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RUTRODICTIORs

& groat donl of literaturc io svallatie on responto surfacd
doxignz, Eom nad HBumber (1958, 1937) introduced the concept of
rolotabdlity and derived tho nacssary ool sffictant enditions
for o doeign to bo rotatablo of ordor d. Thoy obtalned tho rotos
taNlo dosigns through geonotricnl configurations of regular end pexte
rogular mldd figuros. Noxb, Bpzo emd Drepow (1939) obtained on
inflnito sarics of cocomd ooy Totatstlo doalgns in three dimanatonn
by asing o diffarent technique. Gardinor et ol (3959) providod. earo
third ordor rotadable doolgns upbo ¢ foctorg. Drapor (3860) ogatny
constructod an infinite sovies of aocond order rotatadle dogigns in
four or torv  dinonnfona Das (1061) obtained both socond and third
arder dopigns as fractional replicato of footorisl dogigno. Moro
rocontly, Mo and Rararfuhen (1062) and Dap (1963) hevo glvon o
difforent techniqus for the consbruction of guch &saigno through
BB gookgno both-with blocko of ogual and unsqual sises.

wamurmmmmmmmm
nows boo givon dwy consideration %0 tho oushar of Aovala of di€forent
factores  Qtwiounly, vhatover tho doolgn oy bo, &f the mmbor of
lowelo 44 large, somobings, it bedonss difficult o oporute the domtgn
in practicol eitustionp. Heoes thoro 4o o nsed for odtalning dotgns
with czaller mmbay of lovols.

The otntomm mmber of 1ovele With vhich o eocondl ordey rotem
tablo dselgn can be obtained 4o thren ood ouly o linited munbar of
such throo levolled dosigns 4o availebls. box axd Sohsken (1960 B
ond aleo Pep end Gavestzhen (1962) infspenfomtly obtadned threo

dovollod second orday yolabahle Sosignp through B.1.8, dosigns with
rr-'a?u.
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Other earies of cocond ordor donigns odtolnod by Dao and
Bxragizhon (4062) require f£ive levols 4f 29 8) . Parthormove,
M(m)mamum-m#mmmmmum
vhich require coven ar even aore lovels.

Dao~(1961) cbtempiod for tho fires tins to convord designs
of tho contval composite type Ao five lovole So designo in threo
1ovels. mm@mmmammmwsm
which tto axisting designs can ba converted to thyes lavellad designo.

0 have aloo prosonted in the present thesls, a oow sordes
of sacond ordop rotatadle dogigng, both in fivo and threo levels,
obtainablo through the B.J.U. domign with the parezsters
(v,k.r.b'.)\)-

Third ordoy rotatablo degigns obtainod by Dap end Earastiohon
(1962) require o largs mmber of lovels of aach of tho factors.
have prosanted a mothod through vhich third order rotatable dosigns,
toth nonesogquontlal end coguontial can bo obtained fin five lovels,.

A garies of third order rotatablo doeiges An fivo levale
hep oleo betn obtained through tho doubly B.I.B. dseign .

(vo &, n, b‘ﬁ\r/“ Yo
lastly, wo. hovo progentod Shixd order rotatablo designs upto

10 factors cbtatnablo Shrough the B,X.B, dosigns with blotko of une
ogml aizac, !

v

The wtations atid cethod of construction afopted by Mg avd
Faracimdsm  (1068) have been followed 4n thip theais.



8  Baoord ordoy rotatadble dosisma Yevnls

B cxtonding tho mothod given by Pap (1961) for converting
comtral composite doslgns to dosigns in B loweXs, 48 s possihlo, 4n
gonsral, to convert moos of ths socond ordar Socigns, availshlo An
1terature, to threo lavelled doglgns, Bhe tochrique 40 the gang vid.,
roplaccuant of tho anknoun levels 4n eome of Rho cozbinstionn e ap
to. have. only ono unknoun lovel folloudd by repotition of thase
coubinations, nay bo difforont sumbar of ropbtiticns for difforomt
conbdnstlons, 60 0o to catisfy the relation 3 3% = 37 k% o
mambday of ropabtitions as aleo the type of combdpatioms ¢o bo
zopoated deponds on tho mothod of construction of tho draodgno vhich
havo to bo convortod to thyeo lovolled doslgas Howavar, tho
folloving theores for obtoluing the mmber of ropstitions of partts
culor types of combtinations 4o trud An tho caoo of all ssconmd ordor
dosigns whicd aro obtaloablo by ualng B.I.B. dosigns. The cobe
(b By sees B) 0F (b) O, oeey 0) WALL aleo bo taken ag particular
casea of balanced dsalgng, ) being # 4n tho farner end waro 4n tho
1atter,

FhegrEn s

If o cocond order rotatadlo dosign con bo obtained through
ectn of unkmun canbiations obtaimabln from ous ar coro 8.2.8.
Goslgns with or withoub wrnqual block sisop, than Shie dezlgn can
bo convorted to & 8 lovelled dosign by firpt replacing the unkeowns
in all tho blocks, by a singlo unknoun end thon repeating tho hlocks
of lson By, py t1m00 whoro py & 03%a® { ag odtaind from to origte
rul domign ) end ay 45 ths unkroun ascociated with tho blocks of sizos
ﬁmmmmmaummmmmm
largetit blocks.
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If py happens to ba & fraction.and Lo equal to. q,_/q;,
then 4% ban to be comverted first to she freciion §/Q by multie
MMﬁ%MQiWwWM thot Q becomos the
lownoh cammon multiple of 61l qu'c. Hoxt, ‘tue blocks of sices Ky
aro to bo repeated G times and thoge of tho largest siso k, Q
tires,

N\

This theoren esn assily be pr#vod ag indicated in the caso of
8 levelled dosigna.

1ot the unknown o be acsscliated to tho blocks of ths largey
efso and o, o those of tho othor eize, Lst oa® bo the contrts
bution from the Slocks of waller eteo in Jxy® and fon X x, s 2,
Wen ¢he unknown 8y 4o the blocks ia ropdaced wa,thqtrmﬁ
bution will wideutlyba/e/a“- Now, 48 oxdor to uake tho latter
contribution, cad Bqﬂél/totheﬂ:marcal, 2t us repeat tho emallow
blocks p times, aﬂerrephdngtbmkmmaibye, mt!mﬁthg
wmmmnbeeomspca. v, 1f pna ﬂaat 1.0, _
p 2 8;%/ad , the contributions from both will de tho e

£ p happens to bo-a-froction,.that 49, p = &fq eay, 1t can
alwaye be pado integral by repeating the dlocke of the larger eigo
qQ times or any of iis multiple.

ﬁmcaaa%%mmthmtwmmmaimba
pmvaqonthe come lines, ;

¥ have obtalned bdloy, ths walnes of eqf;"a‘a for various types
of dmngxia mmﬁmthe.&tfmnt methnds of conchmistion. Tho
cagos 1; 2 and $ which nre already known from the work of Das (1961),
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Roghavarao (1968) ard Zyagl (1964) Rave aleo deen glven for tho
eako of cozmpletion, %hay, howeveor, approached the problem from a
digforent ongle. The grosent work which wse etarted in fuguct, 1068
wag @ons inderponfently. A paper contalning somo of the rosalte
presezted in the thosis was read ab the ATth amual conforenco of

the Indian Suciaty of Agricultural Stotistics held in the firgh
weak'of Janunty, 1984,

Dao {3961) obtalned throe 1lavelled povond order rotatadble
dosigns tbrough fivo lovelled contral composite designs by taking
tho 6oto ( 858y veey @) 80d (8, O, «oey 0) Anstead of (8,0, seupa)
avd (b, Oy esep 0). 12 tho ombar of points obtainsd fron tho seb
ta.a.....alhan,m/vaxmon% @ @ in tho origiml contral
composito dosign. EHemco the ot (o, O veep O) obtainod frem
(by O eeey 0) by replacing b by a 40 to ba repeatod n tinas.

hr { BAg
¥or, the construction of sscond ordsr rotatable dscigns, wo
have to introfucs n eat of 4ype (5,0, eesp 0) A€ FLBA tna
BuX.Bs Gecign, 8ow, wo take tha set {8, O; «sey O) &n placo of
(by O eee, O)s With tho cot (D, 0, «oe O0) wo have fronm the
mmmle‘BBZx‘gxf. the aguation

?oanﬁ‘ * gh‘ o 8A. fﬁ‘ sesasdess (u

whore m (£ k) 48 guch that a fvaotion of 2° combimations out of

k
£ coan b8 eo taken that fts identity growp does mot includo any
intoraction with less than five factors,

—
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Fron eguation (4) 1% followp that
be/“"h' "3)' P) aﬂ" ssesdnes (m

!hnn,msat(q.e...;. D)iabﬁmhﬁpumomaw

podtVelas (37«1 a“".

@onw> 82 , Dssand Bungiohan (1963) took ths cot
{by Dy eeep D) 4n addition to the a « conbimtions obtainod from B.X.B.
dosign and cultiplied 16 with @° ( or a cuitable fraction &%) aseclate
continations to obtaln tbo doslgn padnts 4n sdition to thoso obtairablo
fron tho B.1.B, docign.

Prea, tho reletion T x % 8 Ta s 8 esdtown tht

P vl
N 8%6 * Bv.bd s 3 [ 9 -"8‘06 *» 8 %d]

1,04, a‘/be = ﬂ.ﬂv'/ (3-37\).2" sengenee ‘m)

sioron<k o < WV

Thun, for conyorting this five lavelled dosign to threo lovalled destaon
%0 will ako tho cob (2, &y coes Q) 40 ploce OF A0 608 (1) by ey b)
and sopead ¢ho o conbinstions of B.1,8. design p'tines whoro

p = n‘/b" a 8.3"/ {(res8 ) Bn-
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12 a%/b% 1o froctional, S.0., of ths form 8/q , then tho
(% 8 eeepa) 55t 48 %0 B reponted q times and ths a = combimtions
of thn B,1.B. dosign o tines.

. () Through B.I.B. dosigns with threc block oizes obtainsd
through B.1.B, dselgun of the corlos vm & ,
b‘ﬂ*ﬂeva, raS8e¢1, Baf Aol viare S4o
a prine or a pricos powers

Prom tho above sorios of B.X.D. decigns Dap (3968)
obtaingd o now cerdes of B,1.B. doalgno with unogual block cises
an p=m B2,

m(msﬁo;hmatm@mummal. og
and &y fov accoclating with blocko of clses k= 8, k=3
smily @8(5=-1) vespectivaly. WM@&@B‘Z{‘&J’Q
will bo constant 4f

s — ’
2“. a,‘ o 88- 92‘ ] Bk". u:
whore 89 ant 2 are euttadle frocticms of &° ant g%
vespockively euch that ¢in Sdontity groups of Lnteractions
necepcayy for odianining thsm do mot contadn any intarction with
2603 taan § fagtora,

Fow, tocwnvert this 7 lovelled dagign %o three levolled
dosign, wo w2l uoe tho theoren 1.

-
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B> replace all tho threo cnkoouns foto only one uniuoun
ey aye Then tho blocks of else i © 2 are to Yo ropeated
o %é(e," ﬂva.n timoo and the blocks of alse kg a¥o to

hwpaa ‘/a."u ¢t =iy

levollcd design.
Bumples Ifwtekn 823, wedvo9, B ol8, Le8,
22, a6, red o 2285 wumBA,

» $1205 80 09 %0 give a throo

m% naafﬁa o4 ard P © a’/aa o8,
Thus, we got a threo lovolled dosign in §78 moecontyal polnto,

(13) Through B.X<B, Gosigns with two block sisoo obtained
through PeB.2.B, deaigns vith two assooiato cloasson:

Fron o PBl.5h doslgn uith parasaters (v, b s Pyolem
A A8y ) Ay > Age vecanges vn/2 bledo
-each of aize 2 by pubting togetier in o block tio trcatmomis
£ @ § ouch ttat ths two troatnends are sscond ascocletes Tho
b‘bhmormr.&x.a.aomwmnmmmm
blocks of sino 8 cach repsated (Ag = Ag ) tizos Wil foma
B.LB, doolgn with blocko of sisso kend 2, Aa A, amd
rornen (M=~Ag)

Dap (1963) obtoined oocond order otatahle doaigns By
ascoclating e, sAth the blocks of P.D.I.B dosign end &
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with ths my/2 blocks mu@;mw,?;mammmm
case vhen v ®w B , Z:;‘:fhuommu

aﬁ.q;w.__a“'. 7\3&‘ s 2% Aﬂ:

l’!g{ aa‘/az‘ L 3‘” -ﬂ". ( ?‘1- 23 ,o.

fo convert tile deglgn ¢o threo lovelled dsaign wo usd She
thaoren 3 as followes

Firgtly, we roploce tho two miknown lovela into only om
level cay dye mmv,\m-wnéatmvw bloeke
B - ‘/ﬂl‘ ﬁ_ ﬁ;a). (K‘Q%abt@ma’hmﬂ
second arder Tototablo design 4n 5 leovels. '

If, tovever, f* ) .Wm (&p%vno.d’“

(BL' Jﬁ;. n-l‘n_o’.&) MﬁhmMMWMhma
Bmdn |

Exzmplasr  Lat uo take the P.B.E.B. dasign with vo iR,
l'*ﬂﬁ ke & h"ﬁ;, 2\“!.'9, 7\330,' %nm
p=l
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i

ths adove dedlgn togother with the follouwing blockss

e B e W W
P B o 0o a

]

15 8o possidle to get a cecond ordsr rotatable dezign in thyee
levals bty ossociating o to both typen of blocks ani repeating
tho second 693 of blocks of alse 2, p, tizas wharo

n(l'-ﬂi

5 = o/t a «(2g=2g ) & 4
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(442) Turough B,2.5. deotgns with two hlock aises chtolned

from P,B.1.B, designs vith more thun two ecooolate
claagoss

from o F.BelB deolgd with purassters (v, By 3y, Rye
Ngr Dg2 voee N8 Typ Tpp semr By ) wimwe Ay > Agduddy
ws can ot /R blocks ({8, 8, sepp 6 ) coshof eize @ Yy
ionluding 40 o Block all possible pairs of trontmants wilch are
sutmlly { th astootates. Than, the U blockw of the 2,B.3.5,
gonlgn togebbey with all wn, /2 Nlocks of slas € , esch repcated
(Ag=2p) timoes, VL) forn o B,X.B. dealgn with pareastars

wt' e ez (va, f2) {24 =N) s myein, (Ag~NuNt
LEs Ao "

Bao (1968) obteinsd second order rotatable dosigus by
stzociating as many urown lovels as there are sescoiate clasces
exclnding the first ans with which the uckoown 6, 48 sscociated,
the blocks 4n the £eh cet delng ascocisted with ay (le g, 8, wuept)e
Zx‘:g will be congtamd &€

8‘. ﬁ: » Rw- %L 31‘ o 8”. 2‘%‘

f.0y, af[a“ = 'n‘”'g’. (?tl-?\z).

m v ,. wmt&;&.;;;ﬂ)mhmmm
timp the doslgn’ can bo obtained in [a(hnn.] lovels where
€ 2 1 By seep G-
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By theoren 3, we can veduce the mmber of levels of such
dostgne prom 2 ¢fe 1) +1] tos

MmWﬁmuﬂmmMam all asmcicte
classes inclufing tho firet aos. Thon wo, /2 blocks sre to de
mmupe timey yhare -

1

9@ at‘fd“ @ (Ag=Ap)e aw-m

. 'z’aat.al vony B

mva.mm(«v 8 ....g)mabm-mm“
can got o second ordsr futatabdle deslgn in 8 lovels by procesding ag
descrited in caoce 3,

Bummlo)  feb the P.B.RB. Geslgn b6 vab 28, ka4, na4
Ny ® 0, 7\,8'3’ 7\3-3. 7\"03 yehh PO nog
axd 0, @ 1y

Tms va/@ = 8 blocks are to b repeated py times,
vo/2 o8 blocknp, timss cud  vng2 w 4 blocks, p, times share -

o = 02“/-,,‘ o g =9, (M = Ap) = &
gsuaa‘/nl‘n e“"'a). (7\‘ - 7\3) - 9
end P s:/t:-,l am'a). (7\’h - 2‘-) o 19,

Here, fo7 the oabined design k= 4 An S, 2 alf,
r > 3} conssqusnbly by taking the cob (355 819 eesp 8y )
apd ropoating the above dezign py Simes where

o 2™/ (r-22) & = 28Yeiley,

vs got & socynd ooy rotatable dosign 1a thres lsvels



then there i & B,1.8. design vith purauctars (v, k, e
¥, ), wo con alwaye geb & sories of B.1.5, dosigns LoF
(vexn) troatmexds, 0< x < ve 8, vith unsqua) dlook sizes
Ry 8525 8 ey Such thad the paramsters ©ond ) ressin
unchanged shile tha parametsr b kay change Rr =) Ik

By agsooiading an wiknown a4 to asch of thoss blockn we
can ged akgta:ammhh fraction @5 1) esmotste
cohbdinations from the blocks of the larghit aice k, whave
M<y<h Ifk '8 £382 5 .. b tho other block
mmwmwmmwm Ry o By timop whero
" BTN, g0, 8, e e 2 X8 10 o euitaile
fraction of 2“. twhﬂ,u.,mm@mmmm
principlos of congtraction, we shall be gotting as many dendgn
polute fron this deaign as are obtaimable from tho B.X.0. design
for v trestagnte provided x <k ond B © K If for
sme <k tharoaxtatae & < Kk, then the dogign polote
obtnieed through guch a design will ba lesa Shan thoso ablainsd fHv
v trestments, RF x > &, the mumber of daslgn polnto can alwiys
be exle loss by caltting the treatmends all eccuring in e block,

Froa a thres levelled second order rototable deaign for v
factors, obtained through tho B.I.8, design with v u8) , o
garies of threo levellsd gecond ondoy rotatadle deatgns can be
obtalned for (vezy) factorsclen, 0 <3 < ve @, uith tbs
camd or mmller mumber of deatgn poiuld. Theso dosigns for
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{(vexn) factors are uaunlly with tho mintnum pumdbgr of doglgn
points, koowd e for, provided for o givan v, X §9 g0 teken timb
for (v=x) factors Aheve Goes mob exieh ey B.I.De dasign
with cqual block sives and with reo 8) .  Thus, Lf euch o domlign
vith v < 82 exlate for (ve x' ) factors, Shen = can take value
Gto (= ~ 1)

¥rom the B.1.B, doslgn (A4, 6, 8, 16, 8 ) which gtves &
throo evalled gesign in 513 points, wo can gob Shros lovelled
sscond order dosigne fur 15, 14, 15, 13-ond 34 factors alco
' with 838 pointe by endtting recpoctivaly 3, 2 8, & and 8
treatzmguto. mmgwpo:mnmth;m&mmm
kotun o0 £oT, excapting thn dosign in AL factori for which the
" mmber of points wilil be Wuumwmm

< conbinstions of the B,5.8. destgn (83, § O, &1, 2)

alotiguith the eod (8, Op +vsp O) Pepoated B timon..

Though we hove a B.LB. doelgn vith oqual bleck slsop
for voi0end yo 8 , thic doslgn ean also be obtainsd by
cmitting from the eymmstrical B.I.B. dosign (36, G, 6, 16, B) , -
6 treataents ocouring in a Hlock, Thum from the domign
( 35, 6, 6, 29, 2) we ann continua to omit the trentments ti23
the oudor of truatmente ueandwwmmdsﬁwmm
mmmxmmmmmmnmmhm
potnts for 10, @ and @ factora.

¥ coumol uss the desten {45, 6, 6, 16, £€) £ odtalning
7 « gactor rotatable desian op we tuve n B,5.B. deaien with eguad
block pises and with ©o Sifor ¥ fnctors.yis,, the design

b
P
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(% 9, 3 7, 3 ). By using this design wo can got hreo levolled
sgcond order rotatadls doslgusfor 6 axf 8 fuctors wAth 88 points,
for ¢ and 3 factors vith 24 points and for § factors with 20
polnto.

From o five levolled cecand ordor xotstable dosign for
¥ factors obtaiond through the B.%.B. designuith e ¢ 8A ,
w0 cap god eizllarly, o saries of five lawvellod second ordor
Gnclgne for ( v=x) foctore with tho saup cots of conbinee
tions,

% cay alco ged o gorice of taren lovolled cocond order
sotatablo dsedgno for (v= x ) factors, from o threo lovelled
socond order rotatadlo dealgn for v factors, abtained throuch
BuleBe (oaigno with ¥ $ B , through th oamo solo of
conbinations videy, (By Q) eeep 0) OF (o, 8, essp a) (vide
caces 8 end B of eoction 8). Ror < 82 , tho mmuber of
ropesitions of tha eot (ay 0) «s0,0 ) romains tho sane fo¥ cach
of tho (vwx) factorn, 0 < x < v=2 oxcepd for the
fovcogaswhon Kk < R Rr »>372 , tho number of
ropotitions of tho Aiffrent soto remnin tho cano 1€ k o k
and 4f tho design pointo obtairned through tho oot (8, Dy eeep 0)
1o te como, 3£ By < B, doaigas can stAL) Yo fourd fron
tho ganaral pricciples discussed in coassa 2 end 3 of sschion 8,



It appasrg that the minimun mmber of lovole of cach of
$ho factorn with shich a third ordor rotatodls desigo cowld o
obtaincd 4o fivo, Shough the abeolute oinlzm can Bo four aloy.

But anly fov dealgns with 8 Rovels of oach of tho factown aro
ovetloble fn Mteratare, Pho doslgna givan by Dag apd Earscinhen
{1052) for 7 ond 13 factors aro $n fivo levela, %he other desigmp
givon by then pegquito larpor mmbor of lewnls )  como roquirs ap
many as 45 Jevole. ¥oreovor, apord from the practical conaidarce
tiong, ns tho nmbor of lovols inarpases 16 baconos diffiouls o
oolvo tho algebrio equations, © thus, attowpted to obiadin third
ordar dcoigno An § lovels,

In the casos of cocond ordar wotatablo deslgns, the oxbabing
doaigns could o convortod to thres lewslledl Geslgns by vepeating
cortaln eoto of comdimations, Xo tho csse of third order wotatablo
deoigno, thio techniquo, 4n gonerdl, thoo ot esem to b applicabloy
fiyough tho repotitisn of particular types of cobs £0 nocupsayy hove
oleos o Dothod of obtaining such diedgni 40, 40 gomeral, to tako pt
Ionet two eultebly choson soto £ron the following este of cushim
nationns |

(L) (2 2 csey a7 (43) () Dy eees B)3
{£31) (o5 Oy ovey O)3 (sv) ( b ) evey O)2
(v) ‘bf W o’ asy c)’ (ﬂ) (ég 8 G. (21T 0)

ond {vii) tho a = coudiostions obtalmbdle from B.I.0 docdgny oithoe
Gontly balansed ar conplezontary deslgnoy
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and rapost then py @ ¥ eb0,, timna. Hoxt, through tho rolotions
of tho thind ardar dosigng wo ciall bo getting oqustions in tormmg
of Dy Q@ P OLG., and tho positivo fatopyal eolutions of vy @ 2

eStey will givo up the mmbor of wopeiitions, poocssoayy for tho
rogpoctive sotno.

Bon A« 8/ 4o a dowdly B.2.D. doalign with pavanetors
(Vo By & s X3/ ) SMArG order dosigns with fivo lovols can,
in gonaral, bo oblained by taking the cote (0p Op eeey O} and
{by 05 eaee 0), tupeated g and ¥ timos vempootivoly, tagether .
with tho & » coabinations of the doudly B.X.8, doslign which ave o
ba ropsated p tinoo,

Bor Ay 8M, mo ganeral nubhod for the oholco of cuch
coto goenn possiblo,

hen o Coudly B.X.B. docign-io mob available, wo toko o
B.X.8. dosign alonguith e cotplenontawy dodgn co thad the
conducd dosign bocomes a doudly B,1.B, doestgn,

Becoley 4 mowebqustiel thied order Totateblo deslgn 1o 4
fockors cin Bo obtained with Ao folloving poloter
() ax68p pointoof a-(sﬂ,&&.hc)saa.
(12) 8q pointo of (e, O, O, 0} u &,
(143) o» mmauu,a.‘o. 0) x8

(tv) 203 poiote of (e &y o tﬂas‘.
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fhe thrco welations of the design givo tho fllowing
oquatinnss -

10 e 2t » pd e 2d o8 [16md e apd]

Mmo * B'l'bﬁ * ﬁpao oaqaa s 8 [Mme L épao_'f
e 20m® @ 4p® e 3 (16

o third oquation givos 4p = 16x8n which 4o
gxtdoficd whon Nel end po 8, Putting thopo valuss 4n ¢ho
£first to oqmtions and  lstting Wl s 0, ¥ god

98 ﬂm-q),! » ﬂs 9(“-Q’19¢

Theco oquations are paticficd 4f Qo0 ond »o ),
giving £ a0 ma,;“/au shch 4implics thes @ = 4
thuo, w2 god o fivo lovelled third ordor potatablo dogign in 238
polnta, |

Fran the five lovelled conepoguontind third opdor rotatablo
dodgun, obtalnsd ns doporibod cavlicr, wo could obtain sogmatisd
dogigno Yy @ividing tho soln ioto two blocko guch ¢hab czch Block
10 o cotond ordsr rotatabdle dosigne Bo genaral tochniquo for euch
cubsdivigion of codn coano posalble.

Inmnﬁn&dmmm&vmmdem@mu
tho cota into tw blocks 4n soworal wayn. For axeoplo, 1o us
conpidsr tho mon=cogquontial third order rotatablo doegign for 8
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factors obtained through the following dosign pointos
(1) 12p poistoof ow (3 % 2 3, 3, 0) x8®
(1) 6q pivtsof (s, 0, 0) xR
(111) o6v poimtoof (b 0, 0) 2R

aod (tv) Bn poimtoof (o o o) x 85,

-

whoro pw B, q=16, pvel ol os® ™al nzmber of domign
potnts dbo thos R14.

o can gob & eaquantial third opdor dosign by taking tho
tw blocks a8

Bys 35 podnts of (a.o,a)u‘ﬂs
8 polntoof (b, 0, O) =8

Bgs 96 podrteof a= (3, 2, 8 8, 1, 0) z &°
96 polats of (o, O, 0) = B,

An altermtive to adove 4o to tuke tho two blocks ass

Byt 16 polmbs of (o, &, o) x8°
6 pointsof (& O, 0) xR
4 polmo of o= (B, & R 8y % O) &8
43 pointsof (s, 0, 0) =8

B¢ 48 polmtoof & - (s, 8.2,8.1.0)‘398
49 points of ‘Q.D,O)lao
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Anpther altarnative 4g to ¢=ke ths tyo blocke apy

B¢ M pickoof (o o o) x2
6 polato of (b 0, O) x 8
T8 pointo of o ( 958 B B, 3 0) 52
73 poimdp of (ay, 0, 0) x 2

Byt R4 potnts of ae(&ﬂo&%ho)aa“
24 pointa of (s, 0, O0) x 8,

Ona woro altoroative 409

B 10 potmboof (es oy &) n@
6 pointoof (b, Q, O) & 2
84 points of a-’{s.z.e.-s.s.o)sea
84 potuts of (4, 0, 0) x 8

B 13polotect a= (B, 2 2 3 1, 0) x8°
13 poiuto of (e, 0 0) B 2%

Licts of mnegequantiol and soguential third ordor
rolatable dosigne- in £ive lovels upto 18 fuctore bave beon
prosentod tn the appendices I and IT rogpoctivaly.



From o doubly Da1.B. dnalgn with the paramoterp
(v ¥ 7, ¥ A,/ ), wo can always god a oorice of doudly
B.X.B, doalgno with (vex), 0 < X £ v 3, troatnonts by
onitting any 3 ~troatments. In the resmlting dosign tho
valuss of by ¥, A and / rvennin the canc. For x O Ik, the
valus of b may aleo decrease,

By associating an unknown a to oach of thess blocks
ve can get 2= (or a suitgdls fraction 2%') asmolato
combinations from the blooks of the largest sieo k. If
R, % 1829, .., o tho otber Mook cizco ton by
ropeating the blocko of slsss B, 2 ~ © times (kg < ¥y),
wo ghall begetting as many dasign polnts to be inoluded dna
third ordor rotatebls degign for (v = x) factors as are obtaine
able through the doubly B.1.B. design with v treatoento provided
<k If, houover, tho largest block stzota k) . ( < )
Shen thoeo blocks are to be repeated 8- - > t4zes whore
k] < B+ Rr z) k the number of deaign palptd can alwayo
B0 made smller by onitting treatoents ell osourring 4n a block,

Froo a five lovelled third order rotatadlo design
for v foctoro odtained through dothly B,1.B. design with
Ao 8/, ws can get, through the same e¢sts, a esrics of
five lovolled third order dessigna for (v - x) facters,
0< 3 < v=38, vwith the como nunhers of repstiticns of
the different ests as yoguired for the design in v factoro
and the value of < b%/c® will remin tho ommo. As guch tho
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mbera:deazgnpointammdca@dﬂ {ve~x) factorg
o«;: v-s,mlboh;amthatormanMv
factarn. - .

Fron a £ivo lswlled thstd ordor motatable doaign for
v factors, obtaized through doubly DvI.B, dsoign with A¢ 8/,
n@aotﬂwWMWmﬁW@d&nm
1fkavico bo obtained for (ve x5 ) factors, 0 < BR<ve§,
alco.

&n duterepting epplication of this £6thod of obtaine
ing third ordsy ratatobls dosigno dn five lovolo ia thst Loy
8 fuctors Af wo und the sote (b, 0, «esy 0) and thoce o «comble
ustiong obtatmablo. frun tho doubly B.X.B. dosign (3, & 7, 14,8, §)
vhore A a 84 , eo get anly o rotatablo arrohgemont and pob
o docign. Eus 4£ wo onit ono treatesnt frep tho doubly B.1.8,
dosign ond genrato a third ardor rotatadlo doatgn with tho
gamg two typeo of cots o dodoribod abowo, wo shall gob &
nmwmmmmmumgafmnw
Sust 259 points, Likowieo, by cuitting, in turm, B, 9, 4 amdl §
troatzomts from tho. camo doubly B.3.5, dosign with 8 facturn, 48
wil) bo poositlo to god fivo Xevellsd thind ordor patatadle
dasigns in 6, 3, ¢ ond 8 factoro wikh 286, 234, 253 and 214
points rocpectivoly.

8inilerly, wo can usd the rotatabls orrangousnt for
36 factars cbtaionblo throngh tho cecomitoations of the daubly
B.X.B, doslgn (16,-6, 1%, 80, 7, B} for obtaininy third ovdoy

third ordar donign for all mmborg of footord ranglag £ro
18 ¢ 8,
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In ganeral, by amitting x Srentments fron
( 49, B, 18, 80, ¥, 3 ) ord taking 20 86%0 (D) Dy Op eesy0)
and (by Qp eesp 0) wo can geb rotatable designo for (16 = =)
factors, 0 < = < A8 vwhen tho first ard gocond goto are
cach taken once end t hird 59t 4o takon q times vhere
qQ ® 2x. Thus, for 45, 14, 18, 12, 11, 10, © and 8 factora,
tho voluos of q wAll be 2, 4y 6, 8, 10, 42, 34 ard 10
recpectively and tho numbgr of design points rospsctively
wAll bo [ 3EED, 4318, 4303, 4R06, 4280, 4260, 426 and 4080
Thess mumbarg ore conalderably emaller than thosa obteivable
by using obhor mathodo,



Sevayal mothods are cvatluble fov constraching third
ordar tutalavle dagigns. In vany cascd thosn decigns requiro too
pany design points, Rocantly, Das (4963) obtainsd second ordoy
rotatadbls designs through BuX.B. dosigns with blooks of wmequad
cieos which sugzostod that third order rotatedlo designs with
reamiobly aallor mmbar of poiute mhy bo obtatusd threugh
this approachs Konce an attexpd was mado to conptruct third
ordey wtatablo dogigno, both nonesoqientdad and soguuntial,
tirough %2.8. dosigos with dlocks of wwsqual elses, o ova
pracenting beloy degigho upto 10 factors.

me a.:.a,anmcs.s.é.m.s.s)
ve gob tw separate Sombly B.leB. dechgnB a8 (4, B, 3, & B 1)
and (4, 8 8, G, 1, 0). L2t un cucociate tho unkmown & with the
Goubly B.1.B. dostgne ( 4, 8, 8, &, 8, 1) avd {4, 8 B, 6, 3, 0)
ond wopest the ocond doubly B.XeB. dosign 2 timod. W9 got
hw A for the combinsd design. Then, by toking farther, two
6oto { Dy Q) O, 0) and { o, 0y 0, 0), wo g from tho rolations
of o third ordor dosign, the threo equations ams

ﬁa“oalb‘oc‘) o 8(24&‘).
@ed e 2+ ® = (20
ant 26a° = 3(0ad).
S’usuaab/n =8 and c%aut, wy jobt frea
mmmmmm

[T NPT
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# o 013 amt

' ot ® 86

giving a= B.247 and ¢ o 1,808, Ee thus got o dosign &n 4
foctors with 96 poioto.

4 gequential thind ordop desipgn con aleo be obtsinod
with ths game auudor of doplgn points 42 we take tho two hlocke
acs

Bt a-(4% 8650 50

repeated queo more

Byt o= (G0 % 488 & &
(b 0,0,0) = 8
§00,0,0)x &
The colubions.of o end ¢ remain the camo fur this

unknown © With the dowdly B.L.B. doaigns (5, 4y 4 B, O, 8) and
(S, 2 ¢ 10, 1, 0) and yeposting tho gecond dotbly B,1.B. dGesigny
4 timon and taking Curthay tho eate (b, Q, 0, 0, O); (o, Oy 0, 0,0)
and (4, &, 9, 0, 0) ws gob tho equations am
1200% ¢ 186+ 230% Y o 3(secteadh,
1200 ¢ 28¢° « 2 (%2 = B(Balesdd)
end e’ o 0d® = 3 (mad).

Patting so tF/f , so d/f ad ve d/d, w
g9 frop tho third equatlon w 28, L0, B2 2

the fivest ¢wo equalions give
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P e 2 s ops e

o o 8% mawm,  vhioh ave cotisficd for oo 4.809 ond
+ & 0,989, W, Shus, get o Shird ordey rofatadle design with
800 polms in 0. factorss

& oaquendial desSgn with 323 paluts can aleo be
obtained L€ wo take tho two Wocks ass

Byt B (3, 8 & 30, 3, 0) x &
(b by by ¥) &2

Byt o= (5,4 & 5 5, 2) u¥?
aw (3 8 4 19, 3, 0) 52 repeated 8 tims
(o © 0, 0 0} m8°
(8 0, 0,0, 0) x8
{0, 0, 0, % O) 28
Far $h16 doalgri the golutions will bes
o= 3/R & ¢.0m 3 t = AR e a.0m
an &/F = 19,098 apd vedt o v.489,

dopipn fog 6 2o g 1 wo ovdd ono
trentnend osch from the 51,5 dosigno (7 8 8, 7, 1) exd
(% & & ¥, B) vo god tho yosulting degign in threo block aimes
vid., 2, 3 wd & Thon hy repsating thp blocks of slze B, 4
tinas and blodks of mue S, 2 tinss and asivolsting tin coms one
koown @ with all the blocks wo c3o gob & third ondor rotatabls
dosign An 8 facdars by taking furtbor tho ¢ob (b, O, eey O) This
design, 4o fivo levels, happens o bo the como as givan in cection 8,
() By associnting tho




-
% e

-t 2F t»

mimown & with tho B.2.D0. doxdgoe (7, 9, 9, ¥, 1) and

(7, 4 4 7, 8) ve got a third oxdor rotatable dogign if weo
ropoat tho firet B.I.B. deaign, 2 tizes apd toke tho esh
(b Oy eeep O)s Thio Gesign 10 almo prosented in section 8.

(v) A deslem fox f foctorsy If wo omit ono troate
Qent £ron the B.X.Be destgn (9, 8, 4, 32 1)y wa gob the sosulting
dogign 4o two biogk sloss vig., B amd 8, Then, if wo tsko thale
complczuntary docigne wo. cimll be gotting txo more block alsos vid,
8 and 8, Thon, Yy ascocisting the eane unkoown o with all thom
blocks amd repasting tho blockn of elzo B, 10 times, blocks of
gigo 8, 8 tinon and blocke of alse §, 2 tirso v got a third ordoy
rotatadlo domign A€ wo take furthor tho sots (B, 0, ..., 0),
(cr C5 05 erep 0)y (8 45 O) erep 0) and {8y 05 oospy 0)a Ths thrvo
eqoaﬂomuinhml

ax192ode B(b‘oeﬁoRa(e‘odéins[euma‘o-d(éo 6‘)],

sx102a%0 8000 o 2 23(cf e D 05 [2 8203 0¥ e 0’ oY

erd 2x152a% ¢ 4(Bedd) = 8 (19229,
Pubﬂmgnbzlaa. s a o/, muflag and

£/a® s w0 got fron tha adovoe equationse

va e/

e £ s 1028 (tQOde.

¥ oo sximea(t?ed) om

taona o 49,

oy are paticfiod for
b o 3,428 $ ¢ o 8,196 3
O @ R.480 - and v o 7.000
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o, mmammomrmmmaawmnm
points,.

A poguential depign with £032 points can also be
owummmg.mmmumemammw
and 8 $imop rocpsctivoly, clongwith tho eot {4, 4, vuey 4) ond in
Bp » tho blocks of slses & and 6y ths blocka of siso § ropoated 2
tinos, alonguith the 6845 (D, O) eeeq 0}y (€ ) Op oeey 0),

(Gp@s 05 asy O}y (1) Ly O) eoep O) and (W Q) easp G)s Tho threo
rolations of the dosign will bo satistied forp

803/69 o 2,00 ;3 s$=if/S® = 7,589 ; us o/ = 6828
Vndg/dg := 4.?35_ s mnla/da = e.womme%%w,w.

faators By aagsolating the une
kooun o with ¢ho B,.X.B. dosigno (9, 8, 10, 13, B) and (9, 4, 8, 18, 9)
qu%mM%we,_MNManm
deugnbymmﬁe‘i'm soto (b, o,s;';-.,_e)-, 4, o, vees 0) w@ '
(% © 0 veup 0) Horo fo3 for tho conbined design. This
docdgn with 1532 dosigh polnts was given bylha and Parasizhan (1?@).

ign fhx 10 f If w cuit ons treate
mmm@wm.&eem(n,s. 15, 33, 6, 8) we gob the
two B.1.B. dooigns as (80, S, 9, g.a, 4) end (10, &, 9, 13, B). 200
us essoctato tho unknown & with the B,L.5, docigns (19, 5, 9, 38, 4)
and {10, 4 6, 19, 2) axd ropoad tho cacond B,1,B, doalgn & tinss,.
¥ got o2 for tho coubined dosign. Thon, by taking furthor tho
0oto (y Oy esey 0) €nd (0, Oy eeep 0) wo got & thixd order doeign
in 1098 potata, Tho tures oquaticns wALL bey

TR -
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132382 o o e(béiec) = 3 (6 x32 o9,
15xaz o S(baecel o 8(6x382 ) £
ond 6x5 o5 © B(2x3m R

By putting 8= 0%/a® oxd taoa/aa,uasatm
first tw ogustions asms )

B 43
and & + t82200, which are catiefied for o w 5.4¢4 avd
¢ o 4,286, )

A poquential design 'ean oleo be obtained with tho
cump mumber of deaign polnts by teking the two blocks dos

Blt o - (10.4,6, 15. 2) = 2‘

repoated onco more

Byt a-l(x/a,s,o,m_.ea x @
(B Op erep 0) & 8
(cs Op oesy 0) = 2

. to can get o cerdss of 7 lovelled ¢hird order rutatos
tle dostgns by cudtting ¥ trestoants, 0< & L v= 9, Do a
doubly B.XB, dosign wdith tho paremstaro (v, &, £ B'p As [ )
and with \@ 8 providod e thind ordor rotatabls dosign can bo
obtainsd through the cecombinations of tho doudly B.X.8, design
(o & 1, 'téﬁ.?\.M. Am BM  and the eota (b Oy sesy 0) and
(Co O sess O)e T2 olutlons of 3o /e ans ¢ = F/cf wnd
resodn tho camo for all tho (vex ) trostnents, 0 < 2 <v =8
Tho ropotitions of blocks of diffarent nises, obtsined by omitting

r
T =2

— - Ay Wiﬂ—w-? n;rm-‘i—;—‘ i st =t

il

*

- iy

rr—r—
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= treatnonte from the Goudly B.2.B. donign, will bo nade o
" dtsonssed An the cectien 9. |

For axaxplo, thore oxistg a 7 lovelind ¢hdrd ordor
rotatablo design for AL factors obtalnablo through ths cmesubinationg
of %hp dowdly B.X.B, doatgn {11y 3, 15, 83, 6, B), Mo 3M and
tho eato (b Oy seep 0) and (6, Op eeep 0) with 1100 design pointas
How, by omitting ¢n turn i, 8, 9, 4 and B treatnonts frow the doubly
3,1,B, dacign (i1, 5, 18, 83, 6, 2), we can gob third order rotatos
blo dosigns for 10, 9, 8, 7 and 6 factors raspectivoly with 1098,
1092, 2033, 1034 and 1048 docign poluto. Gitilarly, the 7 lowelled
third gvder rotatable design for 3 foators, obtaimeble through tho
o~coubinations of tho doudly B.Y.B. donign (3, 8, 6, 30, 8, 1),
As 8M and tho suts (by Oy weep O} a8 (S O) eeey 0}, with
100 decdzn polnts, kay bo uesd to give third ovder rotatablo dogigns
for 4 ond 3 factors with 98 axd 98 doaign points respootivoly.



BOMHARY S

& mothod for obtsining eocond order rototable dsuigne
in tireo lovols ks been doscribed, Through thfs method the cxiste
ing cocomd ordor rotatabls designs can bo converted to dosigns with
threo lovels of each of ths faotors, 4 nwsher of cxowples have
boen given to illustyato thip mothod,

- Tho investigation has besn gxtonded to odlain third
ordor rotatoble dosigns, Both roneooguontiol end coguonticl, with
fivo 1ovela of each of tho factorm' Two tobles glving Shird ordar
rotatable 2esigns in five lovols have Bota given alonzwith o detailed
exanpls for 4 factorss

A garies of five levellad socand ordar fotatable
dosigns, obtalnanlo throngh the bmlpsion 0f treatments n o B.X.B
dnclgn has boon prosorted. A moro useful carles of threo lovellcd
cecond ordar rotatablo designs has besn obtained through tho crde=
aon of treatnants, Porticularly, ths corics obiained through tho
A.I,B doslgns with Fo 8 ) £oomp to be of pararcunt importancre
fdp cories holpa us 4n gotting threo lowelled dopigns vith smalley
wmber of design points, Ammormcamm&ammmm
given 4n sootion 9, |

-

t huvo algo obtained a cordes of five lovelled tidmd
ordar rotatablo dogigna Yy ozitising coms treatoonts in a doubly
DY.B. domign, The utility $o that the amborsof doalgn pointe in
thoes third ordor rotatahbls dosigno aro redacad to largs oxtont, A
uee of ’mtab;bla arvangeRcnts to obtain txind order rotatable
dogtgns 15 quito intoresting.

.~ "drd ordse rotatoble dosigns wpto 10 fuctars, both
monesoquential and soquontial, havo boon obtained throgsh the B.1.5.
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Comigno wAth blooks of usequal sides. & esyles of covin lovolled
third ardor sotatable demigns obtainsd through the caicsion of
troeateopto An a dondbly B.X.B. dosign hap aleo bean givens This
serien aleo, helpe in rodncing the mmbar of demign points to n
largo extent,



)
1Art of nomwssquential third order rotatalle designs in fiwn levcls.

foctorp} associako design to de ussd for ttitions ¢f ) criborl Sclutionp

(v) | multipldcations sach of m ;{m
LA . ... (0 PO ) I Sols, leimﬁ Sale (91 .

B en{dy 5,2,8,1,0) »8° 8 ]

(e, 0, 0) x 8 16

(% 0, 0) 58 2

(o 2, a )n 2® 2 ns o
8 00(5,8,8,5,20) x 2° s .

(% 0, 0) 22 | 10

(b ) 2d 16 o oo
¢ o(&23,48,1) x8° 8

(0, 0, 0,0) u2 9

(v, 0,0, 0) 8 3

(0 8 0, 0) x 2° 4 eiz  t/af=a
6 0(8,8,8,0,1,0) x 8 Y

(8 0,0, 0) x 2 0
(5 b b, b) =8 ' 8 a8 ofcg

4 o=(4,8,5,6,1,0) = g8
‘h. O' 0, 0) =8 -
(o 2 o, o) x8* Y s ePas
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Col. { Gale (R) _Enln (8) I Col.{d) ] Codo (5)
8 a(52,410,1,0) x &8 Q_
" (8,0, 0,0,0) x8 l's

&b %o b =g’ ‘4 e ofMfeg
-8 =(5,8,6;10,0,1) = 2 2 |

2,0, 0,0, 0) =% g

(% 0,0,0,0 =8 3 g0 B/Pas
6 7 o-(8,2,9,18,,0) x & 3 ’

‘&, Oy eseep o] ai 4 .

‘?’b"’iil]. b) ﬂge 8 288 ae/bead
] 0=(0,8,40,20,3,1) x & 16

‘b. 0.‘ seep 0) n 2 ﬂ ‘ ‘

(o 00 ecop.a) z e® ) gves M/ o o
! gﬁ“ W«v.n '334 80 Mmi

=(7,3,8,%,4) = ? a 3

popanted once care ’ .-

(b. op Tenp 0) ae b § 288 balﬁﬂ 4
T oe(%,8,6,21,1,0) a s

(a. 0,‘ 'T1Y} 0) z2 2

(by By evep D) & (27) 2 20 BAfsa
8 o~(6,4%143,1) x2? 3

(b' 0. .oﬂop 0) x 8 ) 4

(b: b oy osep 0) Bﬂe : Y .
7 (8 Oy eses 0) =¥ () 3 @0 /elaa
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Gol.(li . Col. (2) i .(8) Col. (4)1 Codta (8)
8 o=(2,87,14,8,1) x2°

{0y 05 seep 0) x 8 _ 100

(% Op evep 0) X 8 18 mr /L=
&- N

= (9,4,9,18,8) x 2 =8 0

tGpoated Quco core

(b. 0' sesyp 0) x2 ;]

(B B O veep O) 2" % 1006 /o s
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