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designs oultadblo for FAitting response surfaccs, fThane
designo ars used to solve mainly industrlal prodioms whers
o ¥novledgo of the funstisnal ralaticnship botwoen a
quantitative response such as yiocld, cost otao. and a oot of
agontyolled voriablen sush as fYomparature, prasssuro ofto.
15 nagossary. vhon this funstional relationship 15 not
known wo have to lay down oxporimonts wvith o view to approxie
onting 1% ty a polynowial, with this end in view Box ond
Buator {1957) intvolfuscd ap sorics of response surfeco designs
oalled rotatadble Qosigns, Thoy pregsented asoveral dasigna
using gecuotrical confligurations, By following a similar
mothod Gawdinoy and othars {1959) obdtained scac thimd
order Gcsigns. Boze and Drapor (1999) odtaincd thene
dasigns b using o difforent mothed, ¥Nany other designs
waro givon by Draper (1960), Box and Bchnkon (1960) amd
Thaker (1960),

4 raffcally differont approach for the gonstrastion
of tho abovo typs of designs wan given By Das (1982),
Das erd EKarasimham (1962) and Das (1963) by using faotorinl
exporiments and &nsowplete blook depigne,

Box amd Runter (1957) gave the oriteria for hlooking
in thoso designs, Bax and Behnken (1997), Dan (1962),
Das and Barasishanm (1962) and Das (1963) gave asme
rotatadble designs with blooking,
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fhe prodiem of astimation of missing value in
rotatable designs was cansidcred By Dwaper (1962

Da Baun (1959), Box end Draper (1959) and Bax
and Behnkon(1960) commidered same other rasponss swrfaso
designs which are nob potatobls. De Bam (1959) hos
coapared the Potatadlo designs with soma of thess desigus,

In this thesis wo have attanpted to prasent some
now serlos of posponse smrfass designs wvhieh dre of
asymzatsioal typs opf ean bo used for fitting sooond degreo
response sarfages with efvantage. Goze of these dcoigns
enjoy somo sdvantages ovor the corresponding rotatable
designs, A number of designs split into Hloska have also
bsen presanted in tho thesis, Tho problea of catimation
of missing valus in these deslgns has slso bosn sonsidercd



One most {mportant series of response surface designs
is the rotatadle designs intrvodused By Box and Hunter (1957 ).
De Baun (1959) anl Box and Beshnken (1960) gave some ather
designs suitahlo for fitting responss surfaces bBut thay
are ot alvays rotatable, Two fmportamt oriteris with
which such designs liave beon evolvad are that, the paramsters
defining the surface should be estimable without mush
involvement in the solution of thoir normal equations
vhen the surface is fitted through loast agure technique
and that i1t gshould be rotabable i.e, the variance of an
estimadled response at a sertain polnt dafinsd ty the leovels
of the fegtors on suitably chosen origimal asale shonld
be a funotion of the distance of the point from the origln,
It is seen that the scoond oriterian is not of the kim
that necessarily must he satiasfied, but rather 1t glves
an objestive which might da almed at, 1f 4t can dDe satistied
vithout sreating other difficulties,

All the response surfaoe designs obtained ‘no fav
ars of the symmsitic type that is each of the factors uniepy
study hate got the same mmber of lavels, It in well unown
that there are situstiona in ggronomis and other trials
vhers 4% bacomew dasiradls ¢o imslude different numbers of
leavels for the different fastors, This considerstion
neoesgitated evolving designe of the asympetrionl type.

The sase considerations apply in the case of response
surface designs also, In the presont thesis we have
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therafora wade an attempt £o evolve suitablo asymwetrical
dosigns for the stuly of sosond Qogreo response surfacos.
Two serles of sush designd havo baen obtained together with
oxpreasaions for tho estimates of tho various regression
coofficlents and an exprossion for the varlanse of ostimated
responge ot given pointa, Some othor deasigns for vardous
ousders of fagtors hove also beon odtained,

In this thesis wa have gonfined out aStention to
designs which have tuyo typos of levels of fantors vie,
ane get of factors has & lovols and tho other set has 1 lavelo
oache lot thoro be n faotors of which ny factors have k

levels cach om n, footorn havo Y lovels eagh (a‘cb n, s n)

Lot x4 ¢ donoto tho lovei oi the ith factor in the $th

group, in tho kth of a total of U combinations of tho levels,
Sush gombinations will olsc Bo ealled the design pointa.

The total numbdor of doaign points in o design will bo danoted
ty N,

The N denign points chosen so as to gatisfy tho
following relations will cnsure simplicity 4in the colution
of normal equations obtained through the loast equare
techniquo for estimoting paramotors (regression cmﬁclantsé
in tho oquation of the rosponse surfacos Thio decomes

avident froa a snlnméa at thé normal ogquations for estimpting
tho regression gooffioients of tho surfaca,



v« T

In all thoe followving rolations tho suymation is ovor

H dcaign pointao
2 T T T (0
13, ki, '113 ’GS;, -~
whenovor atleast one of the k. in 15 odd and
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Yhon those comditions aro satisficd the normal
oquations for £A%%¥ing tho scoond dogroo response surfago vig,
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(vhers B, 4,4% donoten oo-afﬂc&ent of ®gg Byny By 3 denoten

coafficlonty of %y 4 omd By 18 tho gonstant torm) of the

n indopordent faotors dofinid earliar on tho responso y
produgcd Yy thely gombinntions aro ouch simplificl,
Denoting Y b®'a tho qorresponding ostimagtas of Bto wo
havo tho vardocun cstimates as followss

By = deiigy By, e viae T 4
Pt est = B 2 RuEyy?
Pusytz * 3R = Ry

bﬂuﬂ = mi’ia‘aa"

2 %8y
B4 = e [(c-n-n(nad Dnyaeetin 1 Rer ))J

By, (ot

e (st |

- By T-D(na-! oy aeekoy o1 et )
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where K = {MeE(nyet)] cidlngut)| onynu2,
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Prom these solutions 13 s evident shat if finite solutions
are to exist for the normal equations of the shove tyns
of designa then the sonstants wust satisfly

(1)o+Demd 5 8

{(2)yx+0

Le [srEa.1)]] contn )+ nynpR
In most cases comtition ¥ is matisfied, The gecond gondition
ean be satiafied, in most of the games bty edding the gcenteral
points (6lc-ot10)¢ In othey cases 1t oan bo satisfiod YWy
adding points of the type ( Opausesy0lsle §0yanseg0)y
€Oy Ogoven) sta, vhich means that the mmbey of lavels
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in ons group-of factors 1s inorcased,

Tho varikbaas apd covariances of the various
coeffiotonts have been odtained from the followving
consideraticnsy .. -

. - .?: .
m:“) » Enoffistients of ERY 4 in solution of by

V(b‘ ”k,)_-coefﬂoim of Z_:‘ hsy in soiution of b‘

solutién of B, )
13,k

solution of 503 ‘
These results follow from the thesory of laast squares
(Raos CeRep 1952) and the variances and sovariances are

as follows, teking o~ a8 the arror varisnce,

:a_?é!.).z—',\-'-\ m:d;
o2 2.

e - B

vu(t“ 13} -

dok3




PR ¢ ™ I |4

Var{v )

= /5 1Py lx?n‘i OD(et Yo 3B eCny o1 )]J
2 M Bng?

Covinged u:._i_g_ g+ @ [ Mot )]s )\;BQBJ
_c_:'(‘ -—L"2’ e~ 3/ };%J_a-rﬁtn‘-i )l -)\'HBJ
iﬂfﬁ ® mRn| GuDtet Yy 1yt o)
~nyn, (n et o2
= ~a,n, (n,-1 )6

Govlb,, 14 "'4.1_,3_1_’_ # 7 [ nE%eB{cab( 01 )B .

Covld,, 13" ) s Rl 8 s | mrPun(avitng ot 3@]
Cov(d N -
s P L S
We have avolved sone sordaes of dasigna of tho ahove type.
We confins ourselves to tha case vhore the lavels of the
various fsotors are three or fivo, Uo factor with two
levels has been incluied bocause £ we fnmlnde a footor
with two lovels scmo constant in tho second dggras purface
cannot be ostimiteds Algo all tho designs vhioh we are
going to gonsider hove either one or two faetors vhich




e« 10w

caute asymnotyry though nore gonsral cage? ssn Yo odtolined,
B efore wo prassnt tho sotunl designs in torms of

aotual valuss of x" o ve shall explain the following
wethod of thelir gonstruntion Wiich we have adopted,

A design of the adbave type in n factore ean bo
acnstructed by taking one or more combinations of some '
uaknown lavels AgbdyCaesees 0ttty togothor with the goro lovel,
Bush combimations for four fsators, say, will be like
1)aaan?2)adb B 3)baa dand so on,

Eext we shall have another dosign in n festors of
the form 2% yhare the two levels of each of the faators
are + 1 amd » 1, Ys oan now get ane more set of coadinationy
vhen any aombination of the first dealgn is assoolated
vith any coadinstion of ths second dosign, by amibipiyine
the aorresponding entries that is tha levels of the ‘
saus fastor in the two combimatians ond writing the
produsts in the samp ordey, This metholl of assooiation
of any two combinations of the two designs «will hereafter
be called multiplisation, DBy ‘mulsiplying' any conbinae
tion of tha first design, with all the genhinations of
the second deaign, we shall get 8% Atstingt aosdbinations
vhoro m Gejotes, the nather of nonegero wnimown lgvels
in the qcombimation aonsidared of the first donign,

Thus ws have 3types of combimations ¢
(1) Factorial ccabimztions of the wiknoun lovals aeDpsese08c,

together with gerao,
(11) Fastorial combiontions of the lovels ¢ ¢ and o §
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(111) cobinations whon onoh Gylybaeses 18 assoolated
vith & 1 ond « 1 through multipllention,

Tho firat typo of faatorial coxbinations will Bo
oollcd combinntion of wnlnown lovels; tho gceond will ho
called asocofnto oombinoations, amd tho third which actuully
conotituto tho design are ocur design points,

It will bo goon easily thad 1f a design bo farmed
by inoluding all tho distyist points shich are got Wy
multiplying any condination of the unknown ievols wigh
aell tho assodiato goabinsations, thaoso points will
olvays satiofy volation « I on pago J, ¥honm)> b
a sultoblo fragtion of tho 2% gsgoglated coublnntions,
wnorfo no fntergetion with loog then £ivo faotors 4s
imivded fn its idontity group wiil agnin satisfy rolation X,

Por satisfyinz rolations XX and III wo havo to
choose ano or more eoadinmations of umimown levolse

In vhaot follows wo shall always give the fastorial
coobinations fnvolving unimoun levels vhich will Yo
denoting tho doatgn points that can ba gunorated €rom then,

For aomstrusting an asytznotyic dosipn in n fastors
wo prosec an followss
Gonsldar £irat a contyod conpozito dooign in (o« ) faotors
vhich gan bs obtoincd from tho follawing gats through
anltiplication vith tho appropriato asscalato ccadbinntions,
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Set It (P P etessaes 9) .
Geat IXs (40 vounnse @) A

ssssoslRREdE

(O O ceseces q)
Our aim is to add anothor footor with three leovols
to this design so that comiitions I,XI, and IXI on pago 5
are satisfied, The obvious mothod 18 ¢to MH?Mm lovel
'a' to each of the sets together with 10! ¢o ench of the
sets, B ut this makes the numbder of points too large
we have however odtained delow two sories of designs as
followss _
(1) adding '0' to set T and ummown *a® to not 1
(ﬁtddinsnnunmm'n' to sat I above and 0t
to set I,
SERIES =Y
The following sets of wimown lovels when maltiplied
by the appropriata asscelate combination pive an asymuotyrical
design vith the first foelor at 3 lovels and each of the
rest at § lavels,
Set In (ODD esvonn P
Set I {2 q0 seneee 0)
( 80qaesvens O0)

sSangesanneReey

( a0 seaTNw Q’
Bet 111» ( 00 TITITIT) 0)
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The sontral polnt ( 0 0 4ewe O) 15 o do ndded to antiafy
condition Ho.2 yoquired for tho axistansce of tho solution.

Haro
N « Total numboy of points

2 38“‘1- ine3, vhero 33"‘ points aro got fron gt X

Bos nely 8y o
For n > 64 a fraction of sot I points is o bo token oo

explained earlier,

Hore wo shall denoto the lovols of tho £fimst fagtor
'byx‘ and those of the kth Lactor in tho seeond group W
Xy 882 ecralle

So far wa havae not attempted ¢o fupose any other
restriotion on the summtion of powers or produsts of
povers oﬂ:i'e axgepting those required $o aschievo
simplicity of soluticns of mormal equations, Ry tmposing
certain othoy restrictions 1¢ 1s poasidlo to mako gudh
a deaign ratatadble in respsct of certain of the factars,
For example ty imposing the restriotion

2!‘;_ s 32:2 lg, 208 » Beenvelly 4+ §
the design will %o rotatadle An so far as the (mel)
faotors in the seaond group are concornod, that 1g whan
the levels of tho firat set of foolers romaing tho samo,

Parther by putting ng o T £ 51 vevensty the
variability of each variable %y, €00 Do kopt coxataont,
Ue note that with tho gbove reatrictions all the unimowns
in tho above series are detormined,
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Prom the rotatability ocondition for the sesond
group tho following equation is obdtained q'e a%2h
Also fron the condition 5 x§ ¢ B4 g Vyeseen

whave'lt(unﬂaa;ﬁmaﬁséfb@,&

The solutions of the movmal equations obtained through
tho laast squars todhnigque fop satimating the reogroasion

eosffiolonta of a sogond dagree regponse gurfase odtained
through tho dosign nomo out os followss

b, » 4 2&7

10 Wwtda? 1 ° P
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g1 ho
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LR LA
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Proa the reRatiouship of tho normal oquations we
geS varianoes onil covariamos of the differant pegression
coefficlents gs Lollous:

=z ey Y o=

Va Var(d, )
—-—5- . IS, _A-—-.W
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—E a2 gy
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Let (‘10"""110) bo any polnt. Iet ¥ be the estimated
responso a% that point,

Puttiﬂs &a - éo ] n.uqtﬂ% we havo

Zax(X) w tex3 _._:,..;; - 2(net 2,8
" w0 (ot (et JpPal J
e Tt

«-z,o[ 29" (g3 ) et )p‘ma“‘*‘mq]

R - 4““??.&&:.1........
2% (ny )a

b
+a Bel
Wmﬁ » 200
» v 3§02 [uﬂaa 12%*1 41 )qR.25Y (et hﬁj
35 (oot g
It will be seen that whén x s held qousbanty the
variance becomos a funotion of aa.
8ERIE3 3
The following points gan B0 taken to constitute
anothor gorles of ssymuotrical design.

Bot In (G D P sesnes )
8ot 113 ‘0 g 0 GaENGS 0)

foavoetsasnOREY

(600 TYIIYY Q)
Bet IXIs (o Ty Y 0)
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¥ ¢ Total nmber of points
» 2%2net vhare R points are got from Set X

N.‘g%’ﬁb‘ .
Yor n > ilmaMdMIpom;istohum

as mhimﬂ earilier,
Rotatability for gecond group of faotors gives

@ 8 29% amd =23 5 gives 2%2 & ¥ ant 29 R0 2. n,

The solution for the normal equaticns for this
design ares '

NN W g 2
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Yarisnoes e govariances of the 4ifferant
regrassion coeffictonts are an followss
v:ﬂb )
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vu(t” 1 v.?l,“) . : .
Var(dortyy ) 2tnet ? w203
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tef
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Q
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If T iz the gatimated yesponse ag the polmt
(!10'320 ssnsseeXyn) then
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imilywis of the above dosignag

iI2 there are ¥ desinn points ard 1f thore ¥
a9 ¥ gamatantsy iovolved in fitting the surface wo hove
s folloving analysis of wvarianoes tadle in eanse nono
ef the chesrvation is repeatels

.—M

741led constants Vet

lack of fit BV
Total et

Hera we cannot gest the gooinsas of f£it of the
surfacey If vs have pravicua Imowledge that the sesond
dagree surface is a good fit, an eatimate of o gon be
obtained from the lack of £1t component of the sun of
squares. On the other hand if zcue of tho destgi: points
are repsated, we can get an estimnte of errcr from those
points and the lack of £it sum of squares can be tented
against this error sun of asguares, Gompardson of tho
above twc serics of designe with rotatablo designs;

Ve have now got 3 sinilay gories of prasponse
surface designs viz, tuvo frosh corica prosented above in
this thesis and ancthor gories called central composite
yotatable dosigns introduced Wy Eaa and Hunter (1957),
It will b» dnterssting ¢o make a comparfson among these
series of dealgny in respeot of the nreder of points
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in thes amd also ths variansos of rosponse at spesified
points estimated fros thaso surfages, With thio end n
viow tho following investigation wnn male,

Pirat we have presentcd in the following todls
the mmbor of points roquired for tho &os3ign with
differont mimber of factors,

&ARR
Bumbops of points in tho aifferant dosigns,

i E 3 b 9 6 ¢
Sertes I 13 20 B3 VP

Bertos IY '3 283 2% Wy %7
Rotatable th 2% 28 W 978
m—-——-

From this wo obagrve that tho deaigns in serlos IX
have always one point loss than that in rotatable desiges,
For qomparison in respoot of varianse of estimated
response at gpooificd points we have taken two partioulay
cnsesy that 43 vhen the mrdoy of factors is threo or four,
Case It Dumbor of faotows 3.
thon tho response at the point '10"200‘30
13 estinated froa tho surfase fitted with tho holp of
the design presanted in gordes 1 the varianse of the
astinated vesponse aome out as

mo’ 8 1‘.383@6- Wﬂm‘mﬁwum&
!‘-Wﬁ?oﬁ
s V4(oay)
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v ere &3 - xgoﬁ"‘%o

#allsrly ®or serlas 2 dosign the variamme ig givon
L

T¥0) & =e3250xee66590%, 1 272n8 s 20694"
- vea303cl g2
o Va(uy)
fop sentral aomposite design without ¢tho qddition
of eentral points the varlance is

T o 89.78-20.5%- 28, 50%95,71xlp95. 710"

#19.1%3 t?oda
s 3(W’

Yor een®ral composite deaign with ono esntral point
wve get the voriance as

v(l'o » 102406 x§0.0, 24060%,, 078631 o‘-"?%“t’
4 1572 x5 a2
s Yy (aay)

\r3 is evidently such larger than either Vg oF V, as
whll de seen froz tho tora Andcopeniant of x*s, Bt
this 1s the design vhich 1s usuclly used, WwWith en
addition of just ons oentral point (0,0,0) wo get

V,, vhich is approximately 1/80 times ¥

3‘
Series 1 design will give more preolso estimateo € ¢ .véo

1
Se0, 1f « 4T qo * 0485 1?0-1.039968-\»30@6"
8400 Foa? < o



22 w

iixilarly series B dosign will give more prosise ostimnte
txam votatabdle design if va.vh <0
Coo @708 23 01,03980% 4, 0088 xly u12830%,073023 455 ©
i partigular 1f we constider only the factors in tho
seival wrovp Eeeping tho lavel of the fastor in tho fipst
1rewp st 3eTO VB 2ol
Pwenx, g0
2:ries 1 gives more prooise estinmnto than
rotatble dasign §€ 42 /4. 4442
feries 2 gives more precise estimato than
rotatable desfgn 12 42, 5,8170
“4milarly Ykeaping the levol of tho sogond group tho
Sane
2) men 82 4, 0
feries 1 glvas more preeise estimato than
rotatadle desipn 4f g?;’o B8
Serles 2 given moro precise estimate than
rotatablo design 1€ x55< Bu75
from tho adova $t 13 glear that sorios 2 4o
batter than series 1 4n cortain roglon as far as tho
comparison in respoot of woriances is cornserneds
Cese 1Yy Denigns with four faotors:
Bariess 1
2ol ater/2t Koe29/63 6 0/of ¥ 320732840
p2ua/af 2 b

2 V,(eay), whore aaﬂgo,.go%
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Series 2¢

o) » 17723 xfuir/y Puarefas® ot
* Wa"wm? ‘gma
Por cendral composite design

-

WY
Zad o 1-1/3 ou/s @ e feh e

102725 x 43
s V3( nay )
In this ocase an addition of one more ecentral
point does not refuso the variance apprecisbly.
Here va £ind that

lerics 1 gim— a more prociss astimats than
rotatadle dosign 1f

=133 350, 2603 6%s0272 Bna16038%, 39928 82 < 0

Series 2 gives g more precise estimate than
rotatable design 42

w1043 3202, 20830%4 837720 4. 02030 s P12 A <. ©
Az befors vhen

V) X S 0

Serien 1 gives pore preaiss estimata then

rotatable design 1f 4% £ 4,6238

Series 2 gives nore prosise estimats than

rotatable design 42 &2 < 13.57%

2)6% 40

Series 1 gives move prasise estinste than

rotatadble design ¢ ﬁo ng




o 2o

Series 2 givos more provise gatimato than
rotatoble design &€ zfi"o < o79

¥e ses fPon adove that within ths reglion of intorcat
sories 2 designs oan Yaplace profitadly rotat&’am deoaigno,
wien ve have some idea about tho optimen conbination
by taking this coubination ns tho control point, wo s0o
that the asymmetvio designs are oguelly offielont 2o
rotatable deaizgns for esdimating rosponsos nt the gentral
region,
Adeaisn Sn . Laatiors
8o far we have described designs uhish gntlefy
the coniition of rotatability only for ono of tha two
sets of fastors. It was, however, possidls to oblain g
design in four faotors sush that there are two fastors
each vith 7 levals and anothey two faotors with five
levels sach an? that the design &3 rotatebls in vespest
of sach pair of the factors having olther 3§ ar 7 isvels,
This deaizgn with 37 points is prasented balew using
the usual motation |
Set 1s (evpp)
Set IIa (baq0)
Bab III: (baOq)
Set I {6 000)
get Vs (0eO Q)
8at Y1z {0000 )
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For ostinmating tho wninown lovels ogbyPpq and ©
w9 have the equations

2’2 g 160° #16024202, '6ﬁ2¢9083 K 74
2 5 g 5%y o 168°160%a0% o 96at? o3} 2

- 5::'3’&:_*‘:!-9‘59“-'8«" g Wb 32 R
cur nlu;mto ain 4n the construntion of the adovo

dosign 18 %o moke the varianne of an catiuated responsoy
o fmation of o ot € aome e ot ol
20 achiove this wo havo to cnsura that

iRy rh ol ad ol ad w
This comiition patunlly follown from tho rootodMility
oconiitions, Hof thay not followed from the rotatabdility
ocomiition, a0 4o0sign aould bo possidle, as thapo conditions
givo 'hreo ogquations whilo wo have enly one fwes papamotar,

'As wo havo anly 3 oquotions with foup umimowns

wo oon fix any ono of tho gonstants arditrarily theroby
gotting an infinito sovlos of designo,

Here -
6 g 1/6% /4737 - W-ﬁobntﬂk mma-iﬁob
aml b g 1/8% /3737 ~2780Pu360%1/5%/999+20003607
o note that ¢° >0 amt o3 £ 9,993 ninse for ea) 5.593
a and b bYecomo imaginavy,
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‘Tho solution of normal equations of tho pegression
onafficionts from this design ares

b o Zﬁy bﬂ s = %
16(a2s0 )ma -

16(a eb Je208

e IN s wezmy
N -

by 2R Dog® Z “gxg

8g (o »d )

h. .8 = Dow s R
ab —#—h g 3N ..gﬂ_
Bg (o #d") L)

s € )4
16(& b 4-26" s

M,y 8 ggng_M-tM 7 . ’ﬂa-%&dﬂz (Bede s
- (ﬂ#é 4

16(::3-!:9' )am“

"a Gy ke [ - dudgiad]

xZ &aﬁaan(&aﬁbajy
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W‘%"?f‘%w

_ (é*!a -(a ﬂba b
m»ﬁf;m 11602 18] 4208

;&hﬁg&bﬁ.zw@@h
The vamm? of aatlmtgﬂ rosponse ad the point
{3y 92092y qs¥iyg ) 48 2 4
Varl¥,) - - ‘:“_L
--;-_58- e WP P? of
-4 gttt
"% {'5" 2[16(a b2 )" -m'ﬂ]

[ [m%ﬁﬁa .uaca:i:mail
“*“WW i

e & g 1 éo‘ a"‘go"%o

A9 vo have nontionod above 0 < 62.< 9,953, Yo
have aozpared tho wmrianses at tho esdimated response

of this Gasign et of ® 1 amd o2 @ § with tho centwal
atapanits design with four foators:




e28

Gaao 11
O'~llaoat'rbg. o2 o & 2.3

W¥g) 3 119,770 43 43,9370 &} 4125.0086 ot
T % 303097 6F «115.6209 6§ @ o V) (5¥)

Cane 29
@g%ﬁﬂ i.ab.tﬁ--'ﬂ-qﬁ.a.;

T0g) o 11730 6% 11,3510 62 4,093 )
e 325% %ﬁmg éaw (azy )
Cago 33  Contral soxpesite Gosigm
;‘gg; o 10:20] o o213 1.8161 Alu,01810341,6324308
2 Vpoy (a7}
As bofore vo malg qespariscns itcaping the levels

of faotad 4n ono grodp fixedse

We have
(t)hen ef o O

T} <Vpoy 32 45 <1753

Va< m“eg < 37
- (a)whendggo

a2
v;<vm 2 4 a‘ < #0355,



gories of gsymmetricsl designs Y means of which rosponse
sirfacog gan bo £1¢tcd with some advantago over the
uxisting rotatablo dosigns, Jut 1iko most of the respomno
gurfasa danigns theso desnigns olso are not gplit into
bloaks, But for axporizentaticn, particulaply 4in the
£iold of aprisulture, dosigns with blochn of egund

but small siso aro nsoossary, Henzo wo tried So oplit
somo of thoso designy ebtainod fvom the gbovo tyo sordaes
into blooks,

43 pointed out by Bax and Huntor (1957) o destgn
points should patisfy aortain furthsr rolations for
blooking, so that the yogrossion aosffloionts cen bo
eatimbod oFthoganal to blook offosts Theso relatioms
fn oase of oqual blosk sises aras

)= da e conatant within cach hbloek

(2) =2y, =y ¢ 0 within oach bloek

(3)=gdy = =yx§, forald @ am 3 whoroZ, 1s
suamation ovap trestumsnts 4n the dth bdlook,
The wothod follownd for splitting into blocks in
the abeve two gorden 48 as follows, Here the points
abtaimibls frogithe 068 ¥ of wnimiown lovols (o P stesl)
ard (O D sessed) 40 tho tuo sories roppestivoly oon eash
b5 spliit imhs two o more groups vhonw 3 1y confound.

ing an intaraotion of order nob loss than 2, 7The points



. v 30
fron tho et (q Cavess0) (0 g O 4ene0) ota. are to By
alloted to the blooks 4n cach oasey through o trigl
progefure in sush o wvay that thé abovn regulremon
blooking are satinfied, Though for the genarsl ease it
is poasible to maoke into bBlosks cach of the two gorles
¢l designey wo have presunted Bolow only some partioular
Qasigns vhich are likely to bo more uneful in sstund
situations.

Doglan Houly
~ . Block § Blook 2
. DO S U . G S
a8 q 0 |~ q ©
8 e 0 |2 g O
-2 0. q a o 4q
@ 0 =g - 8 0 =g
S » p | O p P
O p e | 0 p
@ «p p | 0 e
: O «p p | O «p =p
DO RSN SO - U0 DO« DRSO : s - 2

Prom the relstions in the design so ag t0 unko the
golutions of pormal oquatiaons ondy and also to make 4%
rotatable with respest to tho last two faotors wa get,

zﬁ ei%u«iégada 313’18:3’\3“*"'/""
élgei%a%"q”ﬂbua’w". 32@;%

That 48 o g 2.2, pop 14129 f o 2,29,



wdoe
Though the dasigns ara gliven intoras of aojed

doses gush that the origin is at the mean doso and the
senle gorrosponis to scoond moment of tho deses as
unidy wo ean tronsforn doses into gotunl dosos from the
following volation, codod dosesns

Colled Gosess eq «p o p ‘q

Aotusl Gosess O gﬂ-%) g g('h-g) |

whon M 48 tho maxlous dosos
For the ultimatoly layout of tho dosign wo roquive
the aotual doses, vhile for annlysisc tho eedod doscs ave

taken, -

e ostimates of the varianoos mveas!.on
sooflicicnts aro

by 8 OTBIRTy by @ OBy

By @ 0555 =y} bya® Mhiu‘uay

uu; .ﬁ‘w%zg‘agn By .WZW

By zoF 0w,2223 [LB& zz?]

b“a Ok gy - 02| 2aly +2up |

byg® *e22220¢ 43482 30y ¢ 0988 wye.cay oy

by e = 22320 «+ 0988 %%1'383 E% w, 0247 ﬁﬁ
The variance of tho estimsted responso ¥g at the
point () aa%;ieXgy) 40

- XY o (5a.055%Fers 38886% 4, 0Pyt 11024
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Por abtaining tho eprop vapiance ns also tho sum
of aquares dus t0 laok of £I% w0 may apply tho snnlyesis
of variance techniqup an given baolown

Duo to Blosks | -
- Dus to f1limd 9
aongtants
Dus to lask of 3
£40
Dun to errar PO S
Potal 7

Ona of our sims boing to test tho signifloanse
of inok of fit 1.0. whothep the ssoend fogree surfass
12 an odoquate £4¢ for the observed responseds the
degrecs of freciom for arror 4s too low in this caneg,
A mothed of getting more degrecs of frosdom £oF arrey
£2 8o ropeat the whols Gesign cnco more, that is to
have 2 poplicaticns, In that tho anslysis 48 of wirlanso
partitioning will bas

8.8,

Dus o Roplisation

Dug to Blogls within 2
repilnotion

Dua to £1llod gonstants 9

Due o ook of £ - 3

Dus to errar i

tho various mumo of squares in the gmalysis of
varianso of tadle shero thoro 9 only one roplfcation



5 ey g i Bl TN

o P
ars odtainod as followss
%0 got the aun of squares dus %o f1iled eonstants
wo uss tho following expressiom

b ety TR sy Kypeyg T MEF

b = 3]
w ) 3‘??_ l‘xqubn xﬂ.J’ - A 'z ley

#%Z%#b”i zgyo Gn/ﬂ
It vill bo sean that tho F points

8 pp
O pep
Oe p
0-9.9
¢ 00

aro yopeated in ensh of tho 3 dlooks, Hemce by
conaidoring tho ohaervations from this coabinntion
enly, gn aralysis of varlamoc Ilke
) auf

Batwean blookn %

Batwean tyontmsnts b
i3 possidblo, tho error oMtained from this gnalysis
of variamne s also epror in ths analyais 4s of
variangsa of ono repliantion of tho desipn,

The lask of £it ia gdtaincd by subtrastion.

In cuse of two eeplications the expression for sun
of squares duo to £iIlad qonstonts remains tho

/

=y




_ e I o
gan0 a9 Qlove,
In this gase the 9 polints

P P
P =p
“ P
»p =p
o ¢

aro ropopted in anch of the four bleokse Heengo
by acnsidering the obsorvations from thio gembination
only en analyaia ¢f varianse iike.

-

L~ = B -2~ I~

Batweon blookns 3
Botvadn Srontusntas b {2)
Exyror: +
1o poasibles '
Alno the palm/
" @ g O
6 =g 0
s 0 g
oa 0 «q

arc pepontod in two dlooks. Honoo we havo considerdng
those observations only, an ganlyads of varianco
Botuwacn Blooks 1
Botwesn trentneonts 3 {1x)

Brrop +

aend beoasuse tho poinmtn

op &3
ooda
dnm oo
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are again ropented in two blooly, wo agalin havo an
annlysis of varianeo tablo B
Batuoen dlooks 1
Botwagn treatments 3 (111)
Erroy .+...
© How eonsider tho chservations in blook t, s
got a contrast betwosn tho obsarvation for (000 )
and the moon of the observoticns from tho othey
8 points &n 18, ue can got the gamo gontrast from
blogk 1 of roplicotion 2, vhioh olao contains the soxo
points, The sun of gquares qud to the contrant botwsen
e two contrants gives a sum of pquaren with 4 degroe
froodomy which also Bolengs to error. Similarly
w0 oan get sun of squares with t dogroo of froodon from
blook 8 in the two weplleationn,
fhe orror obtained ty tho eddition of tho avray
suns of squares in tho analysis of varianso tadlag I,
XX amd XIX and the sua of aquaren for B dogrees of
$rocdon odtained as montianed above gives the orror swa
of oquares in tho amalysis of varionsa for Swo replications,
Tho losk of £18 sum of squares 8 got by subtraction,
I¢ will o gosn that wo hove not attompled to
prasant ths elassifieflannlysis of the dnta 4n forn
of prosantation of muin offests andl intoradtion. 4o
wo foel that tha elassifief) approcch of onalysis is
gomo what inndoquate An so far as 1t 4oa not t-

ety -

[ im —_—— A Hmrte — el
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throw any Mght as to the optimzn acxbination of the
lavel of the factor, the oxphasis has doon lafd to
obtaln daty through vhish responsa surfasos qon Bo fitted
vith odvantage and the optimin gomdination oan also be
obtasined from i¢, But it may somotimes be nosedaary €0
hove goms informntion regording the min effeot and
two factor intorpotionse Por thias purposo the regression
aceffiolent can ba used, Thus the ostimate of by, the
coefficlent of %, gn tho equation of the surfosa gives
tho Mnaap ocan¥rast of the malin offest of the Ath factor.
Agoin, b“ tho scefflotant of L) givas tho linsay x lingoy
pompanent contrast of tho twa faetor interactions
fnvolving tho 4th gmd Jth faotors,

Por 21l the dasigns wich are mentloned below
a similar nothod oon be amplayed ¢o got tho aum of

squavod,

Blook § Bloak 2
8 eop e L ] wh D
@ P «p o P
8 < P & =D b
a p » =l P P
O g © L 3 0
0O g 0O ] g 0
0 0 g o 0 g
[+ 0 «g 0 0 ey
0 0 0 0 o 0

[P .
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Boro tho rolatsionship in tho design vig,

i'? Bi% o<y o 86 4 18 g B= BFILA"
s3} g =23 & 6% o gt , .\;z:::’\uB
amtheaamanslndoaignﬂo. | ammhmchaw

P o 229, ¥ 1129, ¢f 5 2,29 On oudstituding theao
valuce for ny p and q tho normal oguntions for estimation
of porametars of thio dasign hecomts thoe samo as thot for
dasign Ho.1. Hbnse the some axproassions. fopr solutions
and variango qf estimatod reoponsc as for dosign Hoed
holds good here alno.

the wathod of amnlysis oglso romsing the gamd oo
in dasign Eoete
Resim lioad

Ingtoad of takdng %wo replicatians ef clthor
dosign Mot or Gosign M.T, we oan uso p design odtainodlo
hy taling tho abovo two designs togothor,
The deaipn 1s thias

Blook 4 . Blask 2 Blook 3 Blook &
T B0 Y e Wl S Wi B W W T T W
b q O« g O| 8 «) «pjea » P
o e Olen e O|=2 P eplea P =p
=2 0 gl a © qgled «p p| 6 < p
*a 0 wq| &8 O eqia ¥ pleo p
¢ » p/ ® p» p; 0 q 0|0 q O
0 P ep| O P »p| O wg 0 O =g 0
0 wp p| 0 «p p| O 0 gq| O 0 q
0 op op 0 ep LG 0 ©o wyl O o L |
o o o 0 O 0, 0 0 o0 0O 0 0




) - w -
Horo hom the canguttcna of the design wo got
@ o 2,29, ¥ & 14129 o o 2429
Tho solution for the yegrosg goofficionts arcie

b| g «0278 2_3‘7. bﬁ » «+0278 2137 bsﬂ “mz‘ay‘
Byg <0247 = XX 7, by 0 .mw.aa‘n,v. byyte0in s s x %y

3
By 2 525 0 euttY u@b a?)
Byge 027 oy o 12 (s 5y o 28l
by o eeiitd O 4070 =5y o ,omz% =o012% 3y

b33; -y $11t @ hw * .sz% cq@&hil%y

For obtaining arror vavionso as alsc the sun of
cquares dus to lack of €1t horo wo use thoe amnlysin
of warlanso:

. dof
Dup to B looks 3
Duo to fittcd 9
gons
Duo to lack of £1t {9
Erfa? 8 )
35

Tho dosign gan bo used vith glvantege oo we
onn dotormino tho laock of £18 pun of squares with
largo nuzber of dogroes of frocdon
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e s —

Deatnn Kook

Blook 3 piooka

-4 b = x x = z | ;
a .0 © - g O O ‘
& =9 0 o - =y 0 0o i
- 0 q 0| & © q O ,.
-« 0 o+ O a O eg O ‘
a 0 0 qlea 0O 0 g 3
g8 0 O «gq (i ea 0 0O 5
w-a 0 0 0 a © O o !n
-« 0 © 0| a o 0 O :
© p wp «p | O ep «p ep
© «p p | 6 p p ep
O «p =» p» | Q0 « » 1!
© p p P | O p e 7
A B SA ,

Here wa have as g result of the conditions of the dasigm ‘

32" oy R e 1y & o 3.0
The aol:num of ariom vegrassion cosffiolients are

by 5 124275 by, o ViBixgy 1)1 e tuus

bo e 7/8 G-’ﬂ'ilgr «1/8 ‘i% oil?i%)

by 8 V8 @ s1/22 52y & 148¢ zx?q. aliyq zxﬁy)

Bge 1/8 8 M/182xy 4 1A1B S xiyet/C =xye sxy)
byy® «1/8 0 4-1/132:?7 o e/az:gy.,ms z.%..a/giggy ,,
by «1/5 0 aﬂaiﬁvﬂﬁ(zxga-ix?)nﬁa 5,_%

s A —
T Sy S = e

e — -

A,

o



o B
Yariance of the estimated rasponse ?o at the
poing (X 42 o, x 4% 15
10’ ao’ 30' ’06’

Wo) o 7/8 « 15/2% 23, o 9/24 43

=2

- wa::‘on/wahﬁga?

For odtalznding tha ovror varisnse as glso
the sum of squares dus £o lack of £18 wa may apply
analysis of warisnte tachnique as given below,
in case of cne repMeation

Bue to blooks ) |

Due tocﬂtm 12

Duo %o lask of £4¢ 8
N

Hars we do not got any a¥roy sum of sgiaves
at oll, But in cose of two replicaticas we have
the following partition of 4,.f

Dus o roplications 1

Blook vithin replications 2

Bue tn fitted agonstunts th

Due to lask of £is 8

Erpoy K

g



Deadan fo.3
, . BleeE t - _Blok 3
@ p ep P wp 0 p~ p p
G p P «p wp O » p e
O «p P P » O « » » ?
O p «p e p O p «p «p wp
O ep «p p P O wp «p «p «p
O «p p ~p P O p » p
O » » P »p O «p p »p D
O «p =p «p «p 0 =p «p p =p
<8 g 0 0 0O w q 0 0 ©
@ =g O 0 O 9 =.g O O O
-a 0 g 0 O «a 0 q 0 O
w3 0 «q 0 O 8 0 «q O 0
a 0 0 g O e 0 O q O
& 0 0 g O «a 0 0 «g ©
- 0 0 0 gq a 0 0 0 gq
a 0 0 0 »q a 0 0 0 ey
A o & ¢ 0 O 6 0 0 0 O

In this case e? o 2.129, 12 & 1.245, @ & 3.921
Tho solutions of varisua vegrensian coeffisionts arve:
bz 0200, %7y & u Lensey$
b‘i.. 003332::1:‘7, i1 » 2.&-..’5.

b“. .&03&1!’7, 158 8 Bp0ee% 1+3%

bo a0 -0639?:&-'100’0{ 2% Maes$ S l%)

-
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b" = «,0689 0 o -0_3011’-!?7 » oﬂm(i-l?how Z.'.I})
byy e~1:00% 0 £.0037 = x274,0379 = x3yr 0702 2y,
i fk" -] aﬁoi‘u%
Varianoe of the estimated pesponse Y, ab the potnt
¢ X a0 30" 0’ 10
V) o .5000-.103%f, = 17144%.03012}0
= a.oma"*.msﬁoaa
vhere 42 4 Igo#xgoi'l.zo‘!l;o
For obdtaining ths ¢rror varipnne as also the sunm of

gquaves duo 8o lack of £1% ve may apply analysis of

variange techniqua as given balow, in case of ene
replication:

-~

Dus to blacks 1
Due to fitted comstants 20
Dde to laok of fit 12

- Total a3

Bers also wa 4o not get any erro? sua of sguares,
But in case of two raplications we have;
Due to repliontions 1
Block within weplioations 2
Dus to fitted constants a0
Dus to laok of it 12
Brror 32
———gy—

o
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733 o B givas , 16(a%40% Jelo? o W2 (1)
and 16pR4887 oW (2)

also 72 o s oY ungg gives
SNt o 96t (3)

8 2': 332!3{ givay
' 16phag® , Napt ()
By (2) and (&)

P e {03‘3¥ & » 2.62%
Prom (1) and (3) ws get

20 & /32 / Wa52~59202 & 800%1/32 /9243009800
2y @ 1/32 | Wg2920? 4 800%-1/32 /924-800%.800%

Hera 0 <of< 2.8935, Thus thews will be an fufinite
series of designs for various valuos of of betuaen

0 and 2,898%. 7Tho estimates of various resression -
coeflioients are

bgal/[ﬁ@pf@a Nimgyy © ,A/lﬁvsﬁaqa ing
b, ‘.1/349(63#53)1 x x’v; 1x 192y 4 3)H
hm,ilsaugba PR R KT ba,‘pl/lﬁp 233&)7
b, $ Cs ﬁ( anﬂs_ﬂ?)-\ (a@q&%)
e # 5( ahﬁ(u abaM'ﬂ
a8 .
e = Z‘%)
Replaaing x, by %, and-za Wx iob, vegty,




!

- - W - ‘ '
a 2 2
Byg® e_ﬁﬂ. Oe 2&%& (z:nfyoéz?)
A w} .’B(aaﬁba ).)‘Nal
| 32a%q
» ;é;‘ L_Z'gy. 28'?.7)
Replaning l’;zﬂlkwtstnb we 3% By

33
Varismae at sstimated response ¥, et the point (X, gveedyy) $2

Var(®a) X R
— -g«aﬁ[‘m 2,18 )00 oﬂJ

|
|
L
i
£l

4

) ﬂgnﬁapa:aqa 2 J [Be hezé&.bam'ﬂ] ‘*ll

“f fadfed L R

| e, - S| S

wnere & g owloy 6 o xjye X,

In particular whexn ofy 2, aB. 1873, %s o25% the solutions
of the regrossion ocofficients are

b‘ - 'mz—xﬂ,ﬂ.‘ bs - Q03335_137 %
by 'mi‘f‘,ﬂ L2112 o3t
L .%Wf_a‘xay; Byy,® 03835 RyX,9

B @ +5 O =252 xiye L2557 2s 038 2lye < xfy) |

césgv-f cxly)
i

|




o ¥ o

byys =27 m.mmzﬁy+.miz.§..m3¢§g§y$5@)
Replaoing &, W X, and xg Yy x, in dy,we ges b,

byy® 0318 0e,0823 (< fye s aly Jou086 2 xiyas02805 iy
Replagiog xy by x, and &, ¥y x, fn by, we get By,

Ta2{¥0) 5 o 5=au762 42440070024 1085004, 00860 4, 1 4220308
The amalysis of wnrianse in this ¢ass for one veplication iss

d.¢
Due to Blogks 1
Bus to fitted gonstants &
Due to laok o!'/ﬁt a2a

i i

In aane of two rapliaations the analysis of varisnne dm

Dus to raplication 1

Due to blook vithin 2
replication

 Due to fitted constants th

Due %o lack of £i¢ -4

Brror __3%___

~ As an Allustration we have presented Yelow the
conplete analynis of design No,¥ with twe replications
presented earlisr in the chapter, As no veal dsts for
the 4d¢aign are avsilable, we have taken scue flstitious
data for the purposs of 1llustration,

——  wrwee e

T
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the folloving data shows the data along with the
roatnent combinations of coded dosess

Regponse mmm Regponse

ooadizations oonmdinati

H o5 N MeitRini f MRliw2

125 %9 0 2 3 -9 1,9 0 b 3

1.9 -19 0 3 a2 -1.9-1.9 0 2 1

49 0 1.9 1 1 1.9 0 1,9 % b

-15 O -1.9 2 3 % 0-%.9 1 2

O f' 1,8 1 3 0ttt 1,1 2 1

0 101 1,9 & & 0 .11, 3 2

0 -1 1% - b 2 0 1,1 1,8 2 3

0 %ot _ 1.t 3 2 0 -1,1-1,1 3 3

o o o 1.3 o6 0 o 1 2

Total 19 a3 Total aa at

Hore 0 » 85320y » 6,003 %7 w 14705 S%Y @ 1,24
-8 l‘v ] ~9.W322‘23yo 18,00 ilaxsyg 2%
le’ ] 350533 'Z% 89.9% Zl? . 89,

Using ths expressions for solutions, the warious regrassion
coafficlents arer

‘o g 17700y h“ g #0028 'mﬁ »38143 ‘33'527&
16683 bye JOWB9g hsy s 03N Yo we2222

b'az IW hz3' *QMO_-
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Using the expressicn for f1ttsd-constanta sun of
squares given in paga 33 w8 have
Pittod constants sun of squares g 13.83
fo £4d evray sun of squares: |
The analysis of varionse table No,I of page 3% i

Qs 8.8
Between dlooks 3 135
Dun to treatments % QB0
Eerar aua of squares 12 10.%
fotal 19 16,99
Tthe annlysis of varlanse table Ho,II of page 3% &s
P A8 nes
Batween hlogks R I -
Dus to Sreatnents 3 3379
Brrop som of aquares 3  1.37%
PP
Rotal 7  W873
tho analysis of variance table Ro,IXX of page 35 1
Q.8 8.8
Batwaon blooky ' 23
Dus to troatments 3 10,373
Beror sum of squares 3 1,379

L R

Total ¢ 11,879 .
The 8.6 for 2d.L as explained sarlier 43 equal 8o 47,

[P




_ v % =
The error sua of sguares with 204.f in tho analysis
of vorianmo tadble for the vhola dutn 4s ogqual %o
" 1040010377 » 12379 « 0 5 13,60,
The amalyais of varienco table far Sesting tho
eignificanse of lsalk of 48 nsunm of agquaros 1o

Roplieation 1 29

Blook within a o3
raplication
Pittod qonatsnts 9 13.83
Lack of £it 3 F.90 1,96 2,83
Exror 20 13.60 «58
fotal *T; 3431

In this cnse sinno tho F ratio with d.f (3,20) fren
tho table at tho 5% lovel of significanso 49 3,10, &
segond dogras ourfaso £its woll to the dntay though
this corolusion has no real significancq ao only
figtitious responses hava boen used in tho tllustration,



Ths prodlen of amlysis with migsing obsovvations
10 oquolly irmportant in response gurfoso depign,
Acsordingly we havo attompted 4o vork out a mothod of
analysis of gome of the response surfaso designs with
ono migoing obsorvation. Dyapar (1961) attomptod the
analysis of o rotatable Gonign with onc mianing obaorvaoe
tion, His opproach wns to estimate tho wisaing obsarcoe
tion by winmlmining the sum of aguaros Guo to (lask of
£4t & orror)y, In &a proaent saso wo have sttompted
¢to catimada the missing ohsavvation YW mintmicing the
sum of squares dus to laak of £it only. 4n investigetion
has also beon mode farther to asgoss tho acowransy of
aotimatep of regrension coafficlonts vhen thay are
ostimated after the misaing valuo a5 gudbstituted by ita
ostinato and avdbsequontly treating the estimato as &f
it 15 ono of tho axisting ohaspvations, The investipgae
tion in respost of threo designs has heen pregonted tolow,
Two of theso dopigns are poymatrigal and ono rotatadle
in fhroo fastors.
Raaimn 3y Yo firat qousidey o rotatnblo dosign with

blooking vhara all the fantors have 3 lovola onthe
Block 1 Hesporso on;n 2 PResponso Bldek 3 Responne

all «ff

0 ¥y 2 0 <o Yo 0 = «a g

-at o O ¥q «t 0 o Yo O =0 a Yy

aeg O 2‘3 a 0O =g 1LY 0 o = !19

8 o 0 Yb O 0 2 ] ?‘a L+ ) O o 220

0 0 a Yg O o ©° 7‘3 o 0 © Ya'

0 0 -0 b #1 0O -6 DO ¥y, =0 0 O Yy
C 0 - Y8 O -5 O 6 =0 6 O

i

_ v
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1ot tho block. totol be By, By and 83 mn‘#aﬁﬂsg ¢

Lot us gupposo that tho obporvntion from tho
4osign point hq.:é.xi)lsmlastna. Iat tho usknown
valuo p dencte the missing observation, Lot 4t be fu the
th dlock,

Tho mssing point may bo \

(1) o point shich is not repastod f'

e (2) g point which 13 veposted,

G391t & point vhish is not ropeateds
Hare tho blagk sm of sguarss is
B?ﬂk“g/ﬁ#%ﬁ-ﬁ%&
Tho fittod constants sun of squares s given ty

boﬂ » uuunéh,z !% - 08/23
The orror sum of pquares s given bty
RgoTy B2 o (Fo¥3 /2 annentipyety Baty, o8,
The totel gun of pguarss s Zi? - 0%/2%,
. Tho laok of £1% sum of squores $9 odtalned Wy
gubtraction, 1In this ease, vhen wo express the gua of
squares 4up to the lack of £1¢ as a functicn of py an
unknown 5ubstitutod for the missing valuo, we got the
lach of £t gum of squaraes as

2. /2% (0 4 pR . 1/8(pu8} )P

«1/2% [z m yusipR (iaaym'ap&(fm wwp)a
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R Patepdpenlo P e R

R Ik o 1 2 S 20 R R RTEE . BETL BIeR AL
A praxgZo i s alpaxs@pint jafugemt xR

—

_rSEEge = P elagrgny u) pF

~(0vop )/ [ 1 227e= 224 SaSpepixiexsBems 2]
¥ other tormn not mx&m Pa

there < 49 gummation over (feg) points which are not
missing and tho mlaging valuo 14 in the jth %loak,

Difforontiating tho adbovo sun of squsres with respect

to p and ogquating 1t ¢o oo wo get
htan;-nk-almmw: mq-(;af-aa 2 (zgﬁxg.xgy

" [ xprymomove] Xy peny myna.y)
R s e B et R
A e~ T
a W1 (oay) '

vhere & « mfuxsBaxiBand By 4B 4Bn 00 whoro J1kile 14203

k1
fnosq 88 ‘then tho wigoing point {5 ono which s repeated
wo hove ) mathods of estimating p vin,
Hathod i
Modmloing orror sun of squares alono
Howe p g Rapponye of the sopresponiing point whigh
i3 vapaated

e ¥t {(gay)
'ﬁm

—— A e = =,
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HEaothed 2y
Winimiaing (lack of £1& & arror) sum of squares
wo got tho same cotimato oo 4n eese ¥ 1,0, WH,
¥athod 3¢
MWinirdaing loak of £4% sum of squares alono wo havo
Pe @-Y% )8t
It son Yo shown that p is an undingacd estimato

of tho minsing wespomse ard 1t i5 inSoporiont of Bloshk
affaols.

Varianoo of estimated yasponse at the poinmt
( 8";'3':3) is given tys

Yar(X) o Var(by) » =, 00W(byyb, Jax, covibyeh, )
v [Tar(d, }4Eovibg.by Jax,BPartn, Jesovity,by, )

+Xy 0w gy By Moow(ty oty sy ar%"ﬂ

L ,bn)

%ﬁt’(hﬂsmw{b&aﬁnﬂ

o} (j?a!(b’ Jagow(bysby s xitarity, Jpalivar(y,, )
4:‘; Varlh,, padoovin o,  Jradoovid o, )
<y a0v(dy ety o Jemydeouldy b))
'W'ai"w“’t #Dgg Hoovlb,eby )

22 (aovb,eb, , Jeaooltysby, )|

e i i St
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The valuss of the variouz goefficients &in the above
expressiong whon any ona of the points (a, oy 0)y(eay ay 0)y
{ageay 0) and (eg, «a, 0) 12 migsing 5 tadnlated in
table 1 helow, The samc method of eolleating aoofficlents
as desoribed carlior has dasn adopted in Piniing the
various eoofficientss

ZARLB X
‘ Cooffialents of various terns in Yar(¥)
cmgifcim ‘ (_:a.,‘ ay D)T %g:’?i Mgg wgy 0) (-Boﬁw
Constant 6878 6879 «6879 6879
x, «. 0299 « 0299 o 0299 00299
2, - 0299 e 0299 +0293 0299
xg«sg .. 2930 2930 ~2930 42930
LR «0%69 » 0469 20489 +0459
ﬁaﬁ 1250 1290 +1250 .1250
= o2083  =42083  «.2083  -,2083
x;*...a; 0742 0742 0742 0742
g; «0525 . 0829 0625 20625
ufaa +0563 <0563 “s0583  «.0663
x‘xg 0863 0883 S0863  «,0663
x3 <0221 e 022} 00231 -,0228
ng #0221 #0322} s 0221 .o 0221
xx,+ xx3 U9 - 0M9 . 0N  LONGD
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/ The varlansos of estimated responte at various points
vhen any- ono of the polnts (a, ag 0)y (a; «34 0) (eg; oy Q)
amd (=0p =g, 0) 15 wilasing and sMen no point i3 missing
are tabulatell in table 1II belowm

24818 11
zﬁgg__) at various points.
L

. -... " i

fointo. (ay o, 0} (-a. Oy o?”(gffgfm {ugeayd) %:giaa
600 »6879 +6879 <6875 L6875 . M167
100 04813 +k761 613 W8t 2709
010 16813 4613 H761 JH78Y «2709
001 37 7 W7 M7 2709
t10 - 508% 42030 02030 3728  .39504
101 4405 993 40T U553 L2500
011 oWk05 <209 993 JN953 L2900
$1 #6126 +3072 «30723 3770 353

R ——— e -

A compariscn of the values presented in the last
aolumm with thoso in tho other golumns shows that £ the
amlyeis 13 conduotedl by substituting tho miasing obsare
vation ty 42 estimate amd then tyeating 16 a8 ons of
tho axisting ohservation as has been done by Draper (1963)
thoro 4s samo risk in thet the satual varianso of tho
ostimated rosponse nay ba quito different from that
obtainablo from tho nonemissng 6asgs




Rosian.8s
Blook ¢ Roapongo Blook 2 Regponse
o B S 1 L - Ste. 9
a @ © b O -8 q O Y10
a ~g¢ O ¥ ot =g O 244
-tt 0 g ‘!3 o 0 g !m
=0 0 «q Y“ 8 ¢ eq ?‘3
0 P P Y g +] P P ‘!“'
0 p ep b 4 6 o P ep ¥ 39
0 «p p ’i’7 o =D p s
O «p wp ¥a o =p op Y‘.’
© ¢ o ¥ e 0 © %
Total B" B’a

Lot By 4 By g Gs Lot us cuppase that the observoe
tion of the Qasign point (x;. xé, xs } 15 missing. Lot
It denote the minsing observation. 12t 1%t be in 3th blook.

as §n tho previous qase the polint (a"; Rhe xi ]
voy ha

(8) o point which is not repeated
or (2) a point wbich 4o pepoated,
gnga it A point which i3 not ropoated,

Pepresoing tho lank of £1t sum of squaron ns a funotion
of & (the unimown subdsetituted for missing valus) and
difforontiating it with rospeat to k gnft ogquoting 4% to
e8P0 wo havot

o —
AN et e <k

e
=



. 97 =
.1113(33.9!‘)..9999 a¥ 41191 (atr x yoxt ifxavoxi 2‘:33)
’ *-0933‘4 B} © oKy XgV x|y 4R XoY 1e 1980 xixy = X%,y

'a L‘%ﬁ'om ’8 i‘.}*ipm lsa‘.v’_ ‘I.?
- Wz'ai ,xaaz— :“v-rx‘ m;’i x7)

2 2
+e1976(x32 = yox) z_':gv».wwi,czgag»

ﬁ * 'a) ot
ie.l 111 (a'aaaaaia h.BBBB (x 3-\-3;34-. 9933 xs 3:'
«==0988 :;"-,W:ébﬂs")
a A/B ‘Bw de

mmss-yakgm, 1+k% o 1,2

8aaa 2 vYhen ainsing point 45 ono which £ ropasted -

Eorc wve have again 3 nethods of gatimating k viz,

Hathed s

Wipimnise errcd alono, ot iy %o tho migsing valao

Thon e Xy o1/, 0 To¥g T ¥, 4 oX, o oTe0 )
Hathod Ra

Minimising (laok of £1¢ « error) wo have the

snmo aapresaion far X a5 4n ocmso 1 L., % o A/B.
Hathod 32

Mininising lack of £1% sw of squares alons wo have

a -B-!:E ( BmeRUTGHR 4T %0 ImoB Ry u Yy 4¥y ¥4 0$%00)



!'53-.

Hore varlanse of esti.?atea rogponge at the polnt

(8‘. x

P 83) 4s given ty

Var¥) o Var(bole ay covlbgs by Iexgeovltgidy)

Tho volues of the vardoun ecoofficlionts in the above

\‘_QUV(E 'b hﬁwnl o !’S

«ﬁxg [Var(b,, Jeoovidy, ob,)|

w3 [Par(h, Moowlby,d, Yz [rarty Joow(b yp

\-xg [Vaﬂbs H«w(bo.b x?Vaﬂb‘ ' m;m-(b -

-Ls';%v{bnhfxg Yyﬂl“b‘ 3)'4'06?(!!" .bni‘
-\rlﬁ [Var(bazhawﬂbm,bwﬂ

g, Coulh, 4By Mooviyey, )|

40,35 {009 (byaDy g 14000y 10|

3o, ob, ¢ Jexdeon(t,sb,, )
uauaaov(b sb m:ﬂm(b 0,00

3

*xsi W(b‘ﬂ.b11 }1'333 OW“? 'h )

*% xgsaowf ‘2 b 3,

expression vhea eny ono of the points {a; qp 0) (eay qp O)
(ay =qy O) ard (ea, ~qy 0) iz wigsing 15 tadnlated in

tadle 3¢

L

« —at | Ras — =

ANey W e
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2556 XXX
Coofficients of varions Garan in m@_}

. m L .
Cooffigtant  (aya0) (..uiﬁqui) % Boyoqs0) (eogemy0)

L

Conatant - <5000 5000 w9000 9000
R %, 20578  .0998 = 0558 »05%8
=82 0799 L0799 0799 L0799

+083% «033% 2083% +083%

xg 'S 233 03610  0o3510 w3610  o.3610
x) 40618 0618 0818 L0818

¢ 1605 L1603 o608 ;1606

- 0258 20248 *, 0248 0248

4%y
xyg
n%g 02222 - 2222 23222 <R228
xxg
5

1145 1118 {119 s 1119
.0373 lﬁuowa 503?3 &.037 2

=3 s0378  oOWB w072 ws0372
xx “o0370 00370  =0370 (0370 i:
gaug w0370  «,0370 00370 s 0370 |
x, o098 w0096 i 0W8  JOW96 5
%303 206 0N o096  .0u96
2y «OWh 0% OWh  «OWb

il i agfenpt

The variamas of eutinated response at vordous poluts
vhen any one of the points {opqy0)eleayqy0)pltpeqs0) & (enyeg,?
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is missing are tabulated in tadle b Bolows

ZARME 2V

. Y X a% vardous points
o2

- - THeoging
Points (apqe0) (wnpqe0) B?nfnggi):m?m,-q,o) Minsing

Sy " e
000 « 5000 05000+ o5000 « F000 «5000
100 «882% o683k  682L .682% «60%

010 23348 233068 +3368 +33488 29k
110 o977 G5 37 o0 oSS
11 © o8897  SITt W3B03  o3697 S99
014 3216 L3216 336 326 3152
114 8507 ohI61 K164 04039 «7905

G

Roro also wa dvaw tho samo copelusion ag in
provious aaste

Raadan s

Bloak Rogponso Riosk 2 Responno

i D B VONURTUR . WS- Wi WSRO
G ep =p Yy -y o) =P Y10
o0 P =p ¥n o P =p (1)
-0 ep -3 23 ] D 3 %42
: P P Vb ol D P !,t 3
o L« | o Yg 0 < ] o Yﬂ‘,
0 b 1 0 Ys 0 g 0 Y1 g
0 0 q Y,' 0 [+ g E‘ 6
0 0 «q T o 0 g Y49
0 ¢ o Y9 0 o 0 T4g

Total By By
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Hero wo got thae samt exprespions for catimitos
and variamo a® ostimntaed responso as in dosign 2
sinno a3 poinged oub 4m chaptor 2, tho normal cguatiang
for these Swo desighy are tho fame,
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. Aftor tho introfiuntion of rototablo 8ealign ty
Box and Hunter (1957) considarablo gmount of otuldy hao
baon pade 4n the theory of fitting mmltifpotor rogponso
purfaooa, But Cill now only dusigns of the symotric
typo 1.0, Gogipgns vith faotors all with the sams mmboy
of levols hnve beon otuiicd. In this thasie we have
puitadly modified the $deoan of rotatabllity and presontod
two sories of asymmotrie designo togother with a dogign
in four faators wvhich gives rizo to on infinito dorics of
designs. SBoma of these donipnn ave found to bo ylolding
nore nasurato estimatos of the response at particular
points than that obiainable through rotatablo dosigun,
These designs ave alse avalloblo with leasop nundey of
Gosign points, Along with the dpslgns thoe expressions
for astinates of varicus vogrossion cceffiolonts and
thoiy warionec hoo also bYaon proscentod.

To uso sugh Genigne for agrienltwral Oxporimentatfion
it 48 negossnry thet thoy aro split up into blooks of
aqual aize. In this theats wo have given a nuxdar of
dosigons belonging to the asymmotris typo with blosking,
Aleng with ostimatan of regrossion coocffiolonta anmd tholy
varianges, tho mothod of analysis in easo of one or moro
roplications has pnlso boon described,

the prodlom of analysis of tho dosign through
aestirmation of a misaing value 4n ponponsc surfoce dosigns
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hoo boen eesidered Yy Draper (1961) A oligntly
ai€¢oront approach through minimising thoe laok of €i%
ocomponant of 2.8 has deon ndopted and the ogtimato

of one missing walus in caso of 3 rosponso gurfano dosipng
hao beon glvon, A compariaon of tho varisnoses of estimatod
rogponse ot varions points when the data ore analysed

(1) after ovhatitution of missing valuo and prosecding
furthor as usual el (2) Saking duto mocount all
gonsoquenges of the winsing chsorvation, has Boon mudo
and 1% has been foummd that thara 4n somsidorable amomt
of difforanse in the varlanges of any agtimatod wesponscs

g

g e
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