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1NTRODYCITIO N~

Box ond Huntar (1957) introduced rotatable dosigno for
axploration of recponss surfaces, Thoy constructed soms socond
order dosignsty making use of tho geomstricul configurations.
After them a number of authors, Hox & Dohnken (1938), Boso &
Droper (1939) and Drapsr (1960) obtaired thooo designs through
difforont tochniques. Subsogquontly, third order rotatable
doaigng woro dovoloped by Gardinsr, Grondage & Hoder (1939),
Dropor (1960), Thaker (1960). Sox & Bohnkan (1960) prosontod
a clans of escond order rotatablo desnigns vhich wore derivable
from thoso of tho first order. An altogothor new approach for
the mmmnort&mdeslgnamimmd by Das (1961),
Dpp O Barasimahm (1962) and Dap (1963), The idea behind thio
approach 13 to get thons dosigns through the Pfactoriale® and tho
%incomplete block doolgne®s” Howsvor, tho designo obtained thuo
far wars gycootrical in ac much as the factors involved in the
dogigno all hod tho eamo mmbar’ of lavels. Ramachandor (1963)
diroctod succanafully his andsafvourp to got como now sarles
of rosponm-mmeo dosigno which are of sgyrnotrical typo " bub
thoy @14 not catiafy tho critarion of Rotatobility. Ko furthor
attompt sesno to have Beon mads to obtain agymmetrical rototsblo
dooigno.

s the mmmtricﬁ degigns aro always core flexible
for applications, thsy may bs pore useful in cortain oituAtions.
Consequontly, need was felt to havo response surface doalgno which
catiafy tho ponditzonu of rotat‘abi.uey and are, at the gamo tima,
aaymct/____ﬂcn__h In the procent thoais, an atteapt has desn made
to devisc & tochnique which enpbles uo to got agymmotrical
rotatablo donigns from tho alroady oxisting aymotuaﬁ.
rotatablo dosigns, witbout changing ths mmber of donlgn points,
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The nothod has boen modified furthor to get three lovelled
dosigns from five levelled designs, this tims, however, Ny
adding como extra dssign points. Tho technique has been
utiliped to ostsblish the intererclationship botwosn the central
conposite domlgns omd thy rotatable dosigns obtained through
incompleto block deatgna.

‘fhe abovo mothod has been cxtonded to tho factorial axperie
pents, wbere all factors ars at two levels cach and it has boen
~ gosaible to got fraction of 3° dosigns (for o oven) as tho tranpe
formod defign. General properbios of such transformed decigns aro
alss connidored and illustrated with the atd of a 2° factorial



This chapter dexls primarily with the gensral consl-
derations which have got to be kept in mind while bpolocting
linear tmnafo;mtinnn to bo applied to the doso variateo of a
gyszotrical rotatable doslgn = tho bagis of our techniquo,
fho two conditions to be satinfied by the tranaformation
coafficionts for koopirg the transformed dosign rotatabloe
have beon anunciated and ths reason for such a choleo is also
doalt with 1n this chapter. An attempt bhas beon mado to
provide some simplificd gulding principals rogarding the
actual cholce of transformation. Towards tho end of this
¢haptor sultadle choice of transformations which fntroduce
agyomotry in the transformed dosign, yet ensuring its
rotatabllity critorion has aloo becn considered. Tha actual
obtaining of such degigns is, howover, postponed till tho
following chaptor.

Pothod of congtructions-

Tho mothod of construction of agyomotrical rotatablo
doaigns cohsists in converting tho existing sypmotrical
rotatable designs to usymmstrical doaigns by applying suitable
1incar transforuation to the dose variateos of the symzetrical
dasign. Lot thors bo v factors in a rotatable design such that
the variato x, domoten tho lovels of the ith factor. Lot further

( =4y, Xpu, *** Xy, ) domote the uth deeign point of a
rotatable degign. Oyt of this point wo ean got tho point
(X3 o B8 s oeep &' ) through tho transformation

zjuﬂ 7;, bj"xm for 1 & J =1, eea V X 3

-
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Asxsumdmtbonqualtoxm. tho trancforned lavels of
any factor may be differcat from those of ite original lovols.
It 15 aloo not necossary that the mmber of lovels of tho
difforont factors in the two dosigns should romain tho samo.
Tho relation ‘

‘.{.‘xau= B2, or B Y a propor cholce of scalo s
that X5 1 for 15 1,2, ceesy ¥ cetvecsascesacs(d),
1 catiafied in tho original aymmotrical rototablo destgn.
Gonstdor tho relation 1x)> 4n tho tranafored decig.

Ju
Usinz tho transformation (7), we havo

.2 2
ixhy = L(I%%g ) BrLa§=l, 2 ey W

a8 2
= L[l ¢ L PuEifieg)

= Tk (05 * (uws) (et

= (1) (@ "?1) = B 1y

*

mme,  Txyey, =0 ad Lap, =M
Gd)

Fow the rolation

Exlz s B sSesesdunane A’.

uill hold if

2
E;b11= I 31
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Consequantly wo choocn the transformation coofficients bna
in such a mamner that tho rolatiof B, 1o satisfled. This
18 always posoiblo sluce, givon a 838 of cosfficlicnte, nll
that 4o roquired is ths division of theso coofficients by a
suitadblo factor @ an to eatisiy R,.

Again consider the relations
z xgn = ”AG i= i, 2' seng Ve sosese (8) &
z xluzi. a b | # 1' = 1’ 2. asapVe esee (3)

(4 l.j

uhich aroc satisfied in the origi¢mal design, In tho trans-
formoed dosign

o (z‘&ﬁ) (Z b“i v 4 (iji “,)(Zz%uta )

i'n
¢ 3(2 Pis 11-) ( Z‘m‘isn)

s 383, [Zibdlo z :.1&11'1

= (Z 1) = SﬂAd sexevee Bl.

by B and oinse § xgual,, = 0.
CEL)
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, 2 2
fu*yra ® 5[(?"11‘1'1) V’E";-fm)]

2 2
=7 (Eops%iy * 5P3aPyaemyadyen)x \
w oo R
(Z‘tbl‘i‘ain * ‘i‘u’bi'ibi'i' X ®1rn)
2.8 4 g 2
“E [ BiPpg®ia * B 2000 s.bw":w‘m‘pn}
2

w 2.2 2
’é?l‘b Jo49 ®a1tu

2 2 )
TINE TBi By ¢ 2 Ibybyy by b,
_.2 .8
* ZPulya ]

Lot tho tranofowmntion coefficlente s bo such that

g‘bj’-bj". =z O for - 3 1, 2, veeyp Vo aonsse 92
(3¢3)

Ihis on aquaring gives

2 2
§bnbj.’-. 1.21.'bjlb3'1b1’..bj'i' s 0 TYIYL) (4)-

Making uso of (6) wo havo
| 2 2 2 2 g 2
e NI I A AL o
Lify) Gy (J#J:)
2 2
Br, (3vy) (2 b‘.l) BA oo @

bocauco of 31‘
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Thus wo moto that By ensures the constancy of Z:igxi?u- Roxt

%0 may conpidar tho ralation givan bolow.

T_x'uxj. Ll(Iogxg) (5 by %))
G#)
= Zfzdy J't‘iu %‘u’bjlbj'l':mxi.'n]

= (24a) (% bygdpy) *( Zbyb 1149 ( £ e "ur0)
(m) G

2 0 evesassvssaves U?

bocauge first torm an right hand side I.amamowlnat.o!!2
and second torm 18 eo by tho very definition of rotatable
degign.

Pouw wkgog}hattbramzﬂorder rotatable
design tho conditions to bo satiofied ty tho dosign pointn ero

s, = HA, or B by proper chofce of scale

P
4
5‘_‘-!1“ = 3H}\4 eesssnsssassnsnsl

E{u{.n = BA‘ o--ooo-a.ocooooqc

L Tynyeg®ies = 0
GEGR)

ouoo.t.ot.l’.@.n

all theoo rolations being trus for L _ 1, 2, «ue, v. lastly



~-3 8 tw

.......l....‘l.n

1%

»
ia to bo patiefiod. [Gow relations 4, B, G, D are the
relations AY, B, C', D' which the transformed dosign pointo
catisfy and ag such tho transformed dosign achieves the critorion
of rotatebility. Thus we find that relations B, and Ry aro tho
kay relations for dociding tho choico of the coefficients of
the transforuations apnd provide us with hroed outlinos of the
nethod towardg tho choico of tranasformationa. BSuitable choicco
of tranaformations which lead us to agyumetrical rotatablo
doaigns con be discussed mow.

Boforo teking up tho particnlar cases for 1llust-
ration purposes, it will be worthwhilo mentioning amother point
of o legs on importance. Lot a second degrec curve be fitted
to tho data availeble, for the dosc~rosponse relationship

- v
a T L% Ej:u‘m‘;n

whoro Ya io the rocponco corresponiing to the uth experimontal

dosign point and the coofflclonts ag, 24, 844 ore to bo estimated

by the least squaroe techulquo. Dow, ths warianco of tho

ostimated responso thus obtained will bo s function of tha

varlancos of tho ostinates of tho coafficlents ogy ag» 844

otoc which can bo casily got while solving out the coecfficionts

through the least squaras mothod. Agaln, the varlancss of tho

ogtinatos of thoso coofficionts will themoolvos be functions of

B 4 2 2
Sty (or By ) and Sx0 %xlnxvn(or A4 de 8inco tho

rolations 4, B, C, D remain invariont under ths tranaformations
satiofying tho conditions R, and Ry, wo may conclude that tho
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variance of ths responso estimgted from the trangforucd design

reqaing unaltered.

Lot the transformod denign b expressed in tho
matrix notation as given belowi=

r"5.1 Xy gy *o* ‘:r;
8!3 % 852 ‘H’o.‘.I;a

x*

13'3‘

x.
23

33

(=xv)

sea K

va
.y »

e @

*in %0 S5y - Xn

it

_312822&32 ...zva

YL YE VR ¥y

xm‘asx %a,oxﬁ

L 4 L 2 [ ] L X N

» » - cos 9

- L} [ ] see o

xz b 4 & ssn X
in 28 98 " Tom

-

- A

(mav)_

iraneforned Deoign Original Design

-

byy Bpy gy oer B

b,

Bbb

22 32

L

b3 by B33+ g
aee »

LA L N

Byy Yoy By oos B

(vxv)

Transformmtion Matrix

{of transformation coeffo).

whera O {0 ths total mumbor of design points. If x4 denotes tho

Jth point undar considoration of the ith factar thon the trange

forned design point can bo writion down as

Ky D Kby ¢ Eybiy ¥ xgebig @
2y D Xy by ¢ Zpybyy * Xpyylag ¢
Xy = Xy by 3, bgo

X = Falbyy ¢ Il ¢ Xby e

[ ]

* gahyg
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Similorly we can write doun the rest of the transformed decign
points, The transformtion motrix of the transformation

coefficients §g a v x v matrix whore v is ths huaxher of factors
iovolved in the design.

s

Anothor point which has to be kopt in mind while
@oclding upon the transformations will bo dealt with here.

Lot us mnem;r a cantral composito design in four factors eo
that each factor ig at five levels O, ¢ a ond + b and there

are 24 non-cantrel design points which aro given belowt~

[ a a a a
a a a-n
a a=s a
o=-a & a

1= &4 a a

6 O=-a-«-s
a=- 8-
-3 O G-
a=a=4 &
-t 4«8 &
-3~0 B 4
QG =0 =3 =&
-l =3 -
-3~ a-a
-0 =g =8 a

é
cod
8
]

QoY

]
OQoo0Ooooy
)
SOrocO0GO0
éﬂOQGOO'Q

’pOQ

T

Dolation T afy =8 Z3af, , which 1s to bo saticfled by
these deeign pointe, requires the rolation b= 2a to hold,

Iet us take tho following most gereral formof a 4 x &
trannformation matrix.
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by By By By
bz B b b
T Tty b B | ’
u"u 2a  Dag hth

whoro tho clemonts b” satisfy the relations Ry and Bye.That

the levole of the foctors in the transformed deaipgn depend upon
the cholco of theso elemsnts will be amply demonstrated by toking
tho following two casos of transformation matrices.

Cagp Xi=

Hove we chooso the elements ouch that the transformation
mitrix is

(6 =2 =0 -3 ]
£ o a -0
] - e £

] 4 (1 -f +3 }

apd the valucs of ¢, 4, 0, £ will bo detarnined by ths Tdloiion

e de e2 o £ =1
circe bty a proper choice of the algrs the sslutions of(5)can ba
mede to satiafy R, end R, similtanecusly. In the transformed
dosign, obtoined aa a rosult of applying the transforaation
glven ebovo on the deaign matrix Dl’ we hove the following 24

oew lovola of the first foctor end the seme lovols for tho othor
factors as well

000000000000(5’
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t{one faecarda)jys(casfaecasda)ye (cne fa=cae dn)
¢ (o= faecoeda)js (~eae Saecas dn)ys (cne fa~ ca~ dn)
¢ (ea=fae cn~da); ¢ (~cn+ fae ca=~da)j e obs & fb; & cbj & db,
then the olements c, 4, o, f, are sslected without any further
rostriction on thon axcapt thats.

020 dzo ezofgnl,
which folloss from relation R, tho musbar of dictinct lovolo
of oach of the factors as obtainod through tho tranaformations
io liknly to b largs. &:uayaandmshavetohqw
o 08 to reduco tho nombor of lsvols and for thip tho following
sub-cases are considered,

Submcago (1)
ket 050 f£Hdd ok Q0 co that now (3) reducen to

'FOQaﬁdg = 1
and como of the 24 lovelp obbained abovo will bo equal. 4Ap o
oattor of fact mow tho lovels aro .
s (fne cae da)je(fae cavda)je ( fa=cae dn); e (~fa+ cneda)
e fh; ¢ cby & dby O,
ocomo of which ooy again be oqual for particular choices of £, ¢, @
subjoct to tho abovo restrictions. Thus tirough tho rostriction
o= 0, tho ouabor of lovels could bo reducsd considersadly fron a
paxtom of 24 to 1S. '

Submecara  (14)

lot oz f=0and o0 d¢ 0 e that (3) roducss to
®+ @21 ond the tranaformod factors havo for tholr lovele.
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! :,.(ca*da)s:fm-da)n.cb;:.db;o
ﬂhinh.‘mthaaasumpmnmtaulwelamm,m nino
in nmber.
Sobecage (143) _

Lt enCamd o= ds £ 1/ wilch saticfy relation (3).

In the trangformod design the factors hove levels as
T ops Fae ofFse vl

1.0. just soven levels esch.

Submcase (V)

Lotarsfnom cwdallaﬁ. In tho trencformed degign
each of the fnctor involved hae its levalo 0, 5 2a whiich are only
three in mmbar.

It will bs ceon that all tho shove transformations indicatod
Ain tho differcont sub-cages have kopt tho transforned deosigns oyrmotri-
cal rotatablo though tho mmbor of levels of the factors has changed
deponding upon the choice of the olements in thoe transformation matrix,
The firgt tuo gubecages arc illustrations of the fact that by taking a
cnlleor mmber of nonegore and diotinct elenents tho nmber of lovela
in tho transforncd design can be reduced. Tho mmbor can bs reduced
Mmrlf,i;:;gﬂdition_to taking o tmaller mmbor of non-voro  alezont:
thay are mado oqualj o fact brought forth in subecases (114) and (iv).
Thus wo way say that
() ds far ap ponsible, 46 keeping with tho basis roquiromento
of tho elcments eo as to catisfy R, and Ry, minimm sumbor of non-scro
elononts in the transformation matrix should be taken since this

angures gnaller numbor of distinet levels of cach of the factors in
the transformod designe
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(11) _Furthor, thic edvantage can be emhanced by taking theco
olomenmto cqual.
Easo XX

In thip ssction wo shall attempt to showv how agymmetry can
bo introducad. )
If we choose our transformation matrix aa
rdo-i‘(l o]
f e 00}
0 0 ¢ 4
_5 0 d-o

_l
andu;:ply;tonnl. the first two factors will have lovels & (ca + fu)s

¢ (ca = f)3 & aby ¢ £ 0, while the last two factors have lavels
2 (ca s da)j & (ca = da); ¢ cd; & db; O, 4n the tranaformed doolghe
Tho mmber of levols of tho first two factors noed not ba the sane as
of the last two factors. Pcrmnplolatenfnx/ﬁ&anﬂonljsﬁ
anﬂdnz/.'vk. Concaquently tho first two factors have 03 g_aéaaa
muzmummnwﬁo?mhatmmwsmo,;ds‘hg
o 20/ onts 2a/s¥. Tims tho tronaforosd destgn 45 an ncompivto
factortal of 8% x 7% and 15 an agyzastrical rotatable degign. Thio
cago 18 emough o pugzest that judicious cholce of clements car help
us to indroduos -agymzotry in the rotatable designg.

Detaila ragarding the actual choico of thece tranaformations
aro intondnd to bo dieccussed in tho next chapter.



CHOICE OF TRAHSFORMATION:=

In tho present chapter an attcapt hns been mads to discuss in
detail the choics of transformations for obtaining rotatable dosigns,
Socond order rotetable dosigns obtained through this method of trang-
formation of doses can bs both agymmstrical and sgymoetrieal, CSovora}
transformations are discnosed for gotting such doslgns from the already
existing Mum rotatable designs which may oither ba central
composite deaigns or thoes obtained throngh incomplote blook dosigng.
Discussion hn.a been rogtrictod to only such transformations which
emable ue to keop the mumbar of lsvels of the factors in the transform-
od doaign reasonsbly small, This, however, has been donue withoud any
loe3 of gonorality of the form of the tranaformations,

Lat us conasider tho transformation matrix

F -
b 0 0 . O O
0 % o 286 o
0 o D3 Yoo Q +] .
. ° . ewve . - 8 Kt
. . . sse . .
D
0 0 0 e ‘(wx)/20
0 0 0 [ & X J o t‘

uhmni is 2 2 x 2 matrix having for its gensral form
.l,/(:.oyf)é v/ (1*22)9

7/t /st

=
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£o that Dl' De. ese Ot0 are the pub-matrices obtained by sosigning
particular real valuos to %y,", and I, 4o the unit matrix of order

zs bgnin, v s the total nuzber of factors and x 18 tho muber of
thosp fhctors which can be kept unnltered vith respect to the mmbor
as well ao the pugnitudes of their levels by mot subjecting them to
agy transformntion., It may be noted that x will bs odd or even (zero
tncludod ) according ae v 45 odd or even.

Congider now a contral composite design obtained with the halp
of the two gots (1) (ca ... a) and (11) (B00 ... O) through the two
oparations of rotation anf maltiplicztion {Das 1961) o that cach
factor haa the five levala, O0; ¢ a3 ¢+ b. Lot us now toke a porticular
cago of ML in which tho subemstrices aro such that

albs

D1 o Daﬂoooun(v_x)lganl(my)

Hharanllctho21t2mw o
v &
o Y

boing obtained by giving to y, the valus unity, When this tranofor-
ation matrix 1s operated on the dosign poiuts obtsined above, the

resaltiog design will be gymmotrical rotatablc and of the form

(vx} . =
8 x 5 « It may bo scon that although all the factors have the

gams mmbor of lsvels yot th? magnitudes of tho lovels of the two cots
of factars will differ = the last x factors have the five levels O3
¢ o} & b uhile oach of tho (wx) factors has its levels as 0; ?_zéa;
* h/z*. A point which doaa mot escape our «mpiieg s that Af the
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relation b = 2z 1s ocatisfied 4in the central composite doeign to stard
vith, thon in the tronsforued design the lovels fa end /& of the
(wx)} foctors bocome oqual. 8o to oay, mow x factors which wore loft
unaltored, rolain their five levelp 0; « a and +-b, whereas {w-x)
factorp are cuch that cach 1o at three lovele 0; 2 2§a. tow tha
transforned denign 1o on agymnotriesl rotatebls denign and 1o an
incomplete factorianl of n(v-x xsz. Howsver, for v ovon, vhen g o O
vo have thoe transforned design aa 3vuh1chia agymastrical rotatablo
dagign. Thio clearly brings out the advantags we can gain in reducing
the nurder of lavelo of factors by using relation b= 20 in the context
of the transformation considered. Though this relstion fc not trup
for all waluso of v, and even when it holds much will depend upon the
transformation matrix taken; os will bs shown mow, yeb in o gubsequent
coction of this chaptor it will be choun that 1t is alwnys possiblo to
satiafy the relation b= 2a in any centrsl composite doaign by adding

a mmber of dogign points. The choice of tronsformation matrix
congidored in this section gcems to bo tha best in e for as we are
ahlo to reduco the mumber of levols of tho fuctors in the transformed
deeign whon relation b = 2a i astiaflcd.

The naxt begt cholco of the transformation eatrix 1s when in Mt
vo toke

Dy By = vee = D/ = Bp (oay )
whoronaiauaxam&moftho form
1/10% 3/1&}
[s/w? -1/16%

baingobtaimdbyp\nungyiﬂa. hen the dose variateas of the conbral
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composita doslign ore subjocted to this transformation matrix then
tho transformed dogign is agymmetrical rotatable and is on inconpe
lote factorial of S- x § (™) pirst x factors havo five levals

03 & a3 £ b and the (wx) fnctorahavoeachninolemlpinﬂsgaﬁfm*s
3_4:./10‘5‘;:,11/109’;:,31:/10*. If we hove tho relation b = 2a patie-
fiod thon the nino lswole will not bo all dictinet and, os a mattor
of fact, pow they cre only ssven in mumbor vis Op za/m‘};;aa/:.of?;
g_ab/mﬁ. Bowever, 1f y, bo given the value of 2, 1t can be chown
that o such rcduction in mumber of lovals will b possible despito
b= 2a boing aatiafied. Similerly by giving to y, other values it

is pogaible to havo any munber of tranaformation catrices and copoo=
quontly any muzbor of agymmetrical rotatoblo designa., But ono thing
vhich may be moted ip that for transforgations when factors are taken
tw at & tico, in tho trancformed dosign, the maximns mmber of leveslo
for any foctor 10 nine vhile tho corrcoponding minimm is threo dspande
mumnthovalmauhtchmnoﬁimdto‘yi'.

Tho tranaformation watrices considsred o far are guch that the
gub-zatricos Dy for 4= 1, 2, ... (vwx)/2 in tho diagml of tho trans-
Mnmmmmmuzmnlanrneemnlmnzmm
patrices as dofinsd carlior. Hith tho holp of thass transformation
oatrices asymugtrical rotatable dogigns can bo obtained in which only
tw groupinge of factorn, each group characteriesd by difforent levals
(in mmbder ss well as magnitude), aro possidlo. Tho nuxbder of factor
groupinge in the tranoformad deplgn may bo takon ag o meagure of the
dogreo of sgyumetry which a transformotion a8 capshlo of introducing.
Lot E bo o transformation matrix whare all tho subszatricas Do are

not tho geoo c.g. B.l’ 1&, %, Dﬁ’ «en boing taken respectivaly ap
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obtained by giving to y, tho values of 1, 2 8, 4, «.. and let 4t be
oparated on the centralcompoaite&eaignvaahangetatrmfomaﬁ
ﬁaalgn vhich 15 dgyumotrical rotatable and 1s an incomplete factorial
of 3 xsxn:‘rsz?‘nhaeric'zg ¢+ 25+ x,37v Ifvioeven
then all the X3 are even vheroas if v s odd, one of them oust bo odd.
s find here thot four factor groupings are possible such that the
numbhor of levels which each group of factors possesces is g number
lying betwesn the minimum, 3 and the maximunm of 9 levals associnted
with thila type of transformations, Consequently, by chooeing Dje as
different it 138 poosible to increacs tha degree of agymmetry in the
tronsformed rotatable designs.

For illustration, an exampl® of csatral composite dacign in
four fogtors s taken up. Bach faotor has five levels 0; £ 8 & b
and the rolation b = 2a holds. lot us consider the transformation
matrix

. B, - O
Bg
0 Ig
where Dy 15 4 2 x 2 mtrix ‘
iyt f
vyt -y

and Iy 18 a unit oatrix of order 2. then Mt 1o oporated on the central

campoalte degign, wo have the tranasformed rotatable design whooo pointe
ar'o givon belows~ -



B P, Py F, n B 7 )
a a a a Rﬁa 0 a a
a & a4 -a o a -2
a & «-a & #Fa O -a a
a =a a @ ﬂéa a e
-a a _ a 0 -2*3 & &
a4 & ~a =g 2'&3 0 -8 -g
a =-a & -;a Q Béa a -g
- & - -253 a -a
a =« -0 n 0 2.§a - a
- o =2 8 0 -da -8 a
=a -3 @& a -2*6 0 a ea
B =0 =3 =3 zﬁa -a -f
- a =8 «4 0 _1-2&& -a -8
=8 =53 0 =3 -2'&& 0 a -f
-3 =-a =2 a fzﬂ 0 =-a a
- =g = =g -zé'a 14 ;-a -8
b o 0 b/ﬁé b/2§ 0 0
b 0. 0 BF o 0
O % ¢ -0 b/?* '--\1/2‘k 0 0
0= 0 O --1;/215 v/ 0 0
g ¢ & ¢ Q 0 i b Q
¢ 0 <« 0 0 0 b )
© 0 0 b o 0 G d
0O 0 0 =b 0 0 0 b
Lovels 5 5 5 8§ 3 3 5 8
feaign points of the Dsslgn pointe.of the trepaformed

agymetrical ‘rotateble design.
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o:saxse uhere:Fi, Fé fuctors in the transformed deaign hove oash

thmmmmo;;zﬁa, uhile?é. F;havelavelss.no;;a;gb.

Gonmﬂarmt{méffectofmonthe gyrmotrical rotatable
@momdtwmommmmm(m&
Earacimaim 1962). Lot thore be v factors cach ot five lsvals 03 ¢ o)
¢ b, uhore relstion b = 22 axists: 1If in M all Iyb are the somo as
D, ,uhere DBy 10 tho 2 x 2 matrix

ya x/a%)

[lfﬂé :lfzé ,
then the trensformed agymmetrical rotatabls design £s an inconplste
factortal of 5° 5 (™™ uhore x factors remin unaltared and have
lovels O; ¢ e ¢ b and (wx) fectors bave each five levola viz 03
;éaggq/zé, On the contrary if the relation b = 2a dose not hold
$hen the trannformed decign will be an incamplete factorial of PR e
uhere now (vex) factors have seven levels vis O3 ;2‘3’&; geleés g,blz‘}.'
For any othor traonsformation matrix the numbar of levels will bs 2srger.

Thup the saliont-footure of the differenco betwesn cantral
compocite doplgns and the rotatable degigns obtained through incomplete
block deaigno 1o that for the samo tranaformation matyix, tho formor
gives deaigns with smaller number of lovels. The beat wo can achieve
through the latter type ia to got fransformed rotatable designs in
which factors have the samo nuanber of levels as the factors in ths
original designs
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1) gentral compogite designa,

The naxt case wvhich we now takoe up is tho tranaformationn
vhore threes factors are taksn at a time to form one group of trange
formations. Though it is poscible to put forth ths zost general
forn of such tranoformations but it 1o considored bsttar to teke up
the particular cases wvhich will give us the trangformed degigno where
footors have reasonably enall nunber of levels. Accordingly we go
bagk to tho transformation matrix Kt and chooss Dys eo that D, = Dy =
...=D(,_x)/3ﬂb(m) where D, in this cape, can be taken, in its
geoxral form, 08 tho matrix

3/ fﬂosrf)0 riltltyi)% i/ {:.oy‘;: o(z.,{)z} ¥
7y/ (@) -/ ‘1’1'?’* v/ {15 o (2esD)® ¥

Vet o B/ iudeed

-
whoro y, can bo ssolgned difforent real veluss. But inctead of taking

tho general patrix D we shall considsr a particular case of D (oy) By
via

v v yé
& yk yd
1/3ﬁ 0 -2/6“"

as through this choice the m_:mbarof‘levela of the faotors can be
kept amnll,

Lot us considor the offect of this transforsotion matrix on
the central composite design in v fectors each of which is et £ive
lovels O3 ¢ n; ¢ b. Lot X be tho mmber of factors which have beon

0“
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predicided not to b2 subjocted to any transformation. It nay, nwsver,
bomtedéarothatltv is a multiple of thres then x can take ons of
the values 0, 8, 6, 9, ses oo that x (v-8), vharens if v is mt o
tmltiple of threo, x cin take one of the values from sither of tho two
sots of valuss 1, 4, ¥, 10, 13, ... £2, 8, 8, 11, ... according ao
v 1o of the form 3n+ 1 or 3n + 2 for all positive integral valves of
0. Tho tranaformed depgign will be agymmotrical rotatable, being an
4ncozplate factortal of gl=)/3 , o (vx)/8 x g(™x)/8 o 8% provided
rolation b o 2a holds, Ye find that (w-x) factors have been groupcd
into three cots such that the factors in the first cet have for thelr
ooven lovels 05 + o/8%s & Fas o b/F whils the factors 1n the remin
tngt.msatalmvafortmwaea!ﬂﬁwlevdamgaéamm 3_2&/6&3
g,a:;/sﬁ'nspwsmu. Tharo 1o, howsver, ths sst of X factors which
hag remained unaltered with regpect to its levels, If, on the othar
hand, rolation b = 2a 4s not satisfiod then ths transformed agymmetrical
rotatable dosign will bs an incomplets factorial of .
(w03 o g(ex)/8 o o(%2)/ 5 5% 5 tpat now (v-x)/8 factors formm
ing ons group have each five lsvels vis 0; s 2la; o b/, The levelo
of amthar group of (wx)/8 factors wbich in the laot ense had fiwo
lovels, have increased to nims vis 0; ;w&;;ddﬁ‘h};b/éb;g%ﬂ*.
£inilorly by assigning to y cortaln other porticular valuss we
can h;vo alternativo transformation matrices and consequantly mors of
the agyrmetricil rotatable daaigns but the number of levsls of tho
factors vill bo more for anyothor transformation patrix than for the
ono discusoed above. The naximup mmber of lavels of the factore, in
fact, could go upto 15 in cose D is of the form uced above. Omo point
cboat this type of tranaformations worth mentioning is that ths trann-
formod dosign ig invariably agyrmetrical unlike.the type of transfore
nations when factoro are taken two at a tims, when the transformed




i e sy

As in the capge of transformations imvolving tuo foctors
at a time, it will bo peen that 4n the prassat cuse alco the tronge
formed deglgns obtalned through rotatedblo dsolgns which in twrn have
bsen congtructed by employing incouplete block deaign technique, have b
larger number of lovsls for the factors than when the cams have deen
obtainsd throngh the centrol compooite deaigp. Considsr the transe
foruntion matrix ¥t vhere all the D;8 are the sems as D, uwhich is a l
B x 3 matrix

v yd e
yit
1/3* o -2/ ’

and operate it upon the rotatable denign in v fnotors obtained Shrough

the incoaplete block deeign. Let x faotors remain uncltered whers x
ghould taks ons of tho valuco in the thres gels of values defined 4n -
tho last ssction, which will depend upon whether or not v 4a a multiple
of three. In case tho relation b= 2 a holdn then the trangformed
rotatabls deudgn 15 an inmomplete factorial of

fR8 L GnfS o (~N/B L X e transtoracd mactoro have
baen classified into threc equal groups charactericed by soven, five
and nine levels visO; s a/8%s « 20/8y + 3a/8%; 03 o a/eds 0/e¥,ang
0; ;daﬁ;;wéa;ws*mwe% respectively. If, however, rolation
b = 2a does not bold, the transformod asymzstrical rotatablo dssign 1o
an ncazplete factorial of 9¢™2)/3 o™ L gy (wn)/B, x showing |
clearly the inoreass in ths mmber of levols of all the fastars as
compared to ths case yhon rolation b o 2a ip satisfied. Any other
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transformstion metrix, when factors aro taken throo at a tims, w41l
give rice to a transformed design having larger punbor of levelo of
tho factors, thus giving us an indication of the limitations of tho
tranaformationo in gotting transformed rotatable declgns having factors
with cmaller mmbdsr of lovels, through thoso gensraled with tho holp
of inconplote block desigm.

In arder to increaso tho dogres of agymmetry in the trangforced
denlgns, transforaation matrix which iflvolve sub-mntrices of ordors
% & B ginnltausousgly can bo used.

The casc when gab-matricos in tho transforuation matrix arc of
oxder four, can be diccussed similarly with respect to the contyral
compoaito dosigns aod the rotatable doslgns obtainod through tho fncomp-
lgte block doaigns. Tho transforzation metrix involving subezatriz D
of ordor four, )
(12 2 2 -2
12 e -\2 32
/2 -/ iR 32
2 32 ife /e |
whon operated on the rofatahle design in- four factora obtained through
GIRD with parnnotara v 4 k= 3 =4 r=9 ) = 2, howaver, gives

us an interesting case for study of tho tronsformed design. In the
origiml design cach factor has fivo lovels ani thoro afe 40 points «
pans of thoso boing contral, The relation tf = 157 of mlds D

tronsforoed decign 1e auch that it 1o an incomploto factorial of 6°
whero onch faptor hop £ix lovels & &/2; & 3a/2; & B/2, which aro all

R

[R=—————

[T
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“ mon-zoro. %ho dosign o obtaiped 1o uniquo becauso thia 1s tho only
ono got thus far with the usc of transformations where the incroaco
in tho mmbor of levels of tho factors is only by unity so ae to give
ug cn even=levalled rotatablo dosign.

If in the above rotatable dopign obtainod through incomplote
tlock depign vwa repeat b-points 12 times thon the rolation b= a is
optabilished, How the total mmbor of deaign points 18 128 which ip
largo as compared to tho ¢0 points in the original dosign ond each
factor io at threo lovols 0 ¢ a. If now tho gams transformtion
matrix {0 operatod on these 128 dosign points wo shall got tho tranp-
formed design as en incowplote factorial of 4% Thus we have got
amther oven lovelled desipgn in 4 factors.

.¥on the transformation matrix 4o opsrated on tho contral
coapoolito depign Ao four foctors whare relation b = 22 holds, wo
will find that tho transformed dosign hes remained unaltercd in all
recpocts. For cxompla, tho transformed design is again a contral
conposite design having tho came levels for its factors in mumbar as
woll ap in mgnitudo, as in tho origiml contral composito dssign,

Suitablo conbimation of cub-mmtriceo discaseed in 1, II & IIX,
takon gimnltancously can bo used to incroase the degroo of agymmotry
in tho tranaformed design. -

In tho procoding pectiona it was observed that whon tho rols-
tion b = £a holds for the contral compoatis doalgns 1t was possible
to choooe tranaformation patricos which will givo rotatablo dosigas
vith samo or all of the transformed factors having reduced nuubor of

jovols then in tho origimal dosign. In the prosont caction it i
mmﬁamntomwaimmlemmmm_mvém
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ra].nuonﬂqbu%mmh,eentrn}mpontedoaignsuhm it does
not ordimarily hold, oo that reduction in the mumbaer of lovels in the
tranasformod dosign can be drought about in tho case of oll such designs.

+ . Tho contrsl composito-deaign is obtained with thoe help of sotse
(1) (an e 8) ‘God {11) (%00 ... O) by tho two operations of rotation
and nultiplication. Tho ralation betweon b and a is doterminsd by the
equation

3ap = 8 éxf_n;i' . vesesns BY

The techniquo consists in Treplaoing b by 2a in the combimationo
(tm...g-)aMNpmtmtbsm p timoa, whsro p 1o deternined from
tho equation B's The wvalue of p givos the mmber of tinss tho sots
(b0O ... 0) have to be repeated eo as to satiafy the ralation b = Ra.
This tochniquo holds for all mmber of fectors greater than three,

For centrnl composite designo in 4 apnd § foctors the relation
b = 20 holds and 1t has been shown that transforzation matrix can bo
had which chall givo transformod designs in which at least coms of the
factors havo threo levels. Lot us noxt consider the case for elx foctor
central composite design having &4 nonecentral points and whore relation
bd « 82 2% nodds. fepoat b combinztions p times where p is detoruined
fron the oquation

32&4029(1634) ==3:||:8€:~.‘a:;4
pe 2.
Thua by repeating the coto (OO eue 0) twico tho rolation b= 20 is
satisfied, co that ths modified central composito doaign 4n six factors
is still five lovolled bus bas nov 82 + 2 x 12 = 50 none~contral pointa.
As a rogylt of the operation of tho transformation matrix
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f_nl o o ’/
-0 , O
_0 0 DB_J
whore Dy = D, = Dy = D {say) 13 2 x 2 matrix
[uzﬁ uaf} | :
sy -y#

on the @ooign polnts of the mdified cemral camposite design thuo
obtainod,us will got o trapoforasd rotatablo declgn which is an
tncomgleto factortal of 3° where cach factor hap B lovels 03 s Sa.
8tmilarly the cages of other faotors can oleo bo dealt with., Wb have
givon bolow a table dapicting the differonco im tho mmbor of dosign
podnts betweon tho comtral cozposite donign ond ita zodified forn from
which throe levalled designs can bo obtained by cuitable qholco of
transformtion patrix.

Lo, of factare lo. of romecontral points in Ho. of nonecontrol points |’

tho contral compouita design in the modified
contral ocomposite
daalgn vhere b o o

4 24 24
5 ) 26 g6
6 — - a4 56
? 98 120
8 80 i29
9 146 2"
1"0 148 288

o i P————

p——




Congidar a central composito design in ten factors haviag 148
peinto of which 128 points of the typo (oa ... a) have boon obtained
by confounding the throe indopendent intoractions ARODE, ADGIS and

EFGHI. As a mottor of fact soven interactions in all will be confoundeds

ABCLFGHX, RDFRJ, ACEFEJ and BDEGIJ belng tho remaining four and are tho

generalieed intoractions; none of which is of order loss than fowr. If

tho desfgn pointa obtainod above are subjected to the transformation

mabrix

-

2

g

0
0
0

uherethesuh-matrixniia

0 0 0 0
ﬁl L+ 0 Q
o 1, 0 O
0 », ©
o o0 o n
\'1/2‘5‘ 1@‘}
BV Y

thon the transformed design msinte will bo tho seme asg glven by

Dag (1963) through the following facomplete block deaign with block
sizges B and 23

OO aRor
NGNS
woLKRLRDW
CH DD DO
Bsmmssmu

1
:

0 e 2
B!DCD@

Block BDize 2.
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where 1, 2, 3, s+ 10 stand for factore A, B, O, ... J roopectively.
mncksofmqsam,ntﬂlmdtogssmdad@mmgorthatm

(en ... a) while dlocks of sise 2 aro used to gonoraste points of type
{v00 ... 0). _

Horo in the abovo axample wo havo applied transformation
vhon factors aro taken two at a time. Infact (AF), (mj; (cr), (P1)
and (BY) i1s tho grouping in which uny the transformation matrix has
beon selooted. _

G8imilarly wo can take up a csntral composite dosign in 12
factors having 280 dssign pointa, Of thess 280 deaign points, 256 of
tho typo (a3 ... 8) have besn obtained bty confounding 4 indopondont
intoractions ABCDEF, ABCDGNLY, ABCEGIK, ABDEHIL. Thoro will in oll be
15 intersctions confounded, tho reaaining being generaliscd interactions,
nonn of then will be of order leos than four. If mow the transforsstion
matrix

~—

0,

0 0o o © ©

o o O @ ’p <o
Qo QO 'p Q O
L= S ] t-P o o O
[+ .p o 0 O ©

o
0
C
0
0
D"_.

e

vhore Dl. 15 2 x £ matrix
. [w& wﬁ}
/& s

apd tho grouping of tho factors io (40), (Em), (c1), (nJ), (ER), (FL),
is operated on the doaign points obtained above we will got tho
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transformed deaign whoco pointe will be thn gamo ae given Yy Das (1863)
through the igoogplsto block design vith block ofmes 6 and 8

cohhscow
vovobbaan,
wevwkBaoo

DU o
" BEBowe

BapBbarawe
blvuonawn
o wwarobbe

:
P

Blook Size 2

Both the cnesa @iscnssed sbavo lead us to think on tho linss
that with the holp of the transformations 4t is possible to pass fron
‘a contral composite degign to the rotatahlo denigns constructed thro-
w&ﬂmummwmofmmmbhbhﬁdwmm Though 4% may be szon
that a Jndloious muwofHMMmmmsw;emMMMMtogﬁ
mﬂmlmmuueﬁﬁwmumétsmﬁw.

Agpin, in the case of 4 footor coulral composite deslgn we are
taking tho complote seplication of 26 points of tho typo (62 eee 6)e

Consoquently 3f this design 1s oparated upon by ths tronsfomstion
natrix

o, o}
(ue

where D{ s as dofined earlicr, tho transformsd design points can be
obtolned from the BIBD with the parezeters ve dk=2b =628 &
Am 1. o here we havo balancod incumplete block design with equal
block siso. In tho contyal composito design in tixz factors wo moed
confound ouly ons interaction which we may take ABCDEF to got 2 dosign

y

points of tho-type {aa .. 0). On troncforming those daaign poiuts
with tho holp of the transfornation mabtrix

H



r
1

|
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D,: 0 o™
0 b 0
0 0 D1

wo will get & rotatable dosign, tho points of which can bo obtainsd

‘throngh the BIBD.

1 2 3 i 4
1 8 & 2 5
4 2 8 8 @
4 3 8

Block 20 3 Block Size 2

of umqual block zize 3 and 2. This BIBD dosign bns also beon givon
by Bas (1963).

It recma that this mothod ;f transformation to show intotwroloe
tionship betucen contral compoaite designs and tho rotatablo dogigno
obtaincd through incomplots blook design will hold for all oven footor
caeces. The only cxception appears to bo that of 8

— et S

factors. Bua

- —

.
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In this ohaptor trensformations - wben fuotors are taken two &b
a timo have beon applied on the desipgn points of a fectorinl oxporin
of the form 22 and the resultant design in which all the factors ore sd

thres lovelo each, hap been obtoined thus giving us, for & tranaformed
dealgn, a fraction of 3% 1n 2% combinations. |

Let us conaldor a 8% factoris) experiment whore n, the rumbdar of

factors, 15 oven and each factor iz at two levels, & a. IL 8;5,0,D,vee,

ara thq lettors oeed to demots factors then (QB)’ (GD)' (W)g seep 13 tho
grouping which wo sdall adopt for tho purpoess of writing doun tho matriz

of tranaformation coefficionts vhen factors avae taken two ot & $imo. Lot
tho tronsformation matrixz bo

- rn,‘o 0 see 0
0 D 0 ... O
0 0 By e O

[0 © 0 «. B |
mmm&ﬂmpt&maomtmoachnndmotmm

[vz* :/ﬁé}

&

thon this transformation matrix 1o operated on the - fnett;rlal cxpori-

went, taken above, following are the gensral proporties exhibited 4n tho
transformed design., These are, howevew, apart from tho fact that the
tranafornod deses ore ab $hroo levels 0 ¢ Pa. Doforo giving thewo
gororal propertios it is considerod worthwhile to put doun the mooacn
oclaturc of tho intoractions in ths $ronsformed design. Firstly, factore
doroted by 2, B, C, D, B, vasp wiil Bo tho factors A?,B,0%,DY,E', .eey

in tho transformed design but wo shall still demoto thewfuctors Ny




4, B, G, D, oto, ap tais will not cause any confusion. GSccondly, since
transforned factors are at thres laevels each, we ghall use 61310301 to
danoto a four faator interaction in whichk 4, B, D, have their lincer
conponants while tho factor C has 4to quadratic component $xvolved in it.
Similarly, 4;B;CoDy for dxomplo,will bo used to dengto intarsction of tho
Upear componant of factor A avd quadratic compononts of each of tho
factors B,r C, D.

In tho transformed design, without blocking

1) Tho full mmbar of (2" - 1) degrecs of frecdsm sre ogtimsbla
11) Tho intoraction with tho largest numbor of factors which can
bo oatimated 45 tho ono with n/2 factors in it.

1§4) Information rogarding intoractions which involve factors that
are coming a8 groups dofined carlior, 35 complotely lost. Conscgquantly,
fnterections of oxder > n/2 arc not estimable,

. 4v) IAnaar cooponsute of all main offeots end intoractions of 2ll
1$ncar componsats can be egtionted Andopendesit of one amvthor,

v) Conaider a ( x ¢ ¥) factor interaction uvhere x iz the number
of factors of which lincar cumponeonta are involved widle y faotors, which
dotormine y groups of %wo factors cach, have tholr quadratie compononte.
Obviously ( x» y) ¢ a/2. Thon thio intaraction will form alinses with
intercctions of tho same order. Other monbors of the slinsss group can
bo dotermined by takdug intoractions in vhich fuctors hnving lusar compo-
pemto oye tho cars x factors whils the remaining ¥y factors, having tholr
quadratic componeats, will bs obtained as a permutation of all tho posai=
blo pernutations of 2y factors subjoct to the restriction that ne tuo of
tho y factors cons as o group dofined earlice, If, nwower, x fuctors
eloo havo thelr quadratic components dnvolved in tho (x & y) factor
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interaction to start with, then interactions obtained by all possible
pormutations of 2(x + y) factors of (x ¢+ y) groups will all form one
aliascs group.

If wo start with a 36 dosign with blocking and apply tho same
trangforantion matrix thon the tranaformed dosign is again a frmaction of
3% but row a11 ( 2° - 1) f.e. 63 degrees of frocdom oro not oatimsble.
Tho mmbor of estimable dagrees of freedom will dopend upon the inter
actions confounded dus to blocking. It has baon obporved, howevor, that
if tuwo factor intersctions, such that ths factora fort ocho group, aro
confounded in tho origimal design then the moximon aumber of dogross of
rrc?cdnm can bo eotinated in tho transformed dosign. Tho interactions
csnfounded will be thoso which involve only quzdratic componcende,

Al) tho abovs gonﬁoncd properties can be easily worified fron
the case of 26 factorial dosigwy considared belows

Confounded affects in tho |  |ACE, |AEE, |ACE, |ACE, B, OD,
original 20 dosign ABD, |BDE, |BCF, |BGB, (E¥, ALCD,
BCF, |ACD, |BDE, |BDF, |GDEF,ABEF,
DEF, |CEP, (aD7, (ADE, |ABCDEF.
ABEF, (ADSF, [ ABEF, [&BGD, |
ACDF, | ABCF, | ABCD, | ABER,

A\ (2){ (3) [ (&) ] (8S) {7
ALfoctas ficgres of freadom
BysByyCyoByoEyo By 6 6 6 6 6 8
4553Bo3 CpaDp3 By Foe 3 8 3 38 3 o
810104183041 5;, M Fy

ByC1»ByDy» B By, By 1212 1 o1 @ 12
1B, Oa¥s DBy, Dy 7y



~z 36 t=

- ) IO W € I € I ) I ) M ) W

A3Couty Do3AoCymBaCy s nymBalyy - 2 .8 8 b3 12 12
8y B B3 g BByl § Ty Pys %, :5?:
B.I.cﬁaalni’ B:_E@BLFa; Cy BpEls o3 AoD® GRS
Q0,5 0TS0y Dy RSy N A

e
85024203 B,CozBol03 - ~
2o BouBpBanlp R Balys 3 % ?;.“ 3 o o °
CalmCol=R K alaly.
A3 CyByy By Dy Fyody Oy Fy 0 8y Dy Byy } s e e . . ,
83Dy Fpo B Dy By o By 1By B0 T, |
A3 CpBy8, Do By 3 B, Do 7ymB, CoPy g » o 2 2 2
ByDpBymBy CpFiy§ Ay CoPysdy DoFy -2 ® = 2 2 g
8254 B1SB,0r By 1 240y Bty Oy T 2 2 s 2 2 2
By Dy Foub, D, R0 BoDy FyBaDy ¥y 2 2 = 2 2 2
43Dy By By Pos oDy EymBoDy By 2 2 e 2 2 2
B3 G BomB, Oy Fp 3 AnCy FymBaCy Fy 2 2 o= 2 2 )
89 Ca Rl CoFonty BoBomay DR o ]
4903 B24,0, FozBp0y BaByCy Foy }‘ 3 8 3 3 : 8
82CeB1mde Do By B, Do By By Ca By e
BploPy 2o Boly2 8, Do Py B iy, }
BpDy FomfoDy BombaDy FoaBoly By & 8 3 9 5 3 38
FADaPpaB, Do BamBy Co BomiBy Colae
%%%%F%%FM&? } i U | 1 1 a
AaDeFo 2Bl BBy Gy BomBa G oo

68 48 27 52 52 86

® domotas tha affocts confounded alonguith aliasos, 1€ any.



SIMART:

In tho thoois, the rols of trannformations in gotting asymmotrical

rotatablo dosignp from tho already cxieting symmstricsl oncs has boon

" brought forth. Tho ugofulress of trensformations has boen cptablichod
boyord doubt sinco, apart from gotting asymaetrical rotatabls decigno,
it hos bdeen poseible to obtain, through transformations, gycratrical
Totatablo dosigoo which have the same mmber of lovols as, orlarger&r
emller nuabor of levels than in tho origimal dosign. The rothod of
gotting such designo 4o very oimplo and consiats in tho multiplication
of tho doslgn matrix with eong suitablo transformation rmtrix vhere the
coofficients havo o ba chosen in gccordance with two restrictions laid
out. The rosulting matrixz givos tho required tronoformed dealgn and 1o
aycaotrical or agymnatrical = a faot which will depond upon the choico of
transformation sotrix. Tho ounber of lowsls that ¢the facloro nay have io
tho transformed deaign can aloo be controlled to soms axtont, Ghrough
proper choleo of transformation.

Application of such transformations has boon extondsd to sitple
factorial ouporimonts to get moap intoresting fractions of 3° docign,
Intor-rolaotionsghip botveon the contral composito dosigns and ¢the rotate-
ble designs obtalnod through the incomplete block design hag beon shown
in como of the cnsss and it 45 axpocted that for tho easop of larper

- ouober of factors aleo, similer rolationship exiate.
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