada
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3

)

= 0 =% 2&?

~

Zm2

“q

“4q « £q9q0

=

2
= am® .4 sesgeleddd
g

Putting tbe value of q from equation (1.446) in equation
(11464) w gﬁh

( 2 2 3¢ 2 2
8m5p4 a-m4 %‘4%_61- P)} - i B auap (:L-P)§

i

"2 2 2 222 2 32
+m i4a¢£1~P)Pzi +m§ 240 P P+5)2 -w(lvP) = Q
'”’1.0416

This equation can be solved easily, We shall find that root
for which g lies between 0 and 1 after substituting the value
in equation (1.4,5).

Then putting these values of m and q we can determine n from
equation{1,4,2),

Thus we obtain the optimum value of m,n and g

Bquation {1,4.6) bes at most three real roots, As the product -
c;f the root is ®ve, there is at best one real +ve root. In case
of ordy ome tve root, it is meaningful for our cese provided
it 1iss between ..é. and 4.9 1.0, ¥f the equation by substituting
m = t [u4, the eguation F(t) =0 ernolode?

Where
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54 4 22 -32 2
P(b) = 86 P = 46 (1=F) pJopmBl ¢ (1oF §

22 2 2 2 — 4
4t P (Ler )42t P (P 43) =14, (1= )~
has a root lying between .J 1/2 amd 1,

4 2 2
fow F(0) = =ve,F{J1/2) = 2(4P+p) &) (1~F)
4 2 _ 4 ‘

F(1) = 18P =2 =l4(1= ), F(+3 = +ve

Let R*70be the real roo’b of F(/1/2) =0 and 2 "o be the

root of F(1) = O.f’ ’ have been calculated for a wide

JZ
rang of values of ;/44 ranging from .0(2)1 to 100 00 and are given
in table I, If ~ 1lies between f" and P then F( J1/2) and

F(1) have opposite signs amd there is a real +ve root between
J?Z and L.

- 2 2 P'z .
= -~ § a
{’1 (°2 y

2 _
Eliminating P from F(1) =0 and F(J1/2) = 0 we get

12553849, - 49.3014 /7, ~ 1,8680 = 0,
Solving this equation for /9, we get
[ = 4274
or “:;w = ,16267076
ad £ =0.3918
thus if "’é/m = ,18267076
amd P~ = 0,3918

we shsll adopt either complete replacement or mo replscement
and variance of the estimate is the same as thet of a simple
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random sample mean of s8iZe n,

Real positive roots of equation 1.4.7 for a wide range
of #/, ard " were obtained with the elp of 1620 IBM and results
are given in tablelR, Equabion 1.4.7 seems to have orly one
+ve root for all values of  and¥, ex¢ept when ﬁ is dnstbe
ne igrbourhood of Piz or '(92 2 o In the latter case thers asre

thres +ve values of t, out of which only one root leads to

a fedsible solution form, From this table it is clear
that t decreuses as  increases for any value of %, , Perhaps
this is true for all values éf/) « In that case equation 14,7
has o meaningful root i.6. between J1/2 amd 1 if and only if

3 2 2
¢ lies between Pi and Pz « It iay also bemsen thot for

“a 111 equation 14447 does not have a meaningful solution if
P §5 amd for %/, ()3t does not have meanipgful solution if
Pl?/aﬁt



CHAPTER 11

Regression Estimate in Three-Phase Sampling |

2., INTRODUC TIOHN,

With the increase inthe cost of emumerating a sampling
unit, the number of units which can be enumerated for a given
co st may not be large enough to provide estimates with
reesonable precision. Especially this will be the case if the
standard deviation of the character is high, BRegression
or ratio estimates are ubilised where information on some other
auxilisry character is availeble for the units inthe sample
together with the total value of the auxiliary character in
the population, In case total value of the amxiliary character
is mt available and it is costly to obtain it, Neyman (1938)
has shown that by spending a part of the resources on collecting
information for the obher correlated character it is possible
to increase the precision of the estimate of the populotion value
of the character under study, Informstion on the correlested
character has been used in either of the two ways for this
purpose, One way is to utilise information on smxiliary character
for stratifying the population and then a sub~sample has been
taken within each stratum for measuring the character urder study,
A1 ternatively, ancillary information is utilised in developing
regression/ratio--estimates, He has given the estimation
procedure, the variance of the estimate amd the estimate
of the variance of the estimate of population mean using
stratification or regresaion/rafio i method, Later several
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other autbors such as Bose, C, (1943), (1951), Seal, K.C.(1951),
(1963, Sukhatme, BV, ard Kaushal, R,8, (1959), Tikkivel, B,D,
€1960) , Goswami,; J.N. (1961) amd Ray, S,K, (1964), have done

e gpod amount of work involving twwphase sampling, but practically
no work has been done in three=phase sampling where use has been
made of stratification as well as regression method.

In the present study the estimation procedure and optimum
design in three-phase sampling has been @btained, For three~
phase sampling it can be easily seen that the double sampling
estimate given by Neyman(1938) is a particular case of the
estimate suggested in the present investigation,

242+ Three Phase Samplingt Under the sampling plan proposed

here, the sample is drawn in three phases, In the first phase

a preliminary semple is drawn to collect inform-tion on some
character !I* correlated with the character under study., The
population is stratified onthe basis of this character and the
nunber of semple units falling within each stratum enumerated.
In the pecond phase, a Seample is dram from the units fdlli;zg

~ within each stratun to collect information on some other
correlated character *Y', .In the third phase, from each stratum
a stbssample of units on which the character Y is enumercted

is drawn for measurement of Zecharacter under study,

2,3, Notation and Estimation Procedures

L = number of strata in the population formed onthe
basis of character X,

N = number of units in the gopulation,



Ny = nuber of units in the hth stratum in the population.

e

n' = number of-units in the préliminery sample drawn in
~~
the first phase,

whs.‘i%._

Yyps = value of the cheracter ¥ for th unit in the
hth stratum in t he population,

Zh L= value of ebaracter Z for &b unit in the hth
stratum in the population.

Ny |
e Y -
Yh 5 it s the population mean of the character
h
Y in the hth stratum,
Ny
- 2 2
Zh = ...d..ﬁ......... » bhe popul ation mean of the character
h .
Z inthe hth strabum,
- L »~ ) ) ’ ’
Y = ‘% ?hzh ¢ the poputation mean for character Y,
L ~ _ _
2 = Elaiwh % p o the population mean for charactor Z

Out of N wo draw a simple random sample without replgcement
of size n' and note the number of observstions falling in each
strabum,

Let n' (b =1,2,4000000¢k) denote the mumber of units
falling in the hth stratum so thst
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oy
1

T - L yh_ T e i yho(

v

™~ . M

Let us assume the model
Zy = Eh + By (Yh “lith) + €py v0002e242

Whers,

E( &u) =0

~ 2 2 2

V(e ) =8, =8hy (ivf)
Where Ph is the correlation coefficient between Y ard 2 in
the hth stratum.
Now E(.Z".) = Z
Thus % is an unbiased estimate of population mean,
Let w8 assume that yh*is nomally distributed, tben making
use of results obtained by Cochran(Sempling Tecunigues) and
Sukhatme, PV, (1953) we get

v(z>-z iszh (1-9h)[ et (o ﬂ%')ﬁ'i’i_‘.-/-’
: n

+ ? ; th
+§-:-’-‘:-_3.21i23 (1~f’h)£.....+(3'
N-1 n' pey nh .

"’h

h
Nen' 1 LI .
> ve Zh Z.'Zh Zh. Wh W ' ses 20203
h




Now let us assume that ' -
N,, r'\:‘ ) -
B S
i .
and — is neglected,
mh @mh-ras &

Then from ¢2;2:3) we have

» L 8 i v~ L 8 ¥,
h=1 my LT
i 3 2 |
Ay m) W, (3 = 2) vresiRed
b=} : ‘
L

Whemi = 2 W
| Mhzh

£§33 ‘iz mh = M, % = n/L

Then from (2,2,4) we have

oy 2 _2
V(Z) w-%—. Zb(i-'foh) W, Whnihazbwi

o0 112 02‘5

Where,
T g2 (A g2
71 = Z, San 1= BWh L
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L/Z 2 2
2
W -2)
gvz h==1 h(\zh

Let the cost function be

¢ = 01m * Czn + ﬁzn‘“ venule2¢6

Let
¢ a(.l.+..3 *...@.) (Cm + Con + Cgn")
seeele2dl

By Schwartz inequality, the obtimm value of variance of the
estimate of population mean is given by

T s )R

h ¢ -Z)
Vot = | c Hf-"i Bey B %
ioqﬁzizﬁs
and optimum values of m,n,n' are given by
C [Vy
n' = L :
f 5 (Jvici +JV2‘33 +—W3 03 )
| cf,
n = = . T
{Cy (fiviﬁl +fxﬁ2 g *0L,)
¢ v

= e ‘
J‘Ti (W—{é *vcz "’vgeg)

E:%w when Mps I, are not same for ell strata,
From (2,2.8) we have



5 L 1 )w .
WZ) =2 Th o /jé‘%za v, 2
mh h"l ah ‘

+ ‘ .l‘— """"" ) z W (Zh -2 ) eeeele2e9

L -
e ]
C Cl Ea m <+ C ginh +03 n ....2.2.10

Minimising V(Z) with respect to Dy nh.n‘ for a fixed cost we get
1L -
c E)’"h‘ﬁh ~Z)?

nt = .
AJT%
8
nh=9.ﬁL &Wb
1.1]‘6';3
2
o =S50 J;f;
h
AJE;

L 5 L.
Where A =[G T Sz T N

2¢3 [Three Phase Sampling with varying Jprobability at 3rd ghasq:

When the sample at 3rd phase is drawn with varying pgrobability
with repl acement,

In the first phase we draw a prelimivary sample of siZe n'
and stratify the population on the basis of character ¥ vhich is
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-

g

correlated with character Z undsr study, Let nk') (b 21,2, 00eels)
be the number of units falling in the hth stratum, Inthe secord

"~ phase-oub of ng (B =1,2,0eesel) a Bample of size n, is selected with

~

simple random semple without replacement amd character Y correlated
with character Z is messured, Let the observatiors recorded he
as

yhi . yhz g osesp yhnhp ThBIl define

y

ph;(nh) = ol » ol 21,25 q 0o n,
ng, , . . veseZoBed
g(:;i h i’Z,D-nv

and from t hese o units select my, units with the prc;babili‘oies of
selecbion By (n)), £=1,2,4sse 0, and with replacemont, Measure
the character Z on thess m units. Let the observations be denoted
by

Zpq? Znzp veeeees Zhamy

Define a new variate

. g .
2 ks m N o ’1.2;nvunh sessludal

Then an estimate for popul~tion mean

7 is given by
) L ot 26353
Z = g_';iwh Zh Bveeleds

¥hers,

a,
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Let us asswme that e ~ 4

F=-1 =

and @%- is neglected,

Then after simplification (2,3,3.) can be written as

2 2 2
5L Wer L N W
V(Z) = 2 ii h = af + h h (Ab_?‘_
het Nyl Ta b= Bp-1
L - L N 2 2
4-3-:: > W (2 « 2 ® . z & YIh S bz
n h::i h“i Nb"i Nh
. L - 2
El g;i wh (Zh ~ % ) 0‘0'-¢2-30'4

Let the cost function be given by

L L '
C = Gl %:‘-‘!1 mh + 02 hiai % + 03 n. 0'006‘2.3&5

Minimising V(Z) with respect to my, n, n' for a fized cost w got |

L - 2
s W -2)

n' =

\ h
Bj@é muh"i gtg 022348
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NelooN 1 et
YT - 10132c50‘7
'Whem',
W, 6 N L

B=J_§12 h ®hz' /....n...... G 2 W b

:‘..'1 N.i 2 t =1 h hz "

h Nh'l
L - 2
7y = 2
+ 03 %:sl Wb (h )

Tables have been prepared to show the efficiency of estimates
developed in this chapter as compared to that developed by Neyman
(1928) for two phase sampling. For this purpose data wos collected
from the Institute of Agricultural Research Statistics (I.C.A.R.).

The data consists of a list of 124 villages for which character X
(area under apple), character Y (no. of orchards) and character

Z (apple bearing trees) are available, It was collected durirg

a recent fruit survey comducted by the Institute of Agricultural
Research Statistics, These 124 villeges are being considered to

form the population.unddr>study. The whole population was divided
into three strata on the basis of character X, Table 3 shows optimum
valwes of n', ny {bh = 1,2, 3), mp (b = 1,2,3), variax\xce of the :
estimate with equal probabiliiy et all phases (given by equation 2.2:1)
and percentage gain in efficiency as compared to the estimate ‘
mentioned zbove for a wide range of ‘cost® constants and keeping the
total cost to be incurred on the survey same for both the cases. It

may be seen from table 3 that percentage gain in efficiency varies

{
%




fram 54% to 63% depending upon various values of cost constants.
It may also be seen that for fixed value of C, and C3 the percentage

gain in efficiency increases a8 Cy increases. Furtier it may also
be mentidned (ms is evident from table 3) that n', mp(h=1,2,3),
oh(h=1,2,3) all decrease as 01 /C2 increases for a fixed value
of Co/Cye Ts.xble 4 shows, the optimum value of n', n (h=1,2,3),
mp(k=1,2,3) y optimum value of variance of the estimate with varying
probability et the tbird phase (given by equation 2.3.3) aml
percentage gain in efficiency as compared to the estimate intw
phese sampling. It may be seen that percemtage gain in efficiency
varies from 57 to 67% depenting upon various values of cost
constants,

It may also bedmeen that for f£ixed value of 02/05 percentage.

gain in efficiency for both equal and varying probability increases
as 01 /02 increases,

In the end, it may.also be mentioned that g8 expected
percentage gain in efficiency is somewhat more when the sample
at the third phase is drawn with varying probability thon thab
when simple randem sappling is adopted at the bthird phase,
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2.4 Multiple Regression Estimate,
Now wo shall utilize the information on character X for

developing regression estimate instead of ubilizing it for
stratifying the population, Tie sampling plan is the same a3 given
in {2,2) except thabt in the second phase we draw a sample of
size n out of unstratified sample of size n' anmd inthe third
phess wo draw a samplé of size m out of umstratified sample of size
n, simple random sampling without replacement being sdopted at-
each phase,

Iet us define the estimate of population mean as given

below. -
L\ - - - -? -
Z =2 + hz;t (y - y ) * bzx_ (x -z ) o.u‘2.4a1
Where,
- 4 U
Z = .,fﬁ,. 2 Zi
i=1
I S
B e— y
y n i=1 i
- 12
= _I-]T i:l xi‘
. . Oer - ' -
Variance of Z is minimum when

covg‘é.@-'-i)}%vfciii) &0 sconfE, (258 §v<9‘~ 5

Wz'- 2)V (F'~y )- g Cov /(¥ *~¥) ,(2'~2)/ }2
.0‘.204.2
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i ol it (b 2 G D corf (7' @B
gy © .
V(Ez.ﬁ)tf(?‘-?)-%%'«’[ (T 7)o (X' 2) 7 } eoreaedsd

Now if the po;;ulazion values are not known we put the
corresponding values estimated from the sample.

- 2
-
V(y'=y) = (%- - %—-) BY

- e 2
V(x'~x) = (2. _ 8 '
%;’ %{r) x’ itotoooQQ20404

oW B (F'V)T = - (- - L) Sy,
cov/ 2 (XR7 = - (1 - %r ) 8zx
cov/ (F'-7) (X' -2)_T= (- - 2~)8yy
puiting the values £rom (2.,4.4) in (2+4.2) and (2.4.3) we have

(B~ - & )8gx Sy - (2~ 3 ) 8y 8yy

bzx = " : 82 = L ; -
- (_m - %j‘ ) X SY - (m » n )/ sYx . 2‘4.5
2 . .

(G« A7) Syg Sx -G - &) 8 Sux

bzy = - ' . . . .
. 2 2

(Bllu - %T) Sx 8y - (%— - é..) ng vesere Redeb

Let m = £fn

spesne 2041,7
n = gnt

\
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Eu’ayingv these values of m & n 4in (244.6) and (R.4.,6) we have

(&
AN s 2

bzxé\;?“ .
“ 8x (Lo Pyy)
where, SZX
Jax = Sy 8g
8imilarly we define f & P
xy 2y 2+ PG P;
" zgcl 2g) Poyr(1-2) o P fe-tp > fg ety /3'2
b £y zy3{ f;xy . "Xy 4
2 2
sp (1= £ ) N S L
3 6 4 8
£
‘,fﬁ ny . ny §
2 g 2 4
(1 ﬁxyi (- £

neglecting 5th and higher povers of f,g we have

0
b - SZ . t ny( Jzy.x) f )O ( jp )
2z = P+ - - fg
SX(I /)2 ) 2Xey ng 1n 2
- xy  Jxy fxv

3
oo Juy Doy + .12 ﬁv &hﬁihfxﬁ

(1 szy )2 (1 /sz )2
»[._,u(a 5 — fg fozxx j

e
(l" 0‘) -
Sxy (1 P
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=

2
%21)%( l--fg)szx * Bbzx bzy( Lf)SYx } - 82 /N a-c909‘2o40m

Let the cost function be
C ? Clm wan + CQn'h 0..0Q0204011

S

= B.(Cyfa ¢ Cpg + C3)
Putting the value of n from (2.4.X1) in (2.4.10) we have

2 o g2 2 g .2 2
(2) = %?g( 1fg + Cog + C3) {sz + bgy .(1-£)8¢ + b, (1~£2)5g

~2b,. (1-£)Syy = 2yl l-LE)8yy

a
0"0.'2'4‘12
Q . ‘ )
Minimizing V(Z) from (2.4.12) with respect to € and g we
get the optimum values of f and g. Then from (2+4410),

(2,4.7) and (2.4.11) we get optimum values of nyn',m and
variance of the estimate.



APPENDIX I

The variance of the regression estimate of the
populatlion mean of the character under study is underestimsted
when the regression coefficient is assumed to be constant
when in i‘act it 1s subject to sampling fluctuations, Fop
single stage sampling design this under estimation was
studied by Cochran (sampling techniques). In this note 1%
1s planned to study vhen a tvo-stage sampling design is
adopted,

Let

Yi 4 = value of the character under study for the jth
secondary unit in the ith primary unit.

X, 3 = value of the amziliary character for the jth
secondary unit in the ith primary unit.

N = total no, of primary units in the population.

M = total noe. of secondary units in each primary unit,.

n = nos of primary stage units selected,

m = no. of secondary units selected from each primarxy
staege unit selected,

N oM ,

e feFe- T3 Yy
1=1 3=l
NooM

Iw =mg— 2 2 Ky
1= j=1

. n

O P TRY

J=1

M



m
=, =g 5 M
n -~
Ver =3 7 N1
.. n bl
T X 3’%- }E:‘ xiq

We define the regression estimate of Yy as
7

‘y‘l ‘”3;1' "’(3 (%*’;#1) qoo.aq.(l)

vhere (> is to be so Getemined that V(%) is minimmy and
this value of ° 1s given by

P = M&&)
V(Rys)

As (> 1s generally not kﬁom we replace it by £%s estimate
'p! given by '
b COV£;?P;§’ v)
V( Zp)
where ¥ N ' in&icates the usuﬁl unbiased estimate of the
population parasmeterss

Now
-~ L N
CO‘V(Y!,’xﬁﬁ) = (‘-%" - -ﬁb) sbyx + n%.u( é"’ » I%-v)izl Sﬂ.Yx
V(G L.3)8 2 s,
(2.,) g(n - %—- Bbx + ﬁ-{ %- » %“ ) 1=1 six
vhere N : - =
Soyx W3 151 %, » o) € X, - %)

M
Sy Tl jzl By B0 (Ryy-R)

} ' N . 2
sbx 3 -l 1?:;1 (% s )
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Six aﬁ:l 321 ( x:u x’.‘)
_If we assume N 15 large such that terms involving N™> where

N .

azil tian be neglected then

A .. - ,
COV (FoayRea) = fgl’f

N - - s%y

V(Yead = =
where n .

L s R

2 2
s = & ( » Xeo

bx A L O )
. “byx
ee D = s neglecting and higher

g2 powers of
bx (AR N K/ l( 2)

Varisnce of 7; 1n (1), for a given value of /°= b is given by

V(T = UFea) 452 V(Fes) =20 CONTrapZeo)  seeoensld)

where 'b! is given by (2).
Variance of 371 when (> 1e replaced by 'b' as given by (2)
is given by

V(%) =& (5/b) + WEF,/D)
The fixing of 'b' does not affect the distribution of Y. and

X.. in case of large samples specially when (x,y) follow &

normal distritution.
Thus the underestimation of the variance of the regression

estimate is given by y( E7y/1)
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Now  V(Ey/b) =0

- ?P&{ we may conclude that under-estimation of the variance of the
regregsiaﬁ estimate of the population mean of the character ﬁnder-
study when the regression coetficient s assumed to be constant
when in fach 1t 1s subject to sempling fluctustions is negligille
when ;ample slze is large specially when 'x', 'y’ follow a
normal distribtution.
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Iable X

Tahle showing the values of _/Dz and JD 2 for varioug

values of 9.,
.- R T
81869412 +83718340
« 76051497 » 79146910
« 73772884 « 76139960
« 71405352 « 73870070
« 69515650 » 72038180
. 67942993 «70499170
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39347061

.P 1 4 / 7% JD a
o110 43034109  ,4369161% 510 ,32510684 30748023
<130  ,41663798  .43187614 530 82284558 30453362
o140 41117183 41536503 540 .32175339 30310318
o150 406090078  .40914582 S50 32068520 30170258
«160  ,40138612  .40345393 560 31964009 850033681
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«200  .38548387 3840289 .600 31569336  .20511089
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«320  ,37886614  .3758563% «620  .31330Y50  ,29264829
o230 37381575 (37207327 «630  ,31230155  ,20145098
240 37201688 36846710 0640  ,31201278 29037517
o350  L3T15621 36302852 .680  ,31114039  ,28912030
«260 36753281 36172040 «660  .31028441  ,.28798573
«270  ,35500473 33857300 .670  ,303443%8  ,28687066
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«440  .33394303 31897026 840 20711597 27040862
«450  .83258135 31731544 «850  ,39648885 26956292
«460  ,33125536  ,3154955Q +860 .2906666  .26372868
470  ,32096337 31381749 87  .20925513 .as'igmsi
490 32747534  ,31057989 890  ,29408933  ,2662019%1
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SOMMARY <

The following problems have been attempted in the
Present work,
I« Investigation of optimum design in twowstage
sampling when the survey is to be conducted oh
two successive oceasions.
II. To detemine the estimation procedure snd investie
gation of an optirum design in three~-phase s;mpling;

As regards problem I, attempt has been made to obtain
expression for optimum allocation and sampling fraction for
a two-stage sempling design when the survey is to be conducted
on two successive occasions and the expenditure to be incurred
does not change from one occasion to enother. For the sake
of simplicity the discussion is confined to a two-stage deslgn
where gll the sampling units st both,_}‘.he stages were drawm wik
with equal probability and without replacement and out of the
primary stage units examined at the first occasion a fraction
'p! was retained for the second ovcasion.

As regards problem II, the concept of three«phase
sampling has been introduced where use has been made of
stratification as well as regression methode The estimsation
procedure and optimum design in threeephase sampling has been
obtained under two sampling designs.

(1) vhen sample at each phase is drawn with equal
probability. '
(131) when sampling units at third phase are drawn with
varying probabilﬁity. ’
Tables have been prepared to show the efficlency of
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estimates developed here to compare with the regression
estimate de\'reloped by Neyman (1938) for twoephase seampling,
the total cost to be incurred in both the cases being same.
From the tahles 1t 13 clear thalt percentage gain in
efficlency in the case of estimate with equal probability
at each phase varies from 54% to 63% depending upon various
values of 'cost' constants & the percentage gain in effi-
ciency in the case of estimate with varying probability
at third phase varies from §7% to 67% depending upon
various velues of 'cost' constants. '

It has also been shown that the underestimation of
the varlance of regression estimaste of the population
mean of the character under study when the regression
coefficient is assumed to be constant when in fact it is
subject to sampling fluctuations is negligihle when sample
slze 1s large specially vhen'X'(auxiliary character) and '¥!
( character under study) are normally distributed.
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