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SUMMARY

In survey sampling, auxiliary information is often used to increase the efficiency of estimators of finite population parameters. The Calibration
Approach is one of the popular techniques for such purposes. In this current study, product type calibration estimator of the finite population total
has been proposed following well-known Calibration Approach for the situations of availability of inversely related auxiliary information at PSU
level under two stage sampling design framework. Statistical properties of proposed product type calibration estimator of population total were
studied through a simulation study. The simulation results suggest that the proposed product type calibration estimator is performing better than usual
Horvitz-Thompson and linear regression estimators of the population total under two stage sampling design.
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1. INTRODUCTION

Calibration (Deville and Sarndal (1992) is one
of the popular techniques in surveys to efficiently
incorporate ancillary information to improve the
efficiency of the estimators of population parameter
e.g. population total, mean, proportions etc. During
past two decades or so, calibration approach became an
important topic in survey research and vast literature has
been dedicated to it. It has gained substantial attention
not only in the area of survey methodology, but also
in survey practice. Following Deville and Sérndal
(1992), a lot work has been carried out in calibration
estimation i.e. Singh et al. (1998, 1999), Wu and Sitter
(2001), Sitter and Wu (2002), Kott (2006), Estevao and
Sarndal (2006), Kim and Park (2010), Sédrndal (2007)
etc. In recent past decent amount of research has been
carried in extension of the calibration estimation under
more complex survey designs like stratified sampling,
two stage sampling, double sampling, stratified double
sampling as per availability of complex auxiliary
information (Tracy et al., 2003; Aditya et al., 2016a,
2016b; Mourya et al., 2016; Sinha et al., 2016; Aditya
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et al., 2017; Basak et al., 2017; Salinas et al., 2018;
Biswas et al., 2020).

It was observed that most literature in Calibration
Approach for estimation of population parameters
were limited to linear relationship assumption between
the study and the auxiliary variable. In contrary, there
may be situations where the characteristics under
study is inversely related to auxiliary variable and,
in that situation, the earlier developed methodologies
for calibration estimation does not fit in as it is. As for
example, in household surveys, marketable surplus
is inversely related to family consumption for seed,
feed, waste etc. Sud et al. (2014a, 2014b) extended
the calibration approach when variable of interest and
auxiliary information have inverse relation under uni-
stage equal probability sampling design. But, multi-
stage designs are most prevalent in medium to large
scale surveys. In case of two stage sampling, auxiliary
information may be existing for the primary stage units
(PSU) as well as the secondary stage units (SSU) within
the PSUs (Sarndal et al., 1992). Biswas et al. (2020)
developed product type calibration estimators of finite
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population total of study variable inversely related with
available auxiliary information at SSU level under two
stage sampling. But, according to Sarndal ef al. (1992),
there may be situation where auxiliary information is
existing for all population level PSUs. As for example,
for national surveys for certain establishments, say
hospitals or other administrative offices, under each
tehsil in which tehsils are considered as PSU (Sérndal
et al., 1992). Information on number of hospitals in
each tehsil (PSU) can be easily obtained and used
as auxiliary variable at PSU level. In this current
study, attempt has been made to propose calibration
methodology for estimation of finite population total
when information on auxiliary variable is available at
the PSU level under two stage sampling design and it is
inversely related to the study variable.

2. PROPOSED CALIBRATION ESTIMATOR
BASED ON INVERSELY RELATED PSU
LEVEL AUXILIARY VARIABLE UNDER
TWO STAGE SAMPLING DESIGN

In this study, under two stage sampling design
framework, calibration estimator is developed with
assumption that that there exists information on
inversely related PSU level auxiliary variable. General
notations for two stage sampling has been followed
from Sirndal et al. (1992). Let, Q={L,....k,...,N} be
the finite population under consideration and Y be the
character under study. QQ is grouped into N, different
clusters or primary stage units (PSUs) such that
Q, ={L,..i, ..., N,} and i" PSU consists N, secondary
stage units (SSUs) such that Q, ={1,...k,...N,},i€Q, .

Ny N,
Thus, we have @={JQ, and N=2_N,. Under two

i=1 i=1
stage sampling, at the first stage, let, a sample of PSUs
s, of size n, PSUs is selected from Q, according to a
specified design p,(.) with the inclusion probabilities
7, and 7, at the PSU level. Given that the i PSU

is selected at the first stage, a sample S; of size #;
units is drawn from Q. according to some specified
design p,(.) with inclusion probabilities z,, and 7z,,,, .

ny

§= USi and 7, =21 define respective total sample

i=1 i=l1

of SSUs and its size.
Let, y, defines the study variable which is observed
for all the sample element kes. In this study, the

parameter of interest is the population total which is
defined as

N N,
L= 9 =2, 2.1)
k=1 i=1

=

where £,; = Zyk =" PSU total.

k=1

Usual Horvitz-Thompson (HT) estimator for
population total under the case concerned is defined as

nl

i\y/r = Zaliz(ak/iyk ) = Zalz’fyiﬂ s (22)
i=1

i=1 k=1

where design weights under two stage sampling are
given as

a,=1/n,,Vies, and a,,=1/7,, Vkes,iecs,.

Suppose, there exist a PSU level auxiliary variable
U having an inverse relationship with cluster totals of
the study variable Y, i.e. ¢, . Again, assume that, value

of ' is observed for all the sampled PSUs ies, and

1

a correct value of Z,N:Il u; is available. Using the well-

known Calibration Approach (Deville and Sirndal,
1992), we wish for modifying the sampling weight of
PSU level, a,, useful for obtaining the HT estimator as
in Equation (2.2). A chi-square type distance function

< (Wn —a; )2

aq has been minimized subject to the
i=1 Il

y Ny
. -1 -1 .
constraints ZW,; U =Zui , where g, are suitably
i=1 i=1

chosen constants. We minimize following objective
function using the method of Lagrange multiplier

Wi Wi_aiz Wi B Ny ~
¢(W1ia/1):;(;—1)_l{;wn”il_[Z_l:”il](l:%)

1495
The new set of calibration weights obtained by
minimization of above objective function is given by

ny

Nl

Zu;l _Zau ”;1
Wy, = a, +a,qu | " = ’
zanqh”;z
=

Vi=12..,n . (24)

When we choose ¢, =u,, the revised weights
simplify to

N, ny
wy, :an[zu['/Zaﬁuilj’ Vi=12..n,. (2.5)
i=1 [

The proposed product type calibration estimator
under two stage sampling based on the calibration
weights w, is given by

ny ny N, ny
fyCP = ;Wh‘tym = (;alilﬂﬂ](;uil j/[zlaliuilj (26)
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Using Simple Random Sampling Without
Replacement (SRSWOR) at both the stages, proposed
product type calibration estimator reduces to

The theoretical bias of the proposed product
type calibration estimator #,, through Taylor series
linearization technique is obtained as

Nz:tﬂ Cov[iab , Zah ”j V(”zla,iuilj

Bias(fvcp) ==l + =

(2.8)

Under SRSWOR at both the stages, we obtain the
bias through Taylor series linearization technique as

s 11
Blas(tyCP’S,)=(——F) (p.C,C +C )

(2.9)
1 I
where
p, = Suy 2 S_‘zh C? = Suz
! SuSyb ’ "’ YN21 , ! U}%’, ’
1 & =
2 _ NY - 2’
b N1 _1 ;( it N; )
S, 1_ Y,-Y, )U,-U, )and
1 &
Suz = N,.

i=1

Usual product estimator under SRSWOR is given

" :(]Z,IZIZ ;ykJ[Z Zlu j/[Z” J (2.10)

and its bias through Taylor series linearization
technique is given as

i 11
Bias(i,,) = [Z_V] t,(p,C,C,)

1

(2.11)

Approximate sampling variance of the proposed
product type calibration estimator (7,c,) was obtained
as

N, N, 1 YN
AV(tyCP) Z IAI,, I Zﬂ__kZ::ZAkm

i=l j= Ty 7Ty Ii I=1 )i ”l/i

where

Ay =y —mumy, A =iy -

I K = i

Under SRSWOR at both the stages, it reduces to

n 1
AV(tyCP,sz) = N/2 [__

n;

N%](Sjb +R’S2 -2RS |+

2
()

NS

I’l, i=1
(2.13)
where
1 & [
t LY, =—>1 =——3'NY,
_ 1 Y 4 ) 1 N — = \2
(=N, NIIZ;I7 }b—NI 1;(]\]1)]1_ N,)’
1 &, = 2
:I_N—l l(uil (1)NI)’
;=14
1 &, -
W N, 1;<N’Y’_ Ny )(u’ (=DN; )
1 & —\2
Sf,-=ﬁk1(h Y).

Following Sérndal et al. (1992), the Yates—Grundy
estimator of the approximate sampling variance of the
proposed product type calibration estimator is given by

1 nony

Vi (f}rcp) = __Zzglij(wli Zp — Wy 2y ) -
i1 o1
Vi Vi \2
- A ,( -—),
tzllﬂ'h kz;lzll v un (2.14)
where

- (71',1.1.
Ay =—

_ﬂ-liﬂ.[j)

7T

i

Under SRSWOR at both the stages, the Yates—
Grundy estimator of the approximate variance of the
proposed product type calibration estimator reduces to
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-1
Du
5 on ' 1 1 2, p2.2
V.. (t = | | ———|ls, +R°s",
YG(yCP,SI) 1 & (”1 N,]( »b
72%
n i
A N, & 1 1
s
I 1= i i
where
A 1y _ 1y B A 1 y _
R:(ZMJ}[ Zui ]7YNA:n_zNiyi7
i=1 i=1 ;7 i=l

1 & 1 & oAy
ZJ’/M (-DN. :n_zufl’ S_ib = Z(N;y,'_ N,) ’

ll\l I i n1_1i=1

n 15 .

= ()
" n, —143

2 1 <

. _1;(% ¥i)

Under this scenario another popular estimator is
the regression estimator. From Sérndal et al. (1992),
the regression estimator of the population total under
two stage sampling with PSU level auxiliary variable
along with its approximate variance and estimator of
variance are given by

R N, ny
tylr = ty/r +BI [zul Zaltuxj (216)
i=1 i=1
. N N E EI' Ny 1 N N V., y
AV(tylr) = ZZAIij _h_J+z_zzAkm -
==l Ty Ty =t T kel = Tesi T
and
R . ny  ny L
Vi (tylr) ZZ Iij
i=1 j=1 ,' ]j
Y
_Z ZZAH/:( £ _1)2
=1 p k=1 I=1 1/i
where
E, =1, - Bu,, Eli :fym _élui’ B, = (Ztu IJ/[ ]’
i-1

~ (g & !
&{E@V@@}

3. SIMULATION STUDY

To study the statistical properties of the product
type calibration estimator (7,,) , a simulation study was
carried out considering information on inversely related
PSU level auxiliary variable is available. Performance
of proposed product type calibration estimators
were compared with that of usual HT estimator and
regression estimator. Sample selection at each stage of
two stage sampling is done by SRSWOR. The sizes of
the PSU and the corresponding SSUs were considered
to be fixed. In the simulation study, three sets of finite
population were generated considering availability of
three different types of PSU level auxiliary variable
U. At first, a finite population of X (auxiliary variable)
and Y (study variable) consisting of N = 5000 units was
generated under the model shown below:

v, =Bx"+e ; k = 1,..,N (3.1)

where, x, ~ N(5, 1) andtheerrors, e, ~ N(0, o’x;") .

We have fixed o’ =0.25 and 8 = 10.

Under the population Set 1, PSU level auxiliary
variable U is taken as the sum of X variables under a
specific PSU i.e. u, =t¢, =sz’:1xk; i=1,...,N;. Under
the population Set 2, same set of y values from the
population Set 1 are considered for study variable Y.
Then, PSU level auxiliary variable U was generated
under the model

u _ﬂot)z +eolﬂ _1 ...,N[ (32)
N, o217,

7)’_ o yi

We have fixed ¢°=0.25 and S = 500. Under the
population Set 3, study variable Y is generated under
the normal distribution i.e. y, ~ N(2, 1). Then, PSU
level auxiliary variable U was generated under the
same model as given in Equation (3.2). The correlation
coefficient between PSU total of study variable (z,,)
and the auxiliary variable (i;) are as -0.88, -0.90 and
-0.95 respectively under Set 1, 2 and 3. Under Set 1, the
value of left-hand side of the condition in Equation 2.12
ie. pC,/C, was-1.2 which is quite lower than -0.5.
Similarly, under Set 2, the value was -0.8. Under Set 3,
the value was -0.8. These values are lower than -0.5.

where, ¢ k':l ¥, andtheerrors, e,; ~

From the generated study populations, we have
selected a total of 10000 independent samples of
different sample sizes using two stage sampling design.
For this, at the first stage, 10000 independent samples of
PSUs of different sample sizes have been drawn using
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SRSWOR scheme and, at the second stage, samples of
SSUs of different sample sizes have been drawn from
each of the selected PSUs using SRSWOR scheme
that resulting in 10000 independent samples of SSUs.
From each of these two stage samples, estimates of the
proposed product type calibration estimators as well as
usual HT and regression estimators of population total
were calculated. Different combinations of sample
sizes at first stage (n;) and second stage (n;) are as given
below:

n; =25, n=50
n; =25, n=40

n;=20, n=40
n;=20, n;=30

n;=15,n; =25
n;=15,n; =30

n;=10, n; =25
n;=10, n; =20

Developed product type calibration estimators as
well as usual HT, product and regression estimators
of population total were evaluated on the basis of
two measures viz. percentage Relative Bias (%RB)
and percentage Relative Root Mean Squared Error
(%RRMSE) of any estimator of the population
parameter 0 as given by

A S 2 -
RB(0) =%Z{9"0 HJXIOO and

i=l1

RRMSE(6) =

where, 6§ are the value of the estimator of
population parameter € for the character under study
obtained at /™ sample in the simulation study and 6 is
the overall population total.

4. RESULTS AND DISCUSSION

The following tables contain the simulation results
obtained for each of the cases considered for evaluation
of the proposed product type calibration estimators.
Table 1, 2 and 3 contain the %RB and %RRMSE of
all the estimators for three different population sets
respectively. Three different estimators of population
total of the study variable under two stage sampling
i.e. the Horvitz-Thompson estimator (Z,, ), regression
estimator (7, ) and the proposed product type
calibration estimator under SRSWOR (fycpss,) are
compared in the following tables.

Table 1 shows %RB of the proposed product type
calibration estimators of the population total are very
less and nearer to zero. Similar trend can be seen in Table
2 and 3. It can also be seen that, with respect to % RB,
the proposed product type calibration estimators were

Table 1. Comparison of all the estimators under two stage
sampling on the basis of % RB and % RRMSE under
Population Set 1

Sample %RB %RRMSE
Sizes . . . R . N
(n, _n;) lyr Ly Lersi yr Ly Lep st

10_20 -0.006 | -0.016 | 0.007 1.790 1.752 1.665

10_25 0.002 | -0.023 | 0.027 1.606 1.519 1.448

15_25 0.011 0.007 0.010 1.325 1.252 1.225

15_30 0.021 0.016 0.023 1.185 1.100 1.080

20_30 -0.008 | -0.017 | 0.000 1.005 0.929 0.919

20_40 0.002 | -0.009 | 0.012 0.848 0.749 0.742

2540 0.004 | -0.002 | 0.009 0.741 0.671 0.669

2550 0.003 | -0.007 | 0.016 0.644 0.550 0.549

Table 2. Comparison of all the estimators under two stage
sampling on the basis of % RB and % RRMSE under
Population Set 2

Sample %RB %RRMSE
Sizes . . . . N N
(n, _n;) lyr Ly Lersi - Ly Lep st

10_20 -0.006 | -0.025 | 0.004 1.790 1.750 1.660

10_25 0.002 | -0.020 | 0.017 1.606 1.521 1.452

15_25 0.011 0.007 0.010 1.325 1.255 1.222

15_30 0.021 0.014 0.026 1.185 1.108 1.078

20 30 -0.008 | -0.020 | -0.002 1.005 0.929 0.915

20_40 0.002 | -0.007 | 0.008 0.848 0.750 0.738

25 40 0.004 | -0.002 | 0.008 0.741 0.670 0.663

2550 0.003 | -0.005 | 0.010 0.644 0.558 0.551

Table 3. Comparison of all the estimators under two stage
sampling on the basis of % RB and % RRMSE under
Population Set 3

Sample %RB %RRMSE
Sizes . R R R R R
(n, _n;) lyr Ly Lyep si Ly Ly Lier.si

10_20 0.025 0.038 0.058 3.412 3.381 3.198
10_25 0.002 | -0.030 | 0.059 3.027 2.973 2.812
1525 0.000 0.015 0.000 2.433 2.325 2.266
15_30 -0.002 | -0.006 | 0.021 2212 2.081 2.029
20 30 -0.017 | -0.015 | -0.007 1.855 1.738 1.707
20_40 0.013 0.007 0.032 1.564 1.414 1.395
25 40 -0.002 | -0.002 | 0.009 1.376 1.253 1.243
2550 0.012 0.004 0.031 1.160 1.023 1.018

performing comparably with usual HT and regression
estimator for the situations of availability of inversely
related auxiliary information at PSU level under two
stage sampling design. By comparing the estimators
with respect to % RRMSE, Table 1 shows that the
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proposed product type calibration estimator gives
lesser % RRMSE than the usual HT and regression
estimator when available PSU level auxiliary variable
is inversely related with the character under study.
Similar encouraging results can also be seen in Table 2
and 3. With the increase of negative correlation in the
study and auxiliary variable, % RRMSE of the proposed
product type calibration estimators is decreasing.

5. CONCLUSIONS

In this study, under finite population two stage
sampling design framework, product type calibration
estimator of the population total has been proposed
following well-known Calibration Approach for the
situations of availability of inversely related auxiliary
information at PSU level. In addition, it is assumed that
the value of «;' is observed for all the sampled PSUs

and a correct value of ZIN:II u;" is available. To study
the statistical performance of the proposed product type
calibration estimator as compared to existing estimators
of population total, a simulation study was conducted.
The simulation results show that the proposed product
type calibration estimator of the population total is
performing better than usual linear regression and
Horvitz-Thompson (HT) estimators under two stage
sampling design when available auxiliary variable is
inversely related with the study variable.
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