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am Glld HuDtar (1957) ~ l'Otatablo doalgno tor 

mp1D:rat1Dn of reaponuo Slll'facoo.~ 1'be7 constl'wltecJ eomo socotld 

OJ'del" dolllgnsb3' msldD!J USG of tho pometrical cxmf1gu:rationa. 

Aftol' tbc:n a Dl1!llbtn' of aut.boru, Box & Debnken (1958), llollO & 

Dznpor (1959) IUid Draplll' (1960) obt.oinod thooo dolligna thl'Ougb 

d1tfonmt \ocbniquea. ~. th1l'd order rotatable 

doa18Jlo varo dDvolDped by Cla.ldiDer, Gnlldago & BadDr (1959), 

Drnpo:r (1960) 1 !baku (1960). Boz & Bnbnlrtm (1960) pl'Osout.od 

a olaos of eccolld ordsl' rotatablo deoigns uhlcb wre derivable 

fl'Om thoso of the fl1ost o:rde:r. An tlltogothor IICV approach fOI' 

the ~IIIUCtion ot these dmlfgns vna 1Dta'oc!uccd '113' DaD (1961), 

Das Q lla:ras1mabm (1962) alld !lao (1963). tho l4oc beb2nd ~ 

approach la to get thoos doldgDs tlu'Ougb tho •lllctoJo1alo" Oll4 tho 

•tntlO!!Iplete block do~..-- Bo~, tho doalgno obtained thDD 

fal' 1ltlrG B;JC:lC\rical ln aG much BO the tactol'o lnvolvod ln the 

doo18DtJ all bod tllo mt20 ~bel' of lovola. lbtn!ochn!Jder (1963) 

d1rcctod ~·hla ~Ul'P to got GOliiO aov sorios 

ot zoepoD03- sufb.co deslgne tibtcb 81'0 of ~cal ~;vp:t • bafl 

thG7 C!ld 110t oat11317 the cd.tonon of Bote.tnbUity. ro fu:rtlmo 

a.ttompt BeOI3tl to bavo bocn lll8da \o obtaln ~ricol rota.tablo 

donfgn'k: 
./ 

Ae the o.symr::otrical deaisno' aro alVII¥0 coro i'l.uiblo 

tor applice-ttouo, thGy mq be tiiOI'e usefUl ln ccrto1n llitnAUons. 

CoDSOqaolltl¥, l1l18d ws telt to I:Javo :roaponse Slll'f'ace doslgno ldlidl 

oaUai)' the ~Dti\loDB ot rota'aMUty arJd 8l"'j, at the ll8l!lO ttmo, 

~c:al" In tm prel.ltlnt \boais, 1111 attazspt baG been made 

to deviso a toc!mlqe vldcb Ol24llloa WI to got as;vmctrf.Cill. 

rotetahlo dotdgzls t.rolll tbo ~ old.st~ IJliDDtl'ic:al 

rotatabl.o doaigDB, v1\ho14 abanging tm llll!:lbelo ot dolligD poiut.s. 
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'lbe motho4 ban been l:lOdl1'1ed .t"'n'tboJ' to get tlmle levelled 

clotdgns :f'l'om flvo lemalled deBJ.sns,- tblo um. howvor. tv 
cdc!' 118 GOI!IO utra dea1grl points. !bo tecllfd.que bas been 

utnt'fl'!lcl to ostabliah the lnt111"-rolat.loDSbip botwoen tha ~ 

caaposlte clolllgno caS ttuJ rotatable deslgM obtaSrWJ through 

~oto block dealgna. 

-'lhe above mut.bocl baa boan ~ to tho fnotor1s1 o:&peri.-

z::enta. vhln'CI all factcmJ 01'CI at t11o levels each and lt bas boen 

poaaiblo to got A'ttot1oD of 'SJo. dosSgns (t'or n oven} as tllo. tl'aDDo 

fonaod clei.'ligD. Qtnel'lll pzopenloe ot SI1Cb tl'llnatOl'IIIBcl deolgntl Ql'O 

C1lso CQTUS.1do1.'114 Cl4 Ul.ustrated with the aid of a 2
6 factor1ol 

/ 



Tble cbapte!- deals ~ nth tho gtlll3ral cansi

dcre.t1ollB whlch bavo got to be kept in m1nd whlle oolect.11:1g 

l1ntar t.rallBf'omat1oDB to be applied to tho doso var1ato of a 

Q7tllllflt1'1cal rotatable doslgn • tho tnais of ov tcchnillUQ. 

fb:l tw condit1ollB to be tm.tiotiad by tho transformation 

coe.t'ticionts tor kooping ~o tranatormed doslgn rotatable 

M.vo boon Ollllll.CiD.tocl and tho roason for such a cl!olco 1a also 

dealt v1th lB tb1D chllptor. An at~ baa boon lll!ldc to 

pmvida IIOliiC simpUt1od gu1d1rlg pr11'lc1pal.s ra~ the 

actual choice of transformation. '.towal'da tho en:t of th1a 

Chapt.or auitabl.e choice of tre.natol'llll!.t1oDB vhlch lntl'Oduce 

~ in the transfbl'llled design, pt ezuiUl'1Dg ita 

rotatab111t)' oritorion M.11 aloo boon consi.dored. The actual 

obta1ntna of such do~ ls. ~~owvor, postponed t1U tho 

toll.oring chaptor. 

Jlbtbqd of con&trucYona-

Tho II!Otbod of construuuon of acycmc'ltrlcal rotatablo 

dos1gua cohslsts 1n convert.iug the ezl.stiug ~otrlcal 

rotatablo deslgns to ~cal dosigDO by o.~ug su1tablo 

Uncor transtomation to the doaa variates of the IJ1lll:ll8t1'1cal 

doalgn. fAt there btl v fo.ctoro 1n a I'Otatablo des1gn such that 

the varlnto zt c!omtoo tho lovcls of the ith factor. fAt ~ 

( .211u. . ~ • • • , z.u ) doDlto tho uth deaign point of a 

rotatable deslgn. Out of this point w CaA got tbo point 

( Xj,11• ~ • • • • x• ~ ) through tho transformation 

xJn = ~ b~1~ tor 1 lt $ = 1, 2, •• • v -----''l 

• 
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A& x}u cee4 110t bo equal to ~u' tho tranaftmlc4 levels o~ 

ozq ta.ctor 11107 ba dittcront troa those ot 1to Ol'1g1Dal lovola. 

It. 1o olllD not DeCOIISOl7 that the mmbol' of l.Gwola or the 

dU'torant factors 1D the two desigus should l'llmain tbo -. 

Tho rolat10D 

that A~= 1 for 1 = 1,2, •••• v •••••••••••••••(1), 

1a C!ltiotiGd 1n the orSgJP31 0Jl!11l1Gtrlcd rota.tablo dealp. 

2 
Cons1dftr tll3 relation l x• 1D tho tr4ns1'oro4 dealgn. 

... ~ll 

lhi1Dg tho tranafbr=Uon ('f), vo bavo 

t_xj: .. t(tb.f1~1l ) 2 for 1 & j a J.. 2, •••10 Vo 

n1 nco, t_ Xs.u~ •u "" o. aD4 ~ 4. = B. 
l\Fi.'J 

••••••••••• 

will llol4 it 
2 

~ b.Jl = 1 .................. . 
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Co~ we oboooo tho transfOl'!lllltioll ooot1'1clents b

31
s 

1n BUCh a manner \!xlt tho rola.\100 J\ 18 saUsfled. 'lbis 

lo alwa.yo posu1blc eluce, g1von a e0t of coofficlon\e, oll 

t.hnt 1o roqu1n4 1B the divlldoD of t.beoo ooott.l.clenta by' a 

suitablo fo.ctor so ao to satlai)' 1\. 
AgtdD COD81der t.be relations 

1 .. 1, a, •••• v. . .... , (2) A 

~ ~u{, 11 a D il 4 1 + 1• "' 1, 2, • .;.,v. •••• (B) 
tif-i) 

which aro eatisf'J.ed 1n tile origlfml !!esign. In tho tft.zls.o 

tormod doa1gn 

"' (~~) ( ~ b~1) • 4 ( ~~j1 b~i•)(~u{e 11) 
• 

3 (fl~1b~1.) ( <~~u{.ll) 

"' s:u, [ P:1 • ~Jl~1~~1.] 
"' BIJ >. 6 ( ; b~l) 2 

"' 3D). 4 • ••• ••. B'. 
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• E ba ba J 
•t•' Ji J'i' 

La\ tbo tl"GDilt'oma~5on coeff1c1ent.s tJa bo ll1ll:h that 

~ bJ1bJ'1 a Q.._ ftlzo 1 .. 1, a, ••• , v. • ••••• ia 
(;•;') 

fhls on aquarlnjJ gtvoa 

2 2 
~ bJibJ'i • ;,~tbJib~'lbJl' bJ'i' a 0 •••••• (4). 

MaJdng \1130 of (G) w !avo 

D A •••• 8' 
4 

boc:luoo of 8.1• 
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.. (~~) (t b~1bj•1) • ( ltbJ1b~·1•)( fllla~·Q) 
<i+i) (; ¥i'J . 

.. 0 ••••••••••••• D• 

bocnuse rtrst t.erm an light bnrld side 18 Bt'll'O owiDg to ~ 

and secom tom 1B so b:Y tbo WJ'.Y c!&I'JD1tJ.on or rota~o 

t'bv w lalov )bat for o. second cm!el' l'Qtatablo --

a If ). a or II b:Y proper aboice o~ scale 
•••••••••••••••• & 

••••••••••••••••B 

••••••••••••••• _o 

·············~··» 
all these ralations-be1rlg true for 1 .. 1._ a. ••• , v. J.aatlT 
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•••••••••••••••B 

1s to 110 oatillflo\f. Bov 1'9l.a'M,oDD A, S. a. D are the 

rela.tiou A •, 8', C1 , D1 whicb t.ho tnulef'oJ'II!Od doll1gn poiDt.o 

aatiafy QD;\ as auoh t.ho traDaf'ome4 ~go acbieveo the c:rl.t.enon 

ot' roto.tab1"t7• fhua ue tlnd t.hat relat.ions R:&. aZ14 Ra aro tile 

ke7 I'UlatloDO f'ol' c!oc1.c11Dg tho Chalco of the coeti':lclont.o ot 

t.ho tranoromationo and p:ov1de u 1111\b bi'Oat'l ou\Unoa of the 

~ tollnn1s tbo oboico or tro,naf'ol'llllt.ioDB. Sultable clloieo& 

ot ~tioDD which lead u to ~cal rotatablo 

doaigno co.n be 41ocuosed llDV. 

~f'oro toldna up t.ho pal'tiClllnr caeeo tor Uluat.

ration purposes, it vUl be wnlmbU.o E:ICJ1t1ord 118 QIIOt.ber po1n\ 

of' 110 le011 on iluportsnco. Let a eecond degreo 01D'VO be fitted 

to tbe data available, tor the dooe-reoponse nlat1onoh1p 

whoro :v Q is tho I'OIIpOD.I.lO COl'l'GspomU.ng to tho uth expenmontal. 

doolgn polnt. and the eooti':laionts SO• lls.t lls.J are to be estmated 

by the lcnot oquaroo tnchnS quo. Uow, tbo var1anco of tho 

ootim!ttoc1 rGIIpOIIDO thus obtained will b8 a fwll:ltion of the 

V3.J'iancoe of tbo osUaates of t.ho coai't1olont.a ~ !Is.• a1,1 

ot.o vld.oh Cl1D bo oosU;v got vbll.e sol11'1.Dg out the coof'fiaionta 

tbroll&h tho lonst aquaras motJlod. Ago.i n, the vnrio.nc:eo of tm 

oot11:1atoo of tbooo cooffia1onto v1U the:naolvos bo tunctiono ot 

2 4 a a t Ss.u ( or l1 ~ 2 ) tuJd t_ ~'ll' t._ztulls.•u ( or ;\ 4 ). S1nco the 

rol.at1ollB A, B, c, D rc=1D. 1lmn'1on\ under the traD!If'ol'IQilt1ollS 

oat1ot.vin8 tho condit1oDIJ R:&. and ~· ., ma,y concl.wle tb\l.t tho 
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mat.Jo!& mtatioll aa given belovt• 

xu au 11 '"" ~ ~ lrallln ••• ~ bn bn ba1 • • • bv-J. 

zJa ~ ~ , •• ucd. 12~2~···~ b12 b22 b32 ••• bri 

xt13 xt
23 
z~ • •• x~ zlB ~ Z~··· xvS 0

13 b23 baa • •• \9 
• • • ••• • • • • ••• • • • • •••• 

• • • • •• • • • • • ••• • • • • •• • • 
• • • ••• • • • • • ••• • • • ••• • 

(lb:V) (&v) / (nv) -
Tral'18f'o:rmation Matrix 

(of t¥'aDBfo:rmaUon COGUo). 

v!uxrG U le tbo total mmbar of deslgn points. It xtJ ile!lotes the 

jth point under· considaru.Uon ot the ith tactor thon the tro.rse

fomed deaign point. ca.n bo vritton down 118 

XU"' "ubu • li21b12 • ¥s1b13 • .,. • lilv1b1v 

~D xu b21 • l21 ba2 • :IS1 baa • • • • • Xv1 'bav 
Xi1"' "ubs1. ~b82 • .,1~ ~ ~·· .. Xvl\v 
• • • • • •• a 

I 
• • • • ••• • ' • • • • ••• • 

,' 
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stmUn:r~ 1111 can ¢te dow tbs JOBt of tbs tranato,ae4 deolgn 

points. fbo tl:'l1nllf'cm:at1on miru of the transfoma~ 

coetfi~te 1o a v x v matrix. vbore v 1s the humber of facton 

involved 1n the deeigrl. 

. Anotbw point. vhich baa· io be kept in m1m1 vhUD 

doa1d2ng upon tbs transtormat1oDB. ,n1 bo doal\ vith ~ 
-

Let us c:ouctder a contl'al c:omposito 4ea1ga in tour factors 81) 

that each factor 1fl ate five le.rels· o. • a aDd • b anli" there - -
4l'O 24 no~c:ontral desig111J01nt8 lsbtch a1'0 given belo1n- · 

a a 4 a 
a a a-a 
a a-a a 
a-a a a 

-a a a a 
a n-a-a 
a-a a-a 

-a a a-a 
a•a-a a 

-a a-a a 
-a-n a a 
a-a-a

-a a-a -a 
._-a a-a 
-a-a-a a 
-a-a -a-a 

b 0 0 0 
-b 0 0 0 

0 b 0 0 
0-b 0 0 
0 0 b 0 
0 0-b 0 
0 0 0 b 
0 0 0-b 

~ 

lllllo.t1on ~ ~ = 3 f ~~ 1 o.' whicb 1s to be saUetied tv 
these design P.\)1nte, requires the rolation b a 24 to !lol4. 

Let us tuG tho tol1ov1ng most general tom of a 4 x 4 

t.rc.nofo:ra:ation ma~ 
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bu. b.n. bn ~41 

bu ~ 1tsa b42 

= 
~ baa ·baJ bo -

bu ~4 bs, b" 
wharo tho olelll0%lts bij satisfy ~ relo.Uo!IS ~ aud It:!•. fbat 

the levcl.a of tbe f'nct.on in the tTiuUif'omed design depetld upon 

the choico of theso el.enenta vUl be ruup~ dcmonatrnted b7 tokf.qg 

\ho follovia& two caSGs of ,transf'omat1on mat.ricas. 

f e 

0 -d 

d 0 

-o 

d 

e 

-t 0 

•••••••••••• (tJ) 

a1nos b7 a. proper choice of t.ho Bigns the eol.utione ot(S)ean bill 

catle to satioty ll, and Rz B1multaneo1U117. In the tranoto:rmed 

dos1gn. obtained as o: result of a~ the transfbNation 

givon abovo on the deslgn matrh o1• ve have the followiqg 24 

nov lovolB of the f1rat factor and the l!SI!Ie levols tor tile oth3l' 

taotoro no voll 
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t. (oo. • ta • ca • ciah t, (ca • ta • ca • da)J t. ( oo. • fa- ca • dn) 

t. (ca - ta • ca • da)J t. (-ea • ta • ca + da)a t. (on • fll - ca - do.) 

1, (ea - ta • ca - da)J !. (-ca + ta • ca - ciah !. ebJ !. tbJ !. cbJ ~ db. 

t:beD the ol.omento c. a. 0, t. !li'G selected w1tbout ~ flzrtber 

rostr1ctJ.oD on thol:l O:&COpt tllat., 

c2 • ~ + e
2 

• r ,.. 1. 

vh1ch fbllova .fl'l:lm relatloJa 1\• tbo m=ber ot diatJ.not lewl.o 

ot oach of th& factors as obtat nod through tho tZ'Olllltol'lllatiol1D 

1o Uko17 to bo large. a, 11878 aDd IIISQilO bavo to bf! dov1acd 

m ao to ndueo tbo llll:!lbor of lelrelo ao:'l .fOlo tblo tbo tollov1Dg 

oub-cnaea are cons1~ 

§a~tca119 (1) 

Let e a 0 f + 4 + o ~ 0 eo that. nov (5) l'eduoea to 

· ~.c2 +1- =1 

aDS mmo ot tho 24 lovelo obte' nec'l abovo v1ll bo eq1llll.. AD c 

mattoJ' of fact mv tile lovels are 

!. (to. • ca • da}J!.,(in • ca.,. da)J t. ( fa- ca + do.}J t. (-ta + ca +da). 

!. fbJ !. cbJ !. 4bJ o. 
llOI:IO ot whlch r:J4Y aga1n bo Qqu:!.l tor parUoular choiceo of r. c, d 

oubjoct to the abovo l'CDtrl.ctJ.oDDo !!me thro~ tbo roDtricUon 

o a o. the llll:!lbor of lovol.s could bo reduced ooDS1derabl;v 1'1'01:1 11 

nox1DII'll of 26 to 15. 

sub:aam cu.l 
Lot o a f = 0 ao:'l o rp d 'f' 0 so that (S) I'Odllll8&1 to 

J • 4
2 = 1 and the trar:lllt'omod fUctora bavo tor thoU levale. 



1lh1ch • UDdaJ' tbo aGSU~~~ptlon that el.l lovela are cU.stiDct• are r:dDo 

in mz:nlier. 

S!Jb:e• cuu 
Lot e • 0 lllld o a 4 • t .. l/rlt which &mtiof)' relatio.D (ll). 

In ~ tranotomod deslgn the ftloto:rs h!mt 1evelG ae 

• OJ i. ~ 01 !.. a/~ J !.. b/Jz 

§nb.caso ClV) 

Let. e "' t • 0 llJid o a 4 ~:~~ 1/1. In tllo ~ dGtd.gra 

each ol ~ fbotolt imlolved bas 1ts levolo o. ~ .Jla which are ouq 

threo 1n rm:nber. 

It will bG seen that el.l the above t.ransf'ol'lllatio!ID 111111c:ntod 

1n tho 41t.terent sub-ClUIOB !lave kopt. tho transformed deatgDQ o,ywetrir

cal I'Otatablo tbongh tho 11!1!i'!bmr of levels of the taotors baa cbo.r.lgo4 

depnnding upon the chotcg__of-'(he olements 1D the ~t!on mtt1L 

no ftrn tliO aub-caoea IU"O 1Uustrat1ona of tbt!l tact ~t bT t.ald ng a 

enallOJ' mmber of DDDo&ei'O and <11ot1rlot el.eceDtD the 11!1!i'!bal' of 1evels 

1n tho t.ranatomcd desigD can be reduced. '1'ho nu:abar can be reduced 

i'1D'ther it, 1n_ od<litlon. to taking a a!l8ller Ulllllbor of DOD-1101'0 al.G110Dt.1 
-. 

the7 aze l:lado Oqual.J ~ tact b!o~J3ht f.'oJ'th 1n sub-oases (111) am! (tv). 

!haD vo CIIQ' say that 

(1) As tu e.a pGaaible• itl keeping ~tb tho basl.o ~ 

o.t tho elo:nen\e eo e.a to cat1ef:y 1\ a!ld Ba• ad.zlimUl!l l:llt!lbGI' of llDDoliCl1'0 

ol"""'Utc 1n the tl'alliJf'ormat!on catnx sbould bo takeD s1DCG t.h1o 
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(11) . i'uJ'tJloto, t.ld.s advantage cao be enhanced b;y told DB t.hllco 

olC!l!lf!!lto equal. 

Qnsg u 

0 -f' 0 0 

t e 0 0 

0 0 0 d 

0 0 d-

IUld applT ~t OD D
1

, \he n.rs\ two fl:lctoro wUl ba'VO level.o 1. (oa • fti}J 

1. (ca - fhh 1. obJ 1. fbJ o, vhlle tbe l.a.s\ two tactoro b3'VO 1evele 

t. C=• da.h !. (ca- dah t. cbJ 1. dbJ O, in the vons1b=ed 4oalgu. 

i'bo ll!l:lber of lovols of the flloot two faoton llllfJd aot bo tho G!ltiO 08 

ot tho las\ t110 ft1.gtol's. Jbr a:mple let 0 a t a vJ and 0 a 1/.jz 
aDd 4 a 2/Jl.. CoDll!lqaenUr tho f;lrot two fa.ctoro bave OJ !. Jlo 08 

tho1r 1evala vb1lo tho levefii :r, tbe l.a.s\ t110 fact.ors n1'0 o, 1. o/SIJJ 
1. 28/5t DZd 1. a.t.J. fJms tbO tro.rudbzced design 1s an lncomp.1oto 

fhctor1lal of a2 x ~ 41111 la an ~cal rot.at.able deolgD. TMo 

case le l!lllOVSh. \o augen tllat ju41c1oUD ciiDico of clements can llelp 

DctaU.a ~ the actual ciiDico of theoe traDBtorr:nUono 

a:ro f.~Jto'nc!M to bo dlscuaeecl in tbD Dl!ld oh3.ptar. 



CHOICE Oi' 'lRA!lSWI!!!A'llODI• 

In tho pre138Dt chapter an attc:lpt ~ been lll!l.de to 418CWI!J lZl 

det.a11 t.be cbo1co of transfoZ!I:lt1o1111 tor obt-ntn1ng I'Otatable desiens. 
SocoDd OJ'der I'Otatahlo dtlslgna· obtained t!II'Ough this met!lad ot tzoan.. 

f01'111lt1on of dona- can bG both aii,Yili!!IDtdcal llD4 II,YIII.'liOtrioal. Soveml 

tl'aDDtom:ltloDa are 41~sed tor gett.i.ng BUCb dotd&na flrom the al1"ead.1 

ui-'1ng IJIIIII48tric:al. I'Otlltable dealgna vh1ch J:18.Y either be centro.1 

OOIIIPOaite design. 01' tbofll!l obtained tbrougb incaslplote block dGslgaa. 

DliiOWinS.on baa been :routricttod to ~ ouch trtmef'ormatiou vh1cb . 
.,bl. Q8 to keep the rmml!ar ot le\fels of the tJ:.ctors 1n tba tl'snatorrl

ed dealan I'GUOziabl,y nan, 'lh1a, bowever, baa been dOne vitbout o.qr 

I. l):an•tomqtions - [p.gtorg tnJsen tJQ at, a \b!t-

1) Cent,ra], !!C!l!l1!981ta deaignp. 

Ion WI coDIIidel' tb3 tnnatonat.ioll mtri.x 

~ 0 

0 ~ 
0 0 

• • 
• • 
• • 
0 0 

0 0 

0 ••• 
0 ••• 

Ds .... 
• ••• 
• ••• 
• ••• 

0 ••• 

0 ••• 

J./{L+,f)i' 

7i(1+~)· 

0 0 

0 0 

0 0 

• • a 
• • 
• • 

ll(.,..x)/2 0 

0 Ix 

7/(1•.;./.r 

-l/(1+,:)t 

Mt 
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m that J\• Da• ... etc ·are the sub-mlltri.cee obtalne4 by oos'gn'DS 

particular real values to •,1•" and Iz iD tbe 1Ul1t. matris of orde• 

lU Agtd.D. Y 1s the total n~ of factD:ro am X 111 t.bo IIUlllbcr of 

tboDO tacta:rcr vh1ch can. be kept umltcro4 vith nspect to the mzm~ 

ae well ao the J:!Sillf.tw!es f!l their levels ·by nat S1lbJect!J!g them to 

BZV' tro.naroranUon. It 1!111,}" be noted tbat x v111 be odd or even (Bel'O 

taoludnd ) OCCOJ'd1lr8 as v. ia odd or~ 

CoDDlder 11011 a oontral eompoatte deaigD obtained tdth the bolp 

ot tho tliO acts (1) (1111. ••• a) a!ld (f,i) (~ • •• 0) through the t110 

oparut.toDD of l'Otat.i.on and l:llllt1pl1cat.to:o (DD.s 19&1) so that each 

tnctor hu th& ftvo l.evols, OJ t, q t, b. Let Ull llOV to.ko a p:ll'ticulal' 

caao of 1ft in vhich the lilllh-luatr1cea aro auch that 

Dl = »2 a Da 0 
••• "' D(,..x)/2 ° J\ ( BtJT ) 

-
b111Dg obtained by glvillg ~-~~ the value unity. fllh&D this t.ranofoz-

-
cation stl'ix is operated on the 4os1gD po~o obta.laccl above_ tho 

rosult.lng dea1gn will be D.1mmotnco.l rotatable l11ld oi' the fol'lll 

(..,._x) •·. X 

5 X 5 • It llla1 be SSOD that o.ltbough all tho factars bavo the 

11t111111 rm:nJ:wro of levolD 70\ tu ma.anttudee of tho levels ot the tliO sets 

of fBCtora v1ll dittlw- tho 1nst. x fo.ctara bavo the fi~ le?sla OJ 

!. a; t. b while eacb of tho ( ,..z) fact.ol'o baa ita lovole ao OJ t. .Jr llJ 

t, bJi • A po~ which d.oeo nat escape our ·ll!}t.10Q ts \bat U the 
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I'Olat1on b =. 2a 1& oatistied in the central coapold.te design to sto:rt 

wit!!, tbal:lin the tranatomod design the l.llvela sPa. aDd b/Jt o~ tho 

( "".z) thctoro become equal. So to Dl1iY, 11011 :c .t'actors which vora 1oft 

UDal~ :rdaiD thGir J.'.lve levels 0; t;a G.!'ld ~-b, vhOl'Oas c ... :c) 

tactora tU"C ouch tllat Gllch ia d th1'ee levels 0; ~ .j;a. llow the 

tl'alltlfomed deBip io an o.~cal. roto.table deoip and io an 
(.,_:a) X 

incomplete factorial of B x 5 • However, for v eoron. vhon :a ::a 0 
v 

ve bave tho tranatomed delligJI. ao 3 which 1e ~ical rot.a.tabl.o 

deoigD. No ale:u'l,y brings out the e.dwntago ve cru:a ga1n in reducill8 

the DIDiler of h!volo ot .tactors b.v uslng relation b = 2a in tbe collteltt 

of tho tranatormatioD considered. i'hovgh .We l'Olation io DOt t1'IJC 

~r Gl.l vnl.uco of v, and even vben it holds much willl!epe!ld upon the 

trlU1Sfol'l!lat1on matris taltenJ o.s will be a!lolln DOV1 Jet in o. 1111bSI9QUM". 

~ion of tb1o cbapt.c:r it. wiU be show that it 1a a.l.w.Ys poaslblo to 

satisfY the relation b = 2a in any centrel. composite design b.v n.Wng 

a rm:llber of design points. 'lheclhoico of tro.nsformation matr1s 

conaidored in this seot1on ocans to be the beDt in 110 tor al!i wo are 

ablo to redw:o tho IIIPbor of levol.o of the factors in the traJUJfoJmed 

design vbcn rela~ b o 2a 1a sat1Btio4. 

'lhe llOld. best cho1co of the trane.fomation mtris is \lhQn 1n ra 
YO take 

~a lla "' ••• "' D(.,.zt/2 a ~ (sa,y ) 

wbol'o ~ is 11 2 :c 2 D:lil.tria of tho f'ol'lll 

f1/ult 3/~ J 
lsJui -1/J 
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cospoaite ctostan lll'B subjected to this tl'IUI8f'cmmt1on matr!x then 

tho tl'!mlsfomed do ll1aD 1e. aG,yllllliOtrical. Ntntable fll'l4 1o on 1nca::Jp

lotc fo.c:ton.ol of :f& x f (,..z). Firs\ z-factora hn.vo fJ:re l.evol.o 

OJ !. aJ !. b and tho (,..z) tactoro havo o:1ch nino lovol~ lD OJ!. e.'a/uJ J 

!. wu.P J !. b/d J !. Sb/JJII. u we havo tho relation b lCI 2a Gllt1o

tlod tboo tbe nt.Do le11a111 w1U cot ~ all 41~ and, BD a mattol' 

of fo.Ct, DOV tbe,v en oD17 eevct1in zmmbor vla OJ 28/JJftJ!. 4~VJIJ 
!. sb/ui. llowev«r, u :v1 bo given tho value of a, it can be llbo1m 

\ 

that no 8Wlh rcduct1oll 1n numb««' of levels wU1 be poflllible 4cop1to 

b = 211 beln8 Glltillficd. B1gSlerJ.;v blf glvlDs to y1 other valueo it 

S,s po03ible to have !li\V aa:nbe1!' or ti'8Dafomation G::ltriceO and (lODIJOoo 

qo.ont,ly GZV rm::Jbor of 11~CIIl. I'Otlltnblo doss gno. Bat 0113 tbiDs 

uh1ch r:uq ba &»ted 1o that tor ~t1oDO 11heD factors aze tllkeD 

tlliO at a tll:lo, 1D tho t.mnutomod doelgn, tho I:IIIS1I:m:D .llDIIIber of levels 

tor GD,Y factol' 1o Dine vhU.e tbD corroapord1J78 mtntnum io tbreo cbpond

iDS upon tho vallll:lo vhlob aro aooiemd to i;r1 ' • 

Tho traull1'orlllat1oD catrlceo COIIS14ored so tar are sach t.bat tho 

flllb.oatrlcos Dt ~ 1. = 1, 2, ... (v-11)/2 1D tho cUngml of tho trana

f'lmznltJ.on matr:tx 11\. 01'0 all cdthor ~a or 12• vboro ~ and Jla aro b2 

matrlcoo no 4cf1nod oarl.ior. lfJ.tb tho bolp of tbeco tl'tiDSf'o1'!::rtloD 

~:~~~.tri.ceo ~tr1cal rotata.ble dooigDo can bo obtn'ned 1n vhlob ~ 

tuo groupi!lge of faotorQ, each group cbaracter1sod by different lGVCI1.11 

(in IIU!IIbar u uell as msgn1tudo), are poss1blo. Tho Jm::lber of £4ctol' 

groupirlge 1n the t.ranufcmiJod drudgo rJ:S1' bo talton as a 111811Stil'e of tho 

c!ogreo of ~ 'llll1cb a ~tlon 1a cnpablo of int:ro4ucS.Jis• 

Lot 11t. hl a ti'D.DDfozma.tloD ma.triz vhcro o.ll tllo Btlbomatrices D1 o are 

mt tho s=o o.g. )\• Dz• Da• D4' ··~ b01DjJ talam roapcctival.y 11.0 
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obt43,Ded by giviug to J'i tZ1o values of 1, 2. B, ~ ••• and let it. be 

opol'sted on the central compollito delll.gn ve sbal.l gel a tramlibmed 

clea181l vb1cb is ~cal l'Ot.a\able aDd is nn 1Dcompl.ete .fnctorlal. 
x1 lll xa xfo .-

of s a 5 x V x 9 vllere ZJ. + ~ + x, • x4 a v. It v is even 

then oll the "ia an even vhGl'OaS U v 1a odd, Olle of thtllll lm1ll\ be odd. 

liB f1ul here that .tour tactor Bf0up1ng~_tl~ possible such thst ~ 

nnmbor of le'ftlla ubicb each group ot factors poasellllea ie a number 

l.J1ng between the ~ 8 ODd tbe lllaE1m1ml ot 9 levels Msocil!.ted 

with tbio type or ~Uollfl. Consoquentq, by choo!!iog 11.• as 

dJ.i'£erent lt ts pooo1ble to ~ tM de&ne of ~ f.n the 

trlmsfoftled l'Ot.atoble cJeaigDs. 

ibr 111118tmt~ an ~ ot centi'aJ. CCJI:Ip081to ~sign lB -
tour fllctoftl ia taken ap. Bach factor has five levels OJ t. t; ~ b 

11114 the rol.e.tioD b a 2a boldD. Let u eonmdw the transform:l.tion 

matrix 

and Ja is a UD1t. a:ntris ot orclcr 2. t.'hen Mt. is operated on t.M central 

CQJ:Ipolll.te deoigD, vo ball& the transfolmed l'Otatable dealgll v!aoea polnte 

lli'O givon bclova-
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• 
11·· Fa Fa Ji'4o li1 )j't 

2 i'' 
B i4 

a a a a t/Ja 0 a • ) 
~a a a a -a 0 a -a 

a a -a a 1f:ta -o -a a 

t!, -a a .a 0 ;. a a 

-a Cl a a: 0 -Ia a a 
' 

a a -a -a /Ia 0 -a -a 

a -a .A -a Q .Ja a -a 
-a 

'. a a -a 0 -Ia a -a 

11 -ti -a a 0 ~Q -a a 

-a a -a a 0 4a -a a 

~~~ •!J- a a Ja 0 4 •a 

a -a -a - 0 .Jr .. .. a -a - a -a •a 0 ./a - -a 

...; .. ' -a •a n -a 0 a ---a -a a ~ 0 -a Q 

•a -a -a -a -~· 0 -a -a 

till bli 
f 

b 0 0 0 0 9 

-b 0 0 0 -b/'J -b/Pft' 0 9 
0 b o--o b/1 -btl 0 .0 

0 -b 0 0 I -l}/1 b/.J 0 0 

0 0 b 0 ~ 0 b 0 

0 0 -b 0 0 0 -:-b 0 
. 

0 0 0 b Q 0 0 ' b 

0 0 0 -b 0 0 0 -b 

Llm!la 5 5 5 5 B a 5 ' s 
llesign points of the lleBign. pointe .or tbD tftl:lafb~ 
oJ1.g2ml central compos1to a~rS..cal. 'I'Otatable CI&D18D-
&lrd.gn. 
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'fhuo w see that: tho transtol'!lled deslgn ie a.n '""'"Oplef.e tactorirl.l 

of a2 
ll 'lt• ~- i'l• PB factors 1n the transfome4 4eaign bllVo eo.cb 

tUeo levelo Via OJ !. ,/1 a, trh11e I}• ~ have levels ill OJ !. OJ !. b. 

11) Da01grm obto'!!fl!d ymmg!J incqmplote blool!; de!!iwu-

Conai4ar DOW the effect of 1ft on the ~cal Jl:)totable 

deslgns obtntl!ftd tllJ'ougb tho :incomplete block deaisns ( Pu a 
~ 1962), ~ t.llom be v factors aacb. at n.ve levol.a OJ !. e.; 

!. b, vhcro :relation b a 2a Oldsts. 1~ 1n Ht all l>J_ a are tho l'llllliO e.a 

D1 ,vhere Pj_ io tho 2 ;s 2 matrix 

[~~ ~~: l 
~ t11e tnmetomed ~Cill. mate.blo de!!ign is e.n 1nc!ollp1Gte 

ftlct.orlol of ~ a 5 (~~ IIJbe:te ll fnoto1'13 mmtn UD:Ilterud aDa JlQve 

lowla OJ !. ar !. b 8ZIII (,..~ f&otora have each flvo levola 'ria Or 

!. .Je.a !. o1sP, 011 tho oonV&r,y ir\he rel.rlt1cm b = 2a does not bold 

tbBD tho tl'aJIDi'omed deeigD vUl be an ineompl.ete f'acto1"1al of !f'll'l(111-x) 

Were DOW (v.ll.} factors have sevon levela viB·OJ !. .Ja, t,.e/~J !. bft/1. · 

For 11!\V other tronafb~1on ma\rill tho l'l1JI!bar of levels vUl be b.rger. 

'l'huo the pal, n&-foature of tJi.e dUtere:Jco between central 

compotd.to doBigJ:Is and tho 1'1:)\atable des!.gM obtflined througb SDCOI!Iplote 

block deaiSnG is tbat. f'or the oamo trane.t'ol'llllt.1on matnz, the tbl'lliOJ' 

gives designs vlth lllliBller number of levels. '1'b8 beat we em achievo 

throush the latter ~is to got tlmrlatozme4 rotatAble cleldgns lD 

vbich fD.ctoZ'O have the llDIDe llll:llbor of levolo as the fnctoro 1n tha 

OJ.'1gJ nal· deoign.; 
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1) ~nt!'nl. COE!lOsitt deoisno. 

The next caee vb1ch we mv tab up 1e tbo tranutormat1oDO 

vbere three tactoro oro to.Jmn at a time to 1b1'ID one group of tro.ns

.tomatlons. Though 1t 1s pooo1blo to put forth the n::oa\ gemrtll 

fOZI:I of such ~lmlltlons but 1t 1o eonsidored bettor to take up 

the p:!l"t1cul.ar cases llhich will give as the t:ranof.'omed deatgns llbere 

fllotcws h:lve 1rea110DSbl,y sz::al.l number of lelro1s. Accordillgly ve go 

blak to tho ~tlon mti'U 1ft and choose ~ e so thnt 11, "' J>a = 
••• = D(,.:&l/S = D (SQ¥) where b. 1n th1o caoe; can be tatten. 1n 1ta 

geD31"al. toim, ll8 ~ llllltrb 

1/ 11•7: +(2•~>21 * 1/C~;r~t rs/Cl•;r!>t 

;rsf(2•;r:)• -1/(l+y~)· 

1/(~~)· 0 

7/ { 1•;r! • (2•:v:>2 J t 

-(1.•~)/ {1•~ ·<~~>21 t 

whore 71 cnn be ao!dgmd d1ftllrent real 11'8l.uas. But 2nstead of tpklng 

tho general matrlll D t~e . sbl:l1l consJ.der o part1culor ens& of D ~ ~ 

via 

1/P -~ 111 

1/tJ -1/~ 111 

1/; o -all 
ae through th1o Choice tha np:nber of levala of tho tactors can be . 
kept £111lll. 

Let aa con1144oz. tho effect ot th1o tnnsfcmlntlon ~~mtJoiz on 
\ 

the central COI:Ipoatto design 1n v factors each of vbich 1o at five 

lcvelo OJ !, O.J !, b. W x be the mQbor of factors vh1ch haw beGD 

, 
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predlc14ed DOt to be subjoated to aey tl'anatol'!Sltlosl. It mo.v. boweve, 

bo mted ~ that U v is e. multiple of three then :a can tate one of' 

the Vlllues o. 3, 6, 9• ••• oo tbat z (11'-3). wbereo.s ltv is DOt G 

CDl.Uple oi' t.hJoeo• z c::in take one of the wluos f1ooll e1t.her of tho t110 

v 1D of tho tom 3n + 1 or an • 2 tor all poaltive integral vulneo ot 

o. 'fho tranatormcd design vUl be e.s,ymmetrical zotatable, beliig aG 

lncot'lplete .fb.ctorlal of 7('1111-:11)/S X 8 (v-z)/8 X S(v-x)/8 X sZ pl'OV1ded 

relation b a 2e. bol4o. We f1lld that (v-z) factore baVe been awltpCd 

into tbree cots tmch that the tactoro ln the fb'st cet have tor thelr 

eavan lovolo OJ !. e/at, !. atQJ !. b/.j vh1l!! the tactors in the rcmotn-

1113 tw 118ta have for thal:l thl'ee and five levelo OJ !. ria Gild OJ !. 26/j, 
!. 4D/~ respec:lt1w~. 'lbero io. hovovar• the set of x Actors which 

baa l"'!!.:l:liDDd unaltorod with roopect to lts levels. It, on the otb8r 

~ J'Olatton b a 2a. is DOt oaUotiod then the trausf'cm:led aa,mmstrlcal 

zotntahle doa1gn v1ll be llD incomplete tactorlo.l ot 

7(V~-x)/3 x 5(t-x)/S a g{v-x}b-z ~. f.lD tl!at oov (..,x)/S factor8 ~ 

1Ds one gn»up bave each flve 1ove1a vlB Oa !. J!aa !. b/.P. fhe levelo 

of' QD)thfll' gl'CUp of (..,._x)/3 factors wh1ch I.D the last case had fiW 

lovels, have 1Dcreased to Dim vlB o, ~ 24/Q~ t. 48/J;J t. b/jJ !. 2b/i. 
f:Snnorq tvasssgnsng to 7 ce:rtain otber partieular vnluca we 

can have altornattvo transi'oJ'I!Iatlon matneea aDd coru:~Dquent~ moro of 

the as;u::uetrl.a:\1 zotatable doalgDo but. the mmbs:r of levels of tho 

factors w1ll bo more f'or 1UQ0tha7 ~u.on .mtrh than tor the 

one dliiCUBSed above. 'fho nazimnm """""'r of levels of the tactore. 1n 

fact. could go upto 15 ln •• D 1a of tho tom uoed abo'f8. OIID point 

cbout Ws type of trcnstormatlona 1IOrth mentloniag is that tb9 tr~ 

tomod doalgn 1a i.Jmlri.o.~ ~cal unllke,the t7P' of trans1b~ 

' ' 



dealgns can bo ~ alao. 

11) Designs obtn!ne4 _tbl'ough lpccmplete block cJesign!!l 

Ao 1n the C3&e of \l'oDaformt1ons 1nvolv1Dg tw fllctora 

at o t.mo, it vi1l bq oeen thAt 1n the presant. caoe abo the tnms

fcml=t deslgna obtn'~ througll ~tatablo deotgna which 1D tiD"'l bavo 

b:len c:onutructcd b7 OlaploJing incomplete black design teabn1que. mve 

larger 11U!:lb8r ot loV&l.B tor tho factors thaD 'llheD tba ll!ll!l1!t ba'N been 

obta'ned through the CC!1Itznl aoapoaito d9816n. Consider the t.rnne

f'orlant1on ll1atzix Ht ~~here ill the Dj_ a are the 8£1110 as ». vhlch le a 

8 a I matrb 

1/l , l/~ 1/~ 
ui1 -v# 1/; 
l/.j 0 -2/Gt • 

una opeJ"Qte lt upon the rotatable __ deo!gn ln v factors obt&J ned tbrougb 

the 1nco::lpl.ete block deldfJD. Let z .taotors remain analtered where x 

Ghould tab au ot the valUPo in the three oete ot wlues c1e,f1De4 In · 

the l..nst section. vh1cb viU depend upon vilatbeJ' or mt v 1o a mnltiplo 

ot tlrree. Ia caoo thO rclo.tlon b = 2 a bol.do then the tftnsfbrme4 

rota\able dc-olgn 1e M incomplete tactorlal ot 
.,Cv-zr)/B z s(.,..z)/S z 9(.,..&)/B z r/'. 'lh!l ~ factol'o bave 

baeD clamdned 1Dto threo equal groupe chara.otelt1ce4 b7 ~ five 

flD4 D1IID 1evlds viis -o, to a/~ a t. aorJ, to sa~la OJ !. qp;, 24/#,antJ 
OJ to otrllJ !. 2o1tia !. aotiJt.4JJ/~ zespectlvel,y. It• however, relntioD 

b = 2a dooo DOt bold., the trlu1ef'ormod afl.9ll!Jl!ilt.Ji.cnl rotatable design 1a 

11n SI!CO"'plet.e tacton.al of 9(.,..:a)/Sz 'l(.,..z)/3 z 13(.,..z)/3z r sho1d.Dg 

clear~ the i.DoreaBe 1n t.ha IJml'm' or levolo ot all tho taatora as 

CQmp:ll'ed to the case 1lbcn l'Olatloo b a 2a 1o s:1tlstied. Arv' other 
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tJoanotomstion Dtttrh; vhoD taotors om talam throe at a UJDe. vU1 

givo l'iee to a t.ranafomed &udgn llllvlng larp lmllbor of lsvelD of 

tbo tllctors. thus g1v1Dg aa an i!ldication ot the UmitaUoDs ot tho 

tn.nDfome.'tlono in SQtt.ing t.J:anafbl"'lled latatablo dea1gua bavii!S fllcto:ro 

vith arml]or nu:aber ot lavels. through tboBO ~ vith tho bo1p 

ot 1l:lcomp1Gt.e block delli«Do 

In order to 1~ tho degreo ot as,ymme\1';1 1D the traz!Stol!:CI! 

deldgns, trrmstol'lll1lt1on I!IStJ'U wbicb 18volw au.b-mntricoa of cmio:ro 

'fhe caso wileD sab-laatricos 1D the trcnafol"Qe.tio.n mo.trJz oro ot 

order four, can be dS.ccnusad sSmln"~ 'ld.th reupeot to the cantrel 

composlto doaigna Blld tho rotatable dos1gns obtafnod tbrough tho 1ncum'"" 

late block des1gna. fbl.l transtorma.UOn ms.t1:'i:lt 1nvolv1ng aub-matr1:& D 

of cm!o1" tbl11', 

1/2 1/2 1/2 -1/a 

1/2 1/2 -1/2 1/2 

1/2 -1/2 -wa 1/2 

-1/a 1/2 1/2 1/2 
1lbBD operated on the rotatable dlle1go in- f'o\11' fllctors o!Jtnj"""' t!lrougb 

BIBD 'ld.th p:mu:zoten , a 4 k o 3 11'=4 r = 8 i\ = 2• bowver, g1voa 

Ul!l BD interesting C!Uie fol" atud;v ot tho ~ dea!gn. ID tbe 

origlml de81gn Oll.Ch taoto7 has tJ.vo lovele aai thoro~ 40 po1nta • 

DDXl8 of thoso boillg central. rho relntlon b
2 

"' J J- lxlld& 'lba 

tm.nsfor:l:led decJ.gQ is ~ thllt it 1o an tncomploto ractor1al of 64 

vhero oach fa¢or bae Ills levols t. e/21 t. 3a/2J !. b/2, vh1ch tll'O all 

. f 
I 
~ 

' I • 

1 . ~ 
\ ... 

·I 

I 

I 
-• 
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ODO got thus far wltb the llSO cd trnnst'omat.1ona 1lbe:re the 1.nc:roao:) 

in tho I11Tlho1' of levels of tho facton 1o onl; 111' anS.t)" eo as to give 

WJ an cmm-levellcd rotatable design. 

It in tbe above rotatable dooign ol-te'nod ~ lncomploto 

blocll: dell1gD '"' I'OpO:Lt ~pointe 12 thlca then the l"l.ilaUon b = a 1a 

Qlltnbltshcd. Row tbe total unmbor of des!gn pointe 18 128 vh1ch 1a 

largo na c:o=parod to tho 4D points in the ol'ls1ml doo1gn a.ntl each 

foetor 1o at tln'vo lovols OJ !. a. It nov the Glllll9 t.nmafol'l!lat!.on 

maUill io opcmltocl on theoe 128 design points wo shllll got the tre.Do

.t'lmlled deatp aa en im:ompl.eta taotor1al of ''· 'lhua w bo.vo got 

amt.hol" even lovoll.cd deolgn in 4 ~c:ton. 

, Iaten the tl'IUl8f'ormat1on ~~mtrh 1a oporBte4 on tho contTal. 

c:o:tpOolte deatp 1n four factors lllhore I'Bllltion b = 24 bolc!o, ve 

1dll flll4 that tbe transtomod de111gn baa remained umlterod in all 

reGpCJCta. For Olllllllplo, tho t1'111U1fomotl de a1gn 1o qu1n a cantro1 

CO!llpoolte deolgn ha'rillg tho rome levels tbr 1ta factora in nm:ibor o.s 

wall ao in JII38Ditudo6 ao in tho oligiml central ccmpos1to c!oslgn. 
. 

Suitable c:nnMmUon ot oub-l:!atliceo c!iecmosed in 1, 11 & ni, 
takoD s11:mlteneoasl1' _can be uaec! to inareaoe tbe ,degroo of a~ 

1n \b) ~rmcc! deoign. 

IV. Ro4uction in tho llU!llbe!' of lmlq ia the tmnsfQ!I!!!ld s!eolmut. 

In t.be precDiilllg oeotiomJ tt _, obsorved that Ibm tho Z'ala

t1olJ b ,., Za lzo1.do ror tbB atJD~;.nsJ. compoaJts dDDlgDIJ ~t IR!l6 poDJ!JJlil• 

to chooOG tr"SJll1t'oJ'IIIIltioA J:~Btricos 11bich v111 givo ll'Ot4tab1e dos1gna 

vith IIQliiO or all cd t.b:e transformed tactors bavillg 1'8d.ucec! nu:nbor of 

lovols tbi1D 1a tbo origlml dos1gn. In the prosont motion it 1s 

intended t'o give a tochniquo llhich v1U enable WI to.~ tbllt 
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relo.Uon ~ b c 2a in eucb -~ c=pollite closS.sns ,m81"8 it does 

DDt ~ hold. oo tbat reduction ·1n the mmber o~ l<mlla 1n tba 

t1'antltb'l'mod dasign Cllll be brought about 1n tho case of oll. llllllh dcs1gne. 

: • ,l'ho central compol31to·deD1gn is obtained with tlJe help of sots 
' 

(1) (aa ••• a) ·iilld (11) (bOO ••• 0) by tho two oper11tions ot I'Ot4tion 

and Cl1llt1plication. !be relatlon b3twon b and a is dotem1Dad by tbe 

equation 

••••••• B' 

,._ 
(bOO • .. 0) and repeatirlS tbel!l p timG&• vbero p io detettd 1!81! ilL'om 

tho equatlon Bt. !he value of p gives the ftll!!l!!mo of timeo tho ao\8 

(bOO •.. 0) bave to be ropoated eo as to satia1',y the J'Ol.ntion b a 2a. 

fbis teolu:liqco holds for all number of fll.ctors greatel" than t.bree. 

For c:entt:al. c:cmpoeits de131gno in ' aDd $ lllotore the 1"Gl.aUoD 

b "' 24 bol.de IUid lt hat! beeD Bbovn that tl'IUlllitormation matnx can bo 

bod which ahaU give trtUU!f'o~ doa1gns 1n ~ at. least SDIIIG of t.he 

tactore bavo tbl'eo levol.e. Let us ll8ltt considsr the oaee tor six ta.ctor 

canVa1 cmrpol31te dealgn hmr1Dg 44 DODocentrel. points am vboro relation 

b 4 • 82 a 
4 

bol.ds. BDpoat b COIOIM 'l'ttions p times where p is <tetcm1aed 

tron the oquation 

p "' 2. 

!huo b.Y repmtlDg tbe seta (bOO • ... 0) twice tho I'Olat.ioD b a 2A 1& 

sat111f1ed• DO that the IIX)d1t1ed contral oompos1to doaS.gn 1n e1a fnntoro 

:la at.Ul t:l.ve lovollecl but baa llOV 82 • 2 z 12 a 56 mn-contral points. 

As a I'ODUlt ~ tho operation of tho tranntor=tion matrix 
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.D1 0 0 
/ 

-0 Da 0 

0 0 Da 

OD the deoign points o~ the- modified central CD!:IpOsite delllgu tlnul 

obtnt.....,.va vUl ~ • ~ zootatablo dotdgn tlhicb 1s DD 

tnmmploto faCtor1a1 of •l' .:beN oac& b.ctor ll!l.s S 1eve1D OJ s. ira. 
81JXI1ar~ the caooo of other tao-..ors can oleo bo deaU v1th. tal h:lvo 

f31VOD bolDv a. tabl.G dep1ct.1Jls the diff'erellco b tho mtmbor of &lldgD. 

points betvoon tbo coutral CDlllp0111te c!oolgD llDI! 1ttt eodift.ed tb1'm fl'Oill 

vh1c:h \h1'ee levellod clesigu can bo obtained b7 BUito.ble qboico of 

t.ransto~mtioD mt~ 

£0~ ot tactoro fb. of 120n-contral polnto 1D 
tho coutra1 compoaite doll1an 

lb. o~ 120n.contrttl.po1nto 
1D the moclifted 

- central oompooite 
design llhere b a en 

4 24 24 

5 26 26 

6 44 56 

., '18 120 

6 80 129 

9 1.46 2'l2 

10 148 288 .. 

~~ -
~--

I 
l 
I 

l • • 
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Consider a central composito design 1n ton factors !laving 148 

pointa ot which 128 point.s ot the typo (ll!l ... a) bo.w boon obtained 

by contoundlna tho throe lndepelldcnt intoractioi~!._ABODB, ACGIJ 4Dd --· 
EFGHI. As a mnttor of fuct seven interactions in all will be oon!'oundodl 

ABCDFCHX, ~ ACEFIEJ end BDEGI.T bei~~g the rGainlng four aid ere tho 

generaHsed intoract1ons; DOnG of which is of order _loss than £our. It 

tho design points obtained above are subjected to the transibrmtion 

mtr~ 

~ 0 0 0 0 

0 Dl. 0 0 0 

0 0 ~ 0 0 

0 0 0 »a. 0 

0 0 0 0 1\ 

whore the GUb-~trix '),is 

r1/at 
ll/~ 

1/'1.-'t] 
-1/.J 

thon tbo transi'omed dsDigrt .-;~e vlll bo tbo lla!lle aa eiven ~ 

Lbs (1963) tb.ro~ the .tol.loviD8 .t.acomplote block dsBign with blocli 

atzes 5 and 21 

1 2 3 4 5 
6 'I 8 9 5 
1 2 8 9 10 
6 'I a 4 10 
1 'I 3 9 5 
6 2 8 4 9 
1 'l 8 4 10 
6 2 3 9 10 

Iilock S1zo 5 

1 6 
a a 
4 9 
5 10 
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wheN 1. 2. B, • • • 10 staD4 for tacto:ro A, S. O, ••• J roopoot1vel.i"• 

Bl.ockB ot a1ae 5 &n~. utn tznd to GQt 128 t!ooigD points or tho tJpo . / 

(Gll ••• a) 1lb1lct blDclrs ot size 2 41'0 uaerS to got'lOJ'ato points ot t1J)O 

(W> ••• o). 

Horo in tbo abovo azample w havo oppUed ~t1cm 

vhon i'o.ctors BZ'O talam • at. a til:le. In-h.ct (U'), (BG), (CB).(DI) 

CUid (&T) 1s tho gzouplng 1n llhich "8¥ tho t:rano1"omtt.t1on lll!ltri&.bas 

bcon oe1octcd. 

ssmnarq w CI1Jl take up a o.ontro.l CO!llpOsite t!oll1gllln 12 

ihctoru bl1v1llg 280 4ea1gD ~ Ot tbess 280 c!esieD po1Bte. 256 ot 

tho t7po (aa ... a) ba-ve been obtntnod tv confounding 4 lrldQpoDI!hm' 

1ntc:ract1ons ABClmi', ABCDG!IU• ABCEOIX. ABJlmTL. Thoro vUlin o.l1 bo 

15 1ntenct1ons contounded, the rem' nJ ng bsioa geiiBZ'IIllaod llltel'o.ot1ozm, 

110110 of them '11111 bo of 01'der leBS \ban .tour. U ·DDV the tranntomatlon 

matr1z 

~ 0 0 0 0 0 

0 ~ 0 0 0 0 

0 0 ~ o~ 0 0 

0 0 0 l\ 0 0 

0 0 0 0 »t 0 

Q 0 0 0 0 ~ 

vl:!Bre 1\. 1o 2 ~ a llltltr.f.x 

[1/~ 
1/# ~] 

aDd t.bo groupiug of tho factoJ'o 1s (AO), (BB), (01), (DJ), (EB),: (FL), 

ls operated on tbe deaigD points obta1Ded above ve 'ld.l1 got tho 
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tftDsfomed deslsn whor;o pointe v1U be tb:il same ao g1VOI'l tu Dae (1963) 

1 2 8 
'I 8 9 
1 2 9 
'I 8 8 

10 l5 12 
4 5 12 
4 11 6 

10 11 6 

' 

4 s 
10 5 
10 11 

4 11 
1 8 
'I 2 
1 8 
7 2 

6 
6 

12 
12 

8 
9 
9 
3 

1 ' 2 B 
8 9 
4 10 
5 11 
6 12 

S1ocrt also 6 

a,th tile un.sea 61ocuaao4 o.boVO lca.cl us to thiD1r on ~b.o lt.nea 

~t with the belp of tho transfo1'11Ja.t1Dns it 1s possible to paBD t'lrom 

·a contra1 c:ot1p0slte deoign to the rotatablo deolgns oonstructed tbro

IJ8b tho techrd qll8 or 111C01Dplete block 4eslp. tbo~ u. ~~~q be IJiileD 
1 

tbat a ju41o1ous cho1ce of i.Dterll.ctlons to be confounded to got 

COiltftll. campoBlto dstd.gZl pointe, 1s uealtl34. 

Agn' n, 1n the case or 4 tnctor coat1a1 composite deslgn we 111'0 

tnldng ~ compl.ote I'Gplication of 24 pointe of the t1PG (e ... a) .. 

Co~ lf tb1a deldgrl 1e opernted 1lJIIOD tu the VansfoJmt1Dn 

l:ll.ltl'lx 

r o1 o ] 
Lo ~ 

whero 1>:11& ao de~ earl10!' •. tho Varm1'oftl84 dee!gn po1Dts can be 

obtoilled from tbe BIBl> vith tho p!11'81118tera v = 4 k =r 2 b• • G I' a 8 & 

'>. .. 1. lib berG we havo t>elf!Dco4 incomplete bloclt deulgn 1d.th e~ 

block a1IIOa In the contftl compoDito deBign 1D e1x fo,otom w Peed 

contoarul only 0110 interaction vhlch we mq take 4BCDBP to Ft 25 
&>aigrl ' 

pointo of tho· tyPO (DA • • • o.). On Uwlstom1rlg tbcae design points 

111~ tho be1p ot tho tl'anilfol'lil!lt!on mat.rlx 
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l 
l 

j 

_, 32 ,_ 

r: 
0 0 .., 

wo uill got a Ntatable do~ tho -points o~ whicll can bo obts1mc'l 

·through tbe BlBD. 

1 2 3 1 4 
~ s 6 2 5 
4 2 6 8 6 
4 B S 

Block azo s Block S1ze 2 

of.> umqual block sin 3 o.nd 2. Th1a B'IBD do818n bns o.lso bean glvon 

Ill' line (1963). -It DeOJ:Itl tb6-"'t tl:d.s method of transtoJ'I:I3tion to IIbov intox-roJ.o. 

tlclUlhip botwGD contra! CQmpoaite designs and tho rotlltcblo doeigi:ID 

obtnlnod tlmTagh 1ncolnplote block deaip v1U hold for all· oven fllctor 

cooeo. 'fhO 0~ ozneption appaaro tQ bo .tlmt ot a .fllctors. ~ 

__ .,....._ -- ,...... .- --- -- -'.... -~-,... ...., .....,....... .... -- ---

• 
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.In tbia Qhapto1' tmnatol'lllationa- when factors 1\H taklm two at 

a t.iJl:G bavCI been appl.S.ed on tho deelan points of a taotol'lnl ~ 

of the fol'lll 2° and the rosul.tant. deotgn in vb1ch all the fllotors are at 

tmeo lovelll each. hao beeD obWned time giving us. for a tmnufomed 

dealgr.l, a fract.ioJ.I of ,n ln 2n CIOlllblnatlona. 

r.et U8 consider ll an ftlctori.al. e:x;pel'1.aent vhore a, tho nnober of 

factors, 1s oven an4 each factor le at two levels, t. a. It &.S.C.ll ..... , 

are tbQ lettors used to detJOta factors tbsn (AB), (GD). (Eli'). •••• ·it,~ tho 

groupiJis vbich we abaU adopt for tho purpoees ot writing down tbo matria 

ot tftU18f'ol'JIIation coetf1ciont.s when factors are taken \'01() at a tsmo. LG\ 

tho "\nmsformatlon mntrb bo 

, 
D1 0 0 ••• 0 

0 Dj, 0 ••• 0 

0 0 ~ ••• 0 
: : ... 

0 .() 0 ••• »,. 
whore tho Bllh-aat.ricos ¥'!IN ot order t'OI() oa.ch and ate ot tho ftml 

[1/~ 1/tl] 
1{# -1/ll 

Wum tld.s trs.nsforl!lation mtrix 1o opel'lltcd on the fil ill~ oxpcri• 

menf. taken above. follow1ng ore the general propol'tiea exbibitod 1n tho 

transtomed design. fheea are, bowevell', epan tro::a tho faot that the 
~~~~ -~ 

tranflfomoci dGDl@l Dl'8 at tbroo levels OJ t. zua. Boforo gS:viJ18 tbtmo 

gomral pJ'Opel t1Eis 1t 19 COIUd.deJ'Od wrtbwhlle to put down the I'JO:IOD

ol.aturo oE tho intomct1cms 1n the t~ deeigD. H.rstl¥, factors 

I, 
l 

, I! 
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A, B, c, », oto, tlD tllis will not cause o..rv confualo11o ~condly, since 

transfomed fuctora ere nt thNa levola ea.c:b, ve shCIU uae ~1.\CaDs. to 

c!anoto 11 f'om- factor intorllcU011 in which A. B, D, !lave tllsir U=o.r 

components vh1le tho factor C hila ito quadratic component 1nvol11ed 1n it. 

S!mllarly, ~ ~Cal'2 for example ,w1ll bo used to d&UQto intEII'IlctiOII of tho 

u llfl.'lr co:DpOZIOD.t of taetor A au1 qu'ldrtltio compononts of each of tho 

-fllctors B, c, D. 

In tho tranaformal design, vitJ!Qut bl.ockill8 

1) 'lb.o ;fUll DUlllbar ot (2
11 

- 1) degrees of freedom ore ostimsblo 

U) Tho 1ntoroot1on with tho largest D1JDibo:r of f'nctona which can 

be estilll!lted is tho ono vitb D/2 thctcrs 1n it. 

Ui) Inton:tat.iOII roga.rcU.Da interactions which lllWlVO f'a«*Jrs that 

aro COtlf.J~g as grorapa dct1ned oorllor, 1s ctmplotel;r lost. Cozurottnantly, 

lnteraot.lons of Ol"der ~ o/2 aro oot estimable. 

. 1v) IJnnar co:::rpoDents of all wn otfcots and 1ntora<ltions of aU 

Uncar componsnta can bo eaticlltod indapendot<:t of om lli!Othor. 

v) Coll8ider a ( x • 7) feotol' interaction \!here x is the lll!=Dbol' 

ot fllctors of vb1cb Unear compooonts 111'0 involved while 7 teotona, which 

detol'mlno y groups ot two tnctcrs each, havo tholr quadro.tio compononts. 

Obviouoly ( X • y) ~ D/2. 'lhen thio intoro.ction will 1"'rm a]iooos with 

lntemctions ot tho same order. Other mambol's of tha aHnSGs group can 

nsnto IU'8 tho cace X tllotora 'llhile tho l'll"'rli l11 ng 7 factors, hllv1ng thall' 

qdratic COlllpOllel:lto, will be obtlli.mid as 11 permutation of all the poost

blo perrmtattono ot 2y factors subject to the roatrlction thtLt no tw of 

tho 7 factors co:te as n group doti!led earlier. It, bowovor, x fllotol'S 
-

lllto bavo their qtllldratic COl'JpOmnts involved 1n tho (x • y) f'tlctor 
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internctton to start with, then intoractiona obtnined b7 o.ll possiblo 

pomutationo of 2(x + 7) taotoro of (x + 7) groups will all tom one 

al.insos group. 

If vo start with a 26 design with ~cldng llll4 apply tho same 

trnnof'ol'IDlltion m:atr1x then tho tranBi'ol'llled dosign is agaln a traction of 

a6 bat now all ( 2
6 

• 1) i.e. 63 degrees of frccdolll arc not estimable. 

'liD lll"l!bor of estimable degree a of t.t'cedom will depend ~n the ~ 

actions confounded due to blocklng. It bas been obsorved, bowever, t!lat 

if tw ra.otor intehctioru;, such th.'l.t t.he f'actora fore ono group, n ro 

confounded 1n tbo original dollign then tho maa;jm~t~~ number of dogJ"OOa of 

t1'coda:ll can bo estil:w.ted in tho tra.nBi'ormad dos1an. Tho intora.o~ns 

QOIJ.fotm:led will be thosn which involve on4' qusdratic oompcnonte. 
{ 

All tho abow tlO!ltiomd properties can be easU,y vcrif1ed troo 
6 

the mso o£ 2 factol'ial. dosip considered bel.ova 

Coufoundcd
6
aftacts 1n tho ACE, ABB, ACE, ACF, AB, en. 

original 2 dosign AIID, BDF, BCP, BCE, BV, AllCD, 
BCP, ACD, BDE, nDF, CllEF,ABEF, 
DEF, CEI?, AD.i', ADE, ABCDEF. 
ABEF, AW, ABBF, ABCI), 
ACD.F, ABCF, ADCD, ABEF, 
BCD&. BCD&. CDEI.I'. CDEF , ... , (2) C3J (~) CSJ {6} C'IJ 

An: oct as d of 

Al•E1•~•D1•E1•F1. 6 6 6 6 6 6 

A@~~~~'a· s 8 3 8 a 0 .. ., ................ ] 
E1 cl., ~ D1• ~ E.L• BJ,F1 12 12 12 12 12 12 

O!.Bl,~Fl• DJ.BJ_, ~i'l. • 
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(1) (a) (a) Gil (s) (e) (?) r 

A1 Ogal1Jla1Aa'1,sBact• A:A=Bai>tJ 1J • 8 6 12 12 12 

'2. Bas~ 12JAal\!!Bal\J"a1i'lJ!¥1• Aa~ a,.C.: 
BJ. '718.1. Da• BJ. Bz!B.L1aJ CJ. Fe=CJ.FaJ 

Ci 1?2 AtB.J.. 
~· ctla* 

~B.Lmllal\.•C:z~"1.sD2F1J~~l'a• Dt !a* a... 1::2* 
llt.Fl" 
~~~~ I "a~4£~&z~J 

1 
..... 

I 

Az&.ae~Bai¥'2SB:l~"a• 3 • I 
3 ~ • I .Gallz* 

C:a~F~Fa· 

~ '1.1\• B.a. ~~'1•-'3. '1. 'l·AJ. D;s. B.J.-v 1 8 * 0 •• a 
~l\F1,~~~,1\C11\•BJ.Cls.i'1 

AJ. ~'1 DaB.~.• 1\ ~i'll!lll.a. C:zi'l 2 ,. 0 2 2 2 
' . 

DJ.Ilzl\eBJ.CaB.l.IA10allJF!!J.J)#1 - 2 • -0 :l a 2 2 
' 

AaC,. ste~C,. B.L• "1 '1. &J!!AJ. C,. 'a 2 2 II 2 2 2 

J\~Fsf!l\D1J!eJ IJai>J.li'1aAa»li'1 2 2 0 2 2 2 

41~ BasAl 11.'a• .Gal1. B.a.s¥1 B.L 2 2 * 2 2 2 

BJ. c,. Be9~'1.Fa•.Aa0s.111~~P1 a 2 0 2 2 a 

".1. Ca&.if!A1Yaa'1~1Y2• 

}· 4aC,. ~'1,1'2lJ!IJaC1 B.la8:~F2' a 8 

A2"a~E»!l\Dal\SBaOaEJ.· 

~1'19AaY't&~i'1li8:~» 

1 &zDl~'FAa~~d.Jll11'a=B.Atr:z• :, 8 a 
B.a.Y~DaBz=!BJ. Oa~l\Oa~'a• 

~Cafa=JSAF~Oai'~!£= } 1 • AallzF;f!~l\~BaCa»'a• 
1 1 1 1 

46 3'1 

• 
-~ -
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ID thO thoois, the rolB of trruwromatione 111. go\tirlg osymotric:al 

rota\oblo doslgno trom tho alread.lr aii'Stiag syum;etrical onoo has boon 

broU8ht forth. !liD usofUlneoo of t1'6Jl8formatione ha.s boeXI Qnta.blS.Dhod 

'bo3olld doubt B1Dco, apart f1'0DI getting aeyn:::;tetrical rotatable deo1gno, 

1t hus been pooo1ble to obtaill, tbrouah transtonmtione, o;ymtdc::ll. 

rotato.bl.o doe1gno vh1ch have the snme llllmbcr oi' l,awlo no, or larger or 

c:nllar ua:~bor of levelo than in tho or1girlal deo1gn. 'iho rz::othod of 

gott.ing ouch derd.gne io vary oimpl.o !lllt'l consiots in tbo multiplication 

ot the doaip catr1&. td.th £O!JG suitllblo trllnsfOl'l:ntion mtrtz where the 

cooftlcients haw· to bs oholllm in o.ccordonco lillth tw rest1'1ctions lo.id 

ou\. fho rosultJ.na z:ntrlz giws tho roqu1red tnmDfomed dea18D and -18 

~t::10torical or e.aymmatrico.l - n ~ ublch w1ll clapond apon the choico. of 

tranotomation mo.trtx.. !1!3 Dll!ilbel' of lovels that the tactoro Zl8,1 bnvc ifl 

tho trCilDtomed deoigu Cllll flloo bo controlled to soma oxtont, tb.rou8h 

PIOJI6l' cho1co of transfbrmtion. 

4pplication of such transfor=tione bas boen ext.olli!Gd to sibple 

faotorial oxporil:lonto to get Q:)l:lf) intm'e~ fractions ot t' cklaigrl. 

IntoJO-relationship betvean tl1o aontrlll compot!lto doeigno and tho rotata

ble doslgnn obts' nn4 th!'o~ the 1ncomplete bloc!r: design haD boon obown 

1n 001!10 of tho casss and 1t is oxpected tlmt tor tho c:lOOO of ~ 

• nnober of factors also, _elm1lnr rolationsbip exlots. 

• 

• 
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