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1. Ig ; .guction and _..u.sss_z .
Rotateble designs were, introduced by Box and Hunter

(1954, 1957) for the exploration of response surfaces. They construct-
ed these designe through geometricaI configurations and obtained

several second _order _designs. Afterwards Gardiner and others (1959)

e —_—

obtained some third order designs through the same technigue for two

and three factors and a third order design for four factors. Boss

e

and Draper (1959} obtalned soue second order designs by using a

different method. Draper (1960) gave a method of constructiond

an infinite series of second order designs in three and _more factors.

Recently, Box and Behnken 01960) have obtalned a class of second order

ke an

rotatable desiggs from those of first order. Draper (1960b) ‘has

R r—

obtained some third order rotatable designs in three dimensions and

prpr— - o e PR}

a ssquential third order rotatable design in four dimensions. Das

P T TP - o . -

1969) s obtained : such designs, both second and third _order upto

8 factors as fractional replicates of factorial designs. Thaker

.o -

(1960“.) has obtained,series of second and third order rotatable
designs by a different method.

e — - - - P - [ -

In the present work a method of censtructing second order

rotatable _designs with any number of chtors, by using balanced_ ‘
incomplete bleek_designs _has been presented in chapter IIo' Ano@her
method of constructing such designs through a particular class of

balanced incomplege_blocn designs _with unequal block slzes has _been

presented in chapter III. These two methods have been found to be

. -~

useful for constructing second .order rotatable designs with reaso- -
nagly small number of design pointsf .36099d,°r§e?ﬁ¥?t?F?P}§ designs
upto eleven factors with the minimum numner'of_designwpeints_gptaina;
ble through these two methods have beeh tabulated below. Second




R, N
order designs wlth smallest number of design points ob§a1n§q by
other authors by different methods and avallable in literature
have also been included in the last column of the table given

below,
) , , R
Numbér ‘o Number of coée-  Minimum Number Minimum Humbeér-
factors fricients to be~ of ‘désign pbints of désign pbints
ggtindted Ih the foi the d¥signd”  for the desligns
sécond order obtalinablé thio= avallable in the
- - < - -surface - - - - -ugh'Bs:liBs:designs - literatures - -
3 10 18 12 (Bose,
_ Draper & Das)
*
4 15 24” 24 (Draper;Das
gardiner &
) otherg)
5 21 44 32 (Box &
_ . Behnken)
6 28 a4 48" (pas)
7 36 56" 56" (DasyBox
. ) . & Behnken)
8 45 144 144 (Dbas)
55 194 Not avallable
_ Iin lliterature
10 66 196 ~d0o=
11 78 10k / =do=

. ¢ /
denotes at least one central point 1s 4o be added. Designs

are avallable in the literature only upto 8 factorge
By extending the above method of conmstruction, -
third order rotatable designs both sequential and nonsequential,
upto fifteen factors have been obtalned with the help of doubly
balanced incomplete block designs and complementary B.I.B.designs.



This has been presented in chapter IV. Sequential third order

-, ypotatable designs upto 8 factors with minimum number of design

points obtainable through these methods have ‘been presented below.

Other designs with minimum number of points obtalned by others by

different methods have also been given below. Only a few third

order rotatable designs are_avallable in the literature.

--n——--ﬂd-‘_-Cﬁ‘ﬂ-ﬂ--ﬁﬂﬂnd-----jﬁﬂﬂd

Number of Number of coe- Number of Mininum number of
factorse. fficlents to be noncentral noncentral deslign
estimasted in the design points polnts for the
third order surface for the designs ggs% ns avallable
obtained in the Ee literature.
prosent worke
3 20 40 40 (Das)
4 35 72 72 (Das & Thaker)
5 56 192 114 (Das)
6 84 180 200 (Das)
7 120 182 226 (Das)
8 1686 - 480 752 (Thaker)
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Except in case of five factors these deslgns contain

reasonably small number of design points. However a non-sequential

third order rotatable design for filve factors in 100 design polnts

has been obtalned by the above methodse

In Chapter V multifactorial designs sultable for study=
Ing simultaneously (1) the main effects and first order lhteractions
of the different factors and (11) the second degree response surfaces
have been evolved. By adding some more design points to the second

order rotatable designs 1f necessary, such designs have been obtainede

|
|
|
'|
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Lot there be 'v!' varlates each at 'g' levelse If a
design be formed with N of the s' treatment combinations, 1%
can be written as the following N X V matrix, which we call

as the design matrixe.

(X7 Fau Xgrococ e Xy
X1z  Xoo I R
Lxm sz xaN......ome

For convinience a varlate Xy has been assoclated with the ith
factor. The treatment combinations-will hereafter be called as
points of the designe According to Box and Hunter (1257) a
design of the above form géé%ﬁfqa? rotatable design of order

tdy if a regression surfacekcf the response 'y' as obtalned from
treqtments on the varlates x;(1 = 142, ¢ec.ov) with some sulfable
origin and scale, can be so fltted that the varlance of the
astimated response from any treatment 1s a functlon of the sum
of squares Of the levels of the facters in that treatment comb-
ifation- In other words, the varlance of the estimated response
is g functlon of the square of the distance of the point frmm

a sultable origin, so that the variance of all responses at
points equidistant from the origin is the same. When the
surface 1s of second degree (i.e.) d = 8, such constancy of
variance is possible if the design points are so selected as to

satlisfy the following relationse.



Relatlons:~
2.
%é“/&"i'” 2 ox % =0 X %% EO
P - 3 2

T x4 =0 E_yxixj=0 2 Xy X§ X =0

T ®g Xy F X 7O for all 1 # J # k # 1.

—

i
(B = ‘1:12_ = constant = N 2,
4 .
T % = «dc= =3N), e for all 1.
2 2
(¢) L x xy= Constant for all 1 # §
4 2 2
(D) YT x = 3% %4 X for all 1 # je.
% 7 ve2

In the above relations, the summations are over the design pointse.
In case of third order designs the following further

melations also sheuld be satisfied. )

(4,) Bach of the sum of powers or products of powers of Xy's 1in

which at least one power 1s odd,is' Z@roe

6
(Bl) Y. %y = constant = 15N A¢ for all i.

4
(c) (1)}:::? x: = constant
(11)2:1? X xi = constant for all 1 # § # ke

-mqw‘

(b)) (1)F x5 = 5 5 x5 x3-
2

2
(072 x5 = 3% 2% x5 e

A . .

the summations being over the. design pointse
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gizﬂ'_»»sﬂeg.e____f second _order rotatable desizns through
balanced incAmplete block designgs=

\ Construction of second order rotatable deslgns is nothing
but getting a design matrix in which the relations £:B,CyDyE
mentioned earlier, are satlsfled. Now we shall dlscuss a wethod
of gotting such design matrices which wlll give second order
rotatable deslgnse

Bach point in a design 1s essentlally a combination of
the levels of different factors. We then propose to first takey
gome unknown levels to be denoted by a, by ¢y es-ec.cetc. gfcepting
that some of these may be zero also, and‘get a factorial design
out of these unlmown levels. Thus 1f these are four factors each
at two levels denoted by t*a' and 'b', the sixteen combingtions
wlll be of the form

aaaa

bbb

baab

a bba

NN -1 )
Next we shall have another design in v factors of the form &' where
the two levels are +1 and -1 . By multiplying any combinstion of

the first deslgn with all the combinations of the second design

2v, we shall ge% 2P qistinet combinations where p denotes the

' number of non zero unknown levels in the combination considered -
of the first design. As a matter of fact if there be only p unknowns
in a combination together with some zeros, we have to multiply only



.
the nonzero levels in the combination with each of the 2P
combinationg of +1 and =-l.

For example, In the design with four factors if the
combination & b b b be "multiplied" by the 2 combinations
of the levels +1 and =1, we shall get the 1; combinations as

below: f

a bbb when maltiplied by 1111
abb-b ~do- 1111
aba~-bb ~dC= 311-11
ab=b-b io= 11-1-1

¢ o o s e o o o o

e ¢« o o o 0fCoe o o o o o 0tce

If one of unknown levels say (a) be zerd, all the sixteen
comblnations will not be distinct but only elght of them will
be distinct as by assoclating +1 and -l with zero we get the
same thing.'~We shall consider in future only those combinae=
tions which are distinct unless otherwise mentioned.

We have by now come across three types of combinae-
tionsjnamely,

(1) PFactorial combinations of the unknown levels aybyssetce
together with O.

(11) Pactorial combinationsof levels +1 and ~l.

(111) combinations when each Oyaysbes otce 1s associated with
+1 and ~1 -through multipllcation. -

The flrst type of factorial combinations will ﬂé
called combinations of unknown levels, the second will be called
assoclate combinations. The third combinatlons will actually
constitute the design points and hence they will bé referred ¢o
as the design pointse
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It will be seen easlly that 1f a design be formed by
ineluding all the distinct points which are got by multiplying
any combination of the unknown levels wilth all the associated
combing tions, these polnts will always satisfy relations A and Al.
when v> 4 , or p > 4, these relations A and 4, will also be
satisfied when a sultable fractlon of the 2¥ or 2p assoclate
combinations, as the case. may he)féo chosen for multiplication
0 obtain a second order rotatable design, that no interaction
with less than five factors 1s confounded in aﬂﬁzﬁezP assoclate
combinationse In case of third order designs the fraction should
be so chosen that no Interaction with. less than seven factors is
confounded. For satisfying the other .relatlons ByC,D,E ane or
more combinatidﬂs of the unknown levels will have %0 be chosen
sultably. A method for the cholce of such combinations through
which second order rotatable desligns can be obtained has been
deseribed below:

Let there be a baianced Incomplete block design with .
the parameters (v, by r,‘kiﬁ )Je Let us wrlte the design dA'™
the form of b X v matrix, the elements of which are zero aﬁd
ta'e If in any block a partlcular treatment occurs the element
in that block corresponding to that treatfment will be 'at,
otherwise zero. Each row of the matrix or block of the HIED
can be congidered to give a combinatlon of zero and -the unknown
level 'a'y By multiplying each of these *'b' comblnations thus
obtained through the BIBD wilth 2k since p = k here, or a suitable
fraction of the assoclate combinations, we shall get a number \

of design points less than or equal to bzk- These polnts which
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we hereafter will denote as a{(v br kpa) x zk

or a(vbrka)x
sultable fraction of 21§ wlll satlisfy all relations except D and,
B, as constancy of replication will satisfy relation B and that
of replication of palrs of treatments will satisfy relation C.
If » = 3A in the BIBD, then relation D will also be satisfled
and hence these polnts together with at least ane central\\
point so as to satisfy E, will give a second order ro'&ata;ble
design in tv' factors. The unknown level 'g' has t0 be obtalned
from the relation ng =N o

For example,Kin the following designs for 4,?,10,18
factors the relation r = 3> 1s satlsfled and hence through .
each of these designs a second order rotatable design can be
obtained by including at least one central point. The designs

poilnts for 4,7,10,16 factors are respeetively,

2
(1) alv=4, k= 2, 1‘=3’b=6’)«=1)x2
3
(1) alv="7 k=3, T=3y b7 > =1)x2
(148)av = 10,k = 4, o =6, b=15, » = 3) x 2

6
2) x (1/2 reple. 2 Jo
The number of non eent;'al points in these second order rotatable
designs with 4,‘?,1.0,16 factors obtainable through them will

3
respec tively be (1) 6 x 2 s (14) 7 x 2, (1ii11) 15 x 24,

(1\7) a(V = 1631! = 6, r = 6’ b‘=16, S

(iv) 16 x 25. The design for seven factors has been prasented
in Appendix I. This deslgn has also been obtained by Box and
Behnken (1960) through the first order designe.

If the relation r = 3 does not hold in any BIB
design, we can always get a second order rotatable design
through 1t by taking some more combinations involving one
more unknown level 'b? and then multiplying these with requisite

number of agssociate combinations. The combina tions to be
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taken are elther the v combinations,

b O ceae O

O b O eeal

O O0OD «ea

0 00 see B
obtained from the combination (b O c«e+0) by permuting over
the different factors or the combination (b b ¢ o o b) accord-
ingasr <3x or > 3Xx .

The same letter 'h! has been used in two different
contextse It 1s used once to denote an unknown level 'bh' and
also to denote the total number of blocks 'b' be in the
incomplete bloek design (vy s by ky X Je There 1s no
possibility of these two notatlons being confused.

We hgve 80 ;ar used two types of combinations vize
one involvipg the unknown 'at' and the other involving 'b!

The combinations obtained through EIB designs will hereaf ter
be called the ajaombinations, while the v combinations obtained
from (b O «¢e 0O) by permulation will be called combilnations

of the type (b O « ¢« +» B). The design points obtailned by
combinations of type (b O ¢«e0) and (b b «e.h) after multl-
plication with requisite assoclate combinagtions will here-
after be denoted as (b 0 ««s 0) x 2l and (b b eee b) x 2V .
or (b b eeseb) x (suitable fractional reple. 2¥) respectivelye

In the above design ¥ xﬁ and xf x? wlll be
functions of a and be From the relation X x% =3 Z:xg x? ’
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we shall get an eguation connecting a and be This eguation will
always give a positive .solution of bz/hz, provided that extra
sets are sultably chosen taking Into account the fact whether
r<£{ 3> orr> 3> o PFor determining the unknownsa and b,
we have one more equation (vize) z;xi = N where N 1s the
total number of points including central polntse
(1) Por example, in the deslgn v=8y, k=2, 2 = 7 sf'-'- 28,

A=1, r>3> and hence the combination (b b e » « b) has
to be taken together with the 28 a-combinations; given by the
BILBDy 1In order to get a second order rotatable design in 8
factors. The design points will be (1) a(v =8, k=2, » = 7,
b=28 A=1)x gz, (11 (b b o » o b) x (1/4 repl. 38). In
this design we have, ﬂ

> xi = 28a® + ean’.
'Z.x? x? = 4a4 +6454.
Hence,relation D glves the equation
28a? + 6an® =-3(4a? + 64b?)
b/e? = 1/8.

The above equatxgn together with E:x? = 28a2 + 64b2 = N, will
completely determine the two unknowns a and be The number of
points In this deslgn will be 176. No central points are
necessary in this design though they may be added if otherwise
Necessarye
(41) Again considering the BIBD (v =8, k=4, r= 7, b = 14,

2= 3) another second order rotatable design in 8 factors ‘
can be obtalned by taking a further combination of the type

(b0« e« 0)as in this case r < 3>s) The design points will



.lCm

4 4 1
be (1) a(v = 8, k_= 4, r = Ty b= 14,}\ = 3) x 2 (11) (b Deees0)x2 o

The/equation froe rélation D comes out in this case,
uzaf + 2b4 = 3(48&4J
whence 1:)2/9.2 = 4,

As all the points are eguldistant, at least ane central polnt
will be necessarys The humber of non-ceatral points in the
design is 224 + 16 = 240, |

The above two exmaples show that by properly choosing
the corresponding BIB design, the number of design polnts can
be reduced. A list of second order rotatable deslgns toge ther
with the additional type of combination when necessary, to be
taken for the constructlon of such designs upto 18 factors, has
been presented ln Appendlx II1 together wilith relevant detalls.
Deslgns for larger number of factors can however, be oBtalned
in the same lines. It wlll be seen that all these designs have
elther 3 or 5 levels accfarding as extra= comblnations wlth b
are taken or note

It can be easlly seen that all the central composite

SWWOM as i parmof
the method indicated through BIB designs. For in this case we
can take the design points a(vs T =1, b= v, kK= 1, A= 0) x 2*
along with the combination of type (b b « ¢ ob) x ( sultable
fractional repl. 2V) o get a second order rotatable design

in ‘vt factorse. N




CHAPIER 11Z

Gopstruction of Second ordeér rotatable designs through balanced

incomplete block designs with unequal block sizes@

In the previous chapter we have construeded second

\ \order rotatable designs by choosing treatment combinatlionsaf

\_,"

%

L
o

: v\{f/

R
if*; 3
i

unknown levels with-the help of balanced Iincomplete block

designs. In this chapter we shall discuss a nethod of obtaining

secand order rotatable designs with the help of balanced incompe
blotk draigr

lete with unequal block glzesp These designs In geoneral do not

kad t0 a second order rotatable design, but through a particular

class of them described bhelow, such designs, can always be obtaln~-

ode

A balanced incomplete block design with unequal block

7 | slzes (vy by 1, kiy Kyse o« ko A) 13 defined as an arrange=

ment of v treatments in b blocks of sizes kl, LSRR
such that each treatment occurs exactly ln r blocks and any
pair of treatments occur in exactly A blocks. If bi be the
number of blocks of siz.e 4y We have for these dé&signs

vr = .Z b1 ki_'

1wl

Av(v=1) =t§\ bi kio (ki-l).

For the purpose of constructing second order rotatable designs
we take a particular class of these designs in which the repli-

cation of every treatment 1s a constant r, in the set of b

1 b
blocks each of size ky for all 1. So for thls class of designs
we must further have vry = bikes 2 ry = ro

By taking a BIBRD (v, by rs Ky A) and omiting any

treatment (say t;) wﬁerever 1t occurs we get a balanced
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incomplete block design wlth unequal block slzes (v._‘,b, ®, k,
k-l,P\)Withrl:r'."}\ 3 r2=/\ ,kl=k_:3k2=k-lo

Through these balanced incomplets block deslgns with
unequal block sizes (vy by, Py Ky kz"""km’ A ) second order
rotatable desligns can- be obta:;nezl as followse Lat us wg:lt:e
the balanced lncomplete block deslign with uneugal block si;es
(vy by Ty Ky Kope o o Koy A)asa bx v matrix the elements
of which are zero and unity. As before we write the unknown
level 'a' wherever unliy occurs in the set of b, blocks of
size ki, simllarly *b' for unity in the set of bz‘ blocks of
size k2 and so one The design poihts iie “genex:ated as betfoi:
by multiplying each of the sets with 2 = or a fractlon of 2
associate combinations with levels 1 and =1 of ky factors,
depanding on ki' This proce{dure glves a number of design
pointsé in which the relations 4 and B are satisfled. Relatio:l
(¢) gives (m=1) equations where m 1s the number of block
slzese If r = 3Arelation D 1s automatlically satlsfied. Accord-
ing as r § 32 we have to add as Before the pqints (x 0....0);:21
or (X X esex) x sultable fraction of 2' and solve for the
unknowns from the relations ¢ and D to give a second order
rotatable design.

With this method the second order rotatable design for
V = 648y and 10 factors are obtailned with fewer number of polnts
than when they are -obtained through BIB designse. These designs
contaln 44, 144, 196 points respectively where-as those obtained
torough EIB designs contain 92,176,240 polnts respectivaly.
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By trial and errér two new designs gme for five
factors and another fer-9 factors are also obtained.on the
same lines with slight modificatlions. These designs contain
44 and 194 polnts respeétively where as those obtalned through
BiB designs contaln 56 and 224 points respectively.

Method of construction of ~these designs has been

"

indicated below:

Deslgn in 6 factorsi- We take the ba%anced incomplete block
design with unequal block slzes (v = 6y r, = 2s rg =1, ky = 3
ks = 2, b= ‘?, A = 1) oBtained by omitk.n.g any one treatment
from the BIB design (v =7, r =3y K=3y, b= 7y2=1). We
attach the unknown levels fa' and 'b' with blocks of sizes

3 and 2 respectively and generate the deslign points by
miltiplying with the sultable numberfassociate comblnatlonse.

_ Comblnations of unknmm‘ Number of design points

levelse.
124 aa0adoO 8
235 OaaQabo0 8
346 00aala 8
156 a000aasa 8
13 b 0Ob0OO 4
26 ObOOOD 4
46 COO0ODPDLO 4
Total number of deslgn ﬁ;;-w
. points ~
We have for thls design 2 xf = 16a% : }hj, v & at+ 4v?,

{ = 16a
J

g -
fxf X5 = 8a4(§ 4b4 y therefore ({x}l_ =375 x\xs

g

t

i
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2 4,4 ‘ 2 2
8 =b/a = 2. 'a' is obtained from the relation TS 16a +
4h2 = Neo No contral point is necessary. unless stherwiss. Hence
we got a second order rotqtable design for 6 factors in 44 points.
Design in 8 factorg:-

We take the “BIB design wlth unequal block sizes
{v = 8 rl=33 rg-‘-’l, kl=3’ k2=2’ b= 12,3=1)Wh10h
is obtained by omltting any treatment from the BIB design

(v=9, k=38, r =4, b= 12,2= 1). We attach the unknown

levels 'a' and b with blocks of sizes 3 and 2 respeciively.
As T D32 in thils case wo further add comblnations of {ype
(c C o o oO)_X 1/4 repl. 280
Hare we have
)3 xf |
4 4 4 ;
s xi = 24a + 4h + 64c.
4
T x2x; = 8" + 64c® = ap’ + 64c

4 4
therefore s2 =b /a4 = 2+y and t2 = a4/c = 16+

2
'a' is obtailned from Y Xy = Ne

2 2 -2
24 + 4Ab + 64c .

i

0

No central polnt.’ 1s necessary.snluss ofherniss. So we get a
a design for 8 fac‘r:bors in 144 points.
Dasign in 10 factorsg:-

We take the EIB design of unequal block sizes (v = 10,
ry = 3y r2 = By IL_L = 5, ky = 4, b= 11, A= 2)e which 1s obtained
by omlting any treatment from the EIRBR design (v = 11, »r = 5, k = 5,
b=11,2= 2 )¢ We attach the unknown levels 'a' and 'b' with.

blocks of sizes & and 4 respectively. As r <3 we further

add combinations of type (¢ 0 0 <« 0) x 21.
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“We have '

}:xf = 48a% + 32b° + 2c%,

¥ xb = 48a® + amp” + acts

5 x1 x? = 16a + 166" = 32a°.
Therefore, &- = bi/at = 1&9&nd't§ = cé/hé = 8e
a° 15 obtatned from ¥ xf = N _
Ko central polnt 1s necessary, snlasy stharwiss. Thus we get
a design for 10 factors in 196 polntse

In the case of 5 and 2 factors, sultable BIB designs
with unequal block sizes of the type we require and which can
give reasonably small number of deslgn points are not available.
But by trial ané error deslgns with fewer number of points have
been obtained proceedlng on same lines wlth élight d;dlfications.
Design in 5 faclorsi-

We take the followlng incomplete block dasign‘ with
unequal block slzes (not balanced) and attach the unknown levels
a and b as indlecated below and obtain the design polnts by
muttiplylng each of the blocks with the requlsite assoclate
comblna tions. i

Combinatlons of unknown Number of deslign pointse

lofols.
124 a aqO a0 8
2 3’5 Oaala 8
34 00aalo0 4
34 00aao 4 -
l5 a 000ag 4
15 a000a 4
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-B-

b
A
3

45 000D b 4
13 bObOO 4
2 0b0O0O 2
2 0b 00O 2

-

Total number of design polnts 44

¥

i

We Pave

1 x?_ = l_éaz + 4:b2

S xg = 16a° + 4%

}:x? x? = 8a4 =‘4b4
therefore s> = b/a- = 2.
a2 is obtained-from % xg = Ne
No central point is necessary, andasxy satharwixe. So we get a
design for five factors in 44 points.
9 factors:=

We take the followlng incomplete block design with
unequal block sizes (not balaneced) and attach the unknown level
tat as indicated below and obtailn the design points by multi-
plying each of the,"blocks with the requislte associate combinations
12358 )
234 6 9
56791
3457
2678

1489 attach the unknown level 'a! with egch of

4568 the blockse.
7893



/
J193
1247 A
136
136
259
2509 - )
Thus this generates l?g design poilnts. To thils further add
the 18 deslgn polnts of type (b O ««ee 0 ) x 21.
We have
S x5 =80a° + ot
z x: 80::'..4 + 2b4
3 x2 xj‘ = :32&14t

I

2
Relation D glves s = bé”/sn.4 = 8e
a2 1s obtained from fo = Ne

No central polint 1s necessary. mnlass stharwiss. Thus,we get
a design for 9 factors in 194 pointse.



Gongtruction of third order xo ble desl

bglanced incomplete desigrs
The a=-combinations chosen through EIB designs for the

constructlon of second order rotatable designs donot usually
_satisfy the relations ¢;(11) together with D, D;(1) =mr& D (11)Ond
Be If the BIBD happens to be a doubly balanced f.e. in addition
to pairs of treatments occuring a constant number of times, N ,
the tkiplets of treatments also occur a constant number of
times, /‘Q’in the blocks (Calvin 1954), the relation cl( 11) 15 also
satisfled. For satlsfylng the other relations D, Dl(i) and
D;(11)y We have to introduce combinations involving the
frestr’unknowns which can be evaluated by solving the equations
obtained through D, Dl(i) and Dl(ii).

For example )each of the followlng designs are doubly

balanced.

(1) v=3, k=2, r=2, b= 3y,2=1, M= O.

(1) v=4, k=3y r=3, b=4, A= 2, .= 1.

(111) v =5y k= 3y r = 6, b =10y 5= 3, p = 1.

(v) v =6y k = 3,,r =10, b =20, *= 4, = 1,

(v) v=8, k=4, =7, b =14, x= 3, » = 1.

(vi) v =9, k=3, r =28, b =84, A= 7, »= 1,

(vii) v =10, k = 4, r =13, b =30, A= 4, M= l. ’

(viii)v =11, k = 5, r =15, b =33, *= 6, M = 2.

(1x) v =12, k= 6, v =11, b =22, *= 5§, M =ul. -
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with the help of cach of these designs which
#i1% supply us the a-comdinations as desoribed earlier
@5@ second order rotatable desipns, third order designs,
%ith sequential and non-sequential, can be obtalned by
gyking one or more of the comdbinations of the type
(30 000es0)p (0 0 O 04pys)y (& desessd) davolving frosh
mekiewn lovels by ¢, d and multiplyingfuith the assoeciate
smidinations as earlier, Tho combination (o 0 0 8....0) will
five o camblmtions when pormited over all the
¥ factors and these w(vel)/2 combimations will heveaftor
i »alled combinations of type (¢ ¢ O 0sies0)e Tho
gxelen points obtained from the combinptions of typo
(% 2 D Osees0) after multiplying cach one of them with
ke 2% as=colate combinations will be dernoted as e 0 OseesO)x 22.;
#y» other two types of combinations have been deseribed carlier.

As an exanpie; we can get a third order
eu-gequential rotatadble degign in B factors with the
wein of the Lollowing design pointas

(1) 672 points fron a=(9, 3, 28, 8y 7, 1) x 2°
(13) 29 © 8 { b beeesd) X § rople2’
(114) 2% @ @ (acewesndxd repl.ZQ
(lv) 18 ® T (d Oe0ed ) X 2

The equations for solving the unknowns come oud ass



) -j}e-
rom Dt (28 x 6ot - 298(b% « 0¥) = 20"
e (21 x 8Ja” » 3x258(b" » o¥)
Prom Blfi)s (aaxa)aﬁ - 256(1)6 - 36) - %6*
a (35 2 8% - 9=286(15 . af)

B'mm 51(11)3 t?aﬁ)aﬁ o 255(t% < &)
- 3288 « 32560:¢ o F)

“plving theso equations wo get
p*/a? o 0,392768
0%/6% » 0,122376
83/0? & 3.914868
Thg value of a can bo cobtained from
3 zi s N, Tibis design contains 1202 points,

Bequential third oyder designs can be obtalned
vith the help of the sene types of acmbinations
viz, a- combinationg throush the doubly B.1.B dosigns
togethar with one or mpre qf tha types of combinathng
{h 0 Gsere@)y (c & Oponss0) amd (Q Gauso 4 )o For
czample, we can got a segquontial third order rotatable
design in 8 <factors withéhe holp of the folloving
degipn pointss
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(1) 128 points of (d d eesed) x (1/2 repl. 28)

(11) 16 points of (@ 0O ceee0) x 21. '
Block II: (1i1) 224 polnts of a(v = 8 k = 4,r=7, v=14,A=3, u=1
F=1)xa
(iv) 112 points of (e ¢ © ....0)‘x 22.

Block I

The design equaflons will lead to
From _
(D) 112&4 + 28c‘4 +128c14 + 234 = 144a4+( 3x128)d4+12c4.

D (1) 1123. + 28c6 +128d + 206 = 240a6+(5x128)d6+20c‘.so
olgii) 48a® +1280° + 40% = 480" +(ax128)a°.
There 1s one more equation to make each block a second order
rotatable designe.

Thils equation glves
4
20* + 128a% = (3x128)d .
2,2 2 2
Putting 8%/d° = 5, ¢°/d° = u, e2/a°

The equations become,

2
8u2+v =1632+128

3 -
4q + v = 648 + 256

3
4u = 2x128.

2
v = 128,
Whence u =4, v= J128 and s =8

The value of d cam be obtained from fo =N

L}

Ve

w

The number of central polnts to be added 4o the two blocks will
be determined from

2 -
Toxy /5,35 = (144 + n;)/ (336 + nyg)
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Where E;x? is summed over the polnts In the first block and
iéxf 1s summed over the points in the second block. As
Z\xi and gﬁfo are functions of the unknown levels which

have been solved out, N4 g n20 the number of central points

t0 be added to first and- second block resgpectively, can be
obtalned from the above reldtion. '
Actually 3 xi = 1284° + 202
3, %o = 1122 + 2802,
Therefore substituting for s, u and v obtained earlier, 0,
ngyo can be. obtalned from
(64+v)/(66s+14n) = (144 + ny,)/(336 + n_ )
Thus we got a sequential third order rotatable design for

8 factors in 480 non-central polhtse

Tf @ BB design (which is not doubly balanced) together
with 1ts complementary BIB deslgn, repeated once 1f necessary,
be taken %0 generate the a=-combinations as before, we can
get polnts through these a-comblnations which will satisfy
6,(11) as p} will be a constant in the combined complementary
BIBDy together with all the other relations (Sprott, D.A.,
A+Me8.,1955), excepting D, Dy(1i) &nd Dy(11),E« For satisfying
these relations we have t0 take one or more of the types
of combinations (b O eseeQ)y (€ ¢ O v20s¢0) and (d d sesed)
involving fresh unknownse

For example a non-sequantial third order rotatadle
deslign in 10 factors can be obtained with the following pointss
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(1) @8 x 32) points of a(v = 10, k = 5, r=0y b=18,2 =4)x25.
(11) (18x 32) points of a( complementary BIBD of above BIBD
v = 10, k = 5, r=9, b=18,.A=4)x25
(111) 20 points:of (b O «0ee0) x 21.
(1v) 20 polnts of (¢ O +ses0) X 2
{(v) 180 points of (4 4 O ....0)x22.
Here M= 3 in the combined complementary BIB desighse.
The relations D, D (1), Dltii) give the equations,
(18 x 32)a + 2b + 2c4 + 36d = (24 X 32)a4 + 12d N
(18 x 32)a°+ 2b8 + 2¢° + 363° = (40 x 32)a8 + 20a°.
(8 x 32)a® + 4% = (9x32)a°.
Putting b /a2 = Sy A ty a2/a% ; u,

2 2 3
We gat u=2,s +%t =48, s + t = 288.

Solving, wo get s = 6.494805
t = 2.411955
Thus,we get a non-sequential third order rotatable design in
1152 + 20 + 20 + 180 = 1372 poinise.
Sequential third order deslghs can also be
" constructed with the help of the complementary BIB designs
together with other three types of combinations involving fresh
unknownse
For example, with the followling points we can
got a sequentiazl third order design for 7 factorse
Block I: (i) 112 points of a(v=7, k=4, r=4, b=7,=2) x 2%
(11) 14 polnts of (b O eess0) x 2
§1oek’;;§(iii)llé points of ea(complementary BIBD of above BIED
v=7, k=3, r=3, b=7, A=l) x 2°
each of these 56 points in (iii) i@aﬁﬁ?ha repeasted
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1.0 48/(-84 + 2%) = (112 + n,,)/(126 + nzo"
Thus we get a sequential third order rotatable design for
7 factors in 2;88 non central points, with same central points
to be added.
AppendicesIII and IV present respectively non-
sequeqjial and sequentlal third order rotatable deslgns upto
15 factors oBtained by utilising doubly balanced incomplete
block designs Or by a EIB design together with its eomplameﬁtary
BIB designe.
N In this chapter a general method of construction
of thlrd order rotatable dealgns both sequentlial and non-
sequential, for any number of factors through doubly balanced
incomplete block designs and complementary BIB degigni??lﬂ?hﬁﬂﬂihd
particular, with this method we could get sequential third
order rotatable designs for 6 and 7 factors in 260 and 238
non central points respectimely. But by trial and error deslgnsl
for 6 and 7 factors in fewer number of design points have -
been obtalned on the same lines with slight modifications.
These are presented belowe These deslgns seem to contaln
reasonably small numberfzesign points. For estimating the
84 and 120 coefflclents In the third order surfaces of 6 and
7 factors, we get sequentizl third‘grder rotatable deslgns
in 180 and 182 non central points respectively.
Sequential third order rotaiable design in 7 factordid
We take the followlng 182 non central points into
two blocks for the designe.
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Block I s (1) 56 points of b(v = 7,k=3,r=3,b=7, 2=1) x 23.

Block"IT? (11)112 points of a{ complementary of the above BIBD

v e 79!:‘-4,1'34’!):73} =2) X 24°

(111) 14 points of (c O eeesd) X 2>
\wiith these points we have,
s %8 = 6222 + 2av? + 20°%
4 4 4 a
Tx; =64 +2ab + 20 .
T2 = 64a° + 2008 + 2%,
2 2 -
Z XqX4= 82a4 + 854.
5 xZxs% 32a° + 01°,
- 6
Ix; a0 s = 16a° = 8b .
Relatlons G,(11), D,DI(1), D(11) glve & (DM, o VO
% 6 6
=b /a
4 4 ! 4
X 64a” + 24b* + 20° = 96a” +24b .
' 6
Blm&&as + 24b + 2¢ = (5 x 32)36 + 40b
Relation D,(11) is automatically satlisfled.

from (D) we geot tg = c4/'a4 = lbe

i

2e

o B

6

from D1(1) we get £ = 06/3.6 2 644
Block I obviously forms second order rotatable design, with
atleast one central point.
The number of central polnts n,, n,o to be added to the two.
blocks can be determindd by

fo /zzxf = (56+n,,)/(126 + n,q) = 24h2/(64a2 + 2636
‘Saeguentiasl third order rotatable design in 6 factors:-

We take the following 180 mon central polnts into

two blocks for the desligne.



Block I: b | 124 Block I1: rlzae"‘
236 | 345

a4é 24586

56 1 356

b 45 |- *1 356

45 ’ 146

- 62 146
6 2 125

13 125

13 234

\ | 234

a_,“,al.. (e O 000.0) x 21-

 The treatment eombinations of the unknown levels are
generated as before from the incomplete block designs ( not
balanced) and the design points are obtained by multiplying
each of them with the r?quisita assoclate combinationse

in” 64a2+24b2+ 202

T %} =6+ 341: + ¢

2z x 64a + 24b + 2c6

z x 1 32& + 8b

3 x2 x4 32&6 + 8b

xf x? xf =

Relations cl(u), D) Dl(i), Dl(:li) give
6/56
2/a2

6

8 = b

t =¢

= 2,

= 4.

Block I obviously forms a second order rotatable design, with
atllleasf one central point.
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The mumber of central polnts njgy n . to be added

to the two blocks can be determined by

5 %0 /T,x5 = (56%n14)/ (12¢m,) = 24b>/(64a%+ 2¢2)
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Multifactordsl desizns sultable for studying simultaneously:
(1)_the mafll effects and f£irsy order intergdfiong of the
difforent factors and (11) the second degres response_surfacd?

Rotatable designs are advocated by Box and Hunter
_for the exploration oé-responsefsurfaces In multifactorlal
oxperimentss The most commonly used designs are the second
order rotatable deslgns for the exploration of the second
degree surfaces. It may happen that an experimenter is
intergsted In studying the second order surface along with
main effects and first order interactions of the factors
involved 1n a multifasctorial experlment at the same time.

411 the second order rotatable designs avallable
donot lend themsel%es to serve for such an expeiimentatibn.
With them all the main effects and first order interactions
are not estimable and even If gome of them are estimable,
thelr preclsions will no% be the same. We will show later
that all the second order rotatable designs congtructed
through BIB designs as indlegted in the previous chapters,
wlll lend themselves very efficiently for such dounble-purpose
experimentation.

Let us denote the set of designe points of any second
order rotatable deslgn by (Re.). We add further a set of a
few more design points (A)s sultably chosen, to the experiment.
The part (R) can be used to exploit the response surface |
efficiently,while the design with all the (R + A) points,
ir necessarijithout a set of certain design polnts (B) from R
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can be used to estimate the maln effects and first order Intera-
ctions of the factors involved, with the same precision. The
sets of points (4) and (B) are sultably chosen such that §
two way tableg of frequencies for any two factors gilve elther
equal or proportional frequencles for the varlous comblnatlions
of levels in the R experlment. This ensurss that all the
Bxixn gffasks and Fhrst dzdar Ixtorasthians xxa oxbkbxmble whth
il prasiside.

The second order rotaitable design constructed through
BIB designs are particularly flexible for such a double purpose
experimentation. By simply adding a fow more central polnts
to such second order rotatable designs, desligns useful for the
two purposes can be obtalned. These deslgns are Interesting in
the sense that even after adding such further central points,
these designs still remain to be rotatable designs and further,
with a higher efficieney for exploring the response surfacee.
Thus,in fact,we are able to construct second order rotatable
designs of type (R + A) for studying the multifactor dependences
and a part of the design can also be used for estimating the main
effects and interactions with equal precisions. Construction
of sguch designs 1ls indicated below.
gase (1)i- When a second order rotatable design (R) for v
factors 1s obtalned from a BIB design (v, Ty byks A ) with

r = 3 , and ny central points, then by adding (A) = n(z2/ ~b)=n,

more central points (g0 many different observations being made

at the central point), where n is the number of associate

R L e L

T - SRy
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comblnations used for multliplication to generate the design
points, we always get a design of the type required for the
double=purpose experimentatione. The whole design (R + A)
consisting of all the design polnts a(vs, Ty by ky ) x 2°

and n(rz/,\ = b) central points can be used as the second order
rotatable designe The maln effects and first order interactions
are also estimahle?;)iufh?ml pruéyfsm}éﬁvith all these design
points (R + A) for all the two way tables,for any two factors
are orthogonal in the fraguencles of the varlous combinations

of the levels in the deslgn as seen from the table helow:

Factor Fl

- e wm = = e = = e w = - SR e B W® o -

-2 A n/a an/4  (r-»n/2
o 8 An/4A  an/a  (r-An/2
0 (r=a)n/2 (r-,\)n/a {(beZSr+nin(r A «b)

- == e - - e W = o W 4B & W W @ & m e O W s WD

bn

Factor F

n(rzzfg «b) 1s always posltive in a BIBD and is an integer in
this case as »r = 3A e

e (11) :-= When a second order rotatable designs (R) for
v factors is obtained from g BIBD (vy Ty by kyA ) along with
JEQixws 2v design points (b 0 ceee0) x 21 and n, central points,

% 2 Fovr 1R PU.)’LPGSQ.
then also we;add (&) = /[ n(r%/n =b) = ng 7 central pointisg
In this the (R)(A) are

(R) = afvy ¥y by Ky A ) X0 + (b O seee0) x 21 + ng central polints

(A) [n(r /J\ «b) - ng, 7 central polntse
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For exploiting the response surface the whole design (R + A)
can be used efficlently. Por estimating the main effocts and
first order 1pteractions the deslgn polnts a(vy, ry by kyA )1
and n(rg/_;\ -b) centrdl points can be used (l.e.) from whole
design (R + A)y the set of points (B) m (D O «eee0) x 21
are cmited for the time being 'to estimate varlous first erder
- interations and main effectse. 'Frogiséigdgi? effects and
first order interactionscan be estimated-;a§§n;§§giktgu;;§2gga
as is shown earlier. The only condition is that n(r2A =b)
should be an integere. dasegn
Gase (11£J: When a second order rotatable (R) for v factors
i1s obtalned from a BIBD (v, r; by, k, A) along with the
set Of polnts (b b eeeeb) x sultable fractional repl. Qr
a2V  and np central points, we need not add any more further
design points. The whole design (R) can be used for the
exploration of the response.surface and the part consisting
of the design polnts (b b eeeeb) x suitable fractional repl.
of 2¥ can be used to study the main effects and in fact
all the interactions upto order three with equal p?ecisions.
Thus,we have seen when &' second order rotatable
designs are constructed with the help of BIB designs, by
adding a few more central points to these designs, we can
get designs in which the response surface and the maln effects
and first order interactlons can be studled stmultaneously.:
Though we have made the study oijconstructing such designs
only from those second order rotatable designs constructed

with the help of BIB designs, the method of getting such ©
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deslgns from any second ordef\rotatable deslgn 1s identicslly
the same, as 1s indicated in the beginning of the chapter.
But the only difficulty may be that after adding a few more
design points the whole design may not still remain %o by rota-
table as 1s the case with those obtained through BIB desligns.
In any case they can be ased in parts to study the response
surface along with main effects and first order interactlons.
A 1list of second order rotatable designs of the type
(R + A ) upto 7 factorsy from which maln effects and first
order interactions can be recovered wlth equal precisions, has

been presented below:

- mE s W s AR W En s mh 4 S an MR A AR A AR M0 WD B m T YR A @ A = o M = @

No. of Second order Design points to Total number of
factors. Rotatable design be used from (R+a) design points
tyt of type (R+A) to for the study of in the second
explore the resp~ main effects and order rotatable
onse surface. first order intera-~ design of type
ctionge _ (R +4)
3. a(v=3,k=2,r=2 a(v=3,k=2,r=2,b=3, 18+4 = 22

2. 2
b=3, A=1) x 2 i A=1l) x 2
{(bOO «.0) 2 4 central points

4. a(v=4,k=2,r=3,b=6, a(¥=4,k=2,r=3,Hb=6, 24+12 =36
> =1) x 2° »=1) x 2°
12 central points 12 central points
Se a(v=5,k=2,1=4,b=10 (b besob)x} rep1.35 56+0 =56
A=1) x 22

(b b «eb)xl/2 rap1.25
6e a(v=6,k=3,r=5,210, a(v=6,k=3,1=5,b=10, 92+20=112.
*=2) x 2% »=2) x 2°
(b O +ee0) x2* 20 central polnts
20 central points
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7e a(v=7,k-3,r=3,b=7 a(v=?,b3,r=3,b='?,
»=l) % 23‘ a=l) x 23
16 central points 16 central points.

56 + 16 = 72



4 _second order rotatable désig:

The a-dombinations are generated by writing the
BiBdeslgn v=7y k=3, =3, b=7, A= 1 as a bxv ratrix

with elements 'a' and 'O, !

— M _g=combinationsgs

124 aafalob00
285 0aalalo
34 ; 00Oaalao
457 000aala
561 -a 0 Q 0aall
; 72 0a 000aa
713 a0a000a

As p = k = 3, the assoclate design 1s the 23 - design wlth
levels 1 and -1, with which the three a's of sach gs-combination
have to be multiplied so as to give design points.

The 53- non central polnts of the second order rota=
table désign in 7«factors thus obtalned are presented in the
next page. The value of 'a! has to0 be obtalned from the
relations

24a2 = N where N denotes the total number of design
points which include at least one central point together with

the 56 pointse '
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Ligt of second_order reggjg;ole degigrisia
- - -~ - - - - - - - - - - -F- - - L - W W - - - . t - . - W == -

Number of Typds of combinations Number of polnts Solutions of

factors with the associate eadh %type of *  the unknowns
Tyl design, to be used combinations of in terms of
for multlipllication. unknown levaels. 2
;-----“‘------‘.-‘J--‘-‘--“-‘a-“--
(L) (2) (3) (4) .
Se a(v=3yk=2,1r=3, b=3, 12
2 2 2
A=1l) x 2 - b /a =2
(b 00) x 21 6 . .
af1)  a(vee,k=2,r=3,b=s, o4
_h;l) x 22
2.,
4(11)  a(v=4,k=3,r=3,b=4, 32 b/a =2 3.
A=2) 23
(b 000) x 2~ 8
) 2,2
5e a(v=5,k=2,r=4,b=10, 40 b/a = 1/22.
A=l) x 22

Py

(b b eesd) % & reple2® 16

ﬁ--ﬂ-------------'-‘-----------‘.

e6(1) a(v=6,k=2,1r=5, b=15 60 bg/az = 1/2 2.
A=1) x 22
6
(bh .-b)x 'é' reploz 32 T

-ﬂﬁ----‘-----—----‘-----nd------.ﬁ

6(11)  a(v=6,k=8,r=5,b=10, 80 b2/al = 2.
A=g)x2’
(b-0 --90) X 21 12

»



w(iv)=

L
- - L] L - - - - Ld - - - -, E--J L - L]

(1)

(2)

© w W B W g m W @ S e N D o = W m

74

a(v=7,k=3,r=3, 'b:'.'?,
A=1)x 2°

- e W o W s s @ B W W D W O m W B S

8(1)

Qe

]
10

1l.

a{ v=8,y k=2,r=7, b=28,
A=l) x 22
(b beeeblxd rep1-28
alv=8,k=4,r=7,b=14,
r=3)-x 2%,
(b O ¢0¢0) x 21

- S W 2 W w e = N W B O

a(v=9,k'-’3,r=4,b=12,
A=l) x 23
9
(b b oob)x %’ replo2
a( v=10’ k.—"'4’1"'".6’ b-’-"15,
r=g) x 2*
a( V"—"ll’ k=5, r=5’ b=ll’
A=2) x 1/2 repl.zs

(b O «ee0) x 21.

a.(v=12, k=2,r=1$, b= 66
2
A=l) x 2
(b b «eb)xd repl.21l2

26
128

240

176

- e W & 2 o W™ W

(4) o
t
”‘-'"-9-5

m W e PR o= - o,

2 ;
bz/a =l/2 J—éo :

B e o W 8 w N -

'bz/ a2 = 4

- e W Ay e > D W

b2/a2=1/4 J 2

- o 2 e o W - -

2
ba/a =2 J—‘éo

v2/a2=1/a 12,



12(11)

13(1)

- s T =

13(11)

- e o ==

14.

(V)=

- s s o W W = o B @ = o

(2)

a(V=12,kF6,r=ll,b=22,
6
X=5) x 1/2 rapl.2
1
(b 0 ooooO) X 2 )

a(v=13,k#4,r=4,b=13,

a=1) x 2%

(b b -.b)xﬁ repl-213

g.~ 8
(I |
[

208

1024

a(v=13,k=3,1r=6,b=26,
3
A=l) x 2

208

(b b oeb)x% replozla 1024

ﬂ-ﬁ‘--"-‘--ﬂﬂ-

a(V=14,k32,r=13,b=91,
o -
r=1) x 2

(b b..b)xljiﬁ rep1.214

364

1024

a(v=15,k=7,r=7,b=15,
7
2 =3) x¢ repl.2
1
(b 0 -000) X 2

260

30

a( V-"-"lG, k=6,r=6’ b’-’lﬁ,
6
A=2)x% repl.2

812

- e om & o @ -

(4)

- % e = oo W o

2
b/a2=8

- D e e - W W

bz/ a2= J:_B/lg

ba/h2=J§7183

v2/a%=J5/16.

P
b2/a” = 8

NeBe * denotes at least one central point is to be added.
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~(vi)-,
4PBENDIX IXT

v

Lilst of nonsequential third order rotatable designss

(4)

- e @ m e W @ w & e S W D B W W S S @ B W S W W M W OE W S W R S o

(1) (2) (3)

3e a(v=3,1c=2,r=2,b=,‘3, 2
>=1) f=0) x 2°

1

(bO0O)x2

o :
(c 00)x 21 ;
(daa)xz2’ 8

4o a(v=4,k=3,1=3,%=4, 32
A=, b=l) x 23

(b0 00)x 2t 8

(c000)x 21 8

] (dd 00) x 22 24

5(1) a(v=5,k=3,r=6,b=10, 80

2 =3,p=L)x 2° ,,

(b O +ee0)x o 10

{c 0 «ee0) x 21 10

5(11) a(v=5,k=4,r=4, b=5, 80

A=3p=g) x 2% ,

(b O eseD) x 2+ 10

(c 0 «ee0) x 21 10

(d d 0..0) x 2° 40

(e Oeseel) x 21 10

2
b2/ =

a 2
e fa =
2,8
4 /a =

2,2
a /d’=

2 2
» /4 =
02 /3%=

- E D W R & = e o

2,2
b /a =
2 2
¢ /a=

- e W am w e wm a =

a2/3%=

v%/a%=

¢2/a 2,
2

32/d =

24102000

0852600
0522960

- . o W m -

0793701

- —

248774724
0.957168.

3247410
1205956

- e e B e

04436720,

1.975158
0856008
1.900000



«(vii)- )
\_\ _
(1) (2) (3) (4) .
¥ ) 2., 2
6 (1) a(v=6yk=3,7710,b=20, 160 a /d = 2.519842
A =4,M=1) x 23 -
1 2 2
(b O 0000) x 2 - 12 b /d = 7226732
o ‘
o (c O vee0) x 21 1z . cz/d = 346839808
N - 2 2
- (d d eeed) x 2° 64 8-/d = 7.000000
1
(e 0 oooO) x 2 12
6 (11) a(v=6,k=4,7=10,b=15, 240 a2/a%= 0.436790
' 4
9‘56’,}‘:3) X 2
i 2,2
(b O «esD) x 2 12 b /4"= 2.015918
o -
(0, 0 0060) o 21 12 c /dz-"- 1.465050
o I
(d 4 00.0) X 2 6% 92/d2= 1.000000
1 2,2
(@ 0 +ee0) % 21 12 % /4= 1.000000
(x 0 -000) x 2 12

- W ar ar O O A S W B S M S @ an W TF S W W M S N S M e SR W e W e W W

6% (411)  a(v=6,k=5,r=5,b=6, 192
*=4,4=3) x 2° Pl
(b O +eed) x 2° 12 b2/a®= 3.857940
(¢ 0 «eas0) x 2+ ¢ 12 c22a2= 1.272580
(d 4@ 0..9) x 22 ép 62/a2= 3.195920
(e @ 0..0) x 22 80 92/a2= 14945794
(W Oesesl) x 2% 12 w2/a2= 4.000000
(X Osssel) x ot 12 x°/a%= 5.,000000




Ty 02) (3) )
----- ﬂ---ﬂ?‘-ﬂﬂ”---ﬂﬂ-—-ﬂl’“-#ﬂﬂ--‘-
7(1) a(v=7,k"—4,1‘=4,b=7,
4
>\=2,)2'2
2.a{complementary
2
BIBD v§7,k=3,r=3, 2024 b2/a= 4000000
b=7,A=l,p=1) x 2%
1
(b 0 00000) x 2 14
.- - - - " -,
7(11) a{ v=7, k=3, r=15, b=35, 280 a®/d = 24000000
*=5,t=1) x 2°
1 2,2 -
(b O eeeel) x 2 14 b /d%= 7.542256

(dd Oooood)X% rep1o27 64

- W N W S W e o B w2 s W M e W IR G M o a W o W

2
Y a(v=8, k=4, =7, b=14, 224 a /d%= 1.000000
A =3,r=l) X 24
1 - 2,2
(b Deessl) x 2 16 b /d°= 4.000000
2 2, 2
(cc0aees0) x 2 112 ¢ /d"= 4.000000

(d deo-§d)X% rep1.28 128

- on W e m W G e W dE W B W o m s W W W W g g W R g OB W g W AR B MR g =

9(1) a( v=09,k=3,r=28,b=84, 672
» =7,/=1) x 2°
(b b eveeh) x reple2” 256 v2/a%= 0.392768
(C ¢ seaoC) X% rap1.29 256 c2/a%= 0.122376

]

(G O eeeel) x 21 18 d2/a2 30914868



X

- e S e i i

- e A 4D TN A T D A o S 43 S P 4R B ID W 4T »

S WD U 0 W U T Gt e S S0 e e

£ 0 F-00 f-ED S A O U -G - NP S Al U Sy SR Ay - Y

col. (1) Cal, (2) N ‘:‘@h.? ..).. "”Eﬁ:'_ﬁ‘:z.”
914} a=(9y 5y 10, 18, 5) x 2 576
Complememtary B. X. B. D |
ae(9, ¥, 8, 18, 3) x 2" 76  1/a® = 5.9W29
repeated once more.
(b 0....0) x 2 18 oa)az 2 b, 546079
(6 0.eesd) x 2 18 &2/s2 = 2,000000
(4 @ 0...0) x 22 1y )
10(4) a={10, %, 12, 30, ¥, 1) 2 2° &80
(b beeeesd) x g reple 2'0 512 /62 2 0,248096
(6 ¢oeeeat) = ¥ ropl, 2% s o¥/a? = 0. 061468
(4 0,eee0) x 2 20  a%/a? 2 2,371260
(G 0.0..0) x 2 20
(4 0.,040) x 2 20
(4 0ceee0) x 2 20 .
4 Oveeel) x 2 20
(Q 0eeesl) x 2 20
0(11) ae(10, 5, 9, 18, &) x 27 576
complémentary Be 10 B. D
8a(10, 5 9, 18, 4) x 2° M6 22 . 6 um0s
(b 0c0ee0) x 2 20 2,2 . 41955
(6 OveseO) x 2 20 °2(a2 - N -
(d G 0...0) x 2° g0 07" ¥ 2000000

0 65 o 08 db S g T o 5D 50-ED S O 0305 4 VB oo Y ub ap



u(x)n

o Em e e e dAes W W M S5 W W w eF W o M ‘W M WA S O W N W - G W W Em - .

(1) (2) (3) (4)

- ey e W W ST S B W B O & @ ww bty o & w & a w @ & W B e m g ow o m e ar e O =

11(1)  a(v=ll,k=5,r=15,b=33, 1056
5
A =6,4=2) x 2

(b O «4s0) x gt 22 bz/a2= 50443720
(c 0 «s00) x ot 22 ¢?/a= 4.2855:32
. e e e m g e E e m . B B, E .. e e e e n e ... ..
11?1 11y a% v=11, k--é_, r=6,b=1l,
A=3) x 26
2.a(complementary BIBD _
v=11,k=5,r=5, b=11, 1408 bz/a2= 0,572367
A= 2,M=2) x 25
(b beesbdxd replozll 512 cz/a2= 3.&47317.
(c C DeesB) X 22 220 da/az«'—’ 1.954600
(4 4 00esC) x 2° 220 6%/a%= 2.000000
(e @ 0s000) x 22 220

.
- e W @ M W W W O $ MW T G W D W P O O O MG M G W W M T e o w w -~

*
11 (111) a(v=11,k=3,r=45,b=165, 1320

A=9, fr=1) x 23

(b besob)x? replegl 512 bz/a2= 0.233192

(e coosc)xt repl.zll 512 cz/a2= 0.1&:-19449

(d deoed)xd repl-zll 512 d2/a2= 0.125000

(@ 0ovel) x 21 22 e2/a%= 3.634241
i T
12 (1) a(v=12,k=6,r=11,b=22, 1408

x=5, t=2) x 2°

(b b 0ese0) x 22 264 b a = 3.161774

(¢ ¢ 0eeel) x 22 264 cz/a.2= 2.000797

(d 4 eeeed) x3 :e:-epl.:a'l2 1024 dz/azz 0.396850

(e & 0.s40) x 2° 264 a2/§= 2.000000

?,'J



-( 1;1.)-

-ﬂ-ﬂ-‘---‘--‘------.--.--ﬂﬂ------‘-—

(1) (2) (3) (4)
-ﬂ-ﬂ-- - s e @ B e W & & o W@ W O E W e W o = a o O = W W v o=
12(41) a(v=12,k=6,r=11,b=22,

>=5) x 26
a{complementary BIED.
- 2 2
v=12,k=6,r=11, b=22, 2816 b /a = 8.000000
rE5,=4) x 28 '
1 2,2
(b Oeeel) x 2 24 d /a"= 2.983100
z 5 o i
(4 d 0.00) x 2° 264 6 /a = 1.761050
(0 e 00000) X 22 264

12(141) a(v=12,k=3,r=55,h=229, 1760
3
A=10, 1) x 2

12 2, 2 ‘
(b bBeseb)x? reple2 1024 b /a = 0.282368.
(¢ Cesoe)xt maplqzl2 1024 02/a2= 0.169032
L
(@ O «ee0) x 2 24 dg/a.z =3.301827
* Wi Th e Tttt EeT
13 (1) a(v=13,k=6,r=12,b=26,
Az=5) x 26

a{complementary BIBD

v=13,k=7,r=14,F26r,? 3328

A =74 =5)xf repl.2 _ ,

(b Ooeel) x ot 2-&:: b2 /a2= E.soz-e‘squ
(c 0ese0) x 21 26 62 /a2 4.&80909
(d d 0es0) x 2° 312 a%/a%= 3.610148.

(8 8 Deesd) x 22 3iz 02/a%= 0,983286

--ﬂﬂh--.-ﬂ-aﬂ--ﬂ-----.H---ﬂ---ﬂ-—Q

2



.
\

-(xi1)

-‘-w-----g-u‘-.w-m.----ﬁ‘--i--ﬂﬁa -

(4)

bvﬁ-u-thﬁ‘ﬂauﬂiﬁu-ﬂﬂlﬁtﬂﬂ---ﬂ-c----‘.ﬂﬂnd
- -

(1) (2) (3)

13(11) a(v=13,k=4,r=44pb=143, 2288
4

A= 1P =2) x 2

(b < 00000) X 22 312

(c < 00‘000) A 22 312

(d docoood)x%- replozla 2048

-, . - - - - op - - - .. L3 - - - - - b -

24, a( v=14,k=7, 1=13, b=26,
A =-E-i)x§-.- repl.27
¥ a(complementary BIED
V=14, k27,113, b=26, 3328
A= 8y =5)xe rep1.27
(b Gresl)x 2 28
(c Ovesd) x 2 28
(& & 04.0) x 2% 364
(e @ 0sel) x 22 3%4
15 a(v=15,k=7,7=7, b=15,
r=3) x 27

a(complemantary BIBD

v=15, k=8, r=8, b=15, 3840
» =4, M =3)x% rep1.28

(b Oeee0) x 21 30
(c Oeeed) x 212 30
(d d Osee) x 2 420

2 2
a /d = 3.030288
2

b-/a%= 7.578788
¢2/a2= 3.180174.

te

o 4R W s W W W W W W W W e W

b /a

cg/&m2
a2/q%

02/a%

-
—

f—1
-

64782826

1.998312.
306?9538
00571362

2
b /32

2
c?/a

dz/aa

i

4 « 000000

4 3000000
4..000000

LY

LY
H--nﬂ--ﬂ-”‘d‘ﬂ---w-Q-ﬂ“-ﬂ‘.--ﬂﬁﬂ-.

B_B3 * denotes that these designs have infinite number of solutlions,

of which only one has been given.

,‘J



~(xii1)-

~APPENDIX_IV_
List of seguential thir

a W e T gy & B W o s W W W S WSS W W S @ - - wm -

(1) (2) (3) (4)
3o a(v—'-3,k=2,r=2,123=3,
=1 +=0) x 2 i2 2
A =hp=0) x —} B b2/a =1.43481
(b0O)x2 6 1
1 - 2,2
(c 00)x 2 6 e /a =1.92849
(d dd)x 2> 8¢ B, dg/a2=0.32_:§99
(w w w) x 23 8 W= /a2=0.60000

4. (4d0o0)x 2> 24 B

- s M 2 S o @ W O D e W W

1
a(v=4,k==3,r=3,bgé,
2
A=2, p=1) x 2 3z b°/a%e3.247410
(b 00Oz 2" 8! B, 02/a2=1.205956
1
(c 000)x 2 8 dg/a2=l.259921
* ’ 2 -
5 (cc000)x2 40 o o
5 } B, a /d =1e587401
(dddqdqad) x2 32
a(v=5,k=4,r=4,b=5, ‘
A=Byp-=2) x 2 80 b?/a%=6.415804
1
(b0OOOO) x 2 10 /3224 ., 000000
1 2,2
(e 0000)x 2 10 32 e /4 =3.103404
1 ,
(W0O0O00O0) x 2 10 w2 /a5 6000000
1

) 2
(x0000)x2 10 x2/d =5 000000

>



Ge

7o

(2) (3) (4)
6 -
(d d ooond) X 2 64 2 9
1 } B a /d°= 2.519843
(0 0 00000) X e 12 1
a( v=6,k=3,r=10, b=20
3 - 2
A=4,p=1) x 2 160 b2/d = 54039684
2 2
(b 0 0000) X 21 12 Bz c /d = 5.039684
1 2
(c 0 oc.O) X 2 12 ez/d = 8000000
2ea(v=7, k=3, =3, b=7,
_ 3
*x=l) x 2 uz} By
al complementary BIBD
W?,l@'ﬁ,l‘%,b:?,
4
»=2, p=1) x 2 112} v2/a® = 4.000000
B
(b Oeesl) x 27 14) T2
(d & eo-od)x%‘ 1‘691028 128 2,2 -a-
1 ~} By a“/d"= 2x 2
(B 0O -0000) x 2 16
a(v=8,k‘=4’r=7’b=l4,
4 .2
A =8,=1) x 2 224} B, cz/d = 4.000000
2
(¢ ¢ 0seol) x 2 112 02/a%= gxob

(1)

a(xiv)=

- e 8 e = W W oy M W =

- oA B W ey W W W W g al W O wm A @

}'.-



o XV )=

\
- omk W Ek w0 W B G y e A WA W 4B W W T M S G w m B W e @D @ S s B o oS o

(1) (2) __gag_ -;;--(f)---,--
9*(1) (c ¢ eenC)xb rep1o29 253 32/52= 3o0237lé
(3 © o0s0) x 2° 18 ¢2/m%= 0899121
(60 +00) x 2 18} By a%/0%= 84507872
(W 0 «0o0) x 2% 18 &> /b%= 2.563504
(x O eee0) x 21 ig
a(v=9,k=3,r=28, b=84,
A =7,p=1) x 2" 672 Wo/b%= 8.000000
(b b seob) xb reple2’ 256} P2 x2/b%= 8.000000

W ak e @ ma W A W e e AP W am am Em e W S e W w o W A o W e W @

9(11) a{v=2,k=4,r=8,b=18,
x=3) x 2° 576 | 9,0 © -

1 } B b°/a“= 6,196762
(e 00000) x 2 18 1

-

a (complémentary BIBD

v=0,k=5,r=10, b=18, |
A =5, =3) x 2° 576 0" /a2 1.2%4954
(b O Oeesal) x 27 18 d%/a%= 2.000000
(¢ O soeeeol) X 2; 18 | 2 e2/a%= 4.000000
(@ @ Osessl) X 2 144
10. a(v=10, k=5, r=9, b=18,
» =4)x2° 576
(b Oueeel) x 2 20 (B, b /aP= 6.494805
(e Osesol) X 21 20 cz/a2= 26411955
a(complementary BIBD
(V=10,k=5,7=9, b=18,

0™

2000000

- 2

A =4yp=3) x 2° 576 A
2 B

(d | 0-0000) x 2 180} 2



-(xvi)~

L)

-, OEs am e m o ms A W O Ga M A om W T M R M W 4B e W M W W W

(1) (2) - - (3) (4)
e e e mmeeamcnac e e e e p e mrceanr e .o ., .-
11(1) (b b Osess0) x 2° 220
tc ¢ Orecel) x 2° 220 { By b2(32= 34225490
(d d ---..d)xi-replozll 512 cz}h2= 04453387
a(v=11,k=5,r=16, =33, |
" A =6, p=2) x 20 1056 a2/a%= 0.538609
(@ @ 0see0) x 2” 220} % ez/az= 1.851;540
11(11) 2sa{v,==3:1,,ke5,r=a?b=u, £30
A=2) x 251 704
(e @ Deeel) x 22 220} Pfl 92/a2= 1.511858
a(complementéry BIBD
V?ll;kﬂégrzé,b=ll, ,
A =3, pm2) x 2 704 b%/a%s 0.572359,
(b b eesb)xiveplo™ 512 B, o2/a%= 3.672516
(c c0ees0) x 2° 220 d2/a2= 2.454%14
(4 4 0.00) x 22 220
126 (b b O +eel) x 22 264 b2/a%e 2.30:5672
(¢ B Ceoeeld) x 22 2;4 B, 02)h2= 14485024
(& & vveeed)xd replea’? 1 a%/a%= 0.398850
a{ v=12,k=6,r=11, b=22,
A= 5yfr=g) x 26 e%/a%= 2.828407

1408
X - B
(e @ Oesed) x 22 264 2

>



n( I\Vj.i)\n

¥
-q.--'I----ﬁnQu--ﬁp-------nﬂ-—---‘ﬁ- -

(1) (2) (3)_____’-(4}.)“-‘_--_
13" a(ve13,ke6,=12,726,
N =59 xrzﬁ 1664}
(6 6 Oeessd) x 2° s12) "L o> /a2= 2,30940L
a( complementary BZ_[“BD
v=13, k07, 1=14, b=26,
> =7, P-=5)xk rep1.27 1&:54 b%/a"= 0.3%37'6_8
(¢ ¢ Ocsesd) x 2° 312 ez/a2= 3.283305
(4 @ CesesB) x 2° 3l2 } B, a%/a’= 24511237
(b b esseeb)xd repl.zl‘?‘ 2048 wz/a2= 3000000
(W W Ooess0) X 2 312
14" a(v=14, k=7, r=13, b=26,
' A =6) x} repl.27 12564
(8 @ Desed) % 2? 364} g! 6°/a2 = 2.828427
a{complementary BIBD
v=14,k=7,1r=13, =26,
A 26,0~ =5)xk reple2’ 1664 b2/a%=  0,235260
(b b eoeb)xi 1’9P1¢214 409-6—3 ¢?/a2 = 3.17225é
(¢ ¢ *ee0) x 2° 354 B, dg/a2 = 2,296065
{dad 0.60) x 2: 364 wz/ag = 24000000

(W w 0.0!0) x 2 364



-(xzviii)=

ES
----- - L] L - - - - - - - - = L - - - - - L] - - = - - - - - - ..

(1) (23 (3) (4)
15. a(v=].5,b7,r=7,b'-'=l5,
A=3) x 2° 1920}
2 B
(e e 0 +¢eel) x 2 420 1 eg/a2= 24412091

a(complementary BIBD
v=15,§=8, =8, b=15,

X =4, M=3)x} repl.2® 1920 __
(b b eeesb)x & replez 2006
{c ¢ Oess0) xm22 420
(4 G 0used) x 22 420

. .
b%/a%= 04164658

¢2/a% 3.832317

2
42/a% 1413329

LR R L R R R R R R I T R T e
- §Bi - (1)-By denotes block humber ond whild' B, denotes blodk
number two.
(11) * denotes that these designg have infinite number of solu-

" tlions of which only one has been glven.
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