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A STUDY OF THE DISTRIBUTIONS OF T2 AND WILKS! 'STATISTIC'S

-

I. Introduction

Much work has been done by different authors in the case of
the univariate analysi; of variance and when the parent population
is assumed t0 be normal, this study is almost complete. But in
practice it appears necessary to measure the individual for a large
number of correlated characters and thus the univariate theory nsed:
to be appropriately generalised. The study of multivariate samples
dates back to as early as the Time of Pearson's investigations into:
the problem of racial likeness with the ald of a number of measure-‘
ments on the skuils. Suppose there is a sample .of skulls each.of
which is measured for certain p-characters whigh are supposed to he
the discriminating.charactépistiéé of a race. It may %e of interes
to test the sef of p sample means against a hypothetical set or the
corresponding mean values calculated from another sample, which ]
might have been taken at a ;ifferent occasion, or different loéalitd
The problem may be-made more general by considering more than two
such in&ependent s%%les, the homogeneity of the mean values of whic
is the problem under question.

An instance of a different type of multi%ériate problem in
economic studies may be posed somewhat like thiss- Consider the
demand for a particular COmmoditf; the ‘prices of alternate or
complementéry commodities, the population gnd-income levels at the
particular poinf\of the time interval, besides the price of the
commodlty in question are respensible for variations that ﬁéy be

observed in the volume of demand. This leads to the study of the

relation of one variate with a number of variates. One cannot

overlook the presence of significant corrélations wilthin the set |
of thes? predicting or independent variates and thus the study of |
individual cerrelations of the single dependent variate with each
of the independent variates separately does not seem to give an
overall picture of the situation. The problem considered may

be further generallsed by considering a set of characters on the
dependent side which the set of independent varlates togefhér
effect and the variates within which by themselves may be correla-

’

ted with each other. -



- __2_
Vhen there is a single multivariate sample known to have

emanated from a multivariate normal population with unknown

covariance matrix, Hotelling's T2 (1) is the appropriate statistic
to test the set of sample means against a set of p-values. When
there arﬁ two samples (p—yariate) known to have emanateq from tﬁo
multivariate normal populatlions having idéntical, but unspecified
covariance matrix, then.lMahalanobis or Studentized D2 statisties (2)f
is the appfdpriatg,sﬁatistic to test the hypothesis of equality of
the two sets of means or the hypethegls of the identity of ;he
populations from which the samples have emanated.

The quantity defined %o measure the relationship of cne variate;
with a set‘of ;uﬁiliary or independent variates is the multiple
oorrelation coefficiért (RZ). and an overail test of the relation -
will thus ‘be a test of significance of the sample multiple corfela-
tion coeffiéient. ~

When it comes to the problem of tests of significance, as in
univariate case, one 1s confronted with the consideration of the twti
kinds of error (viz.) . ! ' :

(i) rejecting and hypbthesis wﬁen it 1s true, '
and (ii) accepting the hypothesis wheﬁ an alternative is true.
While evaluatlng the twoyfﬁﬁ/¥e comes the need for the probability :
distributions of the test statistic and both when the hypoth951s is 5
true and false or the nﬁil and the non-null distributions of which h
always the former could be easily 5btained. But to stuﬁy the other
important characters of the test, e.,g., the unblassedness, the non-
nﬁll distribution will be required. The non-qull distributions of

2 and D@ were first obtained in 1938 (2, 8).. The £0n~null distri-|
butions of the multiple correlation coefficient when the set of
independent variates is Rixss either random or fixed, f%x were firs
obtained in 1928 by Fisher (4), who called them the A and C—distri-_}
butions respectively of the multiple correlation coefficient.

The multiple correlation coefficient when the set of
independent variates follows a normal law, and when the dependent
variate is an artificially*constrqpted pseudo-variate taking fixed
values, happens to be an algebraical derivate of T? and D2 (5).and
we shall denote this by R2 throughout ?his thesis. The similarity
or the dunality between the distributions of this B2 and C-distribu-g

tions was later established and one of the most useful results tha ,'
e — ! R .
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followed is the derivation of the T2 and D2 distributions from the
C-distribution. The distribution of this R which thus appears to be
playing quite an important }ole in the multivariate theory was
obtained by various authors from time to time (2, 3, Q, 7, 8 & 9).
But it should however be noted that all the guthors in att;bking the
problem whether through an analytic approach or through the concept
of hyperspac% geometry have been invariably assuming the invariance
property of this multiple correlation coefficient under any linear
transformation' of the set of p variates,'and employing the same
property advantageously to simplify the otherwise unsolved problem.
But to know 1f some interesting properties are covered under the
simplicity effected by the’ébove property, the distribution of R?tis
derived with&ut assuming the invériance property in this thesis. 72
and D® distribﬁtions are then derived as particular cases of this
distribution.

D2 statiétic, as already referred to, is appropriate only in
the case of two p-variate samples to test the hypothesis of
homogeneity of set of means under the assumption of imdentical
covariance matrix and the problem of k—multiyariaﬁe samples is not
yet completely solved even under the assumption of identical but -
unspecified population covarlance matrix. There have been two
approaches suggested neither of which ig fully investigated as yet.
One of them is by thefmetho&“ﬁf/discfiminant function leading to the
study of the (k-1) canonical correlations, which are defined as the
roots of a certain determinantal equationj the Jjoint distribution ail
(null distributiop) of thége roots was obtained by Hsu and others
(10, 11, 12) and the null distribution of the individual roots was
later obtained by Roy and'others (13, 14). One drawback from whilch
this approach suffer;, as already pointed out by Bartlétt (15), is
that the order of roots in the sample may not correspond to the
order in the population. Ahother difficulty is the lack of knowledgg
as t0 which root or what particular functions of the roots provides
the most powerful test; for though the nonnull distributions of theg
roots have been to some extent studied by Bartlett, Roy and others
(16, 17, 18), these attempts hardly throw much light en the compara-

tive power functions. The other approach is through the likelihood

ratio method which gives the ratio of the within sample covariancg
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matrix to the'ﬁotal covariance matrix as the appropriate stétistic\
to test the homogeneity of the means in the k-saple case. This
approach was due to Wilks and others (19, 20, 21) and the

the criterion defined by him to measure the relation between two
sets of varlates, one set containing (E—l) variates and the other
containihg p variates, also reduces to the above likelihood ratio
when the set of (k-1) variates is fixed ana the other set follows

a multivariate normal law,.,- Anothér interesting property of this
criterion, that makes this approach rather preferable, is its being:
a symmetric function of the above referred (k-=1) roots. The null
distribution of this statistic was partly studies by Wald and
Brookner (22). The nonnull distribution of this stafistic was

not obta%ned before even for any salue of k 2. Anderson (9) has
given the moments of the statistic £or k = 3 when the set of k-1=2
variates is fixed and the other set follows a normal law; i.e.,

for the likelihood ratioc appropriated to test the homogenelty of

means for\three moltivariate samples. In the present paper the
derivation of the nonnull distribution for k = 3 will be given
(1) when the set of (k=1) va?iates is fixed - the statistie
is a generalisation of RS and -

(ii) when the set of p variates if fixed - which thus gives
the statistic relevant to what is called the general
regression problem by Hsu (23). |

One particular objéé%”gé_thig study is to investigate if some
sort of dunality (as in tﬁe‘case of the distribution-Pf R2 and
Fisher's ¢ distribution) exists betweén the above two nonnull
distributions. In the case of the distribution of the canonical
correlations, the duaiity has been shown by Bartlett (1€) to_hold
only if the number of the population non-vanishing correlafions is

one Or Z2Zero.

*

-
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5. SUMMARY:~  The nonmull distributions of Hotelling's
T2 and Mahalanobis D2 statistics are obtained without assuming

the invariance propel_"}’y,th_ro uth a completely analytic approach,.
The nonnul and null distributions of the Wilk's statistic

with two variates in the dependent set and p variates in the
independent set, when either of the sets ig fixed, are

derived. It is interesting indeed to find that there is no
duslity between the two general nonnul distributions as in

the case of only one variate in the dependent set., However,

it is shown that there exists duality when the two nonvanishing

correlations are equal.
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